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We show that the non-archimedean version of Grothendieck’s theorem about weakly compact sets
for C'(X,K), the space of continuous maps on X with values in a locally compact non-trivially
valued non-archimedean field K, fails in general. Indeed, we prove that if X is an infinite
zero-dimensional compact space, then there exists a relatively compact set H := {g, : n € N} C
C(X,K) in the pointwise topology 7, of C(X,K) which is not w—relatively compact, i.e. compact
in the weak topology of C'(X,K), such that all ||g,|| = 1 and y(H) := sup{|lim,, lim,, f,,,(z,) —
limy, lim,, fon(z0)] 0 (fm)m C B, (xn)n € H} > 0, where B is the closed unit ball in the dual
C(X,K)* and the involved limits exist. The latter condition v(H) > 0 shows in fact that a
quantitative version of Grothendieck’s theorem for real spaces (due to Angosto and Cascales)
fails in the non-archimedean setting. The classical Krein and Grothendieck’s theorems ensure
that for any compact space X every uniformly bounded set H in a real (or complex) space C(X) is
Tp-relatively compact if and only if the absolutely convex hull aco H of H is 7,-relatively compact.
In contrast, we show that for an infinite zero-dimensional compact space X the absolutely convex
hull aco H of a 7,—relatively compact and uniformly bounded set H in C(X,K) needs not be
Tp—relatively compact for a locally compact non-archimedean K. Nevertheless, our main result
states that if H ¢ C(X,K) is uniformly bounded, then aco H is 7,—relatively compact if and
only if H is w-relatively compact.
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1. Introduction

Let X be a compact Hausdorff space and C(X) := C(X,R) the Banach space
of real-valued continuous functions on X. If H € C(X) C R¥ is a pointwise

*The research of was supported for the first named author by National Center of Science, Poland,
grant no. N N201 605340.

ISSN 0944-6532 / $ 2.50 (© Heldermann Verlag



234 J. Kgkol, A. Kubzdela / Non-Archimedean Quantitative Grothendieck ...

bounded set, then the closure clgx (H) is compact in the topology 7, of pointwise
convergence in RX.

If d(clpx (H),C(X)) := sup{d(f,C(X)) : f € clgx(H)}, where d is the standard
supremum metric, then d = 0 iff clgx (H) € C(X) iff H is 7,-relatively compact
in C(X). Therefore the relation d > 0 provides a measure of non-r,-compactness
for H in C'(X). Let v(H) be defined as in the abstract. It is known k(H) <
v(H) < 2k(H), where k(H) := Sup,«eq_. gy (2™, C(X,R)), and d is the usual
inf distance for sets associated to the natural norm in the bidual of C'(X,R)**, see
[1, Theorem 2.3].

Grothendieck proved that a bounded set H in the Banach space C(X) is rela-
tively compact in the pointwise topology 7, iff it is relatively compact in the weak
topology w of C'(X), see [4], [3, Theorem 4.2]. Angosto and Cascales proved in [1,
Theorem 3.5] a quantitative version of this result by showing the inequalities

vx(H) <~(H) < 2yx(H), (%)

where vx (H) := sup{|lim,, lim,, f,,(z,) — limy, lim,,, fi(22)] 0 (fin)m C H, (2)n C
X}, provided the iterated limits exist. Since yx(H) = 0 iff H is 7,-relatively
compact and y(H) = 0 iff H interchanges limits with the dual ball B (see [2,
Corollary 2.5]), the above inequalities yield the Grothendieck’s theorem.

The following question is natural: Are the inequalities (x) still true for spaces
C(X,K) of K-valued continuous maps on a compact X for any non-trivially valued
complete field K?

Throughout this note by K we mean a non-trivially valued non-archimedean lo-
cally compact field. Recall that a complete valued field (K, |.|) not topologically
isomorphic to the field R or C is non-archimedean, i.e. |z + y| < max{|z|, |y|},
z,y € K, see [10]. Theorem 2.1 shows that if X is a zero-dimensional compact
space the above question for C(X,K) has a negative answer.

