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In this paper we define the Santald-region and the Floating body of a log-concave function on
R™. We then study their properties. Our main result is that any relation of Floating body and
Santald region of a convex body is translated to a relation of Floating body and Santald region
of an even log-concave function.

1. Introduction

In R"™ we fix a scalar product (-,-). A convex body in R™ is a compact convex set
which includes 0 in its interior. We denote by Bj the Fuclidean unit ball of radius
1 in R, namely By = {& € R" : Y, 27 < 1}. We let the boundary of the ball,
namely the unit sphere, be denoted by S"~!. We call a body centrally symmetric
if K = —K.

Let K be a convex body in R™. For z € int(K), the interior of K, let K* be the
polar body of K with respect to z, i.e.

Ke={z+y:yeR" (y,z—2)<1Vze K} =z+ (K —2)°
where K° := {y € R" : (y,z) < 1Vz € K}, is the standard polar of a body.

The Blaschke-Santald inequality asserts that the quantity inf, Vol(K) Vol(K7) is
maximal for balls and ellipsoids. Moreover, it is well known that there exists a
unique zo € int(K) on which this infimum is attained. This unique z, is called
the Santalo point of K.

The above gives rise to a natural geometric construction which was invented by E.
Lutwak and consists of all the points which are “witnesses” of the validity of the
Blaschke-Santald inequality. This is called the Santald-region of K (with constant
1) and is defined by S(K,1) = {z € K : Vol(K) Vol(K*) < Vol(Bg)?*}. More
generally, one defines the Santalo-region of K with constant ¢, denoted S(K,t), by

S(K,t) = {z € K : Vol(K) Vol(K*) < t Vol(B})?}. (1)

It follows from the Blaschke-Santald inequality that the Santald point xy € S(K, 1),
and that S(K,1) = {zo} if and only if K is an ellipsoid.

We turn to the definition of the Floating body. For 0 < A < % and 0 € S"! we
define Hyp := {x € R" : (z,0) = a(f)}, where a(f) € R is such that Vol(Hy, N
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K) = AVol(K), and Hy, = {z € R" : (z,0) > a(f)}. Meaning, Hyy is a
hyperplane in the direction 6 that ‘cuts’ A Vol(K') volume from K. In what follows
we will use the notation H, ,, which means H, , = {z € R": (z,0) < a(0)}.

Let K be a convex body in R™ and 0 < A\ < % We define

F(K N = () Hy, (2)
fesSn—1

This body is called the Floating body of K, and was first considered by Dupin
in 1822. A vast literature exists on the topic of Floating bodies, see e.g. [6],
7], [8]. We list some known results about Floating bodies which exemplify their
importance in Section 2. For us here it is important to note that F(K, \) is a closed
convex set which is contained in K (possibly empty). In the centrally symmetric
case it is known that the family supporting hyperplanes touching F'(K, \) at its
boundary point are exactly all of H,y above, so that F'(K,\) is the envelope of
these hyperplanes. We state this result precisely in Section 2 below. In fact, we
state there a slightly more general theorem valid for measures, not just bodies.

From convex bodies we turn to log-concave functions. A function f : R™ — [0, 00)
is called log-concave if

Alog f(x) + (1 — A)log f(y) < log f(Ax + (1 — N)y)

for any 0 < A < 1 and z,y € supp(f), where supp(f) denotes the support of the
function f, supp(f) = {z € R™ : f(z) > 0}. We say that a function is even if
f(z) = f(—=x) for all x € R™. The idea of transferring results about convex bodies
to results about log-concave functions is not new, and its roots can be found in
[3]. We will elaborate on the importance of this procedure, and give examples for
it, in Section 2 below. Let us just mention that although, so far, it seems that
almost every geometric result on convex bodies has a counterpart which is valid
for log-concave functions, and although several methods for obtaining such results
have been found, there is so far no general procedure for doing this, and this is
more of a meta-mathematical fact than an actual mathematical truth.

Motivated by [1], we define the dual of a log-concave function f by

e (@y)
@ =t For |

We explain the motivation for this definition and equivalent formulations in Section
2. It turns out that a Santalo type inequality holds also for functions. Again, one
should choose correctly the center of the function. Thus, for a log-concave function
f, welet f, stand for the translation of f by the vector a, namely f,(x) = f(z—a).

When “volume” is exchanged with “integral” and “an ellipsoid” is exchanged with
“a Gaussian function”, we have a Santalo type inequality for functions.
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Theorem 1.1 ([1]). Let f : R — [0,00) be an integrable function such that
0< ff < 00. Then, for some vector xy, one has

[t [(hr <

If f is log-concave, one may choose xy = %, the center mass of f. The
minimum over xo of the left side product equals (2m)"™ if and only if f is proportional

to Gaussian, namely f = ce~ A% where 0 < ¢ and A is a positive-definite matriz.

As in the case of bodies, we call the point o which minimizes a — [(f,)°dz the
Santalé point of f. The case of even functions f (in which the Santald point is 0)
was proven much earlier in [4]. It is natural to define for a log-concave function
its Santald region (with parameter t) by

Sﬁﬁz{aewi/ﬁ/MWéﬁﬂ%} 3)

It follows from Theorem 1.1 that the Santald point xo € S(f,1), and that S(f,1) =
{zo} if and only if f is proportional to Gaussian.

