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1. Introduction and main notations

We denote by E a Banach space, and by H a Hilbert space, over R. For a point p
from the topological dual space E∗ and for x ∈ E we define by 〈p, x〉 the value of
the functional p at the point x. Also 〈p, x〉 will be the scalar product for vectors
p and x from H. Let Br(a) = {x ∈ E | ‖x − a‖ ≤ r}. For a subset A ⊂ E we
denote by ∂ A, intA, clA the boundary, the interior and the closure of the set A,
respectively. The diameter of a set A is defined by diamA = supx,y∈A ‖x− y‖.

Let a subset A ⊂ E be fixed. Then the distance function from the point x ∈ E to
the set A is given by the formula

̺(x) = ̺(x,A) = inf
a∈A

‖x− a‖.

For points x0, x1 ∈ E, a number λ ∈ [0, 1] and a function f : E → R we put

xλ = (1−λ)x0+λx1, [x0, x1] = {xλ | λ ∈ [0, 1]}, fλ = (1−λ)f(x0)+λf(x1).

For a subset A ⊂ E and a number δ > 0 we define

U(δ, A) = {x ∈ E | 0 < ̺(x) < δ}.

Definition 1.1. Let U ⊂ H be an open subset. A function f : U → R is called
weakly convex with the constant C > 0 on the set U , if it is continuous on the set
U and the function f(x) + C

2
‖x‖2 is convex on each convex subset V ⊂ U .

ISSN 0944-6532 / $ 2.50 c© Heldermann Verlag



94 M. V. Balashov / Weak Convexity of the Distance Function

It’s easy to see that the condition of convexity in Definition 1.1 is equivalent to
the next inequality: for each pair of points x0, x1 ∈ U , such that [x0, x1] ⊂ U , and
for any number λ ∈ [0, 1], we have

f(xλ) ≤ fλ +
C

2
λ(1− λ)‖x0 − x1‖

2. (1)

So, we shall use Definition 1.1 as well as Formula (1) when speaking about weakly
convex function with the constant C > 0 in the space H.

Definition 1.1 and properties of weakly convex functions have been considered
in [19], [20], [11] (see also the bibliographies in these papers). In particular, very
close relationship between the class of C1,1 functions and the class of weakly convex
functions was established in [20] and especially in [11].

Definition 1.2. Let U ⊂ E be an open subset. A function f : U → R is called
weakly convex with the modulus µ : [0, diamU) → [0,+∞), (µ(t) increasing, µ(0) =
0) on the set U , if it is continuous on the set U and for any pair of points x0, x1 ∈ U ,
such that [x0, x1] ⊂ U , and for any number λ ∈ [0, 1], we have

f(xλ) ≤ fλ + λ(1− λ)µ(‖x0 − x1‖). (2)

To our knowledge Definition 1.2 appeared in the papers of S. Rolewicz [16, 17] as
strong α(·) paraconvexity. See the details in [17].

Under the name semiconvex functions the concept can be found in [6].

It’s easy to see that Definition 1.1 is some special case of Definition 1.2 for the
modulus µ(t) = C

2
t2 in the case E = H.

Definition 1.2 is very similar to the definition of strongly convex function [14, 21],
but instead of sign “minus� before the modulus of convexity we have sign “plus�.

Each function which is pointwisely not less than

µ0(t) = sup
x0,x1∈U : ‖x0−x1‖=t, λ∈(0,1)

f(xλ)− fλ
λ(1− λ)

can be taken in Definition 1.2 as the modulus of convexity µ.

We shall call the function µ0 the precise modulus of weak convexity.

We recall that for all x0, x1 in the space E

|̺(x0, A)− ̺(x1, A)| ≤ ‖x0 − x1‖. (3)

Lemma 1.3. Let A ⊂ E be a closed subset. Then the distance function ̺(x) =
̺(x,A) satisfies the next condition

̺(xλ) ≤ ̺λ + 2λ(1− λ)‖x0 − x1‖. (4)
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Proof. By the formulae xλ − x0 = λ(x1 − x0), xλ − x1 = (1 − λ)(x0 − x1) and
Formula (3) we get |̺(xλ)− ̺λ| ≤

≤ (1− λ)|̺(xλ)− ̺0|+ λ|̺(xλ)− ̺1|

≤ (1− λ)‖xλ − x0‖+ λ‖xλ − x1‖ = 2λ(1− λ)‖x0 − x1‖.