The classical Krein’s theorem yields (see [3, Theorem 7.1]) that in a real or complex
Banach space E the absolutely convex hull aco H is w—relatively compact for a
w—relatively compact set H C E. This, combined with Grothendieck’s theorem
for C'(X) over compact X allows to show that every uniformly bounded set H C
C(X) is T,—relatively compact iff aco H is 7,—relatively compact. A quantitative
version of this theorem has been proved recently by Cascales, Marciszewski and
Raja (see [2, Theorem 3.3]). In contrast to the real case, being motivated by
the first part, we show that for an infinite zero-dimensional compact space X the
absolutely convex hull aco H of a uniformly bounded 7,—relatively compact set H
in C'(X,K) needs not be 7,—relatively compact. In fact we prove also that if X is
an ultrametrizable infinite compact space and (g,), C C(X,K) is an orthogonal
sequence for which ||g,|| = 1 for all n € N, then there exist sequences (w,),, C X
and (f,), C aco{g1,gs,...} such that lim, lim,, f, (w,,) # lim,, lim, f, (w,), see
Theorem 2.6. Fortunately, our main Theorem 2.8 states that if X is an infinite
zero-dimensional compact space and H C C(X,K) is uniformly bounded, then
aco H is 7,—relatively compact iff H is w—relatively compact.
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Let Bk denote the set {a € K: |a] < 1}. Let E be a linear space. A set A C E is
absolutely conver if for any o, § € Bk and x,y € A we have ax+py € A. f AC E,
then the set acoA = {>" | asa; :n € N, o, ..., € Bg, a4, ...,a, € A} is called
the absolutely convex hull of A. A metric space (X,d) is called wltrametric if
d(z,y) < max{d(z,z),d(z,y)} for all z,y € X. Note that every ultrametric space
is zero-dimensional. Recall that a clopen set B (zo,7) = {z € X : d(z,z9) < r} is
called a “closed” ball. Note that any two balls in X are either disjoint, or one is
contained in the other.

2. Results and Proofs
First we prove the following promised

Theorem 2.1. Let X be an infinite compact zero-dimensional space. Then there
exists a T,—relatively compact set H := {g, : n € N}, not relatively weakly compact
in C(X,K), such that all ||g,|| =1 and v(H) > 0.

Proof. Since X is compact and infinite, there exists € X which is not isolated.
Let Uy := U be a clopen neighbourhood of z. Since U # {z}, there are an
x1 € U\{z} and a clopen neighbourhood U of x such that Uy C U and xy € U\Us.
Then Us # {z} and we find a clopen neighbourhood Us; of x with Uz C U, and an
x9 € Uy \ Us. Continuing this procedure we construct a sequence xi, s, ... in X
and a decreasing sequence (U, ), of clopen subsets of X such that =, € U, \ U,11
for all n € N.

Since each set U, is clopen, for each n € N the function f,, : X — K defined
by fu(z) == 1y,(x), z € X, is continuous. If x € (), Uy, then f,(z) — 1. If
x &), Un, then f,(z) — 0. For every n € N set g,(z) := fo(2) — fut1(2), z € X.
Then g, — 0 for each z € X. Moreover, 1 > ||gnl| > |fu(n) — foi1(xn)] = 1, so
|gn|| = 1 for all n € N. Set H := {g,, : n € N}. The only cluster point of H in K¥
is a zero function, obviously continuous; hence, H is 7,—relatively compact. But,
H is not relatively compact in the weak topology of C'(X,K). Indeed, otherwise
gn — 0in the weak topology of C'(X,K). Since in C'(X, K) every weakly converging
sequence converges in the norm (see [5, Corollary 2.5]), we reach a contradiction
as ||gn|| = 1 for each n € N.

Let D be the linear span of H in C'(X,K). Define gf € D" by g (¢) :=1ifn=m
and g* (gm) := 0 if n # m. Using [10, Corollary 3.18], for every n € N we extend
g2 to the whole C'(X,K). For every n € N define a continuous linear functional
R = gi+...4+g; on C(X,K). Observe that b’ (g,,) = 1 if m <n and h (¢,,) =0
if m > n, so for every m € N we have lim, h* (¢g,,) = 1 and lim,, h} (¢,,) = 0 for
cach n € N. Thus lim, lim,, b (g,,) # lim,, lim,, A (), so y(H) > 0. O

The first observation concerning a non-archimedean Krein’s theorem is the follow-
ing

Proposition 2.2. Let E be a Banach space over K and A C E be a weakly rela-
tively compact set. Then, aco A is weakly relatively compact.
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Proof. Assume that A C F is weakly relatively compact. Then, by [9, Theorem
5.2] the set A is compact. By [8, Proposition 1.6] and [7, Proposition 2.1], acoA is
precompact, thus compact. Hence, we conclude that acoA, thus aco A, is weakly
relatively compact. O]

Example 2.3. If H is the set constructed in the proof of Theorem 2.1, then aco H
is not 7,—relatively compact.

