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In this paper generalized Stolarsky and related means are recognized as an application of par-
ticulary defined linear functional on family of n−convex function. However, this approach leads
to a more general method of constructing exponentially convex functions and means of Cauchy
type.
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1. Introduction

Exponentially convex functions have been introduced by S. N. Bernstein eighty
years ago in [2]. Independently, a few years later, D. V. Widder introduced these
functions in [18] as a sub-class of convex functions on a given interval (a, b). It is
convenient here to note that Widder in his book [19] made an excellent account of
theory that in conclusion leads to integral representation of exponentially convex
functions. After initial development there is a big gap in time before applications
and examples of interest have been constructed. One of reasons is that, aside from
absolute monotone functions and completely monotone functions as special classes
of exponential convexity, to this date there is no operative criteria to recognize
exponential convexity.

Stolarsky means are two parameter Cauchy means that have very well-known
monotonicity property. Recently, proof of this fact was given in [6] using a partic-
ular family of convex functions in combination with log-convexity. Exponentially
convex functions are log-convex and it turns out that more generalized versions
of Stolarsky means contain exponentially convex functions as a basic ingredient.
More precisely, we will show that generalized Stolarsky and related means can be
interpreted through action of linear functional on a specific family of n−convex
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functions that in the end give us examples of exponential convexity. Our method
leads us to the conclusion that any inequality that is expressible in a form of a
linear functional and which is valid for n−convex functions can be used for pro-
duction of exponential convexity.

Our method for construction of exponentially convex functions in this article be-
comes more significant especially when we read the following lines from [4]:

There is a vast body of literature on the construction of positive defi-
nite functions, functions, both in terms of characteristic functions and in
terms of covariance functions. In contrast, the literature on exponentially
convex functions is minimal.

2. Exponentially convex functions

We will give definition of exponentially convex function as it was originally given
by Bernstein in [2] (see also [1], [10], [11]). Here I stands for open interval in R.

Definition 2.1. A function ψ : I → R is exponentially convex on I if it is con-
tinuous and

n
∑

i,j=1

ξiξjψ (xi + xj) ≥ 0

for all n ∈ N and all choices ξi, xi ∈ R, i = 1, . . . , n such that xi + xj ∈ I,
1 ≤ i, j ≤ n.

Proposition 2.2. Let ψ : I → R. The following statements are equivalent.

(i) ψ is exponentially convex on I

(ii) ψ is continuous and
n
∑

i,j=1

ξiξjψ
(xi + xj

2

)

≥ 0, (1)

for every ξi ∈ R and every xi ∈ I, 1 ≤ i ≤ n.

For exponentially convex function on R we will just say exponentially convex
function.

Remark 2.3. From (1) we have the following conclusions:

(i) if ψ is exponentially convex on I then ψ(x) ≥ 0, for all x ∈ I; for any
c ≥ 0, cψ is again exponentially convex;

(ii) if ψ1 and ψ2 are exponentially convex on I, then ψ1+ψ2 is also exponentially
convex on I;

(iii) if ψ is an exponentially convex function then for any d, t ∈ R, x 7→ ψ(dx)
and x 7→ ψ(x− t) are exponentially convex functions.

Using basic calculus we have further conclusions.
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Corollary 2.4. If ψ is exponentially convex on I, then the matrix

[

ψ
(xi + xj

2

)]n

i,j=1

is positive semi-definite. Particularly,

det
[

ψ
(xi + xj

2

)]n

i,j=1
≥ 0,

for every n ∈ N, xi ∈ I, i = 1, . . . , n.

Corollary 2.5. If ψ : I → (0,∞) is an exponentially convex function, then ψ is

a log-convex function i.e. logψ is a convex function.

Proof. From (1), for n = 2, we conclude

ξ21ψ(x) + 2ξ1ξ2ψ
(x+ y

2

)

+ ξ22ψ(y) ≥ 0,

for all ξ1, ξ2 ∈ R and all x, y ∈ I. Hence

ψ2
(x+ y

2

)

≤ ψ(x)ψ(y), for all x, y ∈ I. (2)

Since ψ is a continuous function we have

ψ (λx+ (1− λ)y) ≤ ψ(x)λψ(y)1−λ, (3)

for all x, y ∈ I and any λ ∈ [0, 1].

Proposition 2.6. Assume that ψ is a nonnegative continuous function defined on

I such that

ψ2
(x+ y

2

)

≤ ψ(x)ψ(y), x, y ∈ I (4)

If ψ(x0) = 0 for some x0 ∈ I, then ψ ≡ 0 on I.

