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In this paper generalized Stolarsky and related means are recognized as an application of par-
ticulary defined linear functional on family of n—convex function. However, this approach leads
to a more general method of constructing exponentially convex functions and means of Cauchy
type.
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1. Introduction

Exponentially convex functions have been introduced by S. N. Bernstein eighty
years ago in [2]. Independently, a few years later, D. V. Widder introduced these
functions in [18] as a sub-class of convex functions on a given interval (a,b). It is
convenient here to note that Widder in his book [19] made an excellent account of
theory that in conclusion leads to integral representation of exponentially convex
functions. After initial development there is a big gap in time before applications
and examples of interest have been constructed. One of reasons is that, aside from
absolute monotone functions and completely monotone functions as special classes
of exponential convexity, to this date there is no operative criteria to recognize
exponential convexity.

Stolarsky means are two parameter Cauchy means that have very well-known
monotonicity property. Recently, proof of this fact was given in [6] using a partic-
ular family of convex functions in combination with log-convexity. Exponentially
convex functions are log-convex and it turns out that more generalized versions
of Stolarsky means contain exponentially convex functions as a basic ingredient.
More precisely, we will show that generalized Stolarsky and related means can be
interpreted through action of linear functional on a specific family of n—convex
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functions that in the end give us examples of exponential convexity. Our method
leads us to the conclusion that any inequality that is expressible in a form of a
linear functional and which is valid for n—convex functions can be used for pro-
duction of exponential convexity.

Our method for construction of exponentially convex functions in this article be-
comes more significant especially when we read the following lines from [4]:

There is a vast body of literature on the construction of positive defi-
nite functions, functions, both in terms of characteristic functions and in
terms of covariance functions. In contrast, the literature on exponentially
convex functions is minimal.

2. Exponentially convex functions

We will give definition of exponentially convex function as it was originally given
by Bernstein in [2] (see also [1], [10], [11]). Here I stands for open interval in R.

Definition 2.1. A function ¥ : I — R is exponentially convex on [ if it is con-
tinuous and

> &g (wi+ay) >0

ij=1
for all n € N and all choices &,z; € R, ¢« = 1,...,n such that z; + z; € I,
1<i, 5 <n.
Proposition 2.2. Let ¢ : I — R. The following statements are equivalent.

(i) 1 is exponentially conver on I
(i) 1 is continuous and

ﬁf@@wC”;%)zo, (1)

1,j=1

for every & € R and every x; € I, 1 <i<n.

For exponentially convex function on R we will just say exponentially convex
function.

Remark 2.3. From (1) we have the following conclusions:

(i) if ¢ is exponentially convex on I then ¢ (z) > 0, for all € I; for any
c > 0, cy is again exponentially convex;

(ii) if 91 and v, are exponentially convex on I, then 1), 415 is also exponentially
convex on [;

(iii) if ¢ is an exponentially convex function then for any d,t € R, z +— 1(dz)
and x — 1(x — t) are exponentially convex functions.

Using basic calculus we have further conclusions.
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Corollary 2.4. If ) is exponentially convex on I, then the matriz

)

is positive semi-definite. Particularly,

o232, 20

for everyneN,x;, €I, i=1,...,n.

Corollary 2.5. If¢ : I — (0,00) is an exponentially convez function, then 1 is
a log-convex function i.e. logt is a convex function.

Proof. From (1), for n = 2, we conclude

() + 2660 (F1L) + &) > 0,
for all £&,& € R and all x,y € I. Hence
2 (%”) < $(@)b(y), forall 2,y e T. (2)

Since 1 is a continuous function we have

YAz + (1= N)y) < (@) (y) (3)
for all z,y € I and any A € [0, 1]. O

Proposition 2.6. Assume that v is a nonnegative continuous function defined on
I such that

0 (S5Y) < @i, wyel ¢

If (xg) = 0 for some xg € I, then ¢ =0 on I.

Proof. Choose any y € I. From (4) we have
1 1 1/2n 1-1/2"
(0 onto Tt 1- o V) = U(zo) " U(y) : (5)

Hence ¢ (5r20 + (1= 5¢) y) = 0 and ¢ (y) = lim, ¢ (grao + (1= 55) y) =0. O

Remark 2.7. From the previous proposition, we have that if an exponentially
convex function at some point of its domain is equal to zero, then it is zero on the
whole domain.