Thus, the distance function satisfies Definition 1.2 with the modulus µ(t) = 2t
for any closed subset. It is also worth recalling that for a closed subset A ⊂ E
the distance function ̺(x,A) is convex on the space E if and only if the set A is
convex.

Note that if the precise modulus of weak convexity equals zero (or nonpositive)
for a continuous function, then such function is convex.

For nonconvex function the precise modulus of nonconvexity can not be an arbi-
trary function. Using ideas from [18, Lemma 1, §7], [21] we shall prove the next
result.

Lemma 1.4. Let U ⊂ E be an open set and f : U → R be a weakly convex

function with the precise modulus of weak convexity µ0. Then for any number

c > 1 we have inequality

µ0(ct) ≤ c2µ0(t). (5)

In particular, if the function f is not convex, then

t2 = O(µ0(t)), as t → +0. (6)

Proof. Let us fix t > 0, ε > 0 and c ∈ (1, 2). Choose points x0, x1 ∈ U and a
number λ ∈ (0, 1) such that [x0, x1] ⊂ U , ‖x0 − x1‖ = ct and

−ε+ µ0(ct) ≤
f(xλ)− fλ
λ(1− λ)

≤ µ0(ct).

From the previous formula we have

f(xλ)− fλ ≥ λ(1− λ)µ0(ct)− λ(1− λ)ε. (7)

Suppose without loss of generality that λ ∈ (0, 1
2
]. Then 0 < λ ≤ λc < 1. Consider

the point

x2 =

(

1−
1

c

)

x0 +
1

c
x1

and observe that ‖x0 − x2‖ = ‖x0−x1‖
c

= t and

xλ = (1− λc)x0 + λcx2.

From the definitions of the point x2 and the precise modulus of weak convexity we
obtain, that

f(x2) ≤

(

1−
1

c

)

f(x0) +
1

c
f(x1) +

1

c

(

1−
1

c

)

µ0(ct), (8)



96 M. V. Balashov / Weak Convexity of the Distance Function

and also
f(xλ) ≤ (1− λc) f(x0) + λcf(x2) + λc (1− λc)µ0(t). (9)

Now we multiply (8) by λc and rewrite Formulae (8) and (9) as

λ

(

1−
1

c

)

µ0(ct) ≥ λcf(x2)− (λc− λ)f(x0)− λf(x1), (10)

λc(1− λc)µ0(t) ≥ f(xλ)− λcf(x2)− (1− λc)f(x0). (11)

By Formulae (10) and (11), taking into account (7), we get

λ

(

1−
1

c

)

µ0(ct) + λc(1− λc)µ0(t)

≥ f(xλ)− (1− λc)f(x0)− (λc− λ)f(x0)− λf(x1)

= f(xλ)− (1− λ)f(x0)− λf(x1) = f(xλ)− fλ

≥ λ(1− λ)µ0(ct)− λ(1− λ)ε.

Divided on λ, we obtain inequality (note that λ ∈ (0, 1
2
], c ∈ (1, 2))

c2µ0(t)− µ0(ct) ≥ −
εc

1− λc
≥ −ε

c

1− c
2

.

The number ε > 0 is arbitrary in the last formula, hence c2µ0(t) − µ0(ct) ≥ 0.
Formula (5) is proved when c ∈ (1, 2).

In the case c ≥ 2, we can choose such number b ∈ (1, 2) and natural n, that
c = bn. Changing c on b, we can repeat the previous proof and obtain that
µ0(ct) = µ0(b

nt) ≤ b2µ0(b
n−1t) ≤ · · · ≤ b2nµ0(t) = c2µ0(t). Thus Formula (5) is

proved for any c > 1.

If the function f is not convex, then we can find t > 0 with µ0(t) > 0. We can
rewrite Formula (5) for λt and c = 1

λ
as

µ0(t)

t2
=

µ0

(

1
λ
λt
)

t2
≤

µ0(λt)

λ2t2
, ∀λ ∈ (0, 1).

Taking C = t2

µ0(t)
> 0, we have s2 ≤ Cµ0(s), ∀s ∈ (0, t). The last condition is

equivalently to Formula (6).