Proof. For every m € N define h,, := g1+...+gp; then, (h,,),, C aco H. Choose a
sequence (x,,), C X withz,, € U,\U,4 for each n € N. Then lim,, h,, (x,) = 1 for
all n € N; hence lim,, lim,, h,, (x,) = 1. Since lim, h,, (x,) = 0 for all m € N, we
have lim,, lim,, A, (x,) = 0. By [2, Corollary 2.5], the set aco H is not 7,—relatively
compact. O

Theorem 2.1 and Example 2.3 suggest the following question. Is H C C (X, K)
weakly relatively compact iff aco H is 7,—relatively compact? Theorem 2.8 pro-
vides an affirmative answer. To prove this result, we need a couple of additional
facts of own interest.

Lemma 2.4. Let (X,d) be an infinite ultrametric compact space, V be a closed
ball in X and zg € V.

(1) If xg is an isolated point of X, then there exists a finite partition {Vi, ..., V,}
of V\{zo} consisting of closed balls.
(2) If zo is an accumulation point of X and (x,), C V is a sequence convergent
to xo for which d(x,,x,—1) > d(Tpi1,x,) for alln € N, then
(i) there exists an infinite partition (V;); of V\{xo} consisting of closed balls
such that for every n € N there exists K,, € N with z,, € Vi, , K, # K,
if p # q and the radius of Vi, is equal to d (x,41, Tpi2);
(1) there exist a maximal collection of closed balls (Uy,), C X for which
(1y,),, is an orthonormal base of C (X, K) and a subsequence (py,),, C N
such that

v €UN\NJUn zme@nU,)\ |J Un (%)

n>1 neN\{1,pm}

Proof. (1): Suppose that ¢ is an isolated point. Then, there exists r > 0 such
that {z € X : d(z,29) <71} = {x0}. By compactness of V' we can choose a finite
partition {Vp, V4,...,V,} of V consisting of balls with radius ». Without loss of
generality, we can assume that zo € V4. Thus {Vi,...,V,,} is a required partition

of V\{zo}.

(2): Assume that zy is an accumulation point. By compactness of V' we find a
finite partition Wy, ..., Wi, of V with x5 € Wi, where Wy (k=0,...,my) are
closed balls with radius d (x4, x3). Then, since

d(zg,x,) < max{d(xe,x3),d(x3,24),...,d (Ty_1,7,)}
= d(l‘Q,l’g), d(.TQ,iBl) > d(l’g,ib’g),
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we have {zg, za,x3,...} C Wi and zy ¢ Wig. Clearly x; € Wy, for some [ €
{1,..,mq}. Set Ky := 1 and V; := Wy, for j = 1,...,my. Continuing on this
direction in the n—th step (n > 1) we choose a finite partition W, g, ..., W, of
Wi—1,0 by balls with radius 7, = d (241, Zn42) such that z,.1 € W,o. Then,
xn, € W,,, for some [, € {1,...,m,} and {x¢, Tpi1,Tnio,...} C Wyo. We set
Ky, =mi+..+mup_1+1l, and Vi, 4 4,145 = Whyj for j =1, ..., m,. This leads
to an infinite sequence (V;); of closed balls, which is a partition of U\ {zo}. Then
x, € Vk,, where Vi, is a ball with radius d (x,41, Z,42) and n € N. The proof of
(a) is completed.