Remark 2.8. A function ¢ : I — (0, 00) that satisfies (4) is said to be log-convex
in J-sense.
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The next theorem will play an important role in the sequel.

Theorem 2.9. Let f: 1 — (0,00) be a log-convez, derivable function.
Let M : I x I — (0,00) be defined by

1
@)\ = .
(_ ) T 7& Y;

Ma,y) =4\
exp(}c(x)), r=y.

If x1 < xo, y1 < yo then
M (x1,y1) < M(22,%2). (7)

Proof. Since the function log f is convex, we have (see [13], p. 2)

log f(x1) —log f(y1) _ log f(x2) —log f(y2) (8)

I —W T2 — Y2
for x1 < @a, y1 < yo; 11 # Y1, T2 # Yo, concluding M (21, y1) < M(w2,92).
If 2y = y1 < 29 we apply the limit lim,, .., to (8) to conclude

M(zq,21) < M(22,2).

Other possible cases are treated similarly. O]
One of the most important properties of exponentially convex functions is their
integral representation.

Theorem 2.10. The function v : I — R is exponentially convex on I if and only

if

oo

¥(z) = / rdo(t), wel ()

— 00

for some non-decreasing function o : R — R.
Proof. See [1], p. 211. O

A first application of Theorem 2.10 is that exponential convexity is closed under
multiplication.

Corollary 2.11. If ¢y, 9 are exponentially convexr functions on I, then 1)y is
also exponentially convex on I.

Proof. Foranyn e Nand all £ e R, x; €1, 1 =1,...,n we have

S e (B2) s (B25)

ig—=1
_ / Z &et:vi/ngetxj/le (xz‘gl'J) 02(dt> > O,
o ig=l

where we used the integral representation (9) for the function . O
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Example 2.12. The most obvious example of exponentially convex function is
x — ce™® where ¢ > 0 and o € R are constants.

Little less obvious examples can be deduced using integral representation (9) and
some results from Laplace transformation.

Example 2.13. For every o > 0, the function 1 : (0,00) — R defined by
U(x) =27

is exponentially convex on (0, 00), since z7* = [ e*zt%dt (see [15], p. 210).

Example 2.14. For every a > 0, the function
Y(a) = e V"

. . . _ oo —a? @
is exponentially convex on (0, 00), since e~ *V* = [ e~ *te—@ /4t2\/—7r?dt, x>0 (see
[15], p. 214).

Further analytical properties and more examples of exponentially convex functions
are contained in the following theorem from [4].

Theorem 2.15. If » : R — R is an exponentially convexr function, then it is
entire, and p(t) = ¥(it), t € R is a positive definite function. Conversely, if
¢ : R — C is an entire positive definite function, then (t) = p(—it) is an
exponentially conver function.

Proof. See [4]. O

Remark 2.16. (i) Recall that ¢ : R — C is entire if it can be extended to a
necessarily unique analytic function ¢ : C — C.

(ii) Conclusions of Theorem 2.15 can be extended to exponentially convex functions
defined on any open interval (see [3] and [4]).

Using the previous theorem, the following examples (and many more) were con-
structed in [4].

Example 2.17. A characteristic function of the uniform distribution on [0, 1] is

o(t) = e“it’l. Applying Theorem 2.15, we get exponentially convex function

et —1

() = :

X

Example 2.18. A characteristic function of the normal distribution N(u, 0?); u €
R, 0 > 0;is ¢(t) = =37 Applying Theorem 2.15, we get the exponentially
convex function
2,.2
U(a) = eHeo

We now proceed with other properties of exponential convexity.
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Theorem 2.19. Assume that v : I — R is an exponentially convex function on
1. Then

(i)  for any k € N we have

oo

W(a) = [ o),

—0o0

where o : R — R is some non-decreasing function;

(ii)  for any k € N the function x +— ®*)(x) is exzponentially convex function on
I

(iii) for any x € I and all k € N we have

(6242 (1)) < ) (@) B+ (); (10)

(iv) for any n € N and for all z; € I, 1 <1i < n, the matriz
(i-+9) (l”i”_j)r 11
v I (11)

15 positive-semidefinite.