The purpose of the present paper is to characterize (nonconvex) closed subsets
A ⊂ E with weakly convex distance function on some neighborhood A ∪ U(δ, A)
of the set A, where δ > 0.

As we can see from Lemma 1.3, the modulus of weak convexity of the first order
takes place for any set. Thus, taking into account Lemma 1.4, we shall consider the
situation when the modulus from Definition 1.2 has order t2 = O(µ(t)), t → +0
and µ(t) = o(t), t → +0. Herewith the class of proximally smooth sets with
constant R > 0 from the space E shall be very important for us.
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Modulus of convexity of a Banach space E is the function δE : (0; 2] → R, which
is defined by the formula

δE(ε) = inf

{

1−
1

2
‖x+ y‖ | x, y ∈ E, ‖x‖ ≤ 1, ‖y‖ ≤ 1, ‖x− y‖ ≥ ε

}

.

A Banach space E is called uniformly convex, if δE(ε) > 0 for all ε ∈ (0; 2].

Modulus of smoothness of a Banach space E is the function ̺E : [0; +∞) → R,
which is defined by the formula

̺E(τ) = sup

{

∥

∥

∥

x+ y

2

∥

∥

∥
+

∥

∥

∥

∥

x− y

2

∥

∥

∥

∥

− 1 | ‖x‖ = 1, ‖y‖ = τ

}

.

A Banach space E is called uniformly smooth, if

lim
τ→+0

̺E(τ)

τ
= 0.

Remark 1.5. Any uniformly convex or uniformly smooth Banach space, as well
as it dual Banach space, is reflexive [9, Chapter 2, §4, Theorem 2 and Corollary 2].

For the subset A ⊂ E and the point x ∈ E define π(x,A) = {a ∈ A | ‖x − a‖ =
̺(x,A)}.

Definition 1.6 ([8]). A subset A ⊂ E is called proximally smooth with the con-
stant R > 0, if the distance function x → ̺(x,A) is continuously differentiable on
the set U(R,A).

Definition 1.7. We say that a subset A ⊂ E satisfies P -supporting condition

with the constant R > 0, if for any such point x ∈ U(R,A), that a ∈ π(x,A), we
have inequality

̺

(

a+
R

‖x− a‖
(x− a), A

)

≥ R. (12)

Proposition 1.8. Let E be a uniformly convex and uniformly smooth Banach

space. Let A ⊂ E be a closed subset, R > 0. The next conditions are equivalent:

(1) The set A satisfies to the P -supporting condition with the constant R.

(2) The set A is proximally smooth with the constant R.

(3) The projection mapping x → π(x,A) is singleton and continuous on the set

U(R,A).

Equivalences in Proposition 1.8 were established in the papers [10, 15, 19] in finite
dimension case. In the case of the real Hilbert space Proposition 1.8 was proved
in the papers [8, 13]. In arbitrary uniformly convex and uniformly smooth Banach
space Proposition 1.8 was established in [3].
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2. Weak convexity of the distance function in a Hilbert space

Definition 2.1. Let x0, x1 ∈ E, ‖x1 − x0‖ ≤ 2R. The set

DR(x0, x1) =
⋂

a∈E: {x0,x1}⊂BR(a)

BR(a)

is called strongly convex segment, and the set

D0
R(x0, x1) = DR(x0, x1) \ {x0, x1}.

is called strongly convex segment without endpoints.

Definition 2.2 ([19]). A subset A ⊂ E is called weakly convex with the constant
R > 0, if for any pair of points x0, x1 ∈ A such that 0 < ‖x1 − x0‖ < 2R, the next
condition is valid

A
⋂

D0
R(x0, x1) 6= ∅.

By [1, Theorem 2.2] the class of proximally smooth sets with the constant R > 0
from H coincides with the class of weaklly convex sets (in the sense of J.-Ph. Vial,
Definition 2.2) with the same constant R > 0.

Proposition 2.3 ([11, Theorem 1.16.1]). Let a subset A ⊂ H be closed, con-

nected and locally weakly convex with the constant R > 0, i.e., for any point a ∈ A
there exists some positive number δ(a) > 0 such that the set A∩Bδ(a)(a) is weakly
convex with the constant R. Let diamA < 2R. Then the set A is weakly convex

with the constant R.