Proof. Choose any y ∈ I. From (4) we have

ψ

(

1

2n
x0 +

(

1− 1

2n

)

y

)

≤ ψ(x0)
1/2nψ(y)1−1/2n . (5)

Hence ψ
(

1
2n
x0 +

(

1− 1
2n

)

y
)

= 0 and ψ(y) = limn ψ
(

1
2n
x0 +

(

1− 1
2n

)

y
)

= 0.

Remark 2.7. From the previous proposition, we have that if an exponentially
convex function at some point of its domain is equal to zero, then it is zero on the
whole domain.

Remark 2.8. A function ψ : I → (0,∞) that satisfies (4) is said to be log-convex
in J-sense.
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The next theorem will play an important role in the sequel.

Theorem 2.9. Let f : I → (0,∞) be a log-convex, derivable function.

Let M : I × I → (0,∞) be defined by

M(x, y) =











(

f(x)
f(y)

) 1

x−y

, x 6= y;

exp
(

f ′(x)
f(x)

)

, x = y.
(6)

If x1 ≤ x2, y1 ≤ y2 then

M(x1, y1) ≤M(x2, y2). (7)

Proof. Since the function log f is convex, we have (see [13], p. 2)

log f(x1)− log f(y1)

x1 − y1
≤ log f(x2)− log f(y2)

x2 − y2
, (8)

for x1 ≤ x2, y1 ≤ y2; x1 6= y1, x2 6= y2, concluding M(x1, y1) ≤M(x2, y2).
If x1 = y1 ≤ x2 we apply the limit limy1→x1− to (8) to conclude

M(x1, x1) ≤M(x2, y2).

Other possible cases are treated similarly.

One of the most important properties of exponentially convex functions is their
integral representation.

Theorem 2.10. The function ψ : I → R is exponentially convex on I if and only

if

ψ(x) =

∞
∫

−∞

etxdσ(t), x ∈ I (9)

for some non-decreasing function σ : R → R.

Proof. See [1], p. 211.

A first application of Theorem 2.10 is that exponential convexity is closed under
multiplication.

Corollary 2.11. If ψ1, ψ2 are exponentially convex functions on I, then ψ1ψ2 is

also exponentially convex on I.

Proof. For any n ∈ N and all ξi ∈ R, xi ∈ I, i = 1, . . . , n we have

n
∑

i,j=1

ξiξjψ1

(xi + xj
2

)

ψ2

(xi + xj
2

)

=

∞
∫

−∞

n
∑

i,j=1

ξie
txi/2ξje

txj/2ψ1

(xi + xj
2

)

σ2(dt) ≥ 0,

where we used the integral representation (9) for the function ψ2.
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Example 2.12. The most obvious example of exponentially convex function is
x 7→ ceαx, where c ≥ 0 and α ∈ R are constants.

Little less obvious examples can be deduced using integral representation (9) and
some results from Laplace transformation.

Example 2.13. For every α > 0, the function ψ : (0,∞) → R defined by

ψ(x) = x−α

is exponentially convex on (0,∞), since x−α =
∫∞
0
e−xt tα−1

Γ(α)
dt (see [15], p. 210).

Example 2.14. For every α > 0, the function

ψ(x) = e−α
√
x

is exponentially convex on (0,∞), since e−α
√
x =

∫∞
0
e−xte−α2/4t α

2
√
πt3
dt, x > 0 (see

[15], p. 214).

Further analytical properties and more examples of exponentially convex functions
are contained in the following theorem from [4].

Theorem 2.15. If ψ : R → R is an exponentially convex function, then it is

entire, and ϕ(t) = ψ(it), t ∈ R is a positive definite function. Conversely, if

ϕ : R → C is an entire positive definite function, then ψ(t) = ϕ(−it) is an

exponentially convex function.

Proof. See [4].

Remark 2.16. (i) Recall that ψ : R → C is entire if it can be extended to a
necessarily unique analytic function ψ : C → C.

(ii) Conclusions of Theorem 2.15 can be extended to exponentially convex functions
defined on any open interval (see [3] and [4]).

Using the previous theorem, the following examples (and many more) were con-
structed in [4].

Example 2.17. A characteristic function of the uniform distribution on [0, 1] is

ϕ(t) = eit−1
it
. Applying Theorem 2.15, we get exponentially convex function

ψ(x) =
ex − 1

x
.

Example 2.18. A characteristic function of the normal distributionN(µ, σ2); µ ∈
R, σ > 0; is ϕ(t) = eitµ−

1

2
σ2t2 . Applying Theorem 2.15, we get the exponentially

convex function
ψ(x) = e−µx+σ2x2

.

