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1. Introduction

A standard form of convex programming problem [7, 21] in the absence of data
uncertainty is the problem

(P)  inf f(z)
st. gi(r) <0,i=1,...,m,

where f,g; : R" — R, ¢ = 1,2,...,m, are convex functions. The convex pro-

gramming problem (P) in the face of data uncertainty in the constraints can be
captured by the problem

(UP) inf f(x)
sit. gi(z,v;) <0,i=1,...,m,

where g; : R" x R? — R, ¢;(-,v;) is convex and v; € R? is the uncertain parameter
which belongs to the uncertainty set V; CR?, i =1,...,m.

The robust counterpart [4] of the uncertain convex programming problem is the
problem

(RP) v(RP) := inf f(z)
s.t. gi(ZE,Ui) < O, Vvi S Vi, 1= 1, e,

where the constraints are enforced for all uncertain parameters v; € V;, 1 =
1,...,m.

On the other hand, the Lagrangian dual of the uncertain convex program (U P) is
the uncertain problem

(DUP) sup inf {f(a:) + Z )\igi(:c,vi)} :

;>0 TeR™

The optimistic counterpart of this dual problem is the program

(OLD)  v(OLD):= sup xlelgn {f(:c) + Zl )\igz‘(xavz)} ;
v; €V, =

where the supremum of the values of (DU P) is taken over all uncertain parameters
v; €V, i =1,...,m. By construction, the primal worst value, v(RP), is greater
than or equal to the dual best value, v(OLD). Symbolically, v(RP) > v(OLD).

The duality gap between the robust counterpart (RP) and the optimistic counter-
part (OLD), is defined as the difference between the primal worst value and the
dual best value, i.e.,

duality gap = v(RP) —v(OLD).
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Thus, zero duality gap in robust convex programming means that the primal worst
value equals the dual best value.

that the robust counterpart of uncertain convex optimization problem is indeed
a semi-infinite convex optimization problems, and so, a duality gap may exist in
general.

Recently, strong duality was established in [2, 11] between (RP) and (OLD) in

the sense that v(RP) = v(OLD) with the attainment in (OLD) (i.e. v(RP) =

v(OLD) = max x>0 infyepn{f(2)+> " Nigi(z,v;)}). Thus, strong duality ensures
v; EV;

that the primal worst value equals the dual best value. However, the converse is
often not true. For a simple one dimensional example, let f(z) = x and g;(z,v;) =
r?+v; where vy is uncertain and v; € V; = [—1,0]. Then, v(RP) = inf{x : 2°+v; <
0,Vov; € [-1,0]} =0 and

—0Q, if /\1 = 0,

inf{z + \i(2® +v1)} =
infiz+ Afz” 4+ o)} {_ﬁJrAm, if Ay > 0.

So, v(RP) = v(OLD) = 0 but the value v(OLD) is not attained. Indeed, strong
duality may fail frequently for a robust program which is a semi-infinite convex
program, while the duality gap is zero.

The purpose of this paper is to identify the classes of robust convex programs which
do not have a duality gap. Identifying such programs is significant because it not
only shows that for these problems the primal worst value always equals the dual
best value but also points the way to the calculation of the primal worst value by
way of examining the value of the optimistic dual which may be computationally
tractable.

We show that (1) convex programs with separable convex inequality constraints
under scenario uncertainty, (2) convex optimization problems with faithfully con-
vex inequality constraints under scenario uncertainty and (3) convex programs
with quadratic inequality constraints under spectral norm uncertainty, exhibit no
duality gap. We achieve this by first presenting a constraint qualification charac-
terizing zero duality gap between the robust counterpart (RP) and the optimistic
counterpart (OLD), and then verifying that these classes of robust convex pro-
grams satisfy the constraint qualification. The verification employs known results
of standard convex programs without a duality gap [1, 15, 20].

The organization of the paper is as follows. In Section 2, we review some basic
concepts of conjugate function and collect several results of conjugate analysis that
will be used later in the paper. In Section 3, we develop conditions characterizing
zero duality gap between the robust counterpart (RP) and the optimistic coun-
terpart (OLD). In Section 4, we present three classes of robust convex programs
without a duality gap.
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2. Preliminaries on Conjugate Analysis

We begin this section by fixing notation and preliminaries of convex analysis.
Throughout this paper, R™ denotes the Euclidean space with dimension n. The
inner product in R” is defined by (z,y) := 27y for all 2,y € R”. The nonnegative
orthant of R" is denoted by R’} and is defined by R%} = {(z1,...,2,) € R" : z; >
0}. For a set A in R”, the interior (resp. closure, convex hull) of A is denoted by
int A (resp. cl(A), co A). The set A is a cone if A\A C A for all A > 0. We say A is
convex whenever pua; + (1 — p)ay € A for all p € [0,1], a;,ay € A. The indicator
function 64 : R® — R U {+o0} is defined by

64() o= {o, if 7 € A, W

400, otherwise.