Proof. (i) and (ii)-part follow by using integral representation (9). Proofs of (ii7)
and (iv) can be found in [5] and [10] respectively. O

Remark 2.20. From Theorem 2.19 it follows that if ¢ is a non-constant exponen-
tially convex function on I then %) is also a non-constant exponentially convex
function on I, for any £ € N. Now, it is obvious that no polynomial can be
exponentially convex.

Using the integral representation of an exponentially convex function, we will now
give an extension of a result given by C. H. Kimberling in [7] and D. S. Mitrinovié¢
and J. E. Pecarié¢ [10] for completely monotone functions.

Theorem 2.21. Let ¢ : I — R be an exponentially convex function.

(i) Ifoel, el i=1,...,n,and ). x; €I, then for any natural number
m > 2

m

"N 0)Y (Z a:) > [ o),

i=1
where for allt=1,...n, x; >0 or x; <0
(ii) If0e€l, and x,y € I such that x-y <0, x+y € I then

P(0)¢ (z +y) < ¥(x)(y)

(i¢) Ifx €I, andi,j are odd natural numbers then

V(@) (@) 2 D (2)pP ().
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Proof. (i)
™ H(0)y) (le) = /U(dt) / i (dt)

We now apply Chebyshev’s inequality (see [13], p. 197 ) for p(t) = 1, fi(t) =
ei g =1,...,m.

(it) We apply Chebyshev’s inequality for p(t) =1, f(t) = e, f(t) = e'.

(iid)

o0 o0

D)) () = / et o (dt) / £t et o (dt).
We now apply Chebyshev’s inequality for p(t) = '@, f(t) = t*, g(t) = . O

Remark 2.22. As we have seen in Corollary 2.5, every positive exponentially
convex function on [ is also log-convex. However, converse is not true: the function
h(z) = e*’ =% is log-convex on (0,1) but it is not exponentially convex on (0,1).
If h would be exponentially convex on (0,1) then, by Theorem 2.19, h¥) would
also be exponentially convex on (0,1). But this is not true since, for example,
h#(0.2) < 0.

3. Main results-Generating method for exponential convexity

For n € N, let us denote by K,[a,b] all functions from C|a, b] that are n—convex.
Hence, f € K,[a,b] if [zo,x1,...,2s; f] > 0 for any choice of mutually different
numbers z; € [a,b], i =0,...,n. Here [xg,x1,...,z,; f] denotes divided difference
of the function f in the knots zg, z1,..., 2, € [a,b].

In the sequel, we consider linear functionals A : C[a, b] — R that have the property

f e Kla,b] = Af > 0. (12)

Remark 3.1. Observe that f — [z, 21, ..., z,; f] is one example of a linear func-
tional that has property (12).

Theorem 3.2. Let A : Cla,b] — R be a linear functional such that it satisfies
(12) and let I be any open interval in R. Assume that ¥ = {f; : t € I} is the
family of functions from Cla,b] such that t «— [xg,21,...,2.; fi] is a log-convex
function in J-sense on I, for every choice of n + 1 mutually different numbers
X0, X1, ..., Ty € [a,b]. Then

(i) the function t — A(f;) is also log-convex in J-sense on I
(ii) if t — A(fy) is a continuous positive function on I, then the function t —
A(f;) is log-convex on the I;
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(ii) if t — A(f) is a positive, derivable function on I, then for any p < u, q¢ <
v, p,q,u,v € I, we have

Mp,q(A,F) < M,.(AF) (13)
where
1
Afp) \ 74 .
( Aﬁfqg) , PF# G
MP»Q(A7 F) - i(A(fp)) (14)
exp <—d”A(fp) ) , =q.

Proof. (i) Choose any r,s € R and p,q € I. We define the function
h(z) = rf,(z) + QTSf%QT) + % f, ().
Since log-convexity in J-sense of the function ¢t — [zg,z1,...,2,; fi] is equivalent
to positive definiteness of the quadratic form
[0, 1, ..., Tpn; R
= TZ[x07 L1y Tn; fp] + 27'3[(E0,.’L'1, N prﬂ] + 82[x07$17 ey Ty fq] Z 07
we conclude h € K,[a,b] and then A(h) > 0. Hence
T2A(fp) + QTSA(fPTﬂ) + S2A(fq) > 0,

concluding log-convexity in J-sense of the function ¢ — A(f,).

