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1. Introduction

Let H be a real Hilbert space with inner product (-, -) and norm || - || and let C' be
a nonempty subset of H. Let T" be a mapping of C into H. Then we denote by
F(T) the set of fixed points of 7" and by A(T) the set of attractive points [42] of
T, ie.,

i) F(I)={€C:Tz=2};
(i) A(T)={z€ H:||[Tx—z|| < ||z —z|, Vz € C}.
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A mapping T : C — H is called nonexpansive if |Tx — Ty|| < ||z — y|| for all
x,y € C. An important example of nonexpansive mappings in a Hilbert space is
a firmly nonexpansive mapping. Let C' be a nonempty subset of H. A mapping
F: C — H is said to be firmly nonexpansive if

|Fz — Fy|> < (z —y, Fx — Fy)

for all z,y € C; see, for instance, Browder [6] and Goebel and Kirk [9]. It is
known that a firmly nonexpansive mapping F' can be deduced from an equilibrium
problem in a Hilbert space; see, for instance, [4] and [7]. Recently, Kohsaka and
Takahashi [31], and Takahashi [41] introduced the following nonlinear mappings
which are deduced from a firmly nonexpansive mapping in a Hilbert space. A
mapping T : C' — H is called nonspreading [31] if

2| T2 = Tyll* < T2 — y|* + | Ty — =
for all z,y € C. A mapping T': C' — H is called hybrid [41] if
3T — Tyl* < |z — yl* + T2 — ylI* + | Ty — 2|

for all x,y € C. They proved fixed point theorems for such mappings; see also
Kohsaka and Takahashi [30] and Iemoto and Takahashi [20]. Recently, Kocourek,
Takahashi and Yao [26] defined a broad class of nonlinear mappings containing the
classes of nonexpansive mappings, nonspreading mappings and hybrid mappings
in a Hilbert space. A mapping T": C' — H is called generalized hybrid [26] if there
exist a, # € R such that

a|Te = Ty* + (1 — o)z = Ty|* < BTz — yl* + 1 = Bll= —yl* (1)

for all z,y € C. We call such a mapping an (a, (3)-generalized hybrid mapping.
Then, Kocourek, Takahashi and Yao [26] proved a fixed point theorem for such
mappings in a Hilbert space. Furthermore, they proved a nonlinear mean con-
vergence theorem which generalizes Baillon’s nonlinear ergodic theorem [3] in a
Hilbert space. Very recently, Takahashi and Takeuchi [42] proved the following
fixed point and mean convergence theorem without convexity in a Hilbert space.

Theorem 1.1. Let H be a real Hilbert space and let C' be a nonempty subset of
H. Let T be a generalized hybrid mapping from C' into itself. Let {v,} and {b,}
be sequences defined by

1 —n
v € C, Upp1 = Ty, b, = Zkzl Vg,

for allm € N. If {v,} is bounded, then the following hold:
(1) A(T) is nonempty, closed and convex;

(2) {bn} converges weakly to ug € A(T), where uy = lim, oo Paryvn and Par
is the metric projection of H onto A(T).

In this paper, we introduce the concept of attractive points of a nonlinear map-
ping in a Banach space and obtain some fundamental properties for the points.
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Using these results, we prove attractive point theorems for generalized nonspread-
ing mappings in a Banach space. Using these results, we also obtain some results
for skew-generalized nonspreading mappings in a Banach space. Finally, we prove
nonlinear ergodic theorems without convexity for generalized nonspreading map-
pings in a Banach space. These results extend attractive point theorems which
were proved by Takahashi and Takeuchi [42] in Hilbert spaces to Banach spaces.

2. Preliminaries

Let N be the set of positive integers and let R be the set of real numbers. Let F
be a real Banach space with norm || - || and let E* be the topological dual space of
E. We denote the value of y* € E* at « € E by (z,y*). When {x,} is a sequence
in £, we denote the strong convergence of {z,,} to x € F by z,, — x and the weak
convergence by x,, — x. The modulus ¢ of convexity of £ is defined by

) r+y
o0 = nt {1 = L2 oy < 1yl < 1 -l 2 o

for every € with 0 < ¢ < 2. A Banach space E is said to be uniformly convex
if 5(e) > 0 for every € > 0. A uniformly convex Banach space is strictly convex
and reflexive. Let C' be a nonempty subset of a Banach space E. For a mapping
T :C — FE, we denote by F(T) the set of fixed points of T', i.e., F(T) = {z €
C : Tz = z}. A mapping T : C — FE is nonexpansive if ||Tz — Ty|| < [z — y||
for all z,y € C. A mapping T : C' — FE is quasi-nonexpansive if F(T) # () and
Tz —y|| < ||z —yl| for all z € C'and y € F(T). If C is a nonempty closed convex
subset of a strictly convex Banach space E and T : C' — (' is quasi-nonexpansive,
then F(T') is closed and convex; see Itoh and Takahashi [21]. Let E be a Banach
space. The duality mapping .J from E into 2F" is defined by

Jo={2" € E" : (z,2") = ||z||* = [l="||"}

foreveryx € E. Let U = {x € E: ||z|| = 1}. The norm of F is said to be Gateaux
differentiable if for each x,y € U, the limit

t _
ety ] o
t—0 t

exists. In the case, F is called smooth. We know that F is smooth if and only if J is
a single-valued mapping of E into E*. We also know that FE is reflexive if and only
if J is surjective, and F is strictly convex if and only if .J is one-to-one. Therefore, if
E' is a smooth, strictly convex and reflexive Banach space, then J is a single-valued
bijection. The norm of F is said to be uniformly Gateaux differentiable if for each
y € U, the limit (2) is attained uniformly for x € U. It is also said to be Fréchet
differentiable if for each x € U, the limit (2) is attained uniformly for y € U. A
Banach space F is called uniformly smooth if the limit (2) is attained uniformly
for z,y € U. It is known that if the norm of F is uniformly Gateaux differentiable,
then J is uniformly norm-to-weak* continuous on each bounded subset of £, and
if the norm of E is Fréchet differentiable, then J is norm-to-norm continuous. If
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E' is uniformly smooth, J is uniformly norm-to-norm continuous on each bounded
subset of E. For more details, see [37, 38]. The following result is also well known;
see [37].