We now proceed with other properties of exponential convexity.
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Theorem 2.19. Assume that ψ : I → R is an exponentially convex function on

I. Then

(i) for any k ∈ N we have

ψ(k)(x) =

∞
∫

−∞

tketxdσ(t),

where σ : R → R is some non-decreasing function;

(ii) for any k ∈ N the function x 7→ ψ(2k)(x) is exponentially convex function on

I;

(iii) for any x ∈ I and all k ∈ N we have

(

ψ(2k+2)(x)
)2 ≤ ψ(2k)(x)ψ(2k+4)(x); (10)

(iv) for any n ∈ N and for all xi ∈ I, 1 ≤ i ≤ n, the matrix

[

ψ(i+j)
(xi + xj

2

)]n

i,j=0
(11)

is positive-semidefinite.

Proof. (i) and (ii)-part follow by using integral representation (9). Proofs of (iii)
and (iv) can be found in [5] and [10] respectively.

Remark 2.20. From Theorem 2.19 it follows that if ψ is a non-constant exponen-
tially convex function on I then ψ(2k) is also a non-constant exponentially convex
function on I, for any k ∈ N. Now, it is obvious that no polynomial can be
exponentially convex.

Using the integral representation of an exponentially convex function, we will now
give an extension of a result given by C. H. Kimberling in [7] and D. S. Mitrinović
and J. E. Pečarić [10] for completely monotone functions.

Theorem 2.21. Let ψ : I → R be an exponentially convex function.

(i) If 0 ∈ I, xi ∈ I, i = 1, . . . , n, and
∑n

i=1 xi ∈ I, then for any natural number

m ≥ 2

ψm−1(0)ψ

(

m
∑

i=1

xi

)

≥
m
∏

i=1

ψ(xi),

where for all i = 1, . . . n, xi ≥ 0 or xi ≤ 0

(ii) If 0 ∈ I, and x, y ∈ I such that x · y < 0, x+ y ∈ I then

ψ(0)ψ (x+ y) ≤ ψ(x)ψ(y)

(iii) If x ∈ I, and i, j are odd natural numbers then

ψ(x)ψ(i+j)(x) ≥ ψ(i)(x)ψ(j)(x).
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Proof. (i)

ψm−1(0)ψ

(

m
∑

i=1

xi

)

=





∞
∫

−∞

σ(dt)





m−1 ∞
∫

−∞

m
∏

i=1

etxiσ(dt)

We now apply Chebyshev’s inequality (see [13], p. 197 ) for p(t) = 1, fi(t) =
etxi , i = 1, . . . ,m.

(ii) We apply Chebyshev’s inequality for p(t) = 1, f(t) = etx, f(t) = ety.

(iii)

ψ(x)ψ(i+j)(x) =

∞
∫

−∞

etxσ(dt)

∞
∫

−∞

titjetxσ(dt).

We now apply Chebyshev’s inequality for p(t) = etx, f(t) = ti, g(t) = tj.

Remark 2.22. As we have seen in Corollary 2.5, every positive exponentially
convex function on I is also log-convex. However, converse is not true: the function
h(x) = ex

3−x is log-convex on (0, 1) but it is not exponentially convex on (0, 1).
If h would be exponentially convex on (0, 1) then, by Theorem 2.19, h(4) would
also be exponentially convex on (0, 1). But this is not true since, for example,
h(4)(0.2) < 0.

3. Main results-Generating method for exponential convexity

For n ∈ N, let us denote by Kn[a, b] all functions from C[a, b] that are n−convex.
Hence, f ∈ Kn[a, b] if [x0, x1, . . . , xn; f ] ≥ 0 for any choice of mutually different
numbers xi ∈ [a, b], i = 0, . . . , n. Here [x0, x1, . . . , xn; f ] denotes divided difference
of the function f in the knots x0, x1, . . . , xn ∈ [a, b].
In the sequel, we consider linear functionals A : C[a, b] → R that have the property

f ∈ Kn[a, b] ⇒ Af ≥ 0. (12)

Remark 3.1. Observe that f 7→ [x0, x1, . . . , xn; f ] is one example of a linear func-
tional that has property (12).