For an extended real-valued function f on R"™, the effective domain and the
epigraph are respectively defined by dom f := {z € R" : f(z) < +oo} and
epi f:={(x,r) € R" x R: f(x) < r}. We say that f is proper if f(x) > —oo for
all z € R™ and dom f # (. Moreover, if liminf, ., f(2') > f(x) for all z € R™,
we say f is a lower semicontinuous function. A function f : R™ — R U {400} is
called a separable function on R™ if

f(x) :Zgl(xl), r=(T1,...,Ty) €ER™ (2)

for some proper lower semicontinuous functions g; on R (1 <1 < m). Clearly, any
affine function is a separable function. A function f : R" — RU{+o0} is said to be
convex if for all € [0,1] f((1 —p)x+py) < (1—p)f(z)+pf(y) for all z,y € R™.
As usual, for any proper convex function f on R”, its conjugate function f*: R" —
RU{+o0} is defined by f*(z*) = sup,epn{(z*, z) — f(z)} for all z* € R™. Clearly,
f* is a proper lower semicontinuous convex function and Aepi f* = epi(Af)* for
any A > 0. If fi, fo are two proper lower semicontinuous convex functions, then
we have

epi(fi + f2)" = cl(epi f{ +epi fy). (3)

Furthermore, the closure is superfluous if (int dom f;) N dom f; # 0. For details
see [19, 21]. For any proper lower semicontinuous convex functions fi, fo,

fi<fe e fi>[; < epiff Cepifs. (4)

Lemma 2.1 (cf. [10, 16]). Let I be an arbitrary index set and let f;, i € I, be
proper lower semicontinuous convex functions on R™. Suppose that there ezists
xo € R™ such that sup;c; fi(zo) < 0o. Then

epi(sup f;)* = cl(co|_Jepi f7),

= iel

where sup,c; fi : R — R U {+o0} is defined by (sup,c; fi)(x) = sup,e; fi(x).
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3. Characterizing Primal Worst Equals Dual Best
In this section, we develop constraint qualifications which characterize the zero
duality gap property. Let U = II7*,V;. For each v = (vy,- -+ ,v,,) € U, we define
the function g, : R* — R™ by
go(x) = (g(z,01), -+ g (2, 0m))
and the feasible set of the robust counterpart (RP) by
F:=A{x:g(x,v) <0, Vv, €V;,i=1,...,m}.

Definition 3.1. The function ¢°: R" — R U {+oc} is defined by

g°@) = if ((hg.)) (@)

velU

The function ¢° is called the characteristic function whereas epi¢® is called the
characteristic cone as they are used to characterize zero duality gap for robust
convex programs.

It is worth noting that for any v € U and any A € R, 0p > (A, g,). So, by taking

conjugation, for each z* € R",

(") < ((A g0))"(27)

Thus, ¢° serves as a majorant to the support function of F' in the sense that, for
each x* € R",

Oop(¢") < inf ((A, g0))"(27) = g°(27). (5)

m
AERT
velU

Moreover, it easily follows from the Definition 3.1 that

L epi({X, g0))" Cepig® Cel (| epil(A g0))). (6)

AERT AERT
velU velU
Theorem 3.2. Let g; : R" xRY - R, 1 =1,...,m, be continuous functions such

that for each v; € RY, g;(-,v;) is a convex function. Let F' = {x : g;(x,v;) <
0, V’UZ‘ EVi,i: 1,,m}7é(2) Then

(i) epig® is a cone.

(i) epid} = cl(co(epig®)).

Proof. Clearly,
g°(0) = inf ((X,g.,))"(0) = — sup inf (X, g,(z)) < — inf (0, gu(x)) = 0.

XERT AERT reR™ zeR™
vel velU

That is, (0,0) € epig®. Let 2* € R™ and a > 0. Then,

g°(az™) = Ale%iﬂ (N g0) (az*) = a Qgﬂirfn <<1)\79v>> (%) = ag®(z").
vet v NN
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So, epi g® is a cone.

To establish (i7), note from (5) that epig® C epid}.. Since epidy is a closed and
convex subset of R"*!, it follows that

cl(co(epig®)) C epid. (7)
On the other hand, as 0p = supiezy (A, gy), it follows from Lemma 2.1 that
velU
epidy = cl(co U epi((A, gu))"). (8)
AERKL
velU

Moreover, (6) gives us that

epig® 2 | epi((A gn)".

m
)\GR+

velU
So,
cl(co (epig®)) D cl(co U epi((A, gu))") = epidy.

m
A6R+

velU

This together with (7) implies that epid} = cl(co (epig®)). O

We now see that if g;(z, -) is concave and V; C R? is convex then epi g° is a convex
cone.

