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We study some relationships between the Bartle-Dunford—Schwartz integral of a scalar valued
function f, with respect to a vector measure m, and the Dunford, Pettis or Bochner integrals
of its (vector valued) distribution function mjy. The Dunford (or Pettis) integrability of my
is strongly related to the weak integrability (or the integrability) of f in the sense of Bartle—
Dunford-Schwartz. In the case of the Bochner integrability of mf, a new function space appears.
It is defined through the Choquet integrability of f with respect to the semivariation ||m|| of the
measure m. We also study this space and present its main properties.
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1. Introduction

In general, integration theory deals with measures whose values are in some set
E, integrating certain functions with values in a second set F', and resulting in
integrals in a third set GG. Furthermore, one needs to consider some linear and
topological structure on the sets F, F and G, and a bilinear form from E x F
into G that determines how measures and functions interact with each other.
The classical Bochner, Pettis and Dunford integrals fit into this context when we
consider a positive scalar measure and functions with values in a Banach space.
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In the opposite situation is the Bartle-Dunford-Schwartz integral which appears
by considering vector measures with values in a Banach space and scalar valued
functions. In both cases, the bilinear form is the product of scalars and vectors.

In this paper we study some relationships between these two kind of integrals. Let
us recall and describe briefly the spaces of integrable functions that we are going
to consider in the paper.

For a o—finite complete measure space (A, A, ) and a Banach space X, follow-
ing the definitions of integrability of [7, Chapter III, §1], we denote the spaces of
all Dunford or Pettis integrable functions, respectively, by D (u, X) and P (u, X).
These spaces are normed spaces (in general non complete), with the usual identi-
fication of functions, endowed with the norm

1l = sup{/A Gy dp: || < 1}, GeDuX),

where 2’ are elements of the dual X’ of the Banach space X. The space of all
Bochner integrable functions is denoted by B (u, X), and (when we identify func-
tions) it is a Banach space when is endowed with the norm

1G]l = / IGlldi, G € B (X)),

Every Bochner integrable function is Pettis integrable, and the inclusion B (u, X) C
P (1, X) is continuous. It is also really well-known that for every function G €
P (1, X) the set function mg, given by

mea(A) ::/deEX, AeA
A

is a p—continuous countably additive vector measure [7, Theorem 3.7.2].

For a general countably additive vector measure m with values in a real Banach
space X defined on a measurable space (€, %) we can consider the spaces L!(m)
(or L. (m)) of R-valued measurable functions which are integrable (or weakly in-
tegrable) with respect to m in the sense of Bartle-Dunford—Schwartz. The space
Ll (m) becomes a Banach lattice when it is endowed with the natural order and
the norm

1l o = sup{ [ in1atim, @) ) < 1}, f e Lim).

The space L'(m) of integrable functions becomes an order continuous closed lattice
ideal of L} (m). In these spaces we identify functions which are equal almost
everywhere with respect to the semivariation of m, that is, the set function defined
by

Im|| (A) := sup {[(m, 2")| (A) : [|l2|| <1}, A€X,

where |(m,2’)| is the variation measure of the scalar measure (m,z’) given by
(m,2’) (A) := (m(A), "), for all A € ¥. Let us mention that a continuous integral
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operator f — fQ fdm can be defined in both spaces with values in the bidual, X",
of the space X for weakly integrable functions f, and with values in X in the case
of integrable functions f. For details about this kind of integral see [6], [8], [9],
[10] and [11].

We find a first connection between the Dunford, Pettis or Bochner integrals and
the Bartle-Dunford—Schwartz integral by considering a function G € P (u, X) and
the corresponding vector measure mg given by mg(A) = [ 4 Gdp, for all A € A.
Taking into account that it is a y—continuous countably additive vector measure it
is not difficult to see that L (m) is the space of measurable functions f : A — R
such that f-G € D (u, X). Moreover

1A lzy ey = I1f - Gllp f € Li(me).