Theorem 3.2. Let A : C[a, b] → R be a linear functional such that it satisfies

(12) and let I be any open interval in R. Assume that F = {ft : t ∈ I} is the

family of functions from C[a, b] such that t 7→ [x0, x1, . . . , xn; ft] is a log-convex

function in J-sense on I, for every choice of n + 1 mutually different numbers

x0, x1, . . . , xn ∈ [a, b]. Then

(i) the function t 7→ A(ft) is also log-convex in J-sense on I;

(ii) if t 7→ A(ft) is a continuous positive function on I, then the function t 7→
A(ft) is log-convex on the I;



188 J. Jakšetić, J. Pečarić / Exponential Convexity Method

(iii) if t 7→ A(ft) is a positive, derivable function on I, then for any p ≤ u, q ≤
v, p, q, u, v ∈ I, we have

Mp,q(A,F) ≤Mu,v(A,F) (13)

where

Mp,q(A,F) =















(

A(fp)

A(fq)

) 1

p−q

, p 6= q;

exp

(

d
dp

(A(fp))

A(fp)

)

, p = q.
(14)

Proof. (i) Choose any r, s ∈ R and p, q ∈ I. We define the function

h(x) = r2fp(x) + 2rsf p+q
2

(x) + s2fq(x).

Since log-convexity in J-sense of the function t 7→ [x0, x1, . . . , xn; ft] is equivalent
to positive definiteness of the quadratic form

[x0, x1, . . . , xn;h]

= r2[x0, x1, . . . , xn; fp] + 2rs[x0, x1, . . . , xn; f p+q
2

] + s2[x0, x1, . . . , xn; fq] ≥ 0,

we conclude h ∈ Kn[a, b] and then A(h) ≥ 0. Hence

r2A(fp) + 2rsA(f p+q
2

) + s2A(fq) ≥ 0,

concluding log-convexity in J-sense of the function t 7→ A(ft).

(ii) If t 7→ A(ft) is additionally continuous, then it is log-convex since J-convex
continuous functions are convex functions.

(iii) The conclusion of this part follows from Theorem 2.9.

If we take the limit xi → x, i = 0, 1, . . . , n, x ∈ [a, b], from Theorem 3.2 we get
the following corollary.

Corollary 3.3. Let A : C[a, b] → R be a linear functional such that it satisfies

(12) and let I be any open interval in R. Assume that F = {ft : t ∈ I} is the family

of n−times differentiable functions on [a, b], such that t 7→ f
(n)
t (x) is a log-convex

function in J-sense on I, for any x ∈ R. Then

(i) the function t 7→ A(ft) is also log-convex in J-sense on I;

(ii) if t 7→ A(ft) is a continuous positive function on I, then the function t 7→
A(ft) is log-convex on the I;

(iii) if t 7→ A(ft) is a positive, derivable function on I, then for any p ≤ u, q ≤
v, p, q, u, v ∈ I, we have

Mp,q(A,F) ≤Mu,v(A,F) (15)

where

Mp,q(A,F) =















(

A(fp)

A(fq)

) 1

p−q

, p 6= q;

exp

(

d
dp

(A(fp))

A(fp)

)

, p = q.
(16)
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Definition 3.4. Mp,q(A,F) defined by (16) is called a mean if

a ≤Mp,q(A,F) ≤ b,

for p, q ∈ I.

Theorem 3.5. Let A : C[a, b] → R be a linear functional which satisfies (12) and
let I be any open interval in R. Assume that F = {ft : t ∈ I} is the family of

functions from C[a, b] such that t 7→ [x0, x1, . . . , xn; ft] is an exponentially convex

function on I, for every choice of n+1 mutually different numbers x0, x1, . . . , xn ∈
[a, b]. Then

(i) if t 7→ A(ft) is continuous on I, then it is also the exponentially convex

function on I;

(ii) if m ∈ N, r1, . . . rm ∈ I are arbitrary then
[

A(f ri+rj
2

)
]m

i,j=1
is a positive

semi-definite matrix. Particularly,

det
[

A
(

f ri+rj
2

)]m

i,j=1
≥ 0;

(iii) if t 7→ A(ft) is positive and continuous on I, then for any p ≤ u, q ≤
v, p, q, u, v ∈ I, we have

Mp,q(A,F) ≤Mu,v(A,F) (17)

where Mp,q(A,F) is defined by (16).

Proof. (i) Choose any m ∈ N, ξi ∈ R and pi ∈ I, for i = 1, . . . , n.
We define

h(x) =
m
∑

i,j=1

ξiξjf pi+pj
2

(x).

By assumption, [x0, x1, . . . , xn;h] =
∑m

i,j=1 ξiξj[x0, x1, . . . , xn; f pi+pj
2

] ≥ 0 soA(h) ≥
0. Now,

∑m
i,j=1 ξiξjA(f pi+pj

2

) ≥ 0.

(ii) This is a consequence of Corollary 2.4.