Proposition 3.3. For each 1 = 1,...,m, let V; C R? be convex and let g; :
R™ x R? — R be continuous. Suppose that, for each v; € R, g;(-,v;) is convex
on R™ and, for each x € R", g;(x,-) is concave on V;. Then, the cone, epig®, is
COMVEL.

Proof. To complete the proof, it is sufficient to show that co(epig®) C epig®.
Now, let (z*,7) € co(epig®). As co(epig®) is a cone of dimension n + 1, from
the Carathédory theorem [21, Theorem 17.1, p. 155], there exist (z}, ;) € epig®,
l=1,...,n+ 2, such that (z*,r) = 7+12($l,m) Then for each [ =1,...,n+ 2,
g°(x7) <, that is,

g°(xp) = inf ((A go))"(a7) <70

XE]RT

velU
Hence, for each [ = 1,...,n and g > 0, there exist ' = (A\,--- /| AL) € RT and
ol = (v, 0l ) e TIm 1V such that ((\!, g, ))*(z}) < r; + &, that is,

(ZL‘?,Tl +€l) € epl (Z /\ig(ﬂ}i)) .

i=1
So,

n+2 n+2

n+2 *
Z x],r + &) Zepl (Z Mgi(-, vl ) Zepl (Z Agi(- vl ) . (9
=1
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Let \; = 1”:12 AL > 0. Now, we show that, for each i = 1,...,m, there exists
v; € V; such that, for each x € R",

n+2

Z)\lgl ) < Nigi(z,v;). (10)

If \; =0, then A\l =0 foralll=1,...,n+ 2, and so, (10) holds for any v; € V;.

(W)
If \; > 0, then let v; = ?:12 A/\Z’ Because V; is convex, it follows that v; € V.
Since g;(z,-) is a concave function, for each x € R™ and for each i = 1,...,m,
n+2 n+2 )\l l n+2 )\Z'Ul
Z)‘zgl Z ﬁ%(%”i) < Aigi %Z ;\42 = Aigi(@, v;).
=1 " =1

So, (10) holds, and thus, epi (Z"+2 Agi(-,v1)" C epi(Nigi(-,v:))*. Now it follows
from (9) that

n+2 m m *
Z(l’?ﬂ“z +e&) € Zepi (Aigi('avi»* C epi (Z AiQi('a”i)) . (11)
=1 =1 =1

Letting (1, -+ ,€p42) — (0,---,0) in (11), we obtain that

(‘T*7 T) S epl <Z )\Zgz(7 Ul)) g epl g<>’
i=1
which completes the proof. O

The following lemma, which provides basic characterizations of the zero duality
gap property, will be useful in deriving a constraint qualification characterizing
the same property.

Lemma 3.4. Consider the problems (RP) and (OLD). Suppose that v(RP) is
finite. Then the following statements are equivalent:
(i) w(RP)=v(OLD,).
(1) (Ve>0) BAeR?,velU) VxeR") f(z)+ 3", Nigi(z,v;) > v(RP) —e.
(11i) (Ve>0) (0, —=v(RP)) € Unrerp epi(f + (N, gv))*

velU
Proof. [(i) & (ii)]. As v(RP) > v(OLD) always holds, v(RP) = v(OLD) is
equivalent to v(RP) < v(OLD), which means that

UEV

which is in turn equivalent to (7).
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[(i1) < (7i1)]. Observe that (i7) is equivalent to the property: for each € > 0, there

exist A = (A,---,Ap) € RT and v = (v1,- -+, v,) € U such that
(F + (X)) (0) = = nf (F + (A g)) (@) = = inf (f + (A gu))(&) < ¢ — o(RP)
which is in turn equivalent to (7i). O

Theorem 3.5 (Primal Worst equals Dual Best: Characterizations). Let
gi :R"XR? - R, i=1,...,m, be continuous functions such that for each v; € R?,
gi (-, v;) 1s convex. Let V; C R, for eachi=1,--- ,m, and let F :={x : g;(x,v;) <
0,Vv; € Vi, i=1,...,m} # 0. Then the following statements are equivalent.

(i) epig®, is convex and closed.