(27) If t — A(f:) is additionally continuous, then it is log-convex since J-convex
continuous functions are convex functions.

(77i) The conclusion of this part follows from Theorem 2.9. O

If we take the limit x; — x, i = 0,1,...,n, = € [a,b], from Theorem 3.2 we get
the following corollary.

Corollary 3.3. Let A : Cla,b] — R be a linear functional such that it satisfies
(12) and let I be any open interval in R. Assume that F = {f, : t € I} is the family

of n—times differentiable functions on [a,b], such that t — ft(”)(:c) is a log-convex
function in J-sense on I, for any x € R. Then

(i)  the function t — A(f;) is also log-convex in J-sense on I;
(i) if t — A(f) is a continuous positive function on I, then the function t —
A(fy) is log-convex on the I;
(iii) if t — A(f) is a positive, derivable function on I, then for any p < u, q¢ <
v, p,q,u,v € I, we have
M, (A F) <M, ,(AF) (15)

where

Myo(A,F) = (A(fp)) (16)
exp< A(fp) ) y P=4(q.
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Definition 3.4. M, ,(A,F) defined by (16) is called a mean if
a< M, (AF)<b,
for p,qe I.

Theorem 3.5. Let A : Cla,b] — R be a linear functional which satisfies (12) and
let I be any open interval in R. Assume that F = {f; : t € I} is the family of

functions from Cla,b] such that t — [xo,x1,...,Ty; fi] is an exponentially convex
function on I, for every choice of n+1 mutually different numbers xg, x1,...,x, €
la,b]. Then

(i) if t — A(fy) is continuous on I, then it is also the exponentially convex
function on I;
(1) if m € N, ry,...r € I are arbitrary then [A(fri-ﬁ-rj )} is a positive
= lij=1
semi-definite matriz. Particularly,

det [A (fLﬂm >0
)]

(i) if t — A(fy) is positive and continuous on I, then for any p < u, q¢ <
v,p,q,u,v € I, we have

Mpq(A, F) < M, (A F) (17)
where M, ,(A,F) is defined by (16).

Proof. (i) Choose any m € N, §; € Rand p; € I, fori=1,...,n.
We define

hz) =Y &&frien; (7).
ij=1 :
By assumption, [zg, 1, ..., Ty h] = Z?fj:l &&ilzo, x1, .. ) fritn; ] > 080 A(R) >
0. NOW, Z:’Z’:l £Z€]A<fm—7%) 2 0.

(24) This is a consequence of Corollary 2.4.

(3i) Since t — A(f:) is derivable, we have our conclusion using Corollary 3.3(7iz).

]

Taking the limit z; — x, i =0,1,...,n, = € [a,b], from Theorem 3.5 we get the
following corollary

Corollary 3.6. Let A : Cla,b] — R be a linear functional that satisfies (12) and
let I be any open interval in R. Assume that F = {f; : t € I} is the family of

n—time differentiable functions on |a, b, such that t — £ (x) is an exponentially
convex function on I, for any x € R. Then

(i) if t — A(f:) is continuous on I, then it is also exponentially convez function
on I;
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(i) if m € N, ry,...ry, € I are arbitrary, then |:A(f'ri+rj )} is a positive
2 1,7=1
semi-definite matriz. Particularly,

o fa(r)]] 20

(ii) if t — A(fy) is positive and continuous on I, then for any p < u, q¢ <
v, p,q,u,v € I, we have

M, (A, F) < Myo(A F) (18)

where M, ,(A,F) is defined by (16).

4. Application to means

In this section we will vary on the choice of a family F = {f, : t € I} in order
to construct different examples of exponentially convex functions and means. At
the beginning, we will need some general results.

Theorem 4.1. Let f € C"[a,b] and let A : Cla,b] — R be a linear functional
which satisfies property (12). Then there exists £ € [a, b] such that

A(f) = () Alg), (19)
where go(z) = x™/nl.
= MaXgelqp] f™(z). Let us observe that

(@),
Mgo(x ) f(z) is n—convex function since o™ (z) =
> 0 and we conclude

Proof. Let m = mingcjqy fr

function ¢(z) = M % — f(z)
M — f™(x) > 0. Hence, A(y)

A(f) < M A(go).