Similarly to the Floating body of a convex body, one may define the Floating body

of a log concave function f. Let 0 < X < 3, and consider Hyg = {z € R" : (z,0) =

a(f)}, where a(f) satisfies [+ fdx =X [ fdx. We define the Floating body of f
A,0

F(f, )= () Hyp (4)

fesn—1

Notice that if f is an even function, we have that its Floating body is a nonempty
set for any 0 < A < %, since 0 € F(f,A). Moreover, it was proved by Meyer-
Reisner that for every even log-concave function f : R™ — [0, 00), the family of
supporting hyperplanes touching F'(f, ) at its boundary point are exactly all of

H, 4 above, so that F(f,\) is the envelope of these hyperplanes (Section 2).

The main result of this paper is that any ’relation’ of Floating body and Santalo
region of a convex body is translated to a relation of Floating body and Santalo
region of an even log-concave function, namely

Theorem 1.2. Let 0 < A < 3 and 0 < d such that F(K,\) C S(K,d) for every

centrally symmetric convexr body K. Then

F(f,\) CS(f,d) for every even log-concave function f:R"™ — [0, 00).

In the case of convex bodies, the following inclusion holds

Theorem 1.3 ([8]). Let K be a convex body in R™. Then

1

F(K,\) CS (K, YY)

) forany 0 < XA < 1/2.
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From Theorem 1.2 and Theorem 1.3 we get

Corollary 1.4. For every even log-concave function f : R" — [0,00) and any
0<A< % we have that

F(f 0 CS (f, m) |

It is not known whether — in some form — the Floating body and the Santalo region
of a convex body are isomorphic. However, we can show that any inclusion in the
direction opposite to that of Theorem 1.3 will transfer immediately to the realm
of functions. That is, the following “converse” of Theorem 1.2 holds.

Theorem 1.5. Let 0 < XA < 5 and 0 < d such that S(K,d) C F(K,\) for every
centrally symmetric convexr body K. Then

S(f,d) C F(f,\) for every even log-concave function f:R"™ — [0, 00).

The rest of the paper is organized as follows. In Section 2 we explore in depth
the notions defined above. We quote the relevant known theorems, and discuss
several other notions which we will need in the proofs of our main theorems, such
as s-concave functions. In Section 3 we explore the properties of the Santalo region
of a function. In Section 4 we prove Theorem 1.2 and Theorem 1.5.

2. Background

The following theorem, namely Theorem 2.1, is the main ingredient for several
important things. First, the Blaschke-Santalo inequality is an immediate result of
it. Second, it gives us a connection (Theorem 1.3) between the Floating body and
the Santalo region which related to a convex body, which afterwards we translate
(Theorem 1.2) to a connection between the Floating body and the Santald region
related to an even log-concave function.

Theorem 2.1 ([5]). Let K be a convez body in R™ and let H = {x € R™ : (x,u) =
a} be an affine hyperplane (u € R™ u # 0,a € R), such that int(K)NH # 0. Then
there exists z € int(K) N H such that

Vol(K) Vol(K*) < vol(By)?/4A(1 — \),
where A € [0, 1] is defined by A Vol(K) = Vol({x € K : (z,u) > a}).
The starting point of the results on the Santalo-region of a convex body is, as stated
above, the Blaschke-Santalo inequality. This inequality states, roughly, that with
the right choice of a center, the product of the volumes of a body and its polar is

maximized by Fuclidean balls (and also ellipsoids, since this is an affine invariant).
More precisely

Theorem 2.2. Let K be a convex body in R™ then
inf Vol(K) Vol(K*) < Vol(By)?
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with equality if and only if K is an ellipsoid.

In the special case where K is centrally symmetric, the infimum is attained at
0, and in 1981 Saint-Raymond [11] gave a simple proof for this case, namely, for
centrally symmetric K one has

Vol(K) Vol(K°) < Vol(Bj)?,

and equality is attained if and only if K is an ellipsoid. The case of equality for a
general convex body was proven by Petty [9].

Remark 2.3 ([8]). For every K, a convex body in R™, there is a unique point
xg for which Vol(K') Vol(K®) is minimal and this unique z is called the Santald
point of K.

We turn now to the Floating body of convex body. From definition, F'(K, \) is the
intersection of all half spaces whose hyperplanes cut off from K a set of volume
AVol(K). Note that when K is a centrally symmetric convex body, we have that
its Floating body F(K,\) # (), for every 0 < A < %, since 0 € F(K,\). Moreover,
we have F(K,\) — {0}, in the sense of the Hausdorff distance, when A — 3 from
below. For a general convex body K we have F'(K, \) converges to K when A — 0

from above.

For a centrally symmetric convex body K there is a theorem which was proved by
M. Meyer and S. Reisner in [7]. This theorem shows the connection between the
supporting hyperplanes of the Floating body F(K,\) and the hyperplanes H) g,
where § € S"~!. Before we state this theorem let us first define Hy i to be the
family of all hyperplanes H, g, where § € S" 1.

Theorem 2.4. Let K be a centrally symmetric convex body in R™, and let 0 <
A< % Then there exists a centrally symmetric convex body Ky with the following
property: For every supporting hyperplane H of Ky we have Vol(K N HT) =
AVol(K).

For our discussion, we conclude from Theorem 2.4 that the Floating body F(K, \),
for K = — K, is enveloped by the family H, x. That is, the family of supporting
hyperplanes of F(K,\) coincide with the family Hj x, and F(K,\) lies on the
negative side of every H € Hj g. Theorem 2.4 is a result of a more general
theorem related to measures, namely Theorem 2.5.

Before we state Theorem 2.5, let us begin with the following definition related to
measures. Let p be a non-negative Borel measure on R"”, and let 0 < A < % We
define H), to be the family of all hyperplanes H in R™ such that p(H*) = A,
where as before H* is the half space bounded by H which does not include 0.

