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We solve explicitly the generalized Gauss problem for convex quadrilaterals in the two dimen-

|B1—B4|+|B2—Bs|
2

sional Euclidean Space. By introducing the variable ¢ = c¢g + , where cg = % is

the Gauss constant and B; are positive real variables, such that Z?Zl B; = 1, we derive some
new evolutionary structures of convex quadrilaterals, and we give the definition of the degree of
plasticity of convex quadrilaterals which could be extended to the degree of plasticity of convex
polygons with respect to the topology of weighted Steiner minimal trees. Finally, the solution
of the weighted Steiner tree problem for convex quadrilaterals gives a second property, which is
the translation between the two Fermat-Torricelli points.
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1. Introduction

We mention the following two problems raised by P. Fermat and C. F. Gauss,
respectively:

In 1643, P. Fermat raised the problem:

Given three points in the Euclidean plane, find the point that the sum of distances
to these three points is minimized.

In 1836, C. F. Gauss posed the problem to the astronomer Schumacher which may
be considered as a generalization of the problem of P. Fermat (see [1], page 326, [3],
Chapter 2): How to find a railway network of minimal total length which connects
the four cities Bremen, Harburg (today part of the city of Hamburg), Hannover,
and Braunschweig.

In 1879, K. Bopp (see [2], [1], page 327) gave a complete solution to Gauss prob-
lem for any four given points in the two-dimensional Euclidean Space and gave a
description of an experimental solution by applying the property of soapsuds to
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span a minimal surface between the given points.

A formulation of the Steiner problem as an extension of Gauss problem has been
given in [4], page 360: "Given n points A;A,...A, to find a connected system of
straight line segments of shortest total length such that any two of the given points
can be joined by a polygon consisting of segments of the system."

We need the following result which was proved in ([5] (see also [1], page 328-329):

A solution of the Steiner problem is a Steiner tree with at most n — 2 Fermat-
Torricelli (or Steiner) points which are vertices of the polygonal tree which do not
belong in {A;A,...A,,}, where each Fermat-Torricelli point has valency 3, and the
angle between any two edges incident with a Fermat-Torricelli point is of 120°.

Concerning cases where a variant of Steiner problem is uniquely determined and
for the definition of topologies of Steiner trees on the two dimensional Euclidean
Space, we refer to [5].

In this paper, we obtain explicitly the weighted (full) Steiner tree for convex quadri-
laterals in the two-dimensional Euclidean Space by applying a method of cyclical
differentiation of the objective function with respect to four variable angles which
are formulated between four line segments and four given sides of the quadrilat-
eral (see Theorem 1 in [7]), respectively, and by introducing as a new variable the
angle which is formulated between the line defined by two given vertices A; and
Ag and the line which passes from A; and it is parallel to the line defined by the
two weighted Fermat-Torricelli points Ay and Aj, which are located at the interior
of the convex quadrilateral (see Theorem 2.2).

1
2
constant and B; are positive real variables, such that Zf B; = 1 and By, By
are the variable weights that corresponds to the weighted Fermat-Torricelli points
Ay and Aj, respectively, we derive some new evolutionary structures of convex

quadrilaterals in R? (Proposition 2.5).

—By|+|B2—Bs|
2

By introducing the variable ¢ = c¢ + L , where cg = = is the Gauss

By performing a parallel translation of the triangle AAy Ay Az to AAgALAL (see
Fig. 2.3), we derive that for given values of the weights B;, the plasticity equa-
tions of Ay ALALA, (see [6], Proposition 4.4) with respect to the weighted Fermat-
Torricelli point Ay of A;ALA5A, are satisfied but depend also on the value of ¢
(Proposition 2.6).

Finally, as a consequence of Proposition 2.6 and Remark 2.7, we give the definition
of the degree of plasticity (Degplasticity{ A1 A2A3A4}) of the weighted Steiner tree
of a convex quadrilateral A;A4,A43A, in R?, with respect to the number of the
weighted Fermat-Torricelli points which are located at the interior of A; Ay A3Ay.

2. A weighted Steiner minimal tree for convex quadrilaterals in the
two-dimensional Euclidean Space.

Let A;AsA3A, be a convex quadrilateral in R%2. Suppose that a positive number
Bl(weight) corresponds to each vertex A;, fori = 1,2, 3, 4, respectively. We denote
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As

a3

Figure 2.1.

by [ the length of the line segment that connects Ay with Ay, a;; the length of
the line segment that connects the vertex A; with A;, and a;j;, the angle that is
formulated between the line segment A;A; and A; Ay, for 4,5,k € {0,0',1,2, 3,4}
and 7 # j # k. Furthermore, we denote by a9 = ai, ay = a4, asy = as, and
asy = ag (see Figure 2.1). We mention the following theorem which has been
proved in [7] Theorem 1.

Theorem 2.1. A weighted (full) Steiner minimal tree of AjAsAsAy consists of
two (weighted) Fermat-Torricelli points Ay, Ay which are located at the interior
conver domain with corresponding weights By, By and minimizes the objective
function:

(i BY)

Biay + Byas + Biaz + Bjag + c 5 [ = minimum, (1)

such that:
|B; — Bj| < B, < B; + B, (2)
|B,— Bl,| < B, < B+ B, (3)

fori, g,k € {1,4,5}, {,m,n € {2,3,5}, i #j #k,  #m #n, and c = 22,

By applying the method of cyclical differentiation of the objective function with
respect to four variable angles and four variable line segments (see the proof of
Theorem 1 in [7]), we shall find an explicit solution of the generalized Gauss
problem (full weighted Steiner minimal tree) of a convex quadrilateral A; As A3 A,
in R2.
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Theorem 2.2. The location of Ay and Aj is given by the relations:

<

512 + Byaiy cos(aa1s — auorr) + Bsags cos(aizs — aso)

Byayysin(ag1q — aupr ) — Bsags sin(aias — aser)

cot p =

ay = Q14 Sl‘n(Oé214 — Y- 04400/) (5)
sin(a00r + Qa00r)

and
a3 sin(aias + ¢ — asor) (6)
SiIl(Oégolo + 0430/0)

a9 =

where  is the angle which is formulated between the line defined by A; and As

and the line which passes from Ay and it is parallel to the line defined by Ay and

Aj.