Similarly,
mA(go) < A(f) < MA(go).

Now we have (19). O

Corollary 4.2. Let f,g € C"[a,b], let A : Cla,b] — R be a linear functional which
satisfies (12). Then there exists € € |a,b] such that

— AY) (20)

assuming neither of the denominators is equal to zero.

We will now apply Corollary 4.2 in order to get a criteria for the recognition of
means in the later part of the paper.
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Corollary 4.3. Let I be an open interval in R, a,b € R and A : Cla,b] — R a
linear functional which satisfies (12). Let F = {f, : t € I} be a family of functions

in C"[a,b]. If
'y \ va
a< (ff;q) (z) <D,

dx™

for x € la,b], p,q €1, then M,,(A,F) is a mean.

Remark 4.4. In some examples that will follow, we will have very simple recog-
nition of means:

" fp \ pa
(%%) (@) =z, zelat], p#a

dx™

In the sequel, for our applications, we will take a n-th divided difference as a choice
for the linear operator A : Cla,b] — R that satisfies (12).

Example 4.5. Let a,b be positive real numbers, I = (0, 00) and family F = {f, :
t € I} of functions defined on C|a, b] with

Tt £
ﬂuaz{;m“ v @)

R
Since ¢ +— “L_f(z) = t*, by Example 2.13. we know that ¢ — -L_f,(z) is an
exponentially convex function on I = (0,00). From Corollary 3.6 we conclude

exponential convexity of the function ¢(t) = [zg, x1,...,zn; f] on (0,00) for any
choice of n + 1 mutually different numbers zg, 21, ..., x, € [a,b].

M, ,(x,F) introduced in (16), in this particular case, take the form:

1
[xovxlwwxn;f] P—aq .
([zo,zl,..‘,zn;f2]> y D 7é q;
Myg(x,F) = § exp(liostatiny - p— g 21, (22)

—zotertetan)
)

exp( ) p=q=1.

where g,(z) = dipfp(a:) =p = H—=Inp)™ Y (n +1Inp).

Using monotonicity (18), from Corollary 3.6 we conclude
M, ,(x,F) < M, ,(x,F) (23)

for any p, q,u,v € (0, 00) such that p < wu, ¢ <w.
It is interesting to observe that after substitutions z; — — Inz; in means M; ;(x, F)
we get the geometric mean of numbers xg, z1, ..., 2, :

My (- . F) = g,

where —Inx = (—Inzg,...,—Inz,).
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Example 4.6. Let a,b be positive real numbers, I = (0, 00) and family F = {f; :
t € I} of functions defined on C|a, b] with

(24)

Since J‘;—nnft(x) — ¢72Vt by Example 2.14, we know that ¢ — %ft(x) is an expo-
nentially convex function on I = (0, 00). From Corollary 3.6 we conclude exponen-
tial convexity of the function ¥ (t) = [z, x1,...,xs; fi] on (0, 00).

M, ,(x,F) in this case are

1
My q(x, F) = <[m0’m1’~~@n%fq] , PFG

eXp( [20,21,....Zn;9p) ) ’

[®0,21,..sn; fp)
where g,(z) = dipfp(x) = (_21) p 2 e VP (n + z\/p).
As in (23), we also have the monotonicity property.

(25)
p=q

Example 4.7. Let a,b real numbers, I = R and a family F = {f, : ¢t € I} of

functions defined by
< t£0;
x — tn ) ) 26
fiw) { o (26)

nl”

Since Cgﬂ—"n fi(z) =€, t — (ﬁc—nn fi(x) is an exponentially convex function by Example
2.12. From Corollary 3.6 we then conclude exponential convexity of the function

¢(t) = [an L1y -5 Tn; ft]
We now deduce M, ,(x,F).

1
[33073317"'71‘71;](1’} p=aq .
([107x17~-~»1n§fq] , PFG

[0,21,.-,Zn;gp] )
[0,%1,..,Tn; fp] /7

Mpvq (X7 F) =

exp( p=q

exp(Htitting ) — g =0,

where g,(z) = p~"teP*(zp? — n).
Monotonicity: if p,q,u,v € R such that p < u, ¢ < v, then
M, ,x,F) < M,,(x,F).