The integration map is given by
fe L}U(mg) — / fdmg = / f- Gdu e X",
A A

In this way, the Banach space L!(mg) can be isometrically embedded in the
space D (u, X). Analogously, the space L'(mg) can be isometrically embedded
in the space P (p, X), since [, fdmg = [, f-Gdp € X, for all f € L'(mg).
This situation has been considered by Stefansson in [11] for the case of a finite
measure g. Furthermore, when the function G € B (u, X) it is well-known that
the variation measure of m¢ is given by |mg| (A) = [, |G| dp, for all A € A, and
consequently is a finite measure. Moreover, the Lebesgue space L'(|mg|) consists
of all measurable functions f : A — R such that f-G € B (u, X). For the norms
we have, in this case, the following equality

1A gy = If - Glls > f € LH(Imal)-

In this paper we are interested in another connection between Dunford, Pettis
or Bochner integrals and the Bartle-Dunford-Schwartz integral. Starting from a
Banach—valued countably additive vector measure m : ¥ — X, defined on a o—
algebra Y of subsets of a non—empty set {2, we want to relate the integral fQ fdm
of a function f belongs to L. (m) or L'(m) with the integral of a vector valued
function (related to f and m) in the sense of Dunford, Pettis or Bochner. For
scalar measures this situation is really well-known. For example, if (2, X%, ) is a
positive measure space, then (see [1, Proposition I11.1.8])

/ fldu = / wdh, f e L), 1)
Q 0

where A denote the Lebesgue measure and i is the distribution function of f with
respect to . For a vector measure m this is achieved via the distribution function
with respect to m that we are going to introduce right now. Given a measurable
function f : @ — R, the distribution function of f with respect to the vector
measure m is the vector valued function m; given by

my(t) =m({w e Q:|f(w)| >1t}), t>0.
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The distribution function my is a norm bounded function since the measure m
has bounded range. Moreover, for a simple function, say f = >"/'_, arxa,, where
0=ag<a <---<a,and {4;,...,A,} are measurable pairwise disjoint sets, a
direct computation shows that its distributions function is the vector valued simple
function my = 37, m (Cr) X{ay_,a)> Where Cy := U, A, for all bk =1,2,...,n.

In what follows, for a measurable function f : {2 — R and a scalar ¢, we will use
the following notation [f > t] := {w € Q: f(w) > t}.

Lemma 1.1. If (f,)n and f are non—negative measurable functions such that f,
increases to f pointwise m—a.e., then my, (t) converges in norm to my(t) for all
t > 0. In particular, if f is a measurable function, then its distribution function
my is strongly measurable.

Proof. With the above notation, for every ¢ > 0, observe that ([f, >]), is a
sequence of measurable sets increasing to [f > t]. Consequently (see [6, Chapter

IV, §10] for example)

lmg(t) = my, @) = lm ([f > ¢]) =m ([fo > DI < [l ([f > ]~ [fo > 1) =0,

when n — oco. If f is a measurable function, then there exists a sequence (¢,),,
of non-—negative simple function increasing to |f| pointwise m-a.e. Thus m,, ()
converges in norm to my(t) for all ¢ > 0, and the distribution function my is
strongly measurable. O

In what follows we will consider the o—algebra M of measurable Lebesgue subsets
of the half line [0, 00), and A will denote the Lebesgue measure.

2. Dunford and Pettis integrability of the distribution function.

In this section we will prove that Dunford or Pettis integrability of the distribu-
tion function m; of a scalar function f is strongly related with Bartle-Dunford—
Schwartz integrability of the function f with respect to the vector measure m. In
order to do that we need the following lemmas that are probably known, but we
include their proofs for the sake of completeness.

Lemma 2.1. Let f : Q@ — R be a measurable function and let B € M. Then
the function fB :w € Q — fB(w) := X(BN[0,|f(w)]]) € R is measurable.
Moreover, if f € LL(m), then fP € LL(m), and similarly, if f € L*(m), then
B e LY(m).