Finally, we prove (b). Applying (2a), we generate an infinite partition (V])J of
X\ {zo}, and a subsequence (K,), C N such that z,, € Vg, for every n € N
(K, # K, if p # q); Vg, is a ball with radius d (2,41, Znt2). Define Jy =
{K,:ne N} and J :={n € N : x, is an accumulation point in X}. For every
n € J, selecting any sequence (yy),, C X converging to x, with d (y,y"m-1) >
d (Y ms1,Yp) (m € N) and applying again (2a), we form (W}}), . an infinite par-
tition of Vi, \{z,}. Using (1) for every n € N\J we generate a finite partition
(WMe of Vi, \ {z,} for some M, > 0. Define the collections of balls

m=

& = {Vn n e N\Jo}, Sy = {Vn n e Jg},
Sy :={W :neJ meN}, Sy ={W,:neN\J m=1,..,M,}

Next, for each S € &1 U &3 U Sy we find &g, a maximal collection of balls
contained in S, such that {1g} U {1y : U € g} is linearly independent. Let
S" = Uses,ussus, Ss- Since elements of Iy U 3 U Sy are pairwise disjoint and

{0, 21, .} N Uges,ug,0s, S = 0, the set
{1y: U e U USSR US3USyU{1x}
is also linearly independent. Moreover,
F:=F U UIUSI3USLU{X}

is a maximal collection of closed balls of X such that the set of characteristic
functions {1y : U € S} is linearly independent. Indeed, takeaball V C X,V ¢
and suppose that {1y : U € S} U {1y} is linearly independent. Then, by the
construction of &', there is no U € &' U & U S3 U Sy such that Vo C U. If
xo € V, then the collection {V} U Uy covers X. By compactness of X, we
find U,,,..,U,, € {V} U USy, a finite partition of X. Thus, the characteristic

functions 1x, 1y, , ..., 1y, are not linearly independent. If zg ¢ V', the collection
3y U Qg covers V. Since V' is compact, we choose Uy, ..,U,, € $1 U Sy, which
form a finite partition of V; hence 1y, 1y, , ..., 1y, are not linearly independent,

a contradiction.

By [6, Theorem 2.5.27], the family {1y : U € S} is an orthonormal base of C' (X, K).
Since X is ultrametrizable, {1y : U € &} is countable by [6, Theorem 2.5.24]. We
can write § = {U,Us,...} and assume that U; = X. Clearly, we can select
(Pm),, € N such that {U,, :m € N} = Jy. Then, it follows from the above
construction that (xx) is satisfied. O
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Lemma 2.5. Let X be an infinite ultrametrizable compact set and let (f,), C

C(X,K) (fn # 0) be an orthogonal sequence. Then, there exists a sequence (x,,), C
X with | fn (xn)] = || ful] and z,, # zp, if n £ m.

Proof. Since X is compact, for every n € N there is z € X that |f, (z)| = || fall-
Take n € N and suppose that Xy :={x € X : |fi (@) = ||fell, k= 1,...,n+ 1}
has at most n elements, say Xy = {x1, ..., Z, }.

Without loss of generality we may assume that || fi|| = ... = || fas1|| and | f1 (z1)] =
|| f1]|. For each k =2,....,n + 1 set

Jr (21)
fi(z1)

Then, for every k € {2,...,n+ 1} we get f} (z1) =0,

fi (1)
fi(@)

by orthogonality of (f,), and |fL (z)] < ||fi]| if © ¢ Xo. Next, for every j = 2,...,n
and k=74 1,...,n+ 1 define

fli = fr— J1-

kaH—max{kan

||f1||} Al

¢ ()
T ()

where n; := min{i € {1,...,n} : ‘fj_l ; }:Hfj_lﬂ} Clearly, Hng = || fll,
fl(x;) =0fori € {1, ng,.. n]} and’fk ‘<kaHlf$§§Xo Hence, f7. | (x;) =
0ifi € {1,...,n} and |fr, (2)| < ||/ +1H if © ¢ Xy. But, Supm¢X0|fn+1 (z)] <
H f +1H since K is discretely Valued a contradiction. ]

S

=g

Theorem 2.6. Let X be an ultrametrizable infinite compact set and let (g,,), C
C(X,K) be an orthogonal sequence for which ||g,|| = 1 for allm € N. Then, there
exist sequences (wy,),, C X and (f,), C aco{gi, gz, ...} such that

lim lim f,, (wy,) # Imlim f, (w,,) .