Lemma 2.1. Let E be a smooth Banach space and let J be the duality mapping
on E. Then, (x —y,Jr— Jy) >0 for all xz,y € E. Further, if E is strictly convex
and (x —y, Jr — Jy) =0, then x = y.

Let E be a smooth Banach space. The function ¢: E x E — (—00,00) is defined
by
o(x.y) = lllI* — 2(z, Jy) + Iyl

for x,y € E, where J is the duality mapping of E; see [1] and [25]. We have from
the definition of ¢ that

¢(x7y) :¢($,2)+¢(Z7y)+2<1’—2, JZ—‘]y> (3)

for all z,y,z € E. From (||z]| — ||y||)? < ¢(z,y) for all 2,y € E, we can see that
¢(x,y) > 0. Furthermore, we can obtain the following equality:

2z —y, Jz = Jw) = ¢(z,w) + ¢(y, 2) — ¢(x, 2) — $(y, w) (4)
for x,y,z,w € E. Let ¢.: E* X E* — (—00,00) be the function defined by
ox(a",y") = ™| = 207"y, ") + ly"|)®
for x*,y* € E*, where J is the duality mapping of E. It is easy to see that
d(z,y) = ¢.(Jy, Jx) (5)
for x,y € E. If F is additionally assumed to be strictly convex, then
o(z,y) =0z =y (6)

The following theorems are in Xu [46] and Kamimura and Takahashi [25].

Lemma 2.2 (Xu [46]). Let E be a uniformly convex Banach space and let r > 0.
Then there ezists a strictly increasing, continuous and convex function g : [0, 00) —
[0, 00) such that g(0) = 0 and

1Az + (1= Nyll* < Allzll* + (1= Myll* = A0 = Ng(llz — )
for all z,y € B, and X\ with 0 < X\ <1, where B, ={z € E: ||z]| <r}.

Lemma 2.3 (Kamimura and Takahashi [25]). Let E be smooth and uniformly
conver Banach space and let r > 0. Then there exists a strictly increasing, con-
tinuous and convex function g : [0,2r] — R such that g(0) = 0 and

g(llz = yl) < o(x,y)

for all x,y € B,, where B, ={z € E : ||z]| <r}.
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Let E be a smooth Banach space. Let C' be a nonempty subset of £ and let T" be
a mapping of C into E. We denote by A(T') the set of attractive points of T, i.e.,
AT)={2€ E: ¢(z,Tz) < ¢(z,x), Yz € C}.

Lemma 2.4. Let E be a smooth Banach space and let C' be a nonempty subset of
E. Let T be a mapping from C into E. Then A(T) is a closed and convex subset
of E.

Proof. We show that A(T) is closed. Let {z,} C A(T) be a sequence which
converges strongly to z € E. Then we have from z, € A(T) that

O(zn, Tr) < p(2p, ), VxeC.
From the definition of ¢, we have
202 = 2(20, JT) + [ITa]2 < 202 = 2(z0, Ja) + 2l]%, Vo € C.
Since z, — z, we have that
o(z,Tx) < ¢(z,z), VoreC.

This implies z € A(T'). Next, we prove that A(T') is convex. Let z1,z, € A(T),
a €10,1] and z = az; + (1 — @)29. Then we have that for any z € C,

(2, Tx) = ||2||* — 2a(zy, JTx) — 2(1 — ) (2o, JTx) + || Tz]?

(
= [|21” + ad(z1, Tx) + (1 — a)d(22, Tx) — af|21]|* = (1 — @) |z
< [2)1* + ad(z1,2) + (1 = a@)p(2, 2) — af|21]|* = (1 — @) |22
= [|2II” = 2021, J2) — 2(1 — @) (22, J) + ||z|?
= ¢(z, ).
This implies z € A(T). O

Let E be a smooth Banach space and let C' be a nonempty subset of E. A mapping
T :C — FE is called generalized nonexpansive [16] if F(T') # 0 and

¢(Tx,y) < ¢(x,y)

for all z € C'and y € F(T'). Let D be a nonempty subset of a Banach space E. A
mapping R : F — D is said to be sunny if

R(Rx 4+ t(x — Rx)) = Rx

for all x € F and t > 0. A mapping R : E — D is said to be a retraction or a
projection if Rx = x for all x € D. A nonempty subset D of a smooth Banach
space E is said to be a generalized nonexpansive retract (resp. sunny generalized
nonexpansive retract) of E if there exists a generalized nonexpansive retraction
(resp. sunny generalized nonexpansive retraction) R from E onto D; see [13, 15, 16]
for more details. The following results are in Ibaraki and Takahashi [16].
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Lemma 2.5 (Ibaraki and Takahashi [16]). Let C' be a nonempty closed sunny
generalized nonexpansive retract of a smooth and strictly convex Banach space E.
Then the sunny generalized nonexpansive retraction from E onto C' is uniquely
determined.

Lemma 2.6 (Ibaraki and Takahashi [16]). Let C' be a nonempty closed subset
of a smooth and strictly convexr Banach space E such that there exists a sunny
generalized nonexpansive retraction R from E onto C' and let (z,z) € ExC. Then

the following hold:
(i)  z= Rz if and only if (x — z, Jy — Jz) <0 for ally € C;
(i) (R, )+ bz, Rr) < oz, 2).