Theorem 2.4. Let a subset A ⊂ H be closed, connected and δ > 0. Let the

distance function ̺(x) = ̺(x,A) be weakly convex with the constant C > 0 on the

set A ∪ U(δ, A) and diamA < 2
C
. Then the set A is proximally smooth with the

constant R = 1
C
.

Proof. Let x0, x1 ∈ A, 0 < ‖x0 − x1‖ < β = min{ 2
C
, δ}. Then [x0, x1] ⊂ A ∪

U(δ, A) and ̺(x 1

2

) ≤ C
8
‖x0 − x1‖

2 (Formula (1) with f = ̺ and λ = 1
2
). Taking

ε = ‖x0 − x1‖, we have

A ∩BCε2

8

(

x 1

2

)

6= ∅. (13)

Put R = 1
C
. Using inequality ε2

8R
≤ R−

√

R2 − ε2

4
, by Formula (13) we obtain that

A ∩B
R−

√

R2− ε2

4

(

x 1

2

)

6= ∅. (14)

By Pythagoras theorem we easily conclude that (in the case ε < β)

B
R−

√

R2− ε2

4

(

x 1

2

)

⊂ D0
R(x0, x1).
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By the last inclusion and by Formula (14) we get

A ∩D0
R(x0, x1) 6= ∅, ∀x0, x1 ∈ A : 0 < ‖x0 − x1‖ < β.

Choose a point a ∈ A and arbitrary points x0, x1 ∈ A ∩ Bβ
3

(a). Note that ‖x0 −

x1‖ < β and D0
R(x0, x1) ⊂ Bβ

3

(a) (from inequality β

3
< R). We have

(

A
⋂

Bβ
3

(a)
)

⋂

D0
R(x0, x1) = A

⋂

D0
R(x0, x1) 6= ∅.

Thus for any point a ∈ A we can find the number δ(a) = 1
3
β > 0 (the same for all

points) such that the set A ∩ B 1

3
β(a) is weakly convex with the constant R. By

Proposition 2.3 the set A is weakly convex with the constant R, and hence the set
A is also proximally smooth with the constant R.

Corollary 2.5. Suppose that the conditions of Theorem 2.4 hold true. Then the

distance function ̺(x) is continuously differentiable on the set U( 1
C
, A).

Proof. Follows from Theorem 2.4 and Definition 1.6.

Lemma 2.6. Let a space E be uniformly convex and uniformly smooth. Let a

closed subset A ⊂ E satisfies the P -supporting principle with the constant R > 0
and δ ∈ (0, R). Define A0 = cl (A+ intBδ(0)). Then the set A0 satisfies P -sup-

porting condition with the constant r = R− δ.

Proof. Fix a point x ∈ U(r, A0) ⊂ U(R,A). By Proposition 1.8 π(x,A) = {a}
and for the point z = a+ x−a

‖x−a‖
R we have A ∩ intBR(z) = ∅. By the last equality

we have cl(A+ intBδ(0)) ∩ intBR−δ(z) = ∅ and y = a+ x−a
‖x−a‖

δ ∈ ∂ A0, ‖x− y‖ =

̺(x,A) − δ = ̺(x,A0). Because of arbitrariness of the point x ∈ U(r, A0) by
Proposition 1.8 we have P -supporting condition for the set A0 with the constant
r = R−δ (and also the condition of proximal smoothness with the constant r).

Theorem 2.7. Let a subset A ⊂ H be closed and proximally smooth with the

constant R > 0. Let δ ∈ (0, R). Then the distance function ̺(x) = ̺(x,A) is

weakly convex on the set A ∪ U(δ, A) with the constant of weak convexity

C =
1

R− δ
.

Proof. Choose x0, x1 ∈ A ∪ U(δ, A), [x0, x1] ⊂ A ∪ U(δ, A). Without loss of
generality we may assume that 0 < ̺(x0) ≤ ̺(x1) < δ. Define the number
r = R− δ > 0.