Proof. For a simple function, say ¢ = > _,_, arxa,, where the A’s are measurable
pairwise disjoint subsets of €2 and the a;’s are scalars, it is not difficult to see that
©B is the simple function

3

o A(BNI0,]ax]]) xa,-
k=1
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Now, if f is a measurable function then there exists a sequence (p,,), of simple
functions increasing to |f| pointwise m—a.e. Then

FPw) = A(BNI0,[f(w)]])) =lm A (B N[0, [en(w)[]) = lim e (w),

for all w € Q ~ N, where ||m/|(N) = 0, that is, the sequence (¢?), increases to
B pointwise m-a.e., and so f? is measurable. For the last part of the assertion,
take into account that 0 < fZ < |f| and both L (m) and L*(m) are ideals of
measurable functions. O

Remark 2.2. Let f : 2 — R be a measurable function and take B to be the
interval [0,n]. Then fO"(w) = XA([0,n] N[0, |f(w)]]) = inf{|f(w)|,n}. In what
follows we denote this function by f,, that is, f,, ;== inf{|f|,n}, foralln =1,2,...
Note that 0 < f,, T |f| pointwise m—a.e. Moreover it is not difficult to check that
Mfna = Mfon " Xom), forall A€ ¥, andn=1,2,...

Lemma 2.3. Let h be and (hy), in L'(\) such that h, converge to h point-
wise A—a.e., and suppose that there exists lim,, fB hndX, for each B € M. Then,
lim,, fB hp,d\ = thd)\ for all B € M.

Proof. For each B € M and k = 1,2,... let By := BN [k — 1,k), and put
Qry = ka hpd), for all k,n =1,2,... Then

Z\akn|=2/ hndA‘SZ/ \hn]d)\:/|hn|d)\<oo.
k=1 k=117 Bk k=1 Bk B

This means that the sequence o™ := (agy,),, is in 4, for all n = 1,2, ... Moreover,
for each subset N of natural numbers we have that Eke N Qkn = ka B hpdA,
€

and, by the hypothesis, there exists lim,, >,y @rn. As the subset N of natural
numbers is arbitrary, this means that the sequence (™), is weakly convergent in
(1, say to a sequence o := (ay)r € ¢;. Taking into account that the Lebesgue
measure of By is finite for each kK = 1,2,..., an application of the Vitali-Hahn—
Saks theorem (see [6, Chapter III, §7] for example) gives us

o = lim ay,, = lim hndA:/ hd\, k=1,2,...
n By, By

n

Thus, by the Schur theorem, the sequence (a™), converge to « in the norm of ¢;.

Then Ty 3237, | [, A = [, hdA| =0, and finally

hnd)\—/ hd)\’ = lim / hpdX — / hd\

/ hnd)\—/ hdA‘ =0,
1 By By,

o0
< liTankZ

as we want to see. O

lim
n
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Theorem 2.4. Let f : Q — R be a measurable function. Then f € L. (m) if
and only if my € D (N, X) for all measurable function g such that |g| < |f|. In
this case we have

/B<mf,x’>d/\:/ﬂ)\(Bﬂ[O,|f|])d(m,x’), BeM, ©eX. (2

In particular [ (mypy,, 2"y dX= [, |f|d(m,a'), for all A€ ¥ and 2’ € X'.

Proof. Let f € L. (m). Then there exists a sequence (¢,), of simple functions
such that 0 < ¢, T |f| pointwise m—-a.e. We know that m,, — my pointwise in
the norm of X by the Lemma 1.1. Then, [(m,,,2")| — |(my, 2')| pointwise for all
x' € X'. Moreover

0< [Tlmpnaians [, ay
= [eudlmarl = [ \fldima). @)

when n — oco. In the above formula [(m, z')|  denotes the distribution function of
¢, with respect to the positive measure |(m, 2’)|. Note that we have used equality
(1) to obtain the above expression (3). By applying Fatou’s lemma

/ lim inf | (m,,,, ') d) < liminf/ \(my, 2’} dA < oo.
0 n n 0

So, liminf, [(m,,,2")| = lim, [(m,,2")] = |[(my,2')| is integrable. Since z’ is
arbitrary this tells us that my € D (A, X). Now, for a measurable function ¢ such
that |g| < |f], we know that g € L} (m), so by applying what we have just proved
for f, we get my € D (A, X) too. Note that taking limit, when n — oo, in (3) we
obtain