(iii) Since t 7→ A(ft) is derivable, we have our conclusion using Corollary 3.3(iii).

Taking the limit xi → x, i = 0, 1, . . . , n, x ∈ [a, b], from Theorem 3.5 we get the
following corollary

Corollary 3.6. Let A : C[a, b] → R be a linear functional that satisfies (12) and
let I be any open interval in R. Assume that F = {ft : t ∈ I} is the family of

n−time differentiable functions on [a, b], such that t 7→ f
(n)
t (x) is an exponentially

convex function on I, for any x ∈ R. Then

(i) if t 7→ A(ft) is continuous on I, then it is also exponentially convex function

on I;
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(ii) if m ∈ N, r1, . . . rm ∈ I are arbitrary, then
[

A(f ri+rj
2

)
]m

i,j=1
is a positive

semi-definite matrix. Particularly,

det
[

A
(

f ri+rj
2

)]m

i,j=1
≥ 0;

(iii) if t 7→ A(ft) is positive and continuous on I, then for any p ≤ u, q ≤
v, p, q, u, v ∈ I, we have

Mp,q(A,F) ≤Mu,v(A,F) (18)

where Mp,q(A,F) is defined by (16).

4. Application to means

In this section we will vary on the choice of a family F = {ft : t ∈ I} in order
to construct different examples of exponentially convex functions and means. At
the beginning, we will need some general results.

Theorem 4.1. Let f ∈ Cn[a, b] and let A : C[a, b] → R be a linear functional

which satisfies property (12). Then there exists ξ ∈ [a, b] such that

A(f) = f (n)(ξ)A(g0), (19)

where g0(x) = xn/n!.

Proof. Let m = minx∈[a,b] f
(n)(x), M = maxx∈[a,b] f

(n)(x). Let us observe that
function ϕ(x) =M xn

n!
−f(x) =Mg0(x)−f(x) is n−convex function since ϕ(n)(x) =

M − f (n)(x) ≥ 0. Hence, A(ϕ) ≥ 0 and we conclude

A(f) ≤MA(g0).

Similarly,

mA(g0) ≤ A(f) ≤MA(g0).

Now we have (19).

Corollary 4.2. Let f, g ∈ Cn[a, b], let A : C[a, b] → R be a linear functional which

satisfies (12). Then there exists ξ ∈ [a, b] such that

f (n)(ξ)

g(n)(ξ)
=
A(f)

A(g)
, (20)

assuming neither of the denominators is equal to zero.

We will now apply Corollary 4.2 in order to get a criteria for the recognition of
means in the later part of the paper.
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Corollary 4.3. Let I be an open interval in R, a, b ∈ R and A : C[a, b] → R a

linear functional which satisfies (12). Let F = {ft : t ∈ I} be a family of functions

in Cn[a, b]. If

a ≤
(

dnfp
dxn

dnfq
dxn

) 1

p−q

(x) ≤ b,

for x ∈ [a, b], p, q ∈ I, then Mp,q(A,F) is a mean.

Remark 4.4. In some examples that will follow, we will have very simple recog-
nition of means:

(

dnfp
dxn

dnfq
dxn

) 1

p−q

(x) = x, x ∈ [a, b], p 6= q.

In the sequel, for our applications, we will take a n-th divided difference as a choice
for the linear operator A : C[a, b] → R that satisfies (12).

Example 4.5. Let a, b be positive real numbers, I = (0,∞) and family F = {ft :
t ∈ I} of functions defined on C[a, b] with

ft(x) =

{

t−x

(− ln t)n
, t 6= 1;

xn

n!
, t = 1.

(21)

Since t 7→ dn

dxnft(x) = t−x, by Example 2.13. we know that t 7→ dn

dxnft(x) is an
exponentially convex function on I = (0,∞). From Corollary 3.6 we conclude
exponential convexity of the function ψ(t) = [x0, x1, . . . , xn; ft] on (0,∞) for any
choice of n+ 1 mutually different numbers x0, x1, . . . , xn ∈ [a, b].

Mp,q(x,F) introduced in (16), in this particular case, take the form:

Mp,q(x,F) =



















(

[x0,x1,...,xn;fp]
[x0,x1,...,xn;fq ]

) 1

p−q

, p 6= q;

exp( [x0,x1,...,xn;gp]

[x0,x1,...,xn;fp]
), p = q 6= 1;

exp(−x0+x1+···+xn

n+1
), p = q = 1.

(22)

where gp(x) =
d
dp
fp(x) = p−x−1(− ln p)−n−1(n+ ln p).