Let us define the set A0 = cl
(

A+ intB̺(x0)(0)
)

. By Lemma 2.6 (see also [11,
Theorem 1.12.4]) the set A0 is proximally smooth with the constant R−̺(x0), i.e.
with the constant r too. By [3, Theorem 6.10] (see also Lemma 2.6) x0 ∈ ∂ A0.
Let ai = π(xi, A), i = 0, 1.
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Define the point y ∈ [a1, x1] ∩ ∂ A0, ‖a1 − y‖ = ̺(x0). Let ̺ = ‖y − x1‖ =
̺(x1) − ̺(x0) ≥ 0, w = 1

2
(y + x0), z = 1

2
(y + x1), p = (y − x1)/‖y − x1‖. Define

halfspaces H+ = {x | 〈p, x〉 ≥ 〈p, z〉}, H− = {x | 〈p, x〉 < 〈p, z〉}. Let

ϕ(t) = t+
t2

r
.

Using the above definitions we have

̺(x 1

2

) ≤ ‖x 1

2

− w‖+ ̺(w,A0) + ̺(x0)

=
1

2
‖y − x1‖+ ̺(w,A0) + ̺(x0) = ̺ 1

2

+ ̺(w,A0).
(15)

For any natural k define ε̃k = 2−k and

rk =

{

1
2
r, r − 2−k ≤ 0,

r − 2−k, r − 2−k > 0.

By the asymptotic equality r −
√

r2 − t2

4
∼ t2

8r
, t → 0, we obtain that for every

sufficiently large natural k we can find the number εk ∈ (0, ε̃k) such that for all
t ∈ (0, εk) the next inequality is valid

r −

√

r2 −
t2

4
≤

t2

8rk
≤

ϕ2(t)

8rk
. (16)

We shall choose the points x0 and x1 with one more additional property ε =
‖x0 − x1‖ < εk.

If x0 ∈ H+, then ‖y−x0‖ ≤ ‖x0−x1‖ = ε < εk. The set A0 satisfies P -supporting
condition in H with the constant r, hence it is weakly convex and proximally
smooth with the constant r. Thus

D0
r(x0, y) ∩ A0 6= ∅,

and, moreover, by [11, Theorem 1.4.1] the points x0 and y can be connected by
some continuous curve Γ from the set A0 ∩D0

r(x0, y). By Pythagoras theorem

Γ ∩B
r−

√

r2−
‖y−x0‖

2

4

(w) 6= ∅,

and by Formula (16) we obtain that

̺(w,A0) ≤
‖y − x0‖

2

8rk
≤

ε2

8rk
. (17)

Let x0 ∈ H−. By P -supporting condition we have x0 /∈ Br(y − rp), and by
Pythagoras theorem (in the plane yx1x0) we obtain that

ε2 ≥

[

r2 −
(

r −
̺

2

)2
]

+
̺2

4
= r̺,
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hence ̺ ≤ ε2

r
. By the triangle inequality

‖y − x0‖ ≤ ‖x0 − x1‖+ ‖y − x1‖ ≤ ε+
ε2

r
= ϕ(ε).

Repeating the previous case x0 ∈ H+, we have

̺(w,A0) ≤
‖y − x0‖

2

8rk
≤

ϕ2(ε)

8rk
. (18)

Taking together the results of Formula (17) (in the case x0 ∈ H+) and Formula
(18) (in the case x0 ∈ H−) we deduce by Formula (15), that in any case under the
condition ‖x0 − x1‖ = ε ∈ (0, εk) we have the estimate

̺(x 1

2

) ≤ ̺ 1

2

+ ̺(w,A0) ≤ ̺ 1

2

+
ϕ2(ε)

8rk
. (19)

Put lk =
(

1 + ε̃k
r

)−2
rk. By the condition ‖x0 − x1‖ = ε ∈ (0, εk) and by the

definition of the function ϕ we obtain that

ϕ2(ε)

8rk
≤

ε2

8lk
,

and using Formula (19)

̺(x 1

2

) ≤ ̺ 1

2

+
ε2

8lk
. (20)

Thus the function gk(x) = ̺(x)+ 1
2lk

‖x‖2 satisfies the inequality of convexity with

λ = 1
2
in the neighborhood of radius 1

2
εk of any point from the setA∪U(δ, A). Using

arguments from [2, Lemma 3.2, page 757] and continuity of the function gk(x) we
obtain that the function gk(x) is convex on each convex subset V ⊂ A ∪ U(δ, A).
Hence the limit

lim
k→∞

gk(x) = ̺(x) +
1

2r
‖x‖2

also has the same property. By Definition 1.1 the function ̺(x) is weakly convex
with the constant C = 1

r
= 1

R−δ
.