Theorem 2.5 ([6]). Let u be a finite, even, log-concave and non-degenerate mea-
sure on R™. Then there exists a convex body K, whose boundary is the envelope
of the family H) ,. That is, the family of supporting hyperplanes of Ky coincides
with the family Hy , and Ky lies on the negative side of every H € H) .
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Corollary 2.6. Theorem 2.4 follows from Theorem 2.5 when we consider mea-
sures of the form px (L) = Vol(K N L), where K is a centrally symmetric convex
body in R™.

In order to show the connection between convex bodies and log-concave functions,
we need to define the right analogue for addition and multiplication by scalar of
functions. We consider another known operation, which is related to the Legendre
transform, namely the Asplund product ([10]). Given two functions f,g : R" —
0, 00), their Asplund product is defined by
(f*g)(x)= sup [f(21)g(z2).
T1+xTo=2x

It is easy to check that 1x * 17 = 1xi7 and (f * g)° = f°¢°, where 1k is the
indicator function. Moreover we argue that the Asplund product of log-concave
functions is the right analogue for Minkowski addition of convex bodies.

To define the \-homothet of a function f(z), which we denote (X - f)(x), we use
: _ A (E
(AN =(5)

One should note the difference between f°, which represent the dual of f, and f*
with A\ = 0, which means f to the power of A = 0. Note that, for a log-concave
function, one has f* f =2- f and (\- f)° = (f°)*

To check whether the definitions of Minkowski addition, homothety and duality for
log-concave functions are meaningful and make sense, it is natural to ask whether
the basic inequalities for convex bodies such as the Brunn-Minkowski inequality
and the Santalo inequality remain true, where the role of volume will be played of
course by the integral. We first discuss the Brunn-Minkowski inequality.

In its dimension-free form, the Brunn-Minkowski inequality states that
Vol(AA + (1 — \)B) > Vol(A)* Vol(B)' ™,
where A, B C R™ measurable sets and 0 < A < 1.

We have a functional analogue of the Brunn-Minkowski inequality, namely the
Prékopa-Leindler inequality (see, e.g. [1]) . In the above notation, it states precisely
that

Theorem 2.7 (Prékopa-Leindler). Given f,g:R" — [0,00) and 0 < X < 1,

Joene@-x-g2 (/f)(/g)

The standard Brunn-Minkowski inequality follows directly from Prékopa-Leindler
by considering indicator functions of sets.

Now, we turn to definition of duality on the class of log-concave functions, its
connection with the Legendre transform. As before we define the dual of a log-

concave function f : R™ — [0,00) by f°(x) = infyeRn[%]. The above definition
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of polarity of a log-concave function, is connected with the Legendre transform in
the following way:

—log(f°) = L(—log f),
where the Legendre transform defined by

(Lo)(z) = sup ({(z,y) — 0(y))-

yeR™

So, one may conclude that
1o =t

where f = e and ¢ : R” — R is a convex function. For more properties and
connection between the Legendre transform and the dual of a function see [1] and

2].

2.1. Properties of s-concave functions

In what follows, we will use very strongly the notion of an s-concave function,
and the fact that such functions can be used to approximate, quite effectively,
log-concave functions. This technique was used extensively in [1] to prove the
Blaschke-Santalo inequality for functions.

We start with the definition of s-concave function. For s > 0, a function g : R" —
. e 1.
[0, 00) is called an s-concave function if g+ is concave on the support of g. In other

words,
1

Ag* () + (1= N)g*(y) < g+ + (1= \)y)
for any z,y € supp(g) and any 0 < \ < 1.

A function on R" is s-concave if and only if it is a marginal of a uniform measure
on a convex body in R"**. Indeed, the Brunn concavity principle implies that
such a marginal is s-concave, whereas for the other direction, given an s-concave
measure one can easily construct a body K in R"™* which has it as its marginal
(there can be many such bodies).

It is easy to see that any s-concave function, for 0 < s integer, is also log-concave.
The converse is of course not true — a gaussian is log-concave but not s-concave
for any s > 0. However, the family of all functions which are s-concave for some
s > 0 is dense in the family of log-concave functions in any reasonable sense.

More precisely, let f : R™ — [0,00) be a log-concave function. It is possible to
create a series, {fs}22; of s-concave functions, which converges to f, as s tends to
infinity, locally uniformly as follows:

fulz) == (1 . w)

where z; = max{z,0}. The log-concavity of f implies the s-concavity of f,. Note
also that f; < f for any 0 < s, and since a log-concave function is continuous on
its support, one has f; — f locally uniformly on R" as s — oc.
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Let g : R"™ — [0, 00) be an s-concave function. Following [1], we define for s > 0

(1 - =)y
L = inf ——2% -,
9(x) = {ygw)>0y  g(y)

Moreover we define

Ky(g) = {(z,y) € R" x R* : /52 € supp(g), |y| < g7 (v/52)}.

Note that K,(g) is a centrally symmetric convex body in R"** for any even s-
concave function ¢g : R" — [0, 00) such that supp(g) € R" is a centrally symmetric
convex body.

The following lemma clarifies the relations between our various definitions.

Lemma 2.8 ([1]). For any f : R™ — [0, 00),

Ks(f)o - Ks(cs(f))

As appears in [1], it is easy to check that
e Vol(K(g)) = % [ gdz,
o K (9.) = Ks(g)+ \/ig(a,()).

For s-concave function g : R" — [0,00), we call Lsg the polar of ¢g. From the
definition of L; it is easy to see that L;g < ¢° (see [2]).