(i1)  For each continuous conver function f on R™,

inf{f(x) : gi(z,v;) <0, Vv, € Vi, i=1,...,m}

sup xlerﬁw{f(xﬂ; gi(x v)}

v; €V,
(iii) For each affine function f on R™,

inf{f(x) : gi(z,v;) <0, Vv, € Vi, i=1,...,m}

= inf Aigi(@, v;) o
31125 mle%n{f(xH; gi(@ v)}
v; €V =

Proof. [(i) = (i7)] To see this, fix an arbitrary continuous convex function f on
R™. If v(RP) = —oo then v(RP) = v(OLD) by weak duality which always holds.
As F # (), we assume without loss of generality that v(RP) € R. The conclusion
(27) will follow from Lemma 3.4(#ii) if we show that for each € > 0,

0.c~o(RP) € | epilf+ (\g)" (12)

m
AER+

velU

Since v(RP) = inf,cp f(z), (0,—v(RP)) € epi(f + 0r)*. Observe that epi(f +
dr)* = epi f* + epid}. So,

(0,—v(RP)) € epi f* + epidy. (13)
Using Theorem 3.2(i7i) and assumption (i), we obtain that
epidy. = cl(co (epig®)) = epig®.
Combining this with (13) gives us that (0, —v(RP)) € epi f* +epig°. Now, we can
find (a*, o) € epi f* and (b*, 5) € epig® such that a*+b* = 0 and o+ = —v(RP).
Since (b*, 3) € epig°, it follows that
g° () = inf ((\.g.))"(0) < 6.

m
A€R+

velU
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So, for each € > 0. there exist Ac € R and v® € U such that ((A¢, go<))*(b*) < f+e.
Then, (b*, 3+ €) € epi({A, gv=))* and hence

(0,6 —v(RP)) = (a",a) + (b", 5 +¢)

€ epl f* + epi(</\ea gv5>)* g epl(f + <)\eagv5>)*-
where the last inclusion follows from (3). Thus (12) follows and so (iz) holds.
[(i1) = (4i7)] This implication directly follows.
[(i13) = (i)] Let (a,7) € cl(co(epig®)). To complete the proof, it is sufficient to
show that
(a,7) € epig”. (14)

In fact, by Theorem 3.2(éi7), epidy = cl(co (epig®)) and so («,r) € epidf. This
gives that 6 () < r, that is,

xseuﬂg{(oz,x) —op(x)} <,

which implies that
—alz+7r>0 foreach z € F. (15)

Define the affine function f : R® — R by f(z) := —a®x + r. Apply assumption
(7i) to f and using (15), we obtain that

sup inf {f(m) + Z)\igi(x,vi)} =inf{f(x): 2z € F} > 0.

A;>0 TER™
v; EV;
Hence, for each € > 0, there exist A* = (A],---,A5,) € R and v® = (v, -+ ,v5,) €
IT",V; = U such that, for each z € R",
—aofz+r+ Z X gi(x,v7) > —e.
i=1
That is, for each z € R,
aolz — Z X gi(x,v5) <r+e,
i=1
and so, ((A%, gue))* () <r+e. As g° < ((N%, gpe))*, we have
¢ (o) <r+e. (16)
Letting ¢ — 0 in (16), we get ¢°(a) < r. Thus, («,r) € epig® and so (14)
holds. [
Corollary 3.6. Let g; - R" xR? - R, i =1,...,m, be continuous functions such
that gi(-,v;) is convez for each v; € RY and g;(x,-) is concave for each v € R". Let
V; C R? be convex, for each i = 1,--- ,m, and let F' := {x : g;(x,v;) <0, Vo; €

Vi,i=1,...,m} # 0. Then the following statements are equivalent.



386 V. Jeyakumar, G. Li, J. H. Wang / Some Robust Convex Programs ...

(i) epig® is closed.
(i1)  For each continuous conver function f on R™,

inf{f(x) : gi(z,v;) <0, Vv, € Vi, i=1,...,m}

sup xlerIan{f(m)Jr; gix v)}

v; €V,
(iii) For each affine function f on R™,

inf{f(x) : gi(z,v;) <0, Vv, € Vi, i=1,...,m}

sup wlerin{f(m)Jr; gix v)}

v; €V,
Proof. The conclusion follows from Theorem 3.5 and Proposition 3.3. ]

From (6), we see that epig® is closed whenever Jaezm epi({A, g,))* is closed. On
velU

the other hand, as shown in [11], the robust Slater condition that there exists
xo € R™ such that g;(zg,v;) <0, Vv, € V;, i =1,...,m, guarantees that the set

Uxerm epi((A, gv))* is closed. Thus, if we assume the robust Slater condition and
vel

the concavity of g;(x,-) for each i = 1,...,m, then the primal worst value equals
the dual best value. This can also be seen from the result of Beck and Bental
2] and Jeyakumar and Li [11] and the fact that robust strong duality implies the
zero duality gap property between the robust counterpart (RP) and the optimistic
dual (OLD).

Additional sufficient conditions (e.g. compactness of the robust feasible set and
concavity of v; — g¢;(x,v;)) which ensure that epig® is closed and convex can be
found in the appendix.

The following example illustrates the case where for a robust convex programming
problem the characteristic cone epig® is a closed and convex cone and the zero
duality property holds whereas strong duality fails.