/Oooumf,xwm/Q\fmum,xw. (4)

According to Lemma 2.1 the function w +— A (B N[0, |f(w)]]) is in L} (m). More-
over, a direct computation shows that formula (2) is true for simple functions, that
is, for every B € M we have

/B(m%,x'>d)\:/A(Bﬂ[(),](pnﬂ)d(m,x'), n>1. (5)

Q

Also note that
fim [ MBOD. gl dm,a) = [ B0 0.17]) d ')

Then formula (2) follows from Lemma 2.3 applied to the functions h := (my,2")
and h, = (my,,2’), by taking limit when n — oo in the above equality (5).
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Finally, taking B = [0, 00) and changing f by fxa, with A € X, in (2) we arrive
to [° (myya, @'y dN = [, |f]d(m,a").

Reciprocally, suppose f : & — R is a measurable function such that m, €
D (A, X) for all measurable function g such that |g| < |f|. Take the sequence
(fn), from Remark 2.2 associated to f, and let 2’ € X’ and A € ¥ be arbitrary.
By the hypothesis my., , and my, ., , belong to D (A, X), for every n = 1,2, ..., and
consequently the functions (my.,,,2') and (my,.,,,2’) are integrable with respect
to the Lebesgue measure A, for all n = 1,2, ... Thus, taking into account Remark
2.2 and also that f,, € L. (m), we obtain

[ tdtmeaty = [ mpahin = [ mp, xon o
A 0 0
= / (mf,XA,x'>d)\—>/ (Mg, ')A,
0 0

when n — oco. The convergence of the integrals in the above expression follows
from the integrability of (my.,,,x’) with respect to the Lebesgue measure A. By
applying [10, Theorem 3.5 to the measure (m,z’) we conclude that f belongs to
L' ((m, '), since the sequence ([, fod(m,2')) of integrals is convergent for all
A € %, Accordingly f € L. (m) and the proof is complete. O

Remark 2.5. Note that inequality (4) tell us that ||mylly, < [|f][11 (., for all

f € Ll (m). If the space X is a Banach lattice and the measure m is positive, that
is, m(A) belongs to the positive cone of X, it suffices that m; € D (A, X) for f
belongs to L. (m). Taking into account that |[(m,z’)| (A) < (m, |2/|}(A) for every
x' € X' (here |2’| denotes the absolute value of the functional 2’) and each A € ¥,
we conclude that

m)?

Jintdieman < [ 1dm. 2 = [ lehar

and taking supremum in 2/, with [[z’|| < 1, we obtain || f]|1 ) < [[msllp. In

summary, for a positive vector measure m, we have that a function f € L. (m) if
and only if my € D (A, X), and ||my[lp = [|f|| 11 (- For a general measure m the
last equality is far from to be true as the next simple example shows.

Example 2.6. Consider the Lebesgue measure A on the interval [—1, 1] and the
measure

m:AeM—-m(A):=X(AN[-1,0]) = A(AN]0,1]) € R.

Then LL(m) = D(\,R) = L'(\), the classical Lebesgue space. Take a non-
negative measurable even function f such that f & L*(\). Thus m; is the zero
function which obviously is in D(\,R), but f & LL (m).

Now we consider Pettis integrability of the distribution function. The following
result is the analogous one of Theorem 2.4.
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Theorem 2.7. Let f : Q — R be a measurable function. Then f € L'(m) if
and only if my € P (X, X) for all measurable function g such that |g| < |f|. In this
case we have

/mfd)\ _ / MBA0,|f])dm, BeM. (6)
B Q
In particular, [ mg,dX= [,|fldm, for all A€ X.

Proof. Let f € L'(m). Then Theorem 2.4 assures that m; € D (\, X). Now,
for every B € M, the function w +— X (BN [0,|f(w)|]) belongs to L'(m) and its
integral [, A (B N[0, |f|])dm is in X. From (2) we obtain, for all 2’ € X',

[ tmpeyan= [ a@aw i ame) = [ xpoblpin.).