Using monotonicity (18), from Corollary 3.6 we conclude

Mp,q(x,F) ≤Mu,v(x,F) (23)

for any p, q, u, v ∈ (0,∞) such that p ≤ u, q ≤ v.
It is interesting to observe that after substitutions xi → − lnxi in meansM1,1(x,F)
we get the geometric mean of numbers x0, x1, . . . , xn :

M1,1(− lnx,F) = n+1
√
x0x1 · · ·xn,

where − lnx = (− lnx0, . . . ,− lnxn).
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Example 4.6. Let a, b be positive real numbers, I = (0,∞) and family F = {ft :
t ∈ I} of functions defined on C[a, b] with

ft(x) =
e−x

√
t

(−
√
t)n

(24)

Since dn

dxnft(x) = e−x
√
t, by Example 2.14, we know that t 7→ dn

dxnft(x) is an expo-
nentially convex function on I = (0,∞). From Corollary 3.6 we conclude exponen-
tial convexity of the function ψ(t) = [x0, x1, . . . , xn; ft] on (0,∞).

Mp,q(x,F) in this case are

Mp,q(x,F) =







(

[x0,x1,...,xn;fp]

[x0,x1,...,xn;fq]

) 1

p−q

, p 6= q;

exp( [x0,x1,...,xn;gp]

[x0,x1,...,xn;fp]
), p = q.

(25)

where gp(x) =
d
dp
fp(x) =

(−1)n

2
p−

n
2
−1e−x

√
p(n+ x

√
p).

As in (23), we also have the monotonicity property.

Example 4.7. Let a, b real numbers, I = R and a family F = {ft : t ∈ I} of
functions defined by

ft(x) =

{

etx

tn
, t 6= 0;

xn

n!
, t = 0

(26)

Since dn

dxnft(x) = etx, t 7→ dn

dxnft(x) is an exponentially convex function by Example
2.12. From Corollary 3.6 we then conclude exponential convexity of the function
ψ(t) = [x0, x1, . . . , xn; ft].
We now deduce Mp,q(x,F).

Mp,q(x,F) =



















(

[x0,x1,...,xn;fp]
[x0,x1,...,xn;fq]

) 1

p−q

, p 6= q;

exp( [x0,x1,...,xn;gp]

[x0,x1,...,xn;fp]
), p = q;

exp(x0+x1+···+xn

n+1
), p = q = 0,

where gp(x) = p−n−1epx(xp2 − n).

Monotonicity: if p, q, u, v ∈ R such that p ≤ u, q ≤ v, then

Mp,q(x,F) ≤Mu,v(x,F).

We observe here that

(

dnfp
dxn

dnfq
dxn

) 1

p−q

(lnx) = x, so after the substitution xi → lnxi, i =

0,1, . . . ,n in the above expressions we will get means for the numbers x0, x1, . . . , xn :

Mp,q(lnx,F) =



















(

[lnx0,lnx1,...,lnxn;fp]
[lnx0,x1,...,lnxn;fq]

) 1

p−q

, p 6= q;

exp( [lnx0,lnx1,...,lnxn;gp]

[lnx0,lnx1,...,lnxn;fp]
), p = q;

n+1
√
x0x1 · · ·xn, p = q = 0,



J. Jakšetić, J. Pečarić / Exponential Convexity Method 193

Example 4.8. Let a, b be positive real numbers, I = R and family F = {ft : t ∈
I} of functions defined by

ft(x) =

{

xt

t(t−1)···(t−n+1)
, t /∈ {0, 1, . . . , n− 1};

xj lnx
(−1)n−1−jj!(n−1−j)!

, t = j ∈ {0, 1, . . . , n− 1}.
(27)

Since dn

dxnft(x) = xt−n = e(t−n) lnx; t 7→ dn

dxnft(x) is exponentially convex function
by Example 2.12. From Corollary 3.6 we then conclude exponential convexity of
the function ψ(t) = [x0, x1, . . . , xn; ft].

For this choice of family F we have

(

dnfp
dxn

dnfq
dxn

) 1

p−q

(x) = x, x ∈ [a, b]

so using Remark 4.4 we have an important conclusion that Mp,q(x,F) is in fact a
mean of numbers x0, x1, . . . , xn ∈ [a, b].

In order to deduce all limit cases for these means we have to introduce some
notation.