Example 3.7. Consider the convex programming problem with data uncertainty

inf S{xl w3120 2y <0, —vow9 <0, —x3 +v3 < 0},

r=(z1,22,23)ER

where vy, v9,v3 are the uncertain parameters, and v; € [0,1], v, € [0.5,1] and
vs € [0,1]. Let f(2) = 21+ 23, 1 (2, 01) = 0177 + 22, G2(T, V) = —vaT2, g3(T, v3) =
—x3 +v3, Vi = [0,1], Vo = [0.5,1] and V3 = [0,1]. We now verify that epig® is
closed and convex. To see this, we first note that, for each (A1, X2, A3) € R3 and
v; € Vi, 1= 1,2,3,

3 * '
)\U+5 1—A2v2 -T*a if \qv :07
i=1

)\3’(}3 + ﬁ + 5{ 1 }X{)\li)\Qw}X{)\g}(l'*), if )\11)1 7£ 0.

2Xjvy
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This shows that, for each z* € R3,
3 *
go(a") = inf < Aig('vvi)> (%) =0,
i=1

AER3 ve[T_, Vi

and so, epi g® is closed and convex. So, by Theorem 3.5, there is no gap between
the value of the robust counterpart and the value of the optimistic dual. Indeed,
the feasible set of the robust counterpart is

F= {(I’l,l‘g,f&}) :gi('ravi) S 07 v v; € VZ}
= {($1,$2,$3) . Ull'% + T2 < 0, W U1 € [O, 1], —V2X9 < O,
i Vg € [05,1], V3 — T3 S 0, A V3 € [0, 1]}
= {(0,0,z3) : 3 > 1}.

So, the value of the robust counterpart of the primal problem is

v(RP) := irigg{f(x) cgi(x,v) <0, VeV, i=1,2,3} = 1.
e
On the other hand, for each (A, Ao, A3) € RY and v; € V;, i =1,2,3,
3
inf . ‘
zlenR3 {f(:b‘) + ZZ:; )‘zgz(xva)}

= iergs{xl + x5+ )\1(1)1:17? + x9) + Ao(—voms) + A3(vg — x3)}

— ieans{)\llei + I —I— (/\1 — )\QUQ)ZL‘Q —I— (1 — )\3)1’3 + /\3?}3}

—0Q, if )\3 ;é 1,
) T, if A; # Aavy,
B —0Q, if )\11)1 == O,

_4,\;1 +ws, if Ay = Avg, Mg # 0 and A3 = 1.

So, the value of the optimistic dual is

v(OLDy) := sup inf {f(x) + Z /\gi(x,vi)} =1,

Xi>0,v;€V; TER?

and the supremum in v(OLD;) is not attained. Hence, zero duality gap holds
between the robust counterpart and the optimistic dual while strong duality fails.

4. Robust Convex Problems without a Duality Gap

In this section, we provide classes of uncertain convex optimization problems with-
out a duality gap. We begin this Section by examining convex programming prob-
lems with convex separable constraints under scenario uncertainty [4].
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4.1. Separable inequality constraints & scenario uncertainty

Consider the following convex optimization problems with separable inequality
constraints under scenario uncertainty

(SP)  min f(z)

z€eR™

st gi(z,v) <0, i=1,...,m,

where g;(z,v;) = ¢P(z) + D7, vigi(x) where ¢, i = 1,...,m and s = 0,...,q,

s=1 "1
are all continuous convex separable functions and the uncertain parameter v; =
(v}, ..., v1)T € R? belongs to the scenario uncertainty set Z; := co{w, . .., w;p, }

where p; € Nand w;; € R, j=1,...,pandt=1,...,m.

We shall apply the results in the preceding section to show that the zero duality gap
property holds for the convex optimization problems with separable inequalities
constraint under scenario uncertainty. To do this, let us recall the following zero
duality gap result of Tseng [20] which shows that separable convex programming
problems without data uncertainty have no duality gap.

Lemma 4.1 ([20, Theorem 1]). Let f and g; (1 < i < m) be proper lower
semicontinuous separable convex functions on R"™ with dom f C (", domg; and
dom f N (N, {x € R": g;(x) <0}) # 0. Then,

inf{f(z) : gi(z) <0, i=1,...,m} =sup inf {f(x) + Z)\Zgl(x)} :

Ai>0 reR™

Theorem 4.2. For the problem (SP), let F' := {x : gi(z,v;) <0, Yv; € Z; i =
1,...,m} #0. Then, for each continuous convex function f on R",

Hlf{f(.ﬁl}) : gi(fL',UZ') < O, \V/’Ui S Z,L 1= 1, ce ,TTL}

= sup inf {f(x) + Z Aigi(z, vz)} :

A >0,0;€2; TER™

Proof. The conclusion will follow from Theorem 3.5 if we show that epig®, is
convex and closed. This will follows if we can verify that epig® = epidj. As

gi(x,) is affine and wyy, . .., w;,, are the extreme points of Z;, we have
sup gi(x7vi) = max gl(xawZ])a 1= 17 cee, M.
v €Z; 1<j<p:

So,

F={x:g(r,wy;)<0,i=1,...,m, j=1,...,p}.