Q

This means that m; € P (A, X), and moreover

/Bmfd/\—/QA(Bﬂ[O,]fH)dm. (7)

Now, if ¢ is a measurable function such that |g| < |f|, then ¢ € L'(m), and so
mg € P (A, X). In particular, if A € ¥ then my,, € P (A, X), and replacing f by
fxain (7), with B = [0,00), we obtain [~ my.,d\ = [, |f|dm.

Reciprocally, suppose f : € — R is a measurable function such that m, €
P (A, X) for all measurable function g such that |g| < |f|. Take the sequence (f,),,
of Remark 2.2 and let A € ¥. Then 0 < f,, - xa T |f| - xa pointwise m—a.e. We

know that
/ fndm = / mfn'XAd)‘ = / Mfxa - X[Oﬂl]d)‘
A 0 0

= / mf‘XAd)\—)/ Mifo 1 A,
0 0

when n — oo. The norm convergence of the integrals in the above expression
follows from the Pettis integrability of my., , with respect to the Lebesgue measure
A. By applying [10, Theorem 3.5] to the measure m we conclude that f € L' (m),
since the sequence ( 1) A fndm)n of integrals is convergent for all A € 3. The proof
is finished. 0

Remark 2.8. As in the Remark 2.5, if the space X is a Banach lattice and the
measure m is positive in Theorem 2.7, it suffices that m; € P (A, X) for f belongs
to L'(m). For a general measure m this is not true as the Example 2.6 also shows.

3. Bochner integrability of the distribution function.

A natural question appears at this point. For which functions f can we assure
that its distribution function m; is Bochner integrable? Given a vector measure
m : > — X, the aim of this section is to describe the set of measurable functions
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f: @ — R such that it distribution function my belongs to B (A, X'). With the
idea to answer this question we introduce the space L' (|[m/||) of all measurable
functions f : 2 — R such that the real valued function

lmll; =t €[0,00) — [Iml[ (t) := [lm| ([If] > #]) € R

is in L'()\). Note that ||m|; is the distribution function of f with respect to
the semivariation ||m/||, which, in general, is not a scalar measure, it is only a
submeasure. Moreover ||m(A)|| < [[m][(A), for all A € ¥, but when X is a Banach
lattice and m is a positive vector measure |[|[ml[(A4) = ||m(A)]|, for all A € 3. In
this way L' (||m]|) is the space of all scalar measurable functions f such that the
Choquet integral of |f|, with respect to ||m||, is finite. See [2] for details. As
usual we identify functions which are equal m—a.e. In that follows we will consider
the space L*°(m) of all real valued measurable functions defined on ) that are
essentially bounded with respect to m. As usual, the norm || f| o ,,) of a function
f € L>®(m) is the essential supremum of the function f.

Proposition 3.1. The space L'(||m]|) is a quasi-Banach lattice with the Fatou

property. Moreover, the simple functions are dense in L*(||jm]]).

Proof. For f € L' (|lml|) denote | f]|,:(
able functions f and g note that

qmp = Jo llmll;dX. Given two measur-

t t
Hf+g|>t]g[|f\>§]u[|g|>§], =
s0 [lml| s, (t) < llmll (3) + Imll, (3), for all £ > 0, and consequently

1+ 9l gy < 2 (1 gy Ul zay )+ £ 9 € L Uil

It easy to check that |||, is homogenous and that [|f||,.(,,, = 0 implies
that f = 0, m-a.e. This means that [|-||;.,, 13 a quasi-norm. Moreover if

f € LY(|Jm]]) and g is a measurable function such that |g| < |f|, then g € L'(||m/]|)
and {[g[| 1 ) < ||f||L1(”m”) Thus the space L'(||m]|) becomes a quasi-normed
lattice. Moreover if (f,), 1s an increasing sequence of measurable function such

that f, 1 f pointwise m-a.e., then 0 < [[m|l, (¢) T [|m]|, (¢), for all £ > 0, and

so, the space L' (||m]|) has the Fatou property. It is standard to check (see [1,
Theorem 1.1.1.6] for details) that the Fatou property implies the completeness of
L (||m|]). Finally, we are going to prove that simple functions are dense. Take
0 < f € L'(||m||) and let the sequence (f,), from Remark 2.2. Then,