In 2007, Kohsaka and Takahashi [29] proved the following results:

Lemma 2.7 (Kohsaka and Takahashi [29]). Let E be a smooth, strictly con-
vexr and reflexive Banach space and let C' be a nonempty closed subset of E. Then
the following are equivalent:

(a) C is a sunny generalized nonexpansive retract of E;
(b) C is a generalized nonexpansive retract of E;
(¢) JC is closed and conver.

Lemma 2.8 (Kohsaka and Takahashi [29]). Let E be a smooth, strictly con-
ver and reflexive Banach space and let C' be a nonempty closed sunny generalized
nonexpansive retract of E. Let R be the sunny generalized nonexpansive retraction
from E onto C' and let (x,z) € E x C. Then the following are equivalent:

(i) 2z = Rux;

(ZZ) ¢<$, Z) = minyeCQS(xa y)

Very recently, Ibaraki and Takahashi [19] also obtained the following result con-
cerning the set of fixed points of a generalized nonexpansive mapping.

Lemma 2.9 (Ibaraki and Takahashi [19]). Let E be a reflexive, strictly con-
vex and smooth Banach space and let T be a generalized nonexpansive mapping
from E into itself. Then, F(T) is closed and JF(T) is closed and convez.

The following is a direct consequence of Lemmas 2.7 and 2.9.

Lemma 2.10 (Ibaraki and Takahashi [19]). Let E be a reflexive, strictly con-
vexr and smooth Banach space and let T' be a generalized nonexpansive mapping
from E into itself. Then, F(T) is a sunny generalized nonexpansive retract of E.

3. Attractive Point Theorems

In this section, we try to extend Takahashi and Takeuchi’s attractive point theorem
[42] in a Hilbert space to Banach spaces. Let E be a smooth Banach space, let
C be a nonempty subset of £ and let J be the duality mapping from F into E*.
Then, a mapping 7' : C' — F is called generalized nonspreading [27] if there exist
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a, 3,7,0 € R such that

ag(Tz, Ty) + (1 — )z, Ty) + {o(Ty, Tx) — ¢(Ty, x)} (7)

for all z,y € C, where ¢(z,y) = ||z||* — 2(x, Jy) + ||y||* for z,y € E. We call
such a mapping an (a, 3,7, d)-generalized nonspreading mapping. For example,
a (1,1,1,0)-generalized nonspreading mapping is a nonspreading mapping in the
sense of Kohsaka and Takahashi [31], i.e.,

¢(Tx, Ty) + (Ty, Tx) < o(Tx,y) + ¢(Ty,x), Yo,y eC.

Let T be an («, 3,7, §)-generalized nonspreading mapping. Observe that if F'(T") #
0, then ¢(u, Ty) < ¢(u,y) for all w € F(T) and y € C. Indeed, putting x = u €
F(T) in (7), we obtain

¢(u, Ty) +{o(Ty,u) = o(Ty,u)} < du,y) + 0{d(y, u) = ¢y, w)}.

So, we have that
o(u, Ty) < ¢(u,y) (8)

for all w € F(T) and y € C. Thus for such a mapping, we have F(T') C A(T).
Furthermore, if E is a Hilbert space, then we have ¢(x,y) = ||z —y||? for z,y € E.
So, from (7) we obtain the following:

ol Tz = Ty|* + (1 — a) |z — Ty||* + H{||Tz — Ty||* — [l= — Tyl*}
< BTz —yl* + (1 = B)llw — yl* + o{lI Tz — ylI* — [l — y[I*} (9)

for all =,y € C. This implies that

(a+ Tz = Ty|I* + {1 — (@ + )}z — Tyl
< B+ )Tz —yl* +{1 = (B+ )}z —yll* (10)

for all z,y € C. That is, T is a generalized hybrid mapping [26] in a Hilbert space.
Now, using the technique developed by [36], we prove an attractive point theorem
for generalized nonspreading mappings in a Banach space.

Theorem 3.1. Let E be a smooth and reflexive Banach space. Let C' be a non-
empty subset of E and let T be a generalized nonspreading mapping of C into itselt.
Then, the following are equivalent:

(a) A(T)#0;
(b) {T"x} is bounded for some x € C.

Additionally, if E is strictly convex and C' is closed and convex, then the following
are equivalent:

(a) F(T)#0;
(b) {T"x} is bounded for some x € C.
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Proof. Let T be a generalized nonspreading mapping of C' into itselt. Then, there
exist a, 3,7,6 € R such that

ad(Tz, Ty) + (1 — a)p(x, Ty) + {d(Ty, Tx) — ¢(Ty, )}

for all z,y € C. If A(T) # 0, then ¢(u,Ty) < ¢(u,y) for all u € A(T) and
y € C. Thus we have ¢(u, T"z) < ¢(u,z) for all n € N and x € C'. This means
(a) = (b). Let us show (b) = (a). Suppose that there exists € C such that
{T™z} is bounded. Then for any y € C' and k € NU {0}, we have
ag(T" "z, Ty) + (1 — a)p(T"x, Ty) + 1 {6(Ty, T"'x) — ¢(Ty, T x)}
< Bo(T* 2, y) + (1 = B)o(T 2, y) + 6{e(y. T*'2) — o(y, T )}
= B{e(T* 2, Ty) + ¢(Ty,y) + 2T e = Ty, JTy — Jy)} (11)
+ (1= O{o(T 2, Ty) + ¢(Ty,y) + 2T — Ty, JTy — Jy)}
This implies that
0< (8= a){o(T" 2, Ty) — 6(T"x, Ty)} + &(Ty,y)
+ 2T e + (1 — B)T "z — Ty, JTy — Jy) (12)
—{o(Ty, T 'w) — ¢(Ty, T*2)} + o{o(y, T 2) — d(y, T*x)}.