Example 2.8. Consider in 2-dimensional Euclidean space R
2 the set

A =
{

(x1, x2) ∈ R
2 | x1 ≥ 0, x2 ≥ 0, x2

1 + x2
2 = R2

}

.

The set A is the arc of the circle of radius R > 0 from the first quarter of Cartesian
system of coordinates. It is easy to see that the set A is proximally smooth with
the constant R.

Put

U0 =
{

x1 ≥ 0, x2 ≥ 0, x2
1 + x2

2 ≤ R2
}

, U1 = {x2 ≤ 0, x1 ≥ x2} ,

U2 = {x1 ≤ 0, x2 ≥ x1} , U3 =
{

x1 ≥ 0, x2 ≥ 0, x2
1 + x2

2 ≥ R2
}

.
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It’s easy to see that the distance function from the point x = (x1, x2) ∈ R
2 to the

set A is given by the formula

̺(x) = ̺(x,A) =



















R− ‖x‖, x ∈ U0,
√

(x1 −R)2 + x2
2, x ∈ U1,

√

x2
1 + (x2 −R)2, x ∈ U2,

‖x‖ −R, x ∈ U3.

Note that the function ̺ is convex on the sets U1, U2, U3, and concave on the set
U0.

Let C > 1. Define gC(x) = R− ‖x‖+ C
2
‖x‖2, gC(x) = ̺(x) + C

2
‖x‖2 for x ∈ U0.

Convexity of the function gC can be checked by checking the positive definiteness
of Hessian

g
′′

C(x) =











C −
1

‖x‖
+

x2
1

‖x‖3
x1x2

‖x‖3

x1x2

‖x‖3
C −

1

‖x‖
+

x2
2

‖x‖3











.

By Sylvester’s criteria the positive definiteness of the matrix g
′′

C is equivalent to

the conditions (g
′′

C(x))11 = C − 1
‖x‖

+
x2
1

‖x‖3
> 0 and det g

′′

C(x) > 0. The condition

det g
′′

C(x) > 0 is equivalent to the condition C − 1
‖x‖

> 0, which entails also the

inequality (g
′′

C(x))11 > 0. Thus, the function gC is convex on each convex subset
of the set U0 ∩ {‖x‖ > 1

C
}. From this fact we obtain that the function ̺ is weakly

convex with any constant C ≥ 1
R−δ

on the set A ∪ U(δ, A), δ ∈ (0, R). Thus the
estimate of Theorem 2.7 is exact.

3. Weak convexity of the distance function in uniformly convex and
uniformly smooth Banach spaces

Recall that Clarke’s subdifferential of a locally Lipschitz function f : E → R at
the point x0 is nonempty bound closed convex subset ∂ Clf(x0) ⊂ E∗, which can
be given via it’s supporting function by the formula (see [7]): for any y ∈ E

lim sup
λ→+0, x→x0

f(x+ λy)− f(x)

λ
= s(y, ∂ Clf(x0)) = sup

p∈∂ Clf(x0)

〈p, y〉. (21)

Lemma 3.1. Let a Banach space E be uniformly convex and uniformly smooth.

Let a subset A ⊂ E be a closed cavern, i.e. A is closed and cl(E\A) is a convex

set with nonempty interior. Suppose that there exists δ > 0 such that the distance

function ̺(x) = ̺(x,A) is weakly convex on the set U(δ, A) with the modulus µ(t),
µ(t) = o(t), t → +0. Then the set A is proximally smooth with some constant

R ≥ δ.

Proof. Fix x0 ∈ U(δ, A), also consider such point x1, that [x0, x1] ⊂ U(δ, A).
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It’s known [4, Lemma 3.1], that for any cavern A the distance function is concave
on the set E\A, i.e. it is concave on each convex subset V ⊂ U(δ, A). Consider
both conditions of concavity and weak convexity together: for any λ ∈ [0, 1]

̺λ ≤ ̺(xλ) ≤ ̺λ + λ(1− λ)µ(‖x0 − x1‖).