As may seem natural by now, we have a Santald-type inequality also for s-concave
functions, where we use L, for the duality operation. This inequality states that

Theorem 2.9 ([1]). Let g be an s-concave function on R", with 0 < [ g < oo,
whose center of mass is at the origin (i.e., [xg(x) =0). Then

/ / L. s Vol(B"+5)
= Vol(Bs)?
with equality if and only if g is a marginal of a uniform distribution of an (n+ s)-

dimensional ellipsoid. And By*®, By are the Euclidean balls of radius 1 in R™"*

and R® respectively.

3. The Santalé Region of a log-concave function

Let ¢ : R — (—o00,00] be a convex function. We discuss some properties of the

set
S(e™%,t) = {a eR": /e“p“ /e_w“ < (27r)”t}.

According to [8], we call this set the Santald region of the function e~%, with
constant t. It follows from the functional version of the Santalo inequality, that
the set S(e~%,1) is non-empty for every convex ¢, see [1].
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Note that the Legendre transform of the translate o, is simply

(Lpa)(x) = sup ((z,y) — valy)) = sup ((z,y) — oy — a))

= sup ((z,2+a) — ¢(2)) = (z,a) + sup (7, 2) — ¢(2))

= (z,a) + (L) (2).

Therefore, using that [e™# = [e %= for every a, we may write

S(e™%,t) = {a e R": /e_<“’x>e_(£“")(x)dx < (2m)"t }

f e~ %dx

For every 0 < A < 1, a,b € R"

(Lorara-ap) (@) = (2, 2a + (1 = A)b)) + (L) (x)
= Mz, a) + (Lo)(2)) + (1 = A)({z,b) + (L)(z))
= ALepa(2)) + (1 = N (Lpp())-

If a #bin R™ and ¢ # 0 (meaning there exists x € R" such that ¢(x) # 0) then
there exists o € R" such that Lp,(xo) # Lpp(zo). Indeed, we have

Lo (o) = (20, a) + (L) (20),
Lepy(x0) = (0, b) + (Lep) (o).

So one may choose xy € R™ such that (xg,a) # (xo,b) and Ly(zg) # oo.

Define F' : R — R* by F(a) = [e #%«(®)dz. Note that F is a strictly convex
function. Indeed

/e—ﬂwaﬂl_mb(w)dx — /(e—ﬁwa(aﬂ))/\(e—ﬁe%(flﬂ))1—/\7
<A / e £Pa@dy 4 (1= \) / e L@y

where the last inequality follows from the arithmetic-geometric mean inequality
and the existence of o € R” such that Lo,(z9) # Los(xg), where a # b and

p #Z 0.

Consider ¢ # 0. We call a point a € R™ a Santalo point of e~ ¢ if F(a) < F(b)
for every b. Since F' is a strictly convex function, the Santalo point is unique. It
is easy to see that F' is a continuous function on {z € R" : F(x) < oo} (Lemma
3.2 in [1]) and differentiable (since the differentiation under the integral sign is
allowed, as the derivative is locally bounded and integrals converge), and that
VF(a) = [xze “#®dz, which is equal to 0 if and only if a is the Santald point
of e=¥. Moreover, one may conclude that VF(b) # 0 for every b € 9(S(e™%,t))
whenever int(S(e™%,t)) # (). From strict convexity of F' we have 0 € int(S(f,t))
whenever int(S(f,t)) # 0.

Unless stated otherwise we will always assume that e™% has its Santalo-point at
the origin and that [ e~ ?dz < co.
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Lemma 3.1. For every convex function ¢ : R* — RU {400} and any t > 0, the
Santalo region S(e%,t) is either a strictly convez body, or the empty set.

Proof. Consider t > 0. Let a # b and for them to be two points at the boundary
of S(e=%,t). We have to show that for any 0 < A\ < 1, the point Aa+ (1 — )b is in

the interior of S(e~%,¢). That is, we know that F(a) = F(b) = % and need to

show that F(Aa+ (1 —\)b) < (fz):;t, which follows from strict convexity of F'. [

Fact 3.2. The mapping t — S(e~%,t) is increasing and it is also concave, i.e. for

every 0 < A < 1 we have AS(e~%,t) + (1 — X\)S(e %,s) C S(e ?, At + (1 — N)s).

Proof. The fact that the map is increasing follows immediately from definition.
To prove the concavity consider a € S(e™%,t) and b € S(e™%,s). We have

Fla) < (2m)"t

=

Thus, from strict convexity of F' we conclude

dz,  F(b) <

(2m)"

fee

Let us check how linear transformations affect the Santalo region. Let ¢ : R® —
R U {oco} be a convex function and let A be an invertible linear map, A € GL,,.

F(ha+ (1—\)b) < AF(a) + (1 — NF(b) < (M + (1 — A)s)

From definition
A(S(e7?,N) = {a eR": /e_qj(x)dx/e_wf\‘la(z)das < (27r)”)\} )
S(e#°4 ) = {a e R": /e“"OA_I(:”)dx/eﬁ((“""A—l)“)(””)dm’ < (2%)")\} :

Note that these two regions coincide.

Fact 3.3. For every convezr function ¢ : R" — R U {400}, the boundary of
S(e=?,t), denoted by O(S(e%,t)), is infinitely smooth, whenever int(S(e%,t)) #
0.

Proof. Assume that int(S(e=%,t)) # 0, and define as before F(a) = [ e £eal®)dz,
The boundary of S(e~%,t) is given by

o (2m)™
- [eedx

{a € R" : F(a) } = (S(e=%,1)).