Summing up these inequalities (12) with respect to k =0,1,...,n — 1, we have

0< (8= a){o(T"z, Ty) — ¢(z,Ty)} + no(Ty, y)
+2(x+To+- +T" o+ B3(T"x — ) —nTy, JTy — Jy)  (13)

—NHo(Ty, T"x) — ¢(Ty, )} + {9y, T"x) — d(y, x)}.

Dividing by n in (13), we have

0< 1(8— a) (T, Ty) — 8z, Ty)} + 6(Ty.y)

3

2<Snx+%ﬁ(T”x—x) — Ty, JTy — Jy> (14)
— 2{8(Ty, T"2) — H(Ty, 2)} + 3{6(y, T"0) — Sl )},

where S,z = £ oT*z. Since {T"z} is bounded by assumption, {S,z} is
bounded. Thus we have a subsequence {5, z} of {S,z} such that {S,,xz} converges
weakly to a point u € E. Letting n; — oo in (14), we obtain

0 < o(Ty,y) +2(u—Ty, JTy — Jy). (15)
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Using (4), we obtain
0<o(Ty,y) +2(u—Ty, JTy — Jy)
= o(Ty,y) + o(u,y) + ¢(Ty, Ty) — d(u, Ty) — ¢(Ty., y) (16)

Hence we have ¢(u, Ty) < ¢(u,y) and then u € A(T). Therefore A(T') is nonempty.
Additionally, assume that E is strictly convex and C'is closed and convex. Then
if a subsequence {S,,z} of {S,x} converges weakly to a point u € E, then u € C
because C' is weakly closed. Putting y = u in (15), we obtain

0 < ¢(Tu,u) +2(u—Tu, JTu — Ju)
= ¢(Tu,u) + ¢(u,u) + ¢(Tu, Tu) — ¢p(u, Tu) — ¢(Tu, u) (17)
= — ¢(u, Tu).

Hence ¢(u,Tu) = 0. Since E is strictly convex, we have v € F(T'). Therefore
F(T) is nonempty. It is obvious that if F(T) # (), then {T"xz} is bounded for
some x € C. This completes the proof. m

Using Theorem 3.1, we have the following attractive point theorems in a Banach
space. The first result is a generalization of Kohsaka and Takahashi [31].

Theorem 3.2. Let E be a smooth and reflexive Banach space and let C' be a
nonempty subset of E. Let T : C'— C' be a nonspreading mapping [31], i.e.,

¢(Tx, Ty) + ¢(Ty, Tx) < ¢(Tx,y) + ¢(Ty, x)
for all x,y € C'. Then, the following are equivalent:

(a) A(T)#0;
(b) {T"x} is bounded for some x € C.

Proof. Putting « = =~ =1and § =0 in (7), we obtain that
¢(Tx, Ty) + ¢(Ty, Tx) < ¢(Tx,y) + ¢(Ty, x)
for all z,y € C. So, we have the desired result from Theorem 3.1. m

Theorem 3.3. Let E be a smooth and reflexive Banach space and let C' be a
nonempty subset of E. Let T : C'— C be a hybrid mapping [41], i.e.,

20(Tz,Ty) + ¢(Ty, Tx) < ¢(Tx,y) + o(Ty, x) + ¢(z,y)
for all z,y € C. Then, the following are equivalent:

(a) A(T)#0;
(b) {T"x} is bounded for some x € C.

Proof. Putting a =1, 3=+ =3 and § =0 in (7), we obtain that

20(Tz, Ty) + ¢(Ty,Tx) < ¢(Tx,y) + ¢(Ty, z) + ¢(z,y)
for all z,y € C. So, we have the desired result from Theorem 3.1. m
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Theorem 3.4. Let E be a smooth and reflexive Banach space and let C' be a
nonempty subset of E. Let T : C'— C' be a mapping such that

ad(Tz,Ty) + (1 — a)¢(z, Ty) < Bo(Tx,y) + (1 = B)o(z,y)
for all x,y € C. Then, the following are equivalent:

(a) A(T) #0;
(b) {T"x} is bounded for some x € C.

Proof. Putting v = ¢ = 0 in (7), we obtain that

for all z,y € C. So, we have the desired result from Theorem 3.1. O

As a direct consequence of Theorem 3.4, we have Takahashi and Takeuchi’s at-
tractive point theorem [42] in a Hilbert space.

Theorem 3.5 (Takahashi and Takeuchi [42]). Let C' be a nonempty subset of
a Hilbert space H and let T : C' — C be a generalized hybrid mapping, i.e., there
exist o, B € R such that

a| Tz = Tyl* + (1 — a)|lz = Ty|* < BTz =yl + 1 = B)ll= —yl>  (18)

for all x,y € C. Then, the following are equivalent:

(a) A(T) #0;
(b) {T"x} is bounded for some x € C.

Proof. We know that ¢(z,y) = ||z — y||? for all z,y € C' in Theorem 3.4. So, we
have the desired result from Theorem 3.4. O
4. Skew-Attractive Point Theorems

Let E be a smooth Banach space and let C' be a nonempty subset of E. Let
T : C — E be a generalized nonspreading mapping; see (7). This mapping has
the property that if w € F(T) and = € C, then ¢(u, Tz) < ¢(u,x). This property
can be revealed by putting z = u € F(T) in (7). Similarly, putting y = v € F(T)
in (7), we obtain that for xz € C,

ag(Tx,u) + (1 — a)o(z, u) + 7 {p(u, Tx) — ¢(u, x)}
< Bo(T,u) + (1= F)p(x, u) + 0{p(u, Tx) — p(u, x)} (19)

and hence

(@ = B o(Tx,u) — d(x,u)} + (v = 0){¢(u, Tx) — d(u,x)} <0.  (20)

Therefore, we have that o >  together with v < ¢ implies that

o(Tx,u) < ¢(z,u).
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Motivated by this property of T" and F'(T'), we give the following defintition. Let
E be a smooth Banach space. Let C' be a nonempty subset of E and let T be a
mapping of C' into E. We denote by B(T) the set of skew-attractive points of T,
e, B(T)={2€ E: ¢(Tx,2) < ¢(z,2), Vr € C}.