1
d"fp \ p—dq
We observe here that ( i ) (Inx) = z, so after the substitution z; — Inz;, i =

dx™

0,1,...,nin the above expressions we will get means for the numbers z¢, x1,...,x,:
1
Inzo,Inzy,.. Inz,;fp] |\ P-4 .
( Inzo,z1,....]nTn;fq] y P 7£ q;
M. (Inx.F) = [Inzo,In x1,....,In Zn;gp] — .
p,q( ’ ) eXp([lnmg,lnxl,...,lnzn;fp])’ p=4q;

HRYTXL - Ty p=q=0,
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Example 4.8. Let a,b be positive real numbers, / = R and family F = {f; : t €
I} of functions defined by

(_1)n71xjjlﬁ(xn_1_j)!, t=7¢€ {0, 1,....,n— 1}.

Since jm—"n fi(z) = ot = eltmmne. ¢, ddTT:L fi(z) is exponentially convex function
by Example 2.12. From Corollary 3.6 we then conclude exponential convexity of

the function ¥(t) = [zo, 21, - .., Tn; fi]-

For this choice of family F we have

) ()= sl

dx™

so using Remark 4.4 we have an important conclusion that M, ,(x,F) is in fact a
mean of numbers g, x1,...,z, € |a,b].

In order to deduce all limit cases for these means we have to introduce some
notation.

By V(x; f) we denote

1z g xgi f(xo)

2 n—
V(X; f) _ Iz > xl f(xl)
1 x, znt f(wn)

1 =z a2 o=t ahIn® ag
- k
1 oz 2 P o U
V(x;r, k) = b ! ! !
1z, 22 2=t g Inf
Similarly, we denote
2 n—1 k
1 Inzy In"zg --- In" "z xf lnk o
1 Inz; In®z; -+ In" 'y ] In" x4
War k)= " 7 L0 N
1 Inz, Wz, -+ Wn" 'z, x, In* 2,
Now,
V(x; f)
T0, X1y Tnj [] = s (28)

V(x;n,0)
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Means, completed with all expressions in limit cases:

( 1
P ala—k) Vi(x; —q
(H?EEZ—Z; ‘ngzgi) pq’ (p—a) [T} = [(a—k) (p—0)]#0;
- 1
gk Vi) T—a iy .
((_1)7111,;12](?(71_)1_]), VEx;iO%)J q7 q7#p=j€{0,1,....,n—1};
1
k—j (n—1\ (n—=1\~1 V(x;j,1) \ i—Fk L .
My q(x, F) = (<_1> 700 m;i,n) » pekAI=a, k{011l o)
n—1
exp (KE:Z:%% - z ﬁ) ) p=q¢{0,1,....,n—1};
ox V(x;4,2) _nilL ot
P 2V (x;q,1) = q—k |’ p=q A, .
\ k#q

Means (29) are known in the literature as generalized Stolarsky means (see [9]).
Using Corollary 3.6, we conclude that we have monotonicity of these means:

If p,q,u,v € R such that p < u, ¢ <wv, then

M, ,x,F) < M, ,(x,F).

We observe here the following interesting property of the family F defined by
(27): for any x € [a,b|, the function ¢ — fi(z) is not continuous in any of points
t € {0,1,...,n — 1}. However, the function ¢ — A(f;) will be continuous on R for
any continuous linear functional A : Cla,b] — R with property (12), as the next
proposition shows.

Corollary 4.9. If A : Cla,b] — R is a continuous linear functional, then t +—
A(fy) is a continuous function on R.

Proof. The function t — A(f;) is obviously continuous in any point of the set
R\{0,1,...,n—1}. Further, according to Theorem 4.1, A(e;) =0, i =0,1...,n—
1, where e;(t) = t'.