Fix an arbitrary affine function ¢ on R™ and consider the following convex opti-
mization problem with separable inequality constraints

(R)  v(Fy) = inf a(z)

st gi(r,wy) <0, i=1,....m, y=1,...,p,
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and its dual

(Do) v(Dyp) := sup inf {a(m) + Z )\ijgi(x,wij)}.

>0 z€ER™
Aij >0 1<i<m,1<5<p;

Note that g;(x,w;;) are all separable functions, Lemma 4.1 gives us that v(Fp) =
v(Dy) for each affine objective function a. Applying Theorem 3.5 with the singleton
uncertainty set, we obtain that epiinfy,;>o (Z1gigm,1g]‘§2q Aijgi(-, wl-j))* is closed
and so,

epidy = epi)\in>f ( Z )\ijgi('>wij)> :

7= \1<i<m,1<j<p;

Now, we show that

epi Agg()( > Aijgi(-,wm) C epig”.

1<i<m 1<j<p;

To verify this, take (z*,7) € epi infy,>0 <Zl§i§m,l§j§pi Nijgi(-, wij)> . Then

1<i<m, 1<5<p;

and so, for each k € N, there exists /\i-“j > 0 such that
k ' * 1
> Mgilwy) | (@) <r+ T
1<i<m,1<j<p;
That is, for each z € R"”

(@ a)— YA <9? () + ) wiol ($)>

1<i<m,1<j<p;

= (z",x) — Z /\f”jgi(x,wij)

1<i<m,1<j<p;

< 4 1
r 7
- k
where w;; = (wjj, ..., w)" € RY. Let Af =3 1<j<p; Ay, 1< i <m and

T

k1 k4

E (g VT 2gj<p AW 21gjp AW c 7z

'i g ey ’L «— )\k‘ g ooy )\k 73
(] (]
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we obtain that, for each z € R,

o) =t = o) - 3 ()4 Dbt

1<i<m

= (" 2)— > N (9?(56) +wajgf(l’)>

1<i<m, 1<5<p;

This implies that

As ¢° < (327 Mrgi(+,vF))*, we obtain that g°(z*) < r 4 £. Letting k — oo, we
see that (z*,r) € epig®. So,

epi 0y, = epi inf ( > )\ijgi('>wij)> C epig®.

Y= \1<i<m, 1< <p;

Note that epi g® C epid} always holds. Hence epid}. = epi¢®. Thus, the conclusion
follows. O

4.2. Faithfully convex constraints & scenario uncertainty
Recall that a real valued function & is said to be faithfully convex (cf. [21]) if
h(x) = 6(Az+b) + Tz + 6,

where ¢ : RP — R is a strictly convex function, A : R” — RP? is a linear transform
and b € RP, [ € R", § € R. Consider the following convex optimization problem
with faithfully convex inequality constraints under scenario uncertainty

FP i

(FP)  min f(z)

st. gi(z,v) <0, i=1,...,m,

where f is a convex function, g;(z,v;) = ¢(x) + Y.7_, vigi(x) where ¢f, i =
1,....,mand s =0,1,...,q, are all faithfully convex functions and the uncertain

parameter v; = (v},...,v!)T € R? belongs to the scenario uncertainty set Z; :=

co{wi, ..., wip,} where p; e Nand w;; € R?, j=1,...,p;andi=1,...,m.

To establish the desired result, we need the zero duality gap result for weakly
analytic convex programming problems without uncertainty. Recall that a real-
valued convex function f on R” is called weakly analytic whenever the function
f takes a constant value on a nonempty open interval, it takes the same constant
value on the whole line containing this interval. The class of weakly analytic
function was first introduced in [15] and has been investigated thoroughly in [1].
Clearly, any analytic function is weakly analytic. Moreover, any faithfully convex
function is also weakly analytic (cf. [1, 22]).
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Lemma 4.3 (cf. [1, Theorem 5.4.2]). Let f and g; (1 < i < m) be weakly
analytic convex functions. Then

inf{f(z) : gi(z) <0, i=1,...,m} =sup inf < f(z)+ Z)\Z—gi(:ﬁ) :
A:i>0 zeR™ i1
The following theorem shows that the robust zero duality gap property holds for
convex optimization problems with faithfully convex inequality constraints under
scenario uncertainty.