Lemma 4.1. Let E be a smooth Banach space and let C' be a nonempty subset of
E. Let T be a mapping from C into E. Then B(T) is closed.

Proof. We show that B(T) is closed. Let {z,} C B(T) with 2z, — z. Then we
have that

o(Tx,z,) < Pz, 2,), YreC, neN.

This implies that
IT2))* = 2T, Jzn) + |2all* < llzll* = 22, T2) + |2l
Since E is smooth, J is norm-to-weak* continuous. So, we have from z, — z that
IT2|? = 2(Tw, J2) + [[2l* < [|l=[|* — 2(w, J2) + |||

Thus we have ¢(Tx, z) < ¢(x, z) for all z € C. This implies z € B(T'). Therefore
B(T) is closed. O

Let E be a smooth, strictly convex and reflexive Banach space and let C' be a
nonempty subset of E. Let T" be a mapping of C' into E. Define a mapping 1™ as
follows:

T*z* = JTJ 'a*, Va* € JC,

where .J is the duality mapping on E and J~! is the duality mapping on E*. A
mapping 7™ is called the duality mapping of T’ see also [44] and [11]. It is easy
to show that if T" is a mapping of C' into itselt, then T™ is a mapping of JC' into
itself. In fact, for * € JC, we have J '2* € C and hence T J 'a* € C. So, we
have

T " = JTJ 'a* € JC.

Then, T* is a mapping of JC into itself. We can prove the following result in a
Banach space.

Lemma 4.2. Let E be a smooth, strictly convex and reflexive Banach space and
let C' be a nonempty subset of . Let T be a mapping of C into E and let T* be
the duality mapping of T'. Then, the following hold:

(1) JB(T) = A(T");

(2) JA(T) = B(T™).

In particular, JB(T) is closed and conver.
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Proof. (1) Let z* € E*. We have from the definition of 7™ that

€ JB(T) <= J '2* € B(T)
< ¢(Tx,J '2*) < ¢z, J'2%), Vo el
< ¢ (2", JTx) < ¢ (27, Jzx), Y el
= ¢, (2%, JTT 1 Jz) < ¢,(2%, Jx), Yol
< ¢ (2", T Jx) < ¢ (2", Jz), Yx el
= 2" e A(TY).

This implies that JB(T) = A(T™).
(2) Similarly, we have from the definition of T* that

7€ JAT) < J'2* € A(T)
= ¢(J 12 To) < ¢(J 2%, 2), Ve el
< ¢ (JTx,2") < ¢pu(Jx, 2"), Y el
= ¢, (JTJ ' Jx,2*) < ¢, (Jx,2*), Yz el
< ¢ (T Jx,2") < ¢pu(Jx,2"), Y el
< 2" € B(T").

This implies that JA(T) = B(T*). We know from Lemma 2.4 that A(T™) is closed
and convex. So, JB(T) is closed and convex. O

Let E be a smooth Banach space, let J be the duality mapping from E into E* and
let C' be a nonempty subset of E. A mapping T : C' — FE is called skew-generalized
nonspreading [12] if there exist «, 3,7, € R such that

ag(Ty, Tx) + (1 — a)p(Ty,z) + {o(Tx, Ty) — ¢(x, Ty)}

for all z,y € C, where ¢(z,y) = ||z||* — 2(z, Jy) + ||y||* for z,y € E. We call such
a mapping an (a, (3,7, d)-skew-generalized nonspreading mapping. For example, a
(1,1,1,0)-skew-generalized nonspreading mapping is a skew-nonspreading mapping
in the sense of Ibaraki and Takahashi [18], i.e.,

o(Tx, Ty) + ¢(Ty, Tx) < ¢(x, Ty) + ¢(y, Tx), Va,y € C.

Theorem 4.3. Let E be a smooth, strictly conver and reflexive Banach space
and let C' be a nonempty subset of E. Let T be a skew-generalized nonspreading
mapping of C into itselt. Then, the following are equivalent:

(a) B(T) #0;
(b) {T"x} is bounded for some x € C.

Additionally, if C is closed and JC' is closed and convex, then the following are
equivalent:

(a)  F(T)#0;
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(b) {T"x} is bounded for some x € C.

Proof. Let T be a skew-generalized nonspreading mapping of C' into itselt. Then,
there exist a, 3,7,0 € R such that

ad(Ty, Tx) + (1 — a)p(Ty,x) + {d(Tx, Ty) — ¢(z, Ty)}

for all z,y € C. If B(T) # 0, then ¢(Ty,u) < ¢(y,u) for all u € B(T) and y € C.
Thus we have that ¢(T"z,u) < ¢(x,u) for all n € N and € C. This implies
(a) = (b). Let us show (b) = (a). Suppose that there exists x € C such that
{T"z} is bounded. Then for any z*,y* € JC with z* = Jz and y* = Jy and
T* = JTJ ', we have from (5) that

ag (T, T"y") + (1 = )@u (27, T7y") + H{ou(T7y", T72") — o (T7y", 27) }

On the other hand, we have
B (T"a" y") + (L= B)ou(a”,y") + o{ou(y", T"2") — ¢u(y", 27)}

= Bo(JTx, Jy) + (1 = B)o(y, x) + 6{o(Tx, y) — ¢(z,y)}.

Since T is skew-generalized nonspreading, we have that
ad,(T"" T"y") + (1 — @) (a", Ty") + H{ou(T7y", T72") — 0u(T7y", 27)}
< Bou(T727,y") + (1 = B)du(a™, y") + 0{du(y", T72") — du(y”, ") }.