Differentiation under the integral sign gives

OF(a)
8aj

=(-1) /:Bje<x’“>e_£“”(x)dx for every 1 < j < n.
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Note that the differentiation under the integral sign is allowed, as the derivative
is locally bounded and the integrals converge. Thus as we said before we have

VE(b) # 0 for every b € 9(S(e~%,t)). Therefore Fact 3.3 follows from the implicit
function theorem. O]

4. The relation between the Santalé region and the Floating body of
an even log-concave function

Throughout this section we consider only even log-concave functions. We will
compare two different bodies, the Santalo region and the Floating body, related
to a specific even log-concave function. For any positive integer s we consider
R"™ C R""* as the first n coordinates. Moreover, we denote Pr» as the projection
onto R".

We start with some basic notations. Let f = e™% be an even log-concave function
and let t > 0. We define

A ={z e R": p(x) < t}.

It is easy to check that A; is a centrally symmetric body which is convex in R",
also since we require [ f < oo, we get that A; is a bounded set. We define

o) ifxe Ay
e (x) = .
00 if x & A,
fig () = o0,

Obviously ffy is an even log-concave function such that supp(fy) = A;. In addi-
tion, we have fiy(z) > e~ > 0 for any z € supp(fi).

As before we define fi (z) = (1 + logf[”(x))i. Note that

s

o supp(fig,s) = supp(fiy),
o (fin)s(x) > % > 0 for every x € supp( fy,s) for s big enough.

In addition, for a € R™ we define
f[t}as)a(x) = f[t],s(x - a)

It is obvious that for any even log-concave function f, fi; is an even log-concave
function for any positive ¢, with compact support, which converges locally uni-
formly to f as t — oo. Our goal is to prove Theorem 1.2 and Theorem 1.5 for
any function of the form fy, ¢ > 0. Then from continuity (with respect to Haus-
dorff distance of bodies) of the Floating body and the Santalé region with respect
to locally uniformly convergence of even log-concave functions (Lemma 4.1 and
Lemma 4.2) we will complete the proof of Theorem 1.2 and Theorem 1.5 for any
even log-concave function.

The following lemma will be the main ingredient in the proof of Theorem 1.2
and Theorem 1.5. As mentioned above, Lemma 4.1 deals with continuity of the
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Floating body with respect to locally uniformly convergence of even log-concave
functions.

Lemma 4.1. Let f : R"™ — [0,00) be an even log-concave function. Then

F(fug, \) = F(f,\) forany0 <X <1/2.

Proof. Let € S" ! and let Hy, H fiy be two hyperplanes perpendicular to ¢ and
such that fH+ fdz =X\ [ fdz, and fH+ frdz = X [ fyde.
f yu!

From definition of fj, it is easy to see that A [ fiydz P A [ fdz. Since H; and
H fuy Are parallel, we conclude H fu 72 H with respect to the Hausdorff distance

o0

of bodies, which implies F'(fi, A) B F(f,N). ]

Lemma 4.2 deals with the continuity of the Santald region with respect to locally
uniformly convergence of even log-concave functions.

Lemma 4.2. Let f:R"™ — [0,00) be an even log-concave function. Then

S(fi,d) o S(f,d) for any d > 0.

Proof. Consider, as before, f = e™%, where ¢ in an even convex function, and
fig = e ¥, From definition we know

(o) = {ac®s [ gy [y < aral,

S(f,d) = {a er: [1 [ty < (27r>"d}-

Moreover, we define

o Fa):= [((fig)a)de = [e @@ Eem) @y,
° F(a) := [(fa)°dz = fe_<z’“>e_5(@)($)dx.

Our general idea is as follows. First we prove F; P F locally uniformly on

{r € R": F(x) < co}. Then, since S(f,d) C {z € R" : F(z) < oo} is a closed
bounded set, from strict convexity and continuity of F'in S(f,d) (Lemma 3.2 [1])
we complete the proof.

In order to show locally uniformly convergence, let us first prove F;(a) T F(a)
for any a € {x € R" : F(x) < oo}. It is easy to check that L(¢p) () i L(p)(x)
for any = € R", hence

e~@alg=Llen)@) o= @@ =L)@) for every x € R™.

t—o0

Since e~ (#® e~ £@u)@) and e~ e=£#)@) are both log-concave functions (Lemma
3.2 [1]), we conclude Fi(a) 2 F(a).
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Moreover, for any a € {x € R" : F(z) < oo} it is easy to see that Fi,(a) < F, (a)
whenever 0 < ¢; < t,. Indeed, since ¢p,)(z) < ¢p,)(z) for any 2 € R™ one has
L)) (@) < L)) (x) for any x € R™.

Since F; i F pointwise in {x € R" : F(z) < oo}, and (F})=o is a decreasing

sequence of functions, we conclude from continuity of F' in {x € R" : F(x) < oo}
that Fj i~ F locally uniformly in {x € R" : F(x) < oco}. In addition, since F'

is a strictly convex function in S(f,d), then S(f,d) C {x € R" : F(z) < oo} is a
bounded convex set in R™. O
Let us prove the following lemma.

Lemma 4.3. Let f : R" — [0,00) be an even log-concave function such that
supp(f) is a convex compact body in R", and there exist 0 < to such that ty < f(x)

for all x € supp(f). Define as before fs(x) = (1 + M)i and let 0 < d. Then

{oer: [ 1 [ e <eora) = st

with respect to the Hausdorff distance of convex bodies.