[ fn||L1(||m||) = /O°° [m|[ ([f = fu > 1]) dA(?)
= [l > n )y aney
= [l 1r > shaxs) — o
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when n — oo. Thus, given € > 0 there exists ny such that

€

1f = Faoll Lrgpmyy < 1

Since f,, is a bounded function, there exists a simple function ¢, with 0 < ¢ < f,,,,
such that || fny = @l Lo (m) < gy Consequently,

1o — @l = / Il (U — > ) dA(2)

_ / T ([ — @ > 1) dA®E) <

W~

and [|f — <P||L1(||mu) <2[f - fm||L1(||m||)+2 1o = 90||L1(Hm||) < e. For an arbitrary

function f € L'(||m||) it is enough to consider now its positive and negative parts.
[

Now, taking into account the previous comments to Proposition 3.1, together with
Proposition 3.1 and [7, Theorem 3.7.4] we obtain the following result.

Theorem 3.2. Let f: Q — R be a measurable function.

1) If f e LY(||m|), thenm, € B (X, X), for all measurable function g such that

gl < |f1.
2)  If X is a Banach lattice and m is a positive vector measure, then f belongs

to L'(||m|) if and only if my € B (A, X).

Remark 3.3. Recall that a vector measure m with values in a Banach lattice X
is said to have a Hahn decomposition if there exist two disjoint measurable sets (),
and €, such that Q = Q; U Qy, with m(ANQ;) >0 and m(ANQ,) <0, for every
A € X. For this kind of vector measures we have that

[m[[(A) < [lm (ANQ) [+ [[m (ANQ) [, AcX.

Then, for a vector measure with a Hahn decomposition, a function f € L' (|[m|])
if and only if m, € B (A, X) for every measurable function g such that |g| < |f].

We finish this section with some properties of the space L(||m]|) and its connec-
tion with the previously considered spaces. Recall that |m| denotes the variation
measure of the vector measure m. It is well-known that ||m|| (A) < |m|(A), for
all A e X.

Proposition 3.4. The inclusions L>(m) + L'(|m|) C L*(|jm]]) € L'(m) hold.
Moreover, these inclusions are continuous.

Proof. To prove the first inclusion take f € L>(m) and g € L'(|m|). Note that
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[ml[; (¢) = 0, for all t > || f[| yoo () Then

1 +9||L1(||m||) <2 ||f||L1(||m||) +2 ||g||L1(||m||)
< 21 f 1l oo gy Il (2) + 2/0 Im| (llgl > 1) dA(t)
= 21l oo gy 12l (2) + 21191l 1 (g - (8)

From (8) it follows that [|Al| 1, < 2max {[[m[| (), L} [l pecmyr 11 (mp- for all

h € L>(m) + L*(Jm]), and the inclusion is continuous.

To prove the second inclusion take a function f € L'(||m||). Then, Theorem 3.2
assures that my, € B (A, X) C P (A, X), for all measurable function ¢ such that
lg| < |f]. From Theorem 2.7 we obtain that f € L'(m). Moreover, for every
' € X', with ||2'|] < 1, we have that

d "N = - N LdX - dM.
/Qm [(m, )| / [(m, '), s/o Il

Taking supremum in 2’ in the above inequality, we get || fll 11y < [1fll 21 (), for
all f e L' (|lm]]). O

The inclusions in the above proposition can be strict as the next example shows.
Example 3.5. Consider the following vector measure m, defined on all subsets of

natural numbers, with values in the space ¢ of all null real sequences

€n

m: A€ PN)— m(A) ::ZEECO,

neA

where the e,,’s are the canonical vectors in ¢q. In this case the integrable functions
with respect to m are sequences of real numbers, and we can compute easily the
associated spaces of integrable functions. Namely,

Ly (m) = {(fa)n € R : (|fuln7?), € ),
Ll(m) = {(fn)n e RY: (lfn|n_2)n € CO},
L1(|m|) = {(fn)n eRY: (’fn| n72)n € 51} )