This implies that T* is a generalized nonspreading mapping of JC' into itself.
Furthermore, we have that

(JTJ ' Jr = JT"x

for each x € C and n € N. In fact, for any z € C, we have JTx = JTJ 'Jx. So,
the equality is true in the case of k = 1. Suppose that

(JTJ YT = JT*x
for some k£ € N. Then, we have
(JTJ YTy = (JTT HJITT )T
= JTJ ' JT"x
= JTT"z
= JTT* .
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So, the equality is true in the case of k + 1. Hence
IT"2|| = |JT 2| = |(JTT)" Jx|

for each x € C and n € N. Thus if {T"z} is bounded for some x € C, then
{(T*)"Jz} is bounded. We have from Theorem 3.1 that A(7*) is nonempty. We
also know from Lemma 4.2 that A(T*) = JB(T). Therefore B(T) is nonempty.
Additionally, assume that C' is closed and JC' is closed and convex. If {T"z} is
bounded for some x € C, then {(T%)"Jx} is bounded. So, we have from Theorem
that 3.1 that F(7*) is nonempty. As in the proof of Lemma 4.2, we have that
JF(T) = F(T*). So, F(T) is nonempty. The converse is obvious. This completes
the proof. O

Using Theorem 4.3, we have the following skew-attractive point theorems in a

Banach space. The first result is a generalization of Dhompongsa, Fupinwong,
Takahashi and Yao [8].

Theorem 4.4. Let E be a smooth, strictly convex and reflexive Banach space and
let C' be a nonempty subset of E. Let T : C' — C' be a skew-nonspreading mapping,
1.€.,

o(Ty,Tz) + ¢(Tz, Ty) < oy, Tx) + ¢(z, Ty)
for all x,y € C. Then, the following are equivalent:

(a) B(T) #0;
(b) {T"x} is bounded for some x € C.

Proof. Putting a = =+ =1and § =0 in (21), we obtain that
¢(Ty,Tx) + ¢(Tx, Ty) < ¢y, Tx) + ¢(z, Ty)
for all z,y € C. So, we have the desired result from Theorem 4.3. O

Theorem 4.5. Let E be a smooth, strictly convex and reflexive Banach space and
let C' be a nonempty subset of E. Let T : C'— C be a mapping such that

20(Ty, Tx) + ¢(Tx, Ty) < ¢(y, Tx) + ¢(x, Ty) + d(y, x)

for all x,y € C. Then, the following are equivalent:

(a) B(T) #0;
(b) {T"x} is bounded for some x € C.

Proof. Putting a =1, 3=+ =3 and § = 0 in (21), we obtain that

20(Ty, Tx) + ¢(Tx, Ty) < ¢(y, Tx) + d(x, Ty) + ¢(y, x)

for all z,y € C. So, we have the desired result from Theorem 4.3. O]
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Theorem 4.6. Let E be a smooth, strictly convex and reflexive Banach space and
let C be a nonempty subset of E. Let T : C' — C be a mapping such that

for all x,y € C. Then, the following are equivalent:

(a) B(T) #0;
(b) {T"x} is bounded for some x € C.

Proof. Putting 7 =0 = 0 in (21), we obtain that

for all z,y € C. So, we have the desired result from Theorem 4.3. O]

5. Nonlinear Ergodic Theorems

In this section, we can prove the following nonlinear ergodic theorem without
convexity for generalized nonspreading mappings in a Banach space.

Theorem 5.1. Let E be a uniformly convex Banach space with a Fréchet differen-
tiable norm and let C' be a nonempty subset of E. Let T : C — C' be a generalized
nonspreading mapping such that A(T) = B(T) # 0. Let R be the sunny generalized
nonezpansive retraction of E onto B(T'). Then, for any x € C,

converges weakly to an element q of A(T), where ¢ = lim,,_., RT"z.

Proof. We know from Lemmas 4.1 and 4.2 that B(T) is closed, and JB(T) is
closed and convex. So, from Lemma 2.7 there exists the sunny generalized non-
expansive retraction R of E onto B(T). From Lemma 2.8, this retraction R is
characterized by

Rz — i ).
x arguérgl&)qﬁ(:n u)

We also know from Lemma 2.6 that
0<(v— Rv,JRv—Ju), Yue B(T), veC.
Adding up ¢(Rv,u) to both sides of this inequality, we have

d(Rv,u) < ¢(Rv,u) +2 (v — Rv, JRv — Ju)
= ¢(Rv,u) + ¢(v,u) + ¢(Rv, Rv) — ¢p(v, Rv) — ¢(Rv, u) (22)
= ¢(U7 u) - ¢(U, R’U).
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Since ¢(T'z,u) < ¢(z,u) for any u € B(T) and z € C, it follows that

¢(T"x, RT"z) < ¢(T"x, RT" ')
< ¢(T" 'z, RT" ).

Hence the sequence ¢(T"x, RT™x) is nonincreasing. Putting u = RT"xz and v =
T™x with n < m in (22), we have from Lemma 2.3 that

g(|IRT"x — RT"z||) < ¢(RT™z, RT"x)
< ¢(T"x, RT"x) — ¢(T™x, RT™x)
< o(T"z, RT"x) — ¢(T"x, RT"x),

where ¢ is a strictly increasing, continuous and convex real-valued function with
g(0) = 0. From the properties of g, {RT"x} is a Cauchy sequence. Therefore
{RT™z} converges strongly to a point ¢ € B(T) since B(T) is closed from Lemma
4.1. Next, consider a fixed z € C' and an arbitrary subsequence {S,,z} of {S,z}
convergent weakly to a point v. From the proof of the attractive point theorem
(Theorem 3.1) we know that v € A(T). Rewriting the characterization of the
retraction R, we have that for any v € B(T),

0 < (T*x — RT*z, JRT"x — Ju)
and hence

(T*z — RT*z, Ju— Jq) < (T*x — RT*z, JRT"x — Jq)
< ||T*x — RT*x|| - || JRT*x — Jq||

where K is an upper bound for ||T*x — RT*z||. Summing up these inequalities for
k=0,1,...,n—1, we arrive to

n
k=0

n—1 n—1
1 1
<Sncc—— E RTka:,Ju—Jq> SKZ E |JRT*x — Jq|,
k=0

where S,z = % ZZ;& T*z. Letting n; — oo and remembering that J is continuous,
we get
(v—q,Ju—Jg) <0.