Corollary 4.4. From Lemma 4.3 we conclude that

{a e R": /f[t}’s\/»cs(f[t},s,a) < (QW)nd} e S(frg,d)

for any even log-concave function f:R"™ — [0,00) and any 0 < t.

Proof of Lemma 4.3. For s big enough, supp(fs;) = supp(f). We define

. . o= (@)
. F(a) := [(fa)*(z)dz = [infyequpp(f)ta f(y—Z)d':E’
(1t

d Fs(a) = fﬁs((fs)a)dx = finfyesupp(f)Jra fg(y—s_a)erx

First, we prove Fy — F' locally uniformly in {x € R" : F'(z) < oo}. Then, since

S(f,d) C{zx € R": F(x) < oo} is a bounded convex set in R", from the fact that
F'is a continuous and strictly convex function in S(f,d), we complete the proof.

Let D C {x € R": F(z) < oo} be a closed, bounded set and let € > 0. We will
prove that there exists s, > 0 such that for every s > s,

|Fs(a) — F(a)| < € for any a € D.

Since F' is a continuous function in {z € R" : F(x) < oo}, there exists r.p > 0
such that

/ S PP D (5)
n ——ax| < -, Ior any a € .
R —r. By vesupp(Hta f(y — a) 8 Y
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For this moment let’s assume there exists s, > 0 such that for every s > s,

(@) | _ @a)ys
/ inf e — / S -l M (6)
re.pBY YESUPP(f)+a fly—a) re.p By YESUPP(f)+a fs(y —a) 4
and
1 — {&w)ys
/ inf Mdaﬁ << for any a € D. (7)
R"—r. p B} yEsupp(f)+a fs (y — CL) 4

From (5), (6), (7) and the triangle-inequality we get

) — Lealys
/ inf  ——dx — / inf ~—— Tz
yesupp(f)+a f(y — Cl) yesupp(f)+a fs (y - a)

e—ley) (o)
< / inf ——dx — / inf =y
re,p By yesupp(f)+a f(y - a) Te,pBY yEsupp(f)+a fs (y o (1)
. €_<x7y>
+ / infi —dx
wn—r, pg veswp(f)+a f(y — a)
1 — {&w)ys
4 / inf de <€,
R™—re pBE y€supp(f)+a fs(y - a)

which shows F; — F' locally uniformly in {z € R": F(x) < co}.

§—00

Let us show (6). Let x € r.pBY , a € D and y € supp(f) + a C supp(f) + D.
Since ty < f we get

ey -ty

fy—a)  fily—a)

1
< —
_to S

oty _ Sy—a) (1 _ <x’y>)s

fs(y_a) s + '

Now, since . p By and supp(f)+ D are bounded sets, the value of (z,y) is bounded
whenever x € r. pBy and y € supp(f) + D. Since f; — f locally uniformly in

supp(f), and since %0 < fs for s is big enough, we conclude that for any ¢y > 0
there exists s, > 0 such that for any s > s,

1 _ S
- e—(x,y) _ f(y CL) (1 . <I,y>> < €
Z50 fs(y - CL) S +
for any x € r. pBY, a € D and y € supp(f) + a.
Thus
e -y,

inf

_— — inf — 3 T < e¢p.
y€supp(f)+a f(y — Cl) y€supp(f)+a fs(y - a) °




T. Weissblat / Santald Region of a Log-Concave Function 467

Choose 0 < € < m. Then
7<$,y> 1 J— M s
/ inf ——dx —/ inf Mdm
re.p B YESUPP(f)+a f(y - a) re.p By YESUPP(f)+a fs (y - a)
_<z7y> _ M S
inf S inf ( = )i dx

S /
re, pBY

< r!'p Vol(By)e < i

yesupp(f)+a f(y —a)  yeswp(f)+a fs(y —a)

We continue with (7). We know (1 — & y>)i < e~ @Y which implies

)
S

1 @y)ys
/ inf @dx
R

n—re pBY yesupp(f)+a [ (y — a)

IN

/ . f _<Ivy> d
n -~ arj.
R"—r. pBY y&supp(f)+a fs(y - CL)

Since f = e~? and f; = e ¥ where @5, ¢ : R" — R U {oo} are convex functions,
and since f; < f and f; — f locally uniformly, we conclude that ¢ < ¢, and that
s — ¢ locally uniformly in supp(f). Since supp(f) is a bounded set in R", for
€1 > 0 there exists s, > 0 such that for any s > s,

ps(r) < p(x) + e for every x € supp(f).

Hence

—L(ps)(2) < —L(p + e1)(x) = &1 — L(p)(x) for every x € supp(f).

From (5)
_<x7y>
/ inf  ———do
R"—r. p B} yE€supp(f)+a fs (y — CL)
_ / o (@) g~ L(23) (@) oy
Rn—r. pBY
< e / e~ @@= L@@ gy < 1
Rn—T‘QDBS’ 8
We choose 0 < ¢; < In(2) and s = max{s,, S, }- O

As mentioned before, any even s-concave function f; : R” — [0,00) such that
supp(fs) is convex, bounded and symmetric with respect to the origin, one has
K (fs) € R™* is a centrally symmetric convex body. Lemma 4.5 shows the
connection between the projection of F(K,(fs),\) on R™ (R™ C R"** the first n
coordinates) and the projection of the intersection of all half spaces which contain
F(K,(fs),\) and also determined by a hyperplane in R"** that is perpendicular
to R™ and supports F'(K(fs), \).
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Lemma 4.5. Let f : R" — [0,00) be an even log-concave function. Define as
before fo(x) = (1+ logf( )5 Then

Pan[F(K(f,), \)] = Pan N Hy,l

0=(01,..,0n,0,..,0)€Sn+s—1
where AVOI(K(£.)) = VOl(K,(f.) NV Hy) for any 0 = (61...,0,.,0,...0) € §™.