Here /., is the space of all bounded real sequences and ¢; is the space of all
absolutely summable real sequences. Moreover, for a function f := (f,), and

a scalar t > 0, it can be checked that ||m||([|f] >t]) = (min{nENl:|f S The

variation measure of m is given by

im] (A) = Z%, A e D).

neA
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Note that the function f = (f,),, with f,, :=n, is in L' (||m/||) because

[e.o]

| mlis >y axe Z/ Iml151> A0 = 32 TESE

n=

but clearly f is not in L°°(m) + L* (|m]). Now take the function f = (f,)., given

by f. = logﬁzl which belongs to L!(m). However it is not in L* (|[m/|). In fact,

if we put a, = UAD? en

log(k+1)’
& > Ag+1 — Ak - 2]€+3
t])dA(t) = Y ———5 =log?2
L > e = 3SR =toe2+ 3 Gy

which is a divergent series.

Now we present a sufficient condition for the equality between the spaces L'(m)
and L' (||m||). For a vector measure m : 3 — X and an operator T : X — Y with
values in a second Banach space Y, consider the vector measure

mp:AeX —mp(A) =T (m(A) €Y.

It is not difficult to see that ||myz|| (A) < [|T]| [|m|| (4), for all A € ¥. In partic-
ular, every m-null set is an mz—null set, and L'(m) C L' (mg) as is seen in [6,
IV.10.8(f)]. Recall that the operator T is said to be absolutely summing if there
exists a constant C' > 0 such that

3101 < Coup{ ol MW <1 €2

For details about absolutely summing operator see the monograph [5]. The follow-
ing proposition is the counterpart (in the setting of the Bartle-Dunford-Schwartz
integral) of the main result of [4] about Pettis and Bochner integrals.

Proposition 3.6. Let m : X — X be a vector measure and T : X — Y an
absolutely summing operator. Then L1 (m) C LY(||mz|), and this inclusion is
continuous.

Proof. Take a function f € L!(m) and consider, for all k& > 1, the level sets
[|f] > K. For every ' € X" we have [, [f|d|(m,2")| = [ [(m,2")|;d), and con-

sequently the integral [ [(m, 2/)] s A\ is convergent. Since the integrand [(m, /)|,
is not increasing, this means that the series >~ [(m, 2')| ([| f| > k]) is convergent.
Thus, for every sequence (Ag), of measurable sets such that A, C [|f| > k], for
all & > 1, we obtain that Y .-, [(m,2)| (Ax) is also convergent, and in particu-
lar, 72, [(m(Ag),2")| is convergent. Now apply that 7" is absolutely summing
to obtain that "~ [[my(Ay)|| is convergent. Since the sequence (Ay), of subsets
of ([|f| > k]), is arbitrary, we conclude that the series > .-, ||mr| ([|f] > k]) is
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convergent, and consequently also the integral [ [|mz]|; d\ is convergent. This

means that f € L'(|jmz|]). The inclusion is continuous because it is a positive
operator and L. (m) is a Banach lattice, and the proof is concluded. ]

Corollary 3.7. Let m : ¥ — X be a vector measure. If dim(X) < oo, then
LY(|lml[) = L'(m) = Ly,(m).

Proof. The first equality follows from Proposition 3.6 and the second one is a
very well-known fact (see [8, Theorem II.5.1] or [10, p. 138]). O

Remark 3.8. When equality L'(|jm||) = L'(m) holds, taking into account that
L'(]lm||) has the Fatou property, it follows the other equality (see [3] for the
details), that is, the three spaces coincide. Nevertheless, the situation L'(||m]]) C
L*(m) = L. (m) is possible as the next example shows.

Example 3.9. Consider the Lebesgue measure A on the o—algebra M of Lebesgue
measurable subsets of the interval (0,1), and also the (positive) vector measure
m:AeM— m(A) = xa € L*0,1). Since L*(0,1) is a weakly sequentially
complete Banach space we have that L'(m) = Ll (m) = L*(0,1) isometrically.