Theorem 4.4. For problem (FP), let F' = {x : gi(z,v;) < 0, Yv; € Z; i =
1,...,m} # 0. Then, for each continuous convex function f on R",

inf{f(x) : gi(x,v;) <0, Yo, € 2z, i =1,...,m}

= sup inf {f($)+z)\i9i($avi)}'

A\ >0,0;,€7; TER"
Proof. The proof is similar to Theorem 4.2 and so is omitted. ]

It is worth noting that the preceding Theorem is indeed true when g; are all weakly
analytic convex functions.

4.3. Quadratic constraints & spectral norm uncertainty

Recall that S™ denotes the space of all the symmetric (n x n) matrices and that
M > 0 means that M is positive semidefinite. Consider the following convex
optimization problem with quadratic inequality constraints under spectral norm
uncertainty [2, 4]

(@QP)  min f(z)

TzER™
1
s.t. §£L'TBZJJ—|—bZTZE+ﬁZ§O, izl,...,m,

where the matrix B; € S™ are uncertain and they belong to the spectral norm
uncertainty set V; = {B; + A; 1 A; € S [|Ai]lspec < pi} with B; = 0 and p; > 0.
Here the spectral norm ||Al|spec of a matrix A € S™ is defined as [|Al|spec =
(Amax (AT A))Y2 where Apax is the maximum eigenvalue. This problem can be

equivalently rewritten as a form of our model problem (P) by identifying S™ as

R™5™ and letting g;(z, B;) = 327 B;z + b] x 4 3; where the uncertain parameter

n(n+1

B;e S" = 5~ We assume that for each B; € V;, gi(w,-) is convex.

Theorem 4.5. For the problem (QP), let F := {z : g;(z,B;) <0, VB; € V;, i =
1,...,m} # 0. Then, for each continuous convex function f on R",

inf{f(r): gi(x,B;) <0, VB; €V;, i=1,...,m}

) | LS W
= sup xlel%gn{f(x)—l—zzl)\l (El’ Bzx—kbix—l—ﬁz)}-

Xi>0,B;€V;
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Proof. We divide the proof into the following two cases: Case 1. p; = 0 for all
i=1,...,m; Case 2. There exists ig € {1,...,m} such that p;, > 0.

Suppose that Case 1 holds. Then, the problem is free of uncertainty. Note that
a convex quadratic function is analytic convex and so, is weakly analytic. So the
conclusion follows by Lemma 4.3.

Suppose that Case 2 holds. Then, the robust feasible set F is compact as By, + pi, I
is positive definite and

1 _
F C {$Z§$TB x+bTx+ﬁZO<0VBiOEViO}

1 . —
- {x : §«TT<BZ'0 + pigln)x 4+ bz + By < 0}

Thus Proposition 4.6 gives us that epig® is closed and convex. Therefore, the
conclusion follows. O

Appendix: Additional Constraint Qualifications

In this Section, we provide additional sufficient conditions ensuring that the char-
acteristic cone epi g° is closed and convex.

Proposition 4.6. Let g; : R" XxR? — R be continuous. Suppose that x — g;(x, v;)
is convex for each v; and that v; — g;(x,v;) is concave for each x € R". Assume
that the robust feasible set F' := {x : g;(x,v;) <0, Yv; € Z;, i = 1,...,m} is
compact and nonempty. Then, epig® is closed and convex.

Proof. We show that epi g° = epid}. To see this, define g;(z) = max,,cz, gi(x, v;).
For any affine functions w(z), consider the following convex optimization prob-
lem min{w(z) : g;(z) < 0,4 = 1,...,m} and its dual max)>omingern{f(z) +
Yo Nigi(z)}. As the feasible set of the primal problem F' is compact, the stan-
dard zero duality gap holds [21], i.e

A >0 zeR™

min{w(z) : g;(x) <0,i=1,...,m} = max min {w(x) + Z )\igi(x)} :

Applying Theorem 3.5 with the singleton uncertainty set, we see that
epidy = epi mf ( Z )\Zgz>
= \i<i<m

Next, we show that

epi mf ( Z )\zg,) C epig®.

- 1<i<m
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To verify this, take (2%,7) € epiinfy, >0 (31 <j<p, Aifi) " Then infy >0 (321 <<, Aidi) "(27)
< r, and so, for each k € N, there exists \¥ > 0 such that (Z1gigm Mg (%) <
r+ % Thus, for each x € R"

sup min {(w*,x}— Z )\fgi(as,vi)}

rER™ (vlv ,Um)EHZ 1

1<i<m
= sup R (x )\ max g;(x, v;
o )= 3 o maten)
1
—@ha) = S Nae) <t
)= Y M) <+ )

1<i<m

Define h(z,v) = —(z*,2) + > _;c,, Migi(2,v;). Then, x +— h(z,v) is convex and
v — h(x,v) is concave. By the minimax theorem [21], we have

inf max h(z,v) = max inf h(z,v).
TER™ (v1,...,um) €[4 Z; (1, um)€E[TL, Zy 2€R™

So,

(v, om) €I Zi zeRn

1
min_ sup {<x*,x>— 3 Afgxx,vi)} <rto

and hence, there exist vf € Z; such that

' 1
Mg (- oF *) = k. i
(Z zg(,vz)) (%) = felﬁ{%{ — Y Mgl } o
1<i<m 1<i<m

This shows that ¢°(z*) = infy>0umez (Oim, Nigi(z,v:))" (%) < r. So, (z*,7) €
epi ¢°, and hence

>0
20\ cicmicj<an

epidy = epi mf ( Z )\ijgi(-,vij)> C epig®.