Proof. Let H be an affine hyperplane in R""* (1 < dim(H) <n+s— 1) and let
K be a centrally symmetric convex body in R"**. We denote by Py(K) as the
projection of K on H. It is easy to check

Pu(K) = Py N H . (8)

{pesn+s—1nH}

where Hy is a supporting hyperplane to K and perpendicular to # such that K C

H,.

From Theorem 2.5, F\(K,(fs),A) is enveloped by all hyperplanes H)  such that
Volys (Ks(fs) N H,\+,9> = A Vol (Ks(fs))-

Meaning, any hyperplane H, such that F(K(fs),\) C H-,isa supporting hyper-

plane to F(K,(f,), \) if and only if H satisfies Vol(K,(f,) N H*) = A Vol(K,(f,)).
We take K = F(K,(fs),\), H=TR" (R* C R""* the first n coordinates). O

The next lemma shows the connection between the Floating body which is related
to a convex body and the Floating body which is related to an s-concave function.

Lemma 4.6. Let f : R™ — [0,00) be an even log-concave function and let 0 <
A < 3. Define as before f(z) = (1+ %)i Then

F(fsv/\) = \/EPR"[F(KS(fs)7>‘)]

Proof. Let 0 < X\ < % and 0 = (64, ..,0,,0,..,0) € St We will compute

Vol(K(fs) N Hy,) in two different ways. On the one hand

Vol
Vol(K(fs) N Hjﬁ) = AVol(K,(fs)) = /fs
On the other hand, simple change of variables ©+ — \/igx yields

VOl(K.(£) ) = [ o VOl (Ve B

_ Vol(Bj) / fo(2)dz.
52 VsPrn (Hx 9) "
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We conclude

)x/fsda: = / fo(x)dz, YO =(04,..,0,,0,..,0) € S"F"1
V/sPen (Hy,0)

From definition of Floating body and Lemma 4.5 we get

F(fs,A) = m Vs Prn(Hy )~

0=(01,..,0,0..,0)

=/s ﬂ Prn(Hy )

0=(01,..,0,0..,0)

= V5P N Hu

0=(61,...0,,,0..,0)

= /5 Pan[F(K,(fs), \)]. -

Let K C R""* be a centrally symmetric convex body, which is symmetric in respect
to R™ (R™ C R™"* the first n coordinates). For any a € R™, b € R® we define

Y (a,b) == Vol((K — (a,b))°).

The next two lemmas deal with two properties of ¥. The first property is the
inequality v (a,0) < (a,b), while the other is ¥(—(a,b)) = ¥(a,b), where a €
R™ b € R®.

Lemma 4.7. Let K CR""* be a centrally symmetric convex body, such that K is
symmetric with respect to R™. Then, for any (a,b) € R"*

Vol((K — (a,0))°) < Vol((K — (a,b))°).

Proof. Define as before 1(z) :
is strictly convex (Remark 2.3)
to R™ we have Vol((K — (a,b)

= Vol((K —2)°), ¢ : int(K) — R*. Tt is clear that ¢
, and from the symmetry of the body K with respect
)°) = Vol((K — (a, —b))°), where a € R", b € R".

Thus, we conclude

Vol((K — (a,0))°) = ¢(a,0)

:w(;@m+%@—m>
< 20((a,8) + 30((,—b)
= 9Y(a,b) = Vol((K — (a,b))°). O

Corollary 4.8. Let K C R"™* be a centrally symmetric convex body. If (x,y) €
S(K,t) then (z,0) € S(K,t). Indeed, assumption implies

Vol(K) Vol((K — (x,%))°) < Vol(By)*t
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Hence, from Lemma 4.7
Vol(K) Vol((K — (x,0))°) < Vol(By+%)?t,
which leads to (x,0) € S(K,t).
Lemma 4.9. Let K C R"" be a centrally symmetric convex body. Then
Vol((K — 2)°) = Vol((K + 2)°) for any z € int(K).
Proof. Since K = —K we have K + z = —K + z = —(K — z), which implies
(K + 2)° = (~(K = 2))° = —(K — 2)°.
Hence Vol((K + 2)°) = Vol((K — z)°). O

The next lemma deals with the continuity of the Floating body with respect to
locally uniformly convergence of s-concave functions.

Lemma 4.10. Let f : R" — [0,00) be an even log-concave function. Define as
before fs(x) = (1 + %ﬁ. Then

F(fs,\) T F(f,A\) forany0<\<1/2.

Proof. Let 6 € S"!, and let Hy, 9, H;y be the two hyperplanes perpendicular to
f such that

s, fs(z)dx = )\/fs(x)dx and i, flz)dz = )\/f(a:)dx

Since f; — f locally uniformly we conclude

fsd$:)\/fsdx — )\/fdxz/ fdx.
HY , §700 H

+
f,0
Since Hy, g and Hyp are parallel, we conclude that Hy, 9 — Hyg, with respect to
§—00
the Hausdorff distance of bodies. n

Before we proceed with the proof of Theorem 1.2, let us prove the following tech-
nical lemma.