Proof. First, applying Lemma 2.5, choose a sequence (z,), C X such that
lgn (xn)] = 1 and z,, # x, if n # m (n,m € N). Since X is compact, we can
select a subsequence (xy,), of (x,),, convergent to some zo € X. K is dis-
cretely valued, thus, there exists jo € N for which |g;, (zo)] = maxy |gn, (%o)].
Let ko := max{k € N : ny < jo}. For every k > ko, k € N, define

Iy, (IO)Q‘
Yjo (x()) %0

Giemty = Gy — and  Yg—ky = T, -
Clearly, for every n € N we have ¢/, € aco{g1, g2, ...}, ||g,|]| =1 by orthogonality
of (gn), and ¢, (o) = 0. Using Lemma 2.4 (2b) for a sequence {zo,y1,y2, ...} we
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get a sequence of closed balls (U,), and a sequence (p,,),, C N such that (§,),,,
& = 1y, (n € N), form an orthonormal base of C(X,K), &, (xg) = 1iff n =1
and for every m € N &, (y,) = 1 iff n € {1,p,,}; for every n € N we can write
Gl =Y poy A& for some (A}), C K.

First, we find m; such that |[AL| < 1 for all k > p,,,; clearly, |g§n1 (ym1)| = 1. Next,
inductively we choose a subsequence (m;), C N, selecting m; € N in the i—th
(¢ > 1) step such that p,,, > p,,_, and

ANl <1 (G=1,.,i—1)

for all £ > p,,,. Obviously,

G, (Ym,)| = 1. Since g;, (x9) = A" = 0, we get

G, () = AT+ XIS = AT

P

for all 4,7 € N. Set w; := y,,,, for every i € N, and define

n—1

" / " / g;nn (wk> "
91 = Gmy» 9n = 9m,, — 9
' ' ; gk (wy) 7

for all n > 1 (n € N). Clearly, ¢/ € aco{gi, g2, ...}. It follows from |g] (w;)| =1

that g5 € aco{gi,gs,...}. Since |gy (w1)| = 1 and |gi (w2)| = |A})! | < 1, we note

5%3 < 1 and |¢g} (wq)| = 1; thus, g5 € aco{g1,92,...}. A similar argument
applies to show that for fixed n € N one has ‘Z’%EZ:; <lforeachk=1,...n—1

!

and conclude that |g/ (w,)| = 1, thus g/, € aco{gi, g2, ...}. Note that for a given
neN

9;: (wm) =0
if m < n.

Next, define

fl (wl) B fn (wn+1) "

9g+1 (wn+1> i

fii=dq, Jong1 = fn +

for all n € N. Clearly, (f,), C aco{g1, ga, ...} since |g (w,)| =1 (n € N).

We obtain f, (wn,) = fi(w1) if m < n (n,m € N). Hence, for every m € N we
have lim,, f,, (wn,) = fi (w1) # 0.

On the other hand, for every n € N, writing f, = Y po, pp&e for some (), C K,
we have that lim,, |ul| = 0; hence, f, (wg) = fip,, - Thus, for a given n € N we

get lim,, f,, (w,,) = 0.

Finally, we note that lim,, lim,, f,, (w,), lim,, lim,, f,, (w,) exist but lim, lim,, f,, (w,)
# lim,, im,, f,,, (w,,). O
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Theorem 2.7. Let X be an infinite zero-dimensional compact space and let (h;), .,
denote an orthonormal base of C(X,K) consisting of characteristic functions of
clopen sets (V;);c;- Let J C I be a countable set. Then, there exists a closed

Xo C X such that [(h;),c;] and C(Xo,K) are isometrically isomorphic.

Proof. Suppose that J = {ji,j2,...}. We construct the set X, C X by in-
duction as follows. First define W} := V},, choose any z; € W} and define
X; = {z1}, Ny := 1. Assume that for £ = 1,...,m — 1 we have done, i.e.,
WEWE, L WE L WL L WET and X, ., X, have been chosen. In the
n—th step we define clopen sets as follows
W =WV, k=1,..,N, 1,
W e =WrnV,, k=1,.,N,,
Wi, 1=V, \(Witu.. U Wz?f;_ll)

and set N, :=2N,_1 + 1. For each k =1, ..., N,, define

. {xl if W\(X U U Xpg) = 0

xr  otherwise,

where z is any element of W'\ (X; U...U X, ;). Set X,, :={a} :k=1,...,N,}.