Moreover ||m|[(A) = [[m(A)|lr20,1) = VA(A), for all A € M. Let us check that
L'(]lm||) is a proper subspace of L'(m). We have to find a function f € L*(0,1)
such that f ¢ L'(]lm|]). In order to do that let us consider the real function

L 2(log 2)2 . . . .
g(t) == 72 (o1 D) Note that ¢ is a decreasing and continuous function from

(0,00) onto (0,1). Then, its inverse g~ ! is a well-defined function from (0, 1) onto
(0,00). Moreover, it is easy to see that g € L*(0,00). Now consider the function

frwe(0,1) — f(w):=+vg Hw) €ER.

We can compute the distribution function of f? with respect to the Lebesgue
measure. In fact, for all t > 0, we have

A{we (0,1): flwy>t}) =A({we (0,1):9(fw)?) <g(t)})
“A(fwe (0,1):w<g(B)}) = glt)

Then, from (1), we obtain f € L%*(0,1), because g € L'(0,00). However f ¢
L(]|m||) because the distribution function of f with respect to the semivariation

Im][s(t) = Im| ({w € (0,1) : f(w) > 1}) = VA({w € (0,1) : f(w)? > 12})

B o~ \/§log2
= V() = V2 + 2log (82 + 2)

is not an integrable function on the interval (0, c0).

From Proposition 3.1 we know that ||-||L1(”m”) is a quasi-norm. Under certain
conditions on the vector measure m we can assure that it is, in fact, a norm. This
is what we prove in the next proposition.
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Proposition 3.10. The following conditions are equivalent:

1) gy @ @ norm in L (||m]]).
2)  |mll (AU B) +[m| (AN B) < [Im| (4) + [|m|| (B), A,B € .

Proof. 1) = 2). Suppose that ||-|| 1, i a norm in L' (|lm]|). Then

x4+ X8l L mpy < IXallprgmgy + X8l 21y » A, B € 2

But, this is just the inequality of 2), because it is not difficult to see that
Ixa + x5l L1y = Il (AU B) + [[m]| (AN B).

2) = 1). First we are going to prove that for all f € L'(||m|), A € ¥ and a € R,
we have

1f + aXAHLl(HmH) < HfHL1(||m||) + HGXAHLI(IImII) ' (9)

Obviously we can assume f > 0 and a > 0. Then
1f + axall g gy

= [CIm a0l > axe + [l (7 xa > = auly > hary
< [ iy + i 7 > ) axeo
= [Tl x> e axO + [l 17 x> = aarin

n / Il (If > 1)) dA(t) — / S lml (1 - xa > ) dA)
- / mll(A)dA) + / Tl (1F > ) AN = 1l gy + laxall g -

Note that we have used in the above inequality the following equality
S ml (Lf - xa >t = al) dA@) = [ lm]l ([f - xa > ul) dA(w).

Now we are going to prove that for all f € L!(||m]|) and all simple function ¢, we
have

1f+ @l < W ey + N2l 1y - (10)
Once again we can assume that f > 0 and ¢ > 0. Then, write ¢ = > 7_, arxa,,
where ay,...,a, >0, and A; D --- DO A, are measurable sets. It is easy to obtain

that @l L1 gy = k=1 @ llm|l (Ax). Having in mind (9) we have

1f+ 90||L1(||m||) < ||f||L1(||mH) + Z ||akXAk||L1(||m||) = ||f||L1(||m||) + ||90||L1(Hm||) :
k=1

Finally, as the simple functions are dense in the space L!(||m]|), we have from

(10) that |[f + gl pmpy < N peqmpy + 19122 (pmyy» for all £, g € Li([fm]]), and
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Remark 3.11. The condition 2) in the above proposition is usually called the
inequality of strong subadditivity [2, pp. 131-132]. Under this condition, the quasi—
Banach space L'(||m]|) is, in fact, a Banach space. In particular, the measure
considered in Example 3.9 satisfies the strong subadditivity inequality, and so the
corresponding space L'(||m]|) is a Banach space. For a general vector measure, it
is possible to see that the quasi-Banach space L!(||m/||) has a separating dual, but
we don’t know in general if it is normable.
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