Note that epig® C epid}. always holds. It follows that epidj. = epig®. Thus, the
conclusion follows. O

References

[1] A. Auslender, M. Teboulle: Asymptotic Cones and Functions in Optimization and
Variational Inequalities, Springer Monographs in Mathematics, Springer, New York
(2003).

[2] A.Beck, A. Ben-Tal: Duality in robust optimization: primal worst equals dual best,
Oper. Res. Lett. 37 (2009) 1-6.

[3] A. Ben-Tal, A. Nemirovski: Robust optimization—-methodology and applications,
Math. Program., Ser. B 92 (2002) 453-480.



394 V. Jeyakumar, G. Li, J. H. Wang / Some Robust Convexr Programs ...

[4] A. Ben-Tal, L. E. Ghaoui, A. Nemirovski: Robust Optimization, Princeton Series
in Applied Mathematics, Princeton University Press, Princeton (2009).

[5] A. Ben-Tal, A. Nemirovski: Selected topics in robust convex optimization, Math.
Program., Ser. B 112 (2008) 125-158.

. Ben-Tal, S. Boyd, A. Nemirovski: Extending scope of robust optimization: com-
6] A. Ben-Tal, S. Boyd, A. Nemi ki: E di f robust optimizati
prehensive robust counterparts of uncertain problems, Math. Program., Ser. 107(1—

2) (2006) 63-89.

[7] S. Boyd, L. Vandenberghe: Convex Optimization, Cambridge University Press,
Cambridge (2004).

[8] T. Champion: Duality gap in convex programming, Math. Progam., Ser. A 99
(2004) 487-498.

[9] V. Jeyakumar: Constraint qualifications characterizing Lagrangian duality in con-
vex optimization, J. Optim. Theory Appl. 136 (2008) 31-41.

[10] V. Jeyakumar, G. M. Lee, N. Dinh: New sequential Lagrange multiplier condi-
tions characterizing optimality without constraint qualification for convex programs,

SIAM J. Optim. 14 (2003) 534-547.

[11] V. Jeyakumar, G. Li: Strong duality in robust convex programming: complete
characterizations, SIAM J. Optim. 20 (2010) 3384-3407.

[12] V. Jeyakumar, G. Li: Characterizing robust set containments and solutions of un-
certain linear programs without qualifications, Oper. Res. Lett. 38 (2010) 188-194.

[13] V. Jeyakumar, G. Li: Stable zero duality gaps in convex programming: complete
dual characterisations with applications to semidefinite programs, J. Math. Anal.
Appl. 360(1) (2009) 156-167.

. Jeyakumar, G. Li: New dual constraint qualifications characterizing zero duality

14] V. Jeyak G. Li: New dual i lificati h izi duali
gaps of convex programs and semidefinite Programs, Nonlinear Anal. 71(12) (2009)
2239-2249.

[15] B. Kummer: Stability and weak duality in convex programming without regularity,
Wiss. Z. Humboldt-Univ. Berlin, Math.-Naturw. R. 30(5) (1981) 381-386.

[16] C. Li, K. F. Ng, T. K. Pong: Constraint qualifications for convex inequality systems
with applications in constrained optimization, STAM J. Optim. 19 (2008) 163—187.

[17] C. Li, D. H. Fang, G. Lépez, M. A. Lépez: Stable and total Fenchel duality for
convex optimization problems in locally convex spaces, STAM J. Optim. 20 (2009)
1032-1051.

[18] G. Li, V. Jeyakumar: Qualification-free optimality conditions for convex programs
with separable inequality constraints, J. Convex Analysis 16(3&4) (2009) 845-856.

[19] G. Li, K. F. Ng: On extension of Fenchel duality and its application, STAM J.
Optim. 19 (2008) 1489-1509.

[20] P. Tseng: Some convex programs without a duality gap, Math. Progam., Ser. B 116
(2009) 553-578.

[21] R. T. Rockafellar: Convex Analysis, Princeton Univ. Press, Princeton (1970).

[22] R. T. Rockafellar: Ordinary convex programs without a duality gap, J. Optim.
Theory Appl. 7 (1971) 143-148.