Now, define Xo = X;UXoU.... and a map T : h; — hi|x,, @ € J. Clearly,
|[hill = ||hi| x,|| for all i € J. We prove that (h;|x,),c,; is a maximal orthonormal
sequence in C(Xo,K). Then, [6, Theorem 2.5.4] applies to deduce that (hi|x,),c,
is an orthonormal base of C'(Xo,K) and consequently 7" can be extended to the
required isomorphism.

Take iy, ...,0, € J and Ay, ..., Ay € K, ([N € {0,1},i=1,...,m). Since (h;),., is
orthonormal, there exists x € X such that

|)\1hi1 (I’) + ...+ /\mhim (JZ)| =1.

Let Jy :={j € {i1,...,0m} : h;j (x) = 1}. Then,
re(Ivv U v
je j€{i1,im }\J1

It follows from the construction of (W), . that there exists kg € N such that
le;" N Xy is nonempty and

wecviy U v

GEN  je{it nim N\

Hence, for zq € W,z;” N Xy, we get

Alhil‘xo (CL’()) + —|— )\mhim‘xo (ZL’())‘ = 1,
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thus, we derive that (hy|y )ies is orthonormal.

Suppose that there exists ¢ € C(X,,K) with ||g|| = 1, which is orthogonal
to (hily, )ies; it means that for every finite {is,...,i,,} C J and Ap,...; A, € K
(JAs| € {0,1},7=1,...,m) there exists xo € X, such that

‘g (I()) —|— /\lhh'XD ([L’()) —|— ..+ /\mhim|xo (Io)’ = ]_

By [6, Corollary 2.5.23], g can be extended to some ¢ € C(X,K) with the
same norm. Thus, we can write ¢’ = Ziel wih; for some p; € K, @ € I. Since
(ZZEJ ,uihi) |x, = g, we deduce that (Ziej ,uihi) is orthogonal to (h;),.;, a con-
tradiction. Il

Theorem 2.8. Let X be an infinite zero-dimensional compact space and let H be
an uniformly bounded subset of C(X,K). Then aco H is 1,—relatively compact iff
H is w—relatively compact.

Proof. If H is w-relatively compact, by Proposition 2.2, the set aco H is w—rela-
tively compact, thus aco H is 7,—relatively compact. Conversely, assume that A
is not w—relatively compact. By [9, Theorem 5.2], H, thus, aco H is not rela-
tively compact. Applying [10, Theorem 4.38] we choose (g,), C H, an orthog-
onal sequence such that ||g,|| > e for some ¢ > 0 and every n € N. Since K
is discretely valued, without loss of generality we can assume that ||g,|| = e.
Then, by [10, Theorem 4.38], G := aco{gi,go,...} is not relatively compact.
By [6, Theorem 2.5.22], C(X,K) has an orthonormal base (h;),.; consisting of
characteristic functions of clopen sets (V;),.;. For every n € N we choose a
countable J, C [ such that g, = Zz’eJn urh;. Let J := Jy U JyU.... Then

J C I is countable and [(hz)ze J] is a closed subspace of countable type, ortho-

complemented in C'(X,K) by [6, Theorem 2.5.4]. Obviously, G C [(h;),,]-
Using Theorem 2.7 we find a closed Xy C X such that there exists an iso-
metrical isomorphism 7' : [(h;),c,] — C(Xo,K). Since C(Xo,K) is a Banach
space of countable type, Xy is ultrametrizable by [6, Theorem 2.5.23]. Applying
Theorem 2.6, we find sequences (z,), C Xy and (fn),, C T(G) C C(Xo,K)
such that lim, lim,, f,, (z,) # lim,, lim, f, (z,). Since [(hi)ie J} is orthocom-
plemented in C'(X,K), for every n € N there exists f/ € G C C(X,K) such
that f'|x, = T7'(f.). Then, lim,lim,, f’ (z,) # lim,,lim, f/ (z,). Clearly,
G C aco H; thus, X and aco H does not have the interchangeable double-limit-
property and aco H is not 7,—relatively compact (see [3, 1.4 Theorem)]). O]
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