This holds for any v € B(T'). Therefore Rv = q. But because v € A(T) = B(T),
we have v = ¢. Thus the sequence {S,x} converges weakly to the point q. O]

Using Theorem 5.1, we obtain the following theorems.

Theorem 5.2 (Kocourek, Takahashi and Yao [27]). Let E be a uniformly con-
vex Banach space with a Fréchet differentiable norm. Let T : E — FE be an
(o, 3,7, 0 )-generalized nonspreading mapping such that o« > 3 and v < 6. Assume
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that F(T) # (0 and let R be the sunny generalized nonexpansive retraction of E
onto F(T). Then, for any x € E,

converges weakly to an element q of F(T), where ¢ = lim,,_, RT"x.
Proof. We also know that a > 3 together with v < ¢ implies that

O(Tx,u) < oz, u)

for all z € F and u € F(T). We also note that A(T) = F(T') and B(T) = F(T).
So, we have the desired result from Theorem 5.1. O

Theorem 5.3 (Takahashi and Takeuchi [42]). Let H be a Hilbert space and
let C' be a nonempty subset of H. Let T : C'— C be a generalized hybrid mapping
with A(T) # 0 and let P be the mertic projection of H onto A(T). Then, for any
x e (),

n—1
1
Spt = — Z Tk
"o
converges weakly to an element p of A(T), where p = lim,,_., PT"x.

Proof. We first note that A(T) = B(T). Since A(T) = B(T) is a nonempty
closed convex subset of H, there exists the metric projection of H onto A(T). In
a Hilbert space, the metric projection of H onto A(T) is equivalent to the sunny
generalized nonexpansive retraction of £ onto A(T'). So, we have the desired result
from Theorem 5.1. O

References

[1] Y. I Alber: Metric and generalized projection operators in Banach spaces: Proper-
ties and applications, in: Theory and Applications of Nonlinear Operators of Accre-
tive and Monotone Type, A. G. Kartsatos (ed.), Marcel Dekker, New York (1996)
15-50.

[2] K. Aoyama, F. Kohsaka, W. Takahashi: Three generalizations of firmly nonexpan-
sive mappings: their relations and continuity properties, J. Nonlinear Convex Anal.
10 (2009) 131-147.

[3] J.-B. Baillon: Un théoreme de type ergodique pour les contractions non linéaires
dans un espace de Hilbert, C. R. Acad. Sci., Paris, Sér. A 280 (1975) 1511-1514.

. Blum, W. Oettli: From optimization and variational inequalities to equilibrium
4] E. BI W. Oettli: F imizati d iational i liti ilibri
problems, Math. Stud. 63 (1994) 123-145.

[5] F. E. Browder: Nonexpansive nonlinear operators in a Banach space, Proc. Nat.
Acad. Sci. USA 54 (1965) 1041-1044.

[6] F. E. Browder: Convergence theorems for sequences of nonlinear operators in Ba-
nach spaces, Math. Z. 100 (1967) 201-225.



282  Lai-Jiu Lin, W. Takahashi / Attractive Point Theorems for Generalized ...

[7] P.L.Combettes, A. Hirstoaga: Equilibrium problems in Hilbert spaces, J. Nonlinear
Convex Anal. 6 (2005) 117-136.

[8] S. Dhompongsa, W. Fupinwong, W. Takahashi, J.-C. Yao: Fixed point theorems
for nonlinear mappings and strict convexity of Banach spaces, J. Nonlinear Convex
Anal. 11 (2010) 175-183.

[9] K. Goebel, W. A. Kirk, Topics in Metric Fixed Point Theory, Cambridge University
Press, Cambridge (1990).

[10] K. Goebel, S. Reich: Uniform Convexity, Hyperbolic Geometry, and Nonexpansive
Mappings, Marcel Dekker, New York (1984).

[11] T. Honda, T. Ibaraki, W. Takahashi: Duality theorems and convergence theorems
for nonlinear mappings in Banach spaces, Int. J. Math. Stat. 6 (2010) 46-64.

[12] M.-H. Hsu, W. Takahashi, J.-C. Yao: Generalized hybrid mappings in Hilbert spaces
and Banach spaces, Taiwanese J. Math. 16 (2012) 129-149.

[13] T. Ibaraki, W. Takahashi: Convergence theorems for new projections in Banach
spaces, RIM Kokyuroku 1484 (2006) 150-160.

[14] T. Ibaraki, W. Takahashi: Weak and strong convergence theorems for new resolvents
of maximal monotone operators in Banach spaces, in: Advances in Mathematical
Economics 10, S. Kusuoka et al. (ed.), Springer, Tokyo (2007) 51-64.

[15] T. Ibaraki, W. Takahashi: Mosco convergence of sequences of retracts of four non-
linear projections in Banach spaces, in: Nonlinear Analysis and Convex Analysis
(Okinawa, 2005), W. Takahashi, T. Tanaka (eds.), Yokohama Publishers, Yokohama
(2007) 139-147.

[16] T. Ibaraki, W. Takahashi: A new projection and convergence theorems for the
projections in Banach spaces, J. Approx. Theory 149 (2007) 1-14.

[17] T. Ibaraki, W. Takahashi: Weak convergence theorem for new nonexpansive map-
pings in Banach spaces and its applications, Taiwanese J. Math. 11 (2007) 929-944.