Let j € {0,1,...,n — 1} be arbitrary. Then

' =27 (1+ (t—j)Inx + o,_j(x))

where lim,_,; % = 0. Now
n—1 1 1 n—1 1
A(ft - f]) = A(.g) H t— k - (_1>n,1,jj!(n 1 —j>‘ + A(ej ’ 0t—j)H m
=
(30)

where g(z) = 27 Inx. Since ||A(e; - 0i—;)|| < M]|ej]|||or—;|| then both summands on
the right hand side in (30) go to zero when t — j. O
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5. Generalized Pecéarié-Simié¢ means

We now make one step further adding one more parameter in the generalized
Stolarsky means. Let us take substitutions p — 2, ¢ — 4, 2; — 27, 0 <i <nin
the exponentially convex function () = [xo,1,...,%,; fi] from the generalized
Stolarsky means.

We first show that after these substitutions the function:

is exponentially convex for any r # 0. Indeed, the function t — [z{,z],...,2"; fi]
is exponentially convex, so t +— [z{,z},...,2]); ft] is also exponentially convex

according to Remark 2.3 (iii).
Now we proceed to the means. Since

_1
d"fp \ p—a
I

d n
e (") ==z, x € la,bl,
dx™
we conclude that we will get means M, ,..(x, F) for the numbers xg, z1, ..., 2,
( 1 P L
12, (g—rk) V(x";2,0) \ p—q _ n—1lp, _ .
<H§;§ — V(XT;%OJ o r(p—a) T2 [(a—rk) (p—rk)] 20
[T3=q(a—rk) V(x"35,1) \Jr—a r(p—a) [Ti=o l(a—rk) (p—rk)]#0, .
(=117 (n—1-5)! V(x"; 1,0) ’ p=jr, JE{01,..,n—1} '
1
k—j (n—1\ (n—1\~1 V(x"35,1) \ G—k)r —q)#0, p=jr, q=kr,.
(s () ) U e
V(xr;%,l) n-l _ n—lc¢
My, (%, F) = 4 Vg2 e i .
eXp W;‘Z,l)) - k;) q—kr 5 T¢07 p=q=Jr, j€{0717’n_1}7
k]
n 1
<<g> W(X;on)> P pq(p—q)#0, r=0;
p W(X;qﬁ(i) ’
(n_‘ W (x;4,0) > a q#0, p=r=0;
q" W(x0n) ) 7
W(xq,) _ n p=q#0, r=0;
xp (W(X;%O) Q> ’
| "/To - T1 - Ty p=q=r=0,
where X" = (zf, 7, ..., 2] ). These means were first considered in [20] as generalized

Pecarié-Simi¢ means. Here we prove the monotonicity of the generalized Pecarié-
Simi¢ means (property which was not given in [20]).

Theorem 5.1. Let p <wu, q <wv. Then
My gr (%, F) < My (%, F), (32)

for any r € R and for all xq, x1,...,x, mutually different, positive real numbers.
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Proof. Case r # 0. Since the function t — ,.(t) = [z}, x],...,2]; ft] is expo-

nentially convex using (iii)-part of Theorem 3.6 we conclude monotonicity in this
case.

Case r = 0. Since
My g0(x, F) = M, ,(Inx, G)

where G = {g¢; : t € I} is family of exponentially convex functions from Example
4.7 our proof is done. n

6. Conclusion remarks

As we showed in previous examples, basic ingredients for the construction of ex-
ponentially convex functions is a family F = {f; : t € I} which have the property
from Corollary 3.6 and a linear functional A : Cfa, b] — R which have the property
(12).

Although divided difference is very natural choice for a linear functional A, it is
pretty easy to find (construct) other examples for A from well-known inequalities:

if n = 1, the Kj[a,b] is a family of increasing functions from C|a,b] and using
Steffensen inequality we can define a linear functional

A(f)

/bf(t)dt—/bf(t)g(t)dt,

b a

(g is integrable on [a,b], 0 < g <1 and A = f;g(t)dt) to conclude that t — A(f;)
is an exponentially convex function where

Ji(z) = { icn/xt: tti%

if n = 2, the Ks[a,b] is a family of convex functions from C|a, b, and using Jensen
inequality we can define a linear functional

B(f) = f(x);f(y) gy (xTw)

(x,y € [a,b] are fixed ) and a family F

xt .
m) t#oala

filz)=¢ —lnz, t=0; (33)

rlnz, t=1.

to conclude exponential convexity of the function ¢ — B(f;).

Now it is clear that any inequality that is expressible in terms of linear function-
als and which is valid on K,[a,b], for some n € N, can be used for generating
exponential convexity.
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