We obtain, that (denoting x1 = x)

̺(x)− ̺(x0) ≤
̺(x0 + λ(x− x0))− ̺(x0)

λ
≤ ̺(x)− ̺(x0) + (1− λ)µ(‖x0 − x‖),

The function ̺ is concave, x0 ∈ U(δ, A), and hence superdifferential

∂ +̺(x0) =

{

p ∈ E∗ | 〈p, y〉 ≥ lim
λ→+0

̺(x0 + λy)− ̺(x0)

λ
, ∀y ∈ E

}

is nonempty set and it coincides (for the same reason as for the convex functions)
with ∂ Cl̺(x0).

Take a point p ∈ ∂ +̺(x0) = ∂ Cl̺(x0). We have

0 ≤ ̺(x0) + 〈p, x− x0〉 − ̺(x) ≤ µ(2‖x0 − x‖), for all x0, x : [x0, x] ⊂ U(δ, A).

The last formula gives the continuous differentiability of the function ̺ on the set
U(δ, A), ̺′(x0) = p.

The result of Lemma 3.1 holds true for an arbitrary closed set. We use the results
from [3] to prove this.

Theorem 3.2. Let a Banach space E be uniformly convex and uniformly smooth

with moduli of convexity and smoothness of power type. Let δ > 0 and A ⊂ E be

a closed set such that the distance function ̺(x) = ̺(x,A) is weakly convex in the

sense of Definition 1.2 on the set U(δ, A) with the modulus µ(t) = o(t), t → +0.
Then the set A is weakly convex with some constant R ≥ δ.

Proof. Choose x0, x1 ∈ U(δ, A), [x0, x1] ⊂ U(δ, A). By Formula (2) we obtain
that for any λ ∈ [0, 1]

̺(x1) ≥ ̺(x0) +
̺(x0 + λ(x1 − x0))− ̺(x0)

λ
− (1− λ)µ(‖x0 − x1‖).

Taking Clarke’s derivative at the point x0, we have

̺(x1) ≥ ̺(x0) + s(x1 − x0, ∂ Clf(x0))− µ(2‖x0 − x1‖).

From the nonemptiness of Clarke’s subdifferential (21) we obtain that there exists
at least one point p ∈ ∂ Clf(x0) such that 〈x1 − x0, p〉 ≤ s(x1 − x0, ∂ Clf(x0)) for
all x1. Taking x1 = x, we have, that for any number α ≥ ̺(x)

α− ̺(x0) + µ(2‖x− x0‖+ 2|α− ̺(x0)|) ≥ 〈p, x− x0〉.
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In the space E × R the above inequality is equivalent to the next one

(p,−1)·(x−x0, α−̺(x0)) ≤ µ(2‖x−x0‖+2|α−̺(x0)|), where µ(t) = o(t), t → +0.

The last inequality shows that the vector p is a Frechet normal functional of the
function ̺ at the point x0 [5] in the space E × R with the norm ‖ · ‖+ | · |.

So, the set of Frechet normal functionals ∂ F̺(x0) at any point x0 ∈ U(δ, A) is not
empty. If x0 ∈ A, then 0 ∈ ∂ F̺(x0). By [3, Theorem 6.2 parts (b) and (f)], the
set A is proximally smooth with the constant δ.

Remark 3.3. The power type for the moduli of convexity and smoothness of the
space E is not necessary. We use this condition because we refer on the results from
[3]. Using the results from [1, 3, 5], one can prove Theorem 3.2 in an arbitrary
uniformly convex and smooth Banach space. We don’t do it because of bulky
calculations.

Proposition 3.4 ([12, Lemma 4.1]). Let E be a uniformly convex and uni-

formly smooth Banach space with the modulus of uniform smoothness ̺E. Suppose
that a subset A ⊂ E satisfies P -supporting condition with the constant R. Let

x0, x1 ∈ A and λ ∈ [0, 1]. Then

̺(xλ, A) ≤ 8Rλ(1− λ)̺E

(

‖x0 − x1‖

R

)

.

Theorem 3.5. Let E be a uniformly convex and uniformly smooth Banach space

with modulus of smoothness ̺E. Suppose that a set A ⊂ E is closed and proximally

smooth with the constant R > 0. Let δ ∈ (0, R). Then the distance function

̺(x) = ̺(x,A) is weakly convex on the set A∪U(δ, A) in the sense of Definition 1.2
with the modulus

µ(ε) = 8(R− δ)̺E

(

2ε

R− δ

)

.