Lemma 4.11. Let n,s be a positive integers. Then

5)2 n
VOI(—BQ) n — 1 from above.
VOI(BS—HZ)Q S 5—00

Proof. For n € N even, Vol(B}) = en? - hile for n € N odd Vol(BYy) =

n!l
n—1 n+1
w2 22

—i—— The rest of the proof follows from simple limit calculation. O]
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Proof of Theorem 1.2. Let f : R" — [0,00) be an even log-concave function
and let t > 0. As mentioned before, we first prove Theorem 1.2 with respect to
Jig» then from the following facts

F(fi,N) = F(f,3) and S(fu,d) — S(f,d),
we will reach the proof.

For s € N consider fs(z) = (1 + Log J1y (x)) From Lemma 4.3 we know

{oers [u. [t < eara} = sty ©)
We claim
F(f[th, /\ - {a e R" /ft] / f[t] Sa) < (27‘()”(1} . (10)
Indeed, Lemma 4.11 implies [\/Vl‘)(lé—Bgﬂ(%ﬂ)n] i 1, and [%(%ﬂ)n} > 1.
Hence
{a eER™: /.f[t / t] sa) = (Qﬁ)nd}
— {a € R" : Vol(K(fig,s)) VOl(IKs(Ls(fit).50)))
Vol(B3)* [2m\" S 2
<[ty () | vosseora
D {(a,0) € R" x R* : Vol(K,(fiy,s)) VOL(Ks(Ls(fig5.0))) < VOl(B5T)d}
= { a,0) € R" x R* : Vol(K( fiy,s)) VOl(Ks(fg,5,0)°) < Vol(BS*")Qd},

(
(
Since K(fiy,s.0) = Ks(fin,s) + \/Lg(a, 0), So we get:
{(a,0) € R x R*: VOI(K,(fiy,5)) VOUK (i 5.0)°) < VOl(B5*")*d}

_ {(a, 0) € R x R® : Vol(K,(fi,+)) Vol ((Ks(f[t],J + %(% 0))O>
< v01(B§+")2d}

= V/s{(a,0) € R" x R : Vol(K(fj,s)) Vol((K(fg.s) + (a,0))°) < Vol(B5™)*d} .
Since K( fi,s) is a centrally symmetric convex body, from Lemma 4.9 we conclude
Vol((Ks(fig.s) + (a,0))%) = Vol((Ks(fia,s) — (a,0))°).

From Corollary 4.8, assumption of Theorem 1.2 and Lemma 4.6
Vs {(a,0) € R" x R* : Vol(K(fy,s)) Vol((Ks(fiy,s) — (a,0))°) < Vol(B3*)*d}

= \/EP]R" [S(Ks(f[t],s>7 d)] 2 \/EPR" [F<Ks(f[t},s)7 )‘)]
= F(fins: A)-
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From Lemma 4.10 we conclude

F(f[t},sa )\) 7 s—00 F(f[t]7 )‘)

From Lemmas 4.1, 4.2 we complete the proof. ]
We turn to the proof of Theorem 1.5.

Proof of Theorem 1.5. We use the same notation as in Theorem 1.2. Let f :
R™ — [0, 00) be an even log-concave function and ¢ > 0. First we prove Theorem

1.5 for fy, then from the facts F'(f, \) e F(f,A) and S(fy,d) i S(f,d) we

will reach the proof.

As before, for s € N we consider fy ,(z) = (1 + my . We define
+
1 I( BS
Ls = {CL c R™ - Vo /ft] Vo /E " Sa)dl‘ < VOI(BTL+2>2d}

o e =[S (2 o)

In what follows we will show

Lo = S(fi.d) (1)
Ls - F(f[tLSu )\) (12)

Before we continue, since F(fis,A) — F(fi,A) (Lemma 4.10), then from (11)
and (12) we complete the proof.

Vol(B2H)2 , ¢
(B3™*) (2_)71]

EIGHE — 1. Hence

S$— 00

We begin with (11). From Lemma 4.11 we know
Lemma 4.3 implies that L, — S(fjy,d).

We continue with (12). Simple calculation yields

Vol( BS

/ Jrg,sdx = Vol(Ks(fiy,5))

Vol

/»C (fins.0)dz = VOI(K(Ls(fir),5.0)))-
Thus, we conclude

Ly = {a € R" : Vol(K,(fiy+)) VOI(K(Ls(fi,5.0))) < Vol(By™*)?d}.
Moreover, from Lemma 2.8

{(0.0) € B x B : Vol (K, (fy.)) VOl (L fige))) < VOI(B5 ™)’}
= {(a.,0) € B" x B : VOl(K.(fiy,«) VOU((K (fig 00))°) < Vol(B5*)d}
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As before, we know K(fig,s.0) = Ko(fig,s) + 75 (a,0), which leads to
{(a,0) € R" x R* : VOI(K,(fins)) Vol((K(fi5.0))°) < Vol(B5™)*d}
_ {(a, 0) € R" x R* : Vol(K,(fi)) Vol ((quws) T %(a, o))o>
< vol(Bg+")2d}

= Vs{(a,0) € R" x R : Vol(K(fj,s)) Vol((K(fg.s) + (a,0))°) < Vol(B5™™)*d} .

Since K,((fiy)s) is a centrally symmetric convex body, from Lemma 4.9 we con-
clude

VOl((Ks(f[th) + (CL, 0))0) = VOl((Ks(f[th) - (a’ O))O)'

Thus, from Corollary 4.8, assumption of Theorem 1.5 and Lemma 4.6

\/g{(av O) € R"™ x R* : VOI(Ks(f[t],s)) VOI((Ks(f[t],s) - (a’ O))O) S V01<B§+n)2d}

= VsPrn[S(Ks(fin.s), d)] € Vs Pan [F(K(fig.5), )]
= F(f[t},sa)‘)v

which completely shows (12). O
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