By V (x; f) we denote

V (x; f) :=

∣

∣

∣

∣

∣

∣

∣

∣

1 x0 x20 · · · xn−1
0 f(x0)

1 x1 x21 · · · xn−1
1 f(x1)

· · · · · · · · · · · · · · · · · ·
1 xn x2n · · · xn−1

n f(xn)

∣

∣

∣

∣

∣

∣

∣

∣

Particulary, for f(t) = tr lnk t we will denote

V (x; r, k) :=

∣

∣

∣

∣

∣

∣

∣

∣

1 x0 x20 · · · xn−1
0 xr0 ln

k x0
1 x1 x21 · · · xn−1

1 xr1 ln
k x1

· · · · · · · · · · · · · · · · · ·
1 xn x2n · · · xn−1

n xrn ln
k xn

∣

∣

∣

∣

∣

∣

∣

∣

.

Similarly, we denote

W (x; r, k) :=

∣

∣

∣

∣

∣

∣

∣

∣

1 lnx0 ln2 x0 · · · lnn−1 x0 xr0 ln
k x0

1 lnx1 ln2 x1 · · · lnn−1 x1 xr1 ln
k x1

· · · · · · · · · · · · · · · · · ·
1 lnxn ln2 xn · · · lnn−1 xn xrn ln

k xn

∣

∣

∣

∣

∣

∣

∣

∣

,

Now,

[x0, x1, . . . , xn; f ] =
V (x; f)

V (x;n, 0)
. (28)
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Means, completed with all expressions in limit cases:

Mp,q(x,F) =







































































(
∏n−1

k=0
(q−k)

∏n−1

k=0
(p−k)

V (x;p,0)
V (x;q,0)

)

1
p−q

, (p−q)
∏n−1

k=0
[(q−k)(p−q)] 6=0;

(
∏n−1

k=0
(q−k)

(−1)n−1−jj!(n−1−j)!
V (x;j,1)
V (x;q,0)

)

1
j−q

, q 6=p=j∈{0,1,...,n−1};

(

(−1)k−j
(

n−1
j

)(

n−1
k

)−1 V (x;j,1)
V (x;k,1)

)

1
j−k

, p=k 6=j=q, k,j∈{0,1,...,n−1};

exp

(

V (x;q,1)
V (x;q,0)

−
n−1
∑

k=0

1
q−k

)

, p=q /∈{0,1,...,n−1};

exp





V (x;q,2)
2V (x;q,1)

−
n−1
∑

k=0
k 6=q

1
q−k



 , p=q∈{0,1,...,n−1}.

(29)

Means (29) are known in the literature as generalized Stolarsky means (see [9]).
Using Corollary 3.6, we conclude that we have monotonicity of these means:

If p, q, u, v ∈ R such that p ≤ u, q ≤ v, then

Mp,q(x,F) ≤Mu,v(x,F).

We observe here the following interesting property of the family F defined by
(27): for any x ∈ [a, b], the function t 7→ ft(x) is not continuous in any of points
t ∈ {0, 1, . . . , n− 1}. However, the function t 7→ A(ft) will be continuous on R for
any continuous linear functional A : C[a, b] → R with property (12), as the next
proposition shows.

Corollary 4.9. If A : C[a, b] → R is a continuous linear functional, then t 7→
A(ft) is a continuous function on R.

Proof. The function t 7→ A(ft) is obviously continuous in any point of the set
R\{0, 1, . . . , n−1}. Further, according to Theorem 4.1, A(ei) = 0, i = 0, 1 . . . , n−
1, where ei(t) = ti.
Let j ∈ {0, 1, . . . , n− 1} be arbitrary. Then

xt = xj (1 + (t− j) lnx+ ot−j(x))

where limt→j
‖ot−j‖
t−j

= 0. Now

A(ft − fj) = A(g)







n−1
∏

k=0
k 6=j

1

t− k
− 1

(−1)n−1−jj!(n− 1− j)!






+ A(ej · ot−j)

n−1
∏

k=0

1

t− k

(30)
where g(x) = xj lnx. Since ‖A(ej · ot−j)‖ ≤M‖ej‖‖ot−j‖ then both summands on
the right hand side in (30) go to zero when t→ j.
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5. Generalized Pečarić-Šimić means

We now make one step further adding one more parameter in the generalized
Stolarsky means. Let us take substitutions p → p

r
, q → q

r
, xi → xri , 0 ≤ i ≤ n in

the exponentially convex function ψ(t) = [x0, x1, . . . , xn; ft] from the generalized
Stolarsky means.
We first show that after these substitutions the function:

ψr(t) = [xr0, x
r
1, . . . , x

r
n; f t

r
] (31)

is exponentially convex for any r 6= 0. Indeed, the function t 7→ [xr0, x
r
1, . . . , x

r
n; ft]

is exponentially convex, so t 7→ [xr0, x
r
1, . . . , x

r
n; f t

r
] is also exponentially convex

according to Remark 2.3 (iii).
Now we proceed to the means. Since





dnf p
r

dxn

dnf q
r

dxn





1

p−q

(xr) = x, x ∈ [a, b],

we conclude that we will get means Mp,q;r(x,F) for the numbers x0, x1, . . . , xn:

Mp,q;r(x,F)=



























































































































(
∏n−1

k=0
(q−rk)

∏n−1

k=0
(p−rk)

V (xr; p
r
,0)

V (xr; q
r
,0)

)

1
p−q

, r(p−q)
∏n−1

k=0
[(q−rk)(p−rk)] 6=0;

(
∏n−1

k=0
(q−rk)

rn(−1)n−1−jj!(n−1−j)!
V (xr;j,1)
V (xr; q

r
,0)

)

1
jr−q

, r(p−q)
∏n−1

k=0
[(q−rk)(p−rk)] 6=0,

p=jr, j∈{0,1,...,n−1} ;
(

(−1)k−j
(

n−1
j

)(

n−1
k

)−1 V (xr;j,1)
V (xr;k,1)

)

1
(j−k)r

, r(p−q)6=0, p=jr, q=kr,
0≤j 6=k≤n−1 ;

exp

(

V (xr; q
r
,1)

rV (xr; q
r
,0)

−
n−1
∑

k=0

1
q−kr

)

, p=q, r
∏n−1

k=0
(q−rk)6=0,;

exp





V (xr;j,2)
2V (xr;j,1)

−
n−1
∑

k=0
k 6=j

1
q−kr



 , r 6=0, p=q=jr, j∈{0,1,...,n−1};

((

q
p

)n
W (x;p,0)
W (x;q,0)

)

1
p−q

, pq(p−q)6=0, r=0;

(

n!
qn

W (x;q,0)
W (x;0,n)

)

1
q
, q 6=0, p=r=0;

exp
(

W (x;q,1)
W (x;q,0)

− n
q

)

, p=q 6=0, r=0;

n+1
√
x0 · x1 · · ·xn, p=q=r=0,

where xr = (xr0, x
r
1, . . . , x

r
n). These means were first considered in [20] as generalized

Pečarić-Šimić means. Here we prove the monotonicity of the generalized Pečarić-
Šimić means (property which was not given in [20]).

Theorem 5.1. Let p ≤ u, q ≤ v. Then

Mp,q;r(x,F) ≤Mu,v;r(x,F), (32)

for any r ∈ R and for all x0, x1, . . . , xn mutually different, positive real numbers.
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Proof. Case r 6= 0. Since the function t 7→ ψr(t) = [xr0, x
r
1, . . . , x

r
n; f t

r
] is expo-

nentially convex using (iii)-part of Theorem 3.6 we conclude monotonicity in this
case.

Case r = 0. Since
Mp,q;0(x,F) =Mp,q(lnx,G)

where G = {gt : t ∈ I} is family of exponentially convex functions from Example
4.7 our proof is done.

6. Conclusion remarks

As we showed in previous examples, basic ingredients for the construction of ex-
ponentially convex functions is a family F = {ft : t ∈ I} which have the property
from Corollary 3.6 and a linear functional A : C[a, b] → R which have the property
(12).
Although divided difference is very natural choice for a linear functional A, it is
pretty easy to find (construct) other examples for A from well-known inequalities:

if n = 1, the K1[a, b] is a family of increasing functions from C[a, b] and using
Steffensen inequality we can define a linear functional

A(f) =

b
∫

b−λ

f(t)dt−
b
∫

a

f(t)g(t)dt,

(g is integrable on [a, b], 0 ≤ g ≤ 1 and λ =
∫ b

a
g(t)dt) to conclude that t 7→ A(ft)

is an exponentially convex function where

ft(x) =

{

xt/t, t 6= 0;
lnx, t = 0

if n = 2, the K2[a, b] is a family of convex functions from C[a, b], and using Jensen

inequality we can define a linear functional

B(f) =
f(x) + f(y)

2
− f

(x+ y

2

)

(x, y ∈ [a, b] are fixed ) and a family F

ft(x) =











xt

t(t−1)
, t 6= 0, 1;

− lnx, t = 0;

x lnx, t = 1.

(33)

to conclude exponential convexity of the function t 7→ B(ft).

Now it is clear that any inequality that is expressible in terms of linear function-
als and which is valid on Kn[a, b], for some n ∈ N, can be used for generating
exponential convexity.
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