Proof. Fix x0, x1 ∈ A∪U(δ, A), [x0, x1] ⊂ A∪U(δ, A). Without loss of generality
we may assume that 0 < ̺(x0) ≤ ̺(x1) < δ. Define r = R− δ > 0.

Let A0 = cl
(

A+ intB̺(x0)(0)
)

. By Lemma 2.6 the set A0 satisfies P -suppor-
ting condition with the constant R − ̺(x0), i.e. with the constant r too. Also by
Lemma 2.6 x0 ∈ ∂ A0. Let ai = π(xi, A), i = 0, 1.

Fix λ ∈ (0, 1).

Define the point y ∈ [a1, x1] ∩ ∂ A0, ‖a1 − y‖ = ̺(x0). Let ̺ = ‖y − x1‖ =
̺(x1)− ̺(x0) ≥ 0, w = λy + (1− λ)x0.

We have the next estimate

̺(xλ) ≤ ‖xλ − w‖+ ̺(w,A0) + ̺(x0)

= λ‖y − x1‖+ ̺(w,A0) + ̺(x0) = ̺λ + ̺(w,A0).
(22)
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By Proposition 3.4 we have

̺(w,A0) ≤ 8rλ(1− λ)̺E

(

‖y − x0‖

r

)

. (23)

By Formula (3) ‖y − x1‖ = ̺(x1)− ̺(x0) ≤ ‖x0 − x1‖ and

‖y − x0‖ ≤ ‖y − x1‖+ ‖x0 − x1‖ ≤ 2‖x0 − x1‖.

By Formula (23) we obtain that

̺(w,A0) ≤ 8rλ(1− λ)̺E

(

2‖x0 − x1‖

r

)

.

Substituting the last inequality in the estimate (22), we have

̺(xλ) ≤ ̺λ + 8(R− δ)λ(1− λ)̺E

(

2‖x0 − x1‖

R− δ

)

.

Thus, for any uniformly convex and uniformly smooth Banach space any nonconvex
proximally smooth set has weakly convex distance function in some neighborhood
with modulus µ of the type t2 = O(µ(t)), t → +0 and µ(t) = o(t), t → +0. The
converse statement also holds true.
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[7] F. H. Clarke: Optimization and Nonsmooth Analysis, Wiley, New York (1983).



106 M. V. Balashov / Weak Convexity of the Distance Function

[8] F. H. Clarke, R. J. Stern, P. R. Wolenski: Proximal smoothness and lower–C2

property, J. Convex Analysis 2(1–2) (1995) 117–144.

[9] J. Diestel: Geometry of Banach Spaces. Selected Topics, Springer, Berlin (1975).

[10] H. Federer: Curvature measures, Trans. Amer. Math. Soc. 93 (1959) 418–491.

[11] G. E. Ivanov: Weakly Convex Sets and Functions, Fizmatlit, Moscow (2006) (in
Russian).

[12] G. E. Ivanov, G. M. Ivanov: Supporting conditions and regularity of the sets in
Banach spaces, in: Fundamental and Applied Problems of Contemporary Mathe-
matics, Interdepartment proceedings, MIPT, Moscow (2011) 77–103 (in Russian).

[13] R. A. Poliquin, R. T. Rockafellar, L. Thibault: Local differentiability of distance
function, Trans. Amer. Math. Soc. 352(11) (2000) 5231–5249.

[14] B. T. Polyak: Existence theorems and convergence of minimizing sequences in ex-
tremum problems with restrictions, Sov. Math., Dokl. 7 (1966) 72–75.

[15] Yu. G. Reshetnyak: On a generalization of convex surfaces, Mat. Sb., N. Ser.
40(82)(3) (1956) 381–398 (in Russian).

[16] S. Rolewicz: On paraconvex multifunctions, Oper. Res.-Verf. 31 (1979) 540–546.

[17] S. Rolewicz: Paraconvex analysis, Control Cybern. 34(3) (2005) 951–965.

[18] F. P. Vasil’ev: Numerical Methods for Solving Extremal Problems, 2nd ed., Nauka,
Moscow (1988) (in Russian).

[19] J.-P. Vial: Strong and weak convexity of sets and functions, Math. Oper. Res. 8(2)
(1983) 231–259.

[20] X. Q. Yang: Generalized Hessian, max function and weak convexity, Bull. Aust.
Math. Soc. 53 (1996) 21–32.
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