[18] T. Ibaraki, W. Takahashi: Fixed point theorems for nonlinear mappings of nonex-
pansive type in Banach spaces, J. Nonlinear Convex Anal. 10 (2009) 21-32.

[19] T. Ibaraki, W. Takahashi: Generalized nonexpansive mappings and a proximal-
type algorithm in Banach spaces, in: Nonlinear Analysis and Optimization I (Haifa,
2008), A. Leizarowitz et al. (ed.), Contemp. Math. 513, Amer. Math. Soc., Provi-
dence (2010) 169-180.

[20] S. Iemoto, W. Takahashi: Approximating fixed points of nonexpansive mappings
and nonspreading mappings in a Hilbert space, Nonlinear Anal. 71 (2009) 2082—
20809.

[21] S. Ttoh, W. Takahashi: The common fixed point theory of singlevalued mappings
and multivalued mappings, Pacific J. Math. 79 (1978) 493-508.

[22] S. Kamimura, F. Kohsaka, W. Takahashi: Weak and strong convergence theorems
for maximal monotone operators in a Banach space, Set-Valued Anal. 12 (2004)
417-429.

[23] S. Kamimura, W. Takahashi: Approximating solutions of maximal monotone opera-
tors in Hilbert spaces, J. Approx. Theory 106 (2000) 226-240.

[24] S. Kamimura, W. Takahashi: Weak and strong convergence of solutions to accretive
operator inclusions and applications, Set-Valued Anal. 8 (2000) 361-374.



Lai-Jiu Lin, W. Takahashi / Attractive Point Theorems for Generalized ... 283

[25] S. Kamimura, W. Takahashi: Strong convergence of a proximal-type algorithm in a
Banach space, STAM J. Optim. 13 (2002) 938-945.

[26] P. Kocourek, W. Takahashi, J.-C. Yao: Fixed point theorems and weak convergence
theorems for generalized hybrid mappings in Hilbert spaces, Taiwanese J. Math. 14
(2010) 2497-2511.

[27] P. Kocourek, W. Takahashi, J.-C. Yao: Fixed point theorems and ergodic theorems
for nonlinear mappings in Banach spaces, in: Advances in Mathematical Economics
15, S. Kusuoka et al. (ed.), Springer, Tokyo (2011) 67-88.

[28] F. Kohsaka, W. Takahashi: Strong convergence of an iterative sequence for maximal
monotone operators in a Banach space, Abstr. Appl. Anal. 2004 (2004) 239-249.

[29] F. Kohsaka, W. Takahashi: Generalized nonexpansive retractions and a proximal-
type algorithm in Banach spaces, J. Nonlinear Convex Anal. 8 (2007) 197-209.

[30] F. Kohsaka, W. Takahashi: Existence and approximation of fixed points of firmly
nonexpansive-type mappings in Banach spaces, STAM J. Optim. 19 (2008) 824-835.

[31] F. Kohsaka, W. Takahashi: Fixed point theorems for a class of nonlinear mappings
related to maximal monotone operators in Banach spaces, Arch. Math. 91 (2008)
166-177.

[32] S. Matsushita, W. Takahashi: Weak and strong convergence theorems for relatively
nonexpansive mappings in Banach spaces, Fixed Point Theory Appl. 2004 (2004)
37-47.

[33] S. Matsushita, W. Takahashi: A strong convergence theorem for relatively nonex-
pansive mappings in a Banach space, J. Approx. Theory 134 (2005) 257-266.

[34] S. Ohsawa, W. Takahashi: Strong convergence theorems for resolvents of maximal
monotone operators in Banach spaces, Arch. Math. 81 (2003) 439-445.

[35] S. Reich: A weak convergence theorem for the alternating method with Bregman
distances, in: Theory and Applications of Nonlinear Operators of Accretive and
Monotone Type, A. G. Kartsatos (ed.), Marcel Dekker, New York (1996) 313-318.

[36] W. Takahashi: A nonlinear ergodic theorem for an amenable semigroup of nonex-
pansive mappings in a Hilbert space, Proc. Amer. Math. Soc. 81 (1981) 253-256.

[37] W. Takahashi: Nonlinear Functional Analysis, Yokohama Publishers, Yokohama
(2000).

[38] W. Takahashi: Convex Analysis and Approximation of Fixed Points, Yokohama
Publishers, Yokohama (2000) (in Japanese).

[39] W. Takahashi: Proximal point algorithms and four resolvents of nonlinear operators
of monotone type in Banach spaces, Taiwanese J. Math. 12 (2008) 1883-1910.

[40] W. Takahashi: Introduction to Nonlinear and Convex Analysis, Yokohama Publish-
ers, Yokohama (2009).

[41] W. Takahashi: Fixed point theorems for new nonlinear mappings in a Hilbert space,
J. Nonlinear Convex Anal. 11 (2010) 79-88.

[42] W. Takahashi, Y. Takeuchi: Nonlinear ergodic theorem without convexity for gene-
ralized hybrid mappings in a Hilbert space, J. Nonlinear Convex Anal. 12 (2011)
399-406.



284 Lai-Jiu Lin, W. Takahashi / Attractive Point Theorems for Generalized ...

[43] W. Takahashi, J. C. Yao: Fixed point theorems and ergodic theorems for nonlinear
mappings in Hilbert spaces, Taiwanese J. Math. 15 (2011) 457-472.

[44] W. Takahashi, J. C. Yao: Nonlinear operators of monotone type and convergence
theorems with equilibrium problems in Banach spaces, Taiwanese J. Math. 15 (2011)
787-818.

[45] W. Takahashi, J. C. Yao: Weak and strong convergence theorems for positively
homogeneous nonexpansive mappings in Banach spaces, Taiwanese J. Math. 15
(2011) 961-980.

[46] H. K. Xu: Inequalities in Banach spaces with applications, Nonlinear Anal. 16
(1981) 1127-1138.