Proof of Theorem 2.2. Without loss of generality, for all ¢+ = 1,2, 3,4, we set
B!

S By

i

SO

Dividing (1) by 3.1, B!, we get:

Biaq + Bsay + Bsas + Byag + gl = minimum.

By expressing the length of the line segments as, ay, [ as functions of ay, as, apis,
o907, we derive (see also the proof of Theorem 1 in [7]):

B B
1 . 4 . C (7)

Sin s Sin Qoo 2sin aqgq

The following angular relation is satisfied in R? :

Qo4 + Qoo + Qg = 27, (8)

or
sin(a0/04) = — Sin(alool + 04104), (9)

or
sin(agps) = — sin(aqor) cos(anos) — cos(aqor) sin(aqog). (10)

By multiplying both members of (10) with § and by taking into account (7), we
get:

. c . c . c .
By sin(aip4) = 3 sin(ago4) = —3 sin(avo4) cos(aroy ) — 3 sin(agor) cos(aps). (11)
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or
By sin(ags) = —g sin(ev104) cos(any) — (g sin(a00)) cos(atios)-
or .
By sin(aqgy) = ~3 sin(agq) cos(ango ) — (Bysin(agos)) cos(aos)
or .
—cos(aigy ) + By cos(agos) = —By. (12)

2

By following the same process, we derive the following two equations:

c
B cos(aoe) + By cos(agos) = —3 (13)
and c
By cos(aos) + 5 cos(4) = —By. (14)

The solution of (12), (13) and (14) with respect to the variables cos ago/, €OS o4
and cos aigq is:

Bi — Bi — (5)°

Y ].5

COS Q100 231 (§> 9 ( )
B — B — (5)°

04 = 16
(5 - Bt~ B}

o5 o4 9B, B, (17)

Similarly, by expressing ai, as, [ as a function of as, a4, apy; and ays3s, we derive

that:
B B
2 . 3 . C (18)

sin Q0’3 sin Q2 2sin Q903 .

The relations (15), (16) and (17) show that Ay is the weighted Fermat-Torricelli
point of VA; Ay Ay which minimizes the function f; = Bia; + 5l + Baay.

B; — Bi — (5)*

15 = 19

COS (Xgp'3 2B3(%) ) ( )
B3 —(5)* — B}

19 = 20

COS (X2 2(5)32 9 ( )
c\2 __ B2 o B2

COS Qrgpr3 = o 232/233 : (21)

The relations (19), (20) and (21) show that Ay is the weighted Fermat-Torricelli
point of VAgA; Az which minimizes the function f; = 51 + Baas + Bsas.
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By taking into account the distance of A; and A, from the line defined by Ay and
Aj, and the distance of A, from the line which passes from A; and it is parallel to
the line defined by Ay and Aj, we get:

[ — aq COS(()(IO()/) — Q9 COS(O{QO’O) = a12 COS(QO) (22)
and
a9 SiIl(OéQ()lo) — a1 sin(awo/) = 12 sm(<p) (23)

By taking into account the distance of A; and A4 from the line defined by Ay and
A}, and the distance of A4 from the line which passes from A; and it is parallel to
the line defined by A, and Aj, we get:

aq SiH(Otlo()/) “+ ay Sin(Oé400/) = a4 Sin(Oé214 — QO) (24)
and
—ay cos(aqoy ) + ag cos(ayny ) = arq cos(agiy — ). (25)

By taking into account the distance of Ay and As from the line defined by Ay and
Aj, and the distance of Ay from the line which passes from Az and it is parallel to
the line defined by A, and Aj, we get:

(05} Sin(agolo) + as Sin(agolo) = Q93 sin(a123 + QO) (26)

and
—ag cos(agoo) + ag cos(agyo) = —ass cos(aias + ©). (27)

By solving (24) and (25) with respect to a; and a4, we obtain (5).
By solving (26) and (27) with respect to as and a3, we obtain (6).
By replacing (5) and (6) in (23), we derive (4).

The location of Ay and Ay are given by (4), (5) and (6) taking into account (15),
(16), (17), (19), (20) and (21).

The distance [ is derived by (22). O
Corollary 2.3. If B; = 0.25, fori=1,2,3,4 and ¢ = 0.5, then

o
Qo0 = Qyoa = Qo4 = Qopr2 = Qigrg = Qrgpz = 120°.

We call ¢ = ¢ = 0.5 the Gauss constant, which characterizes the unweighted full
Steiner trees for conver quadrilaterals in R2.

Proof of Corollary 2.3. By replacing B; = ¢ = 0.25, in (7) and (18), we obtain
Q100 = Qros = Qs = Qg2 = Qo' = Qrge3 = 120°. L

Corollary 2.4. If Ay and A{, are the corresponding weighted Fermat-Torricelli
points of the convex quadrilateral AyAsAsA, in R%, A, belongs to the circle that
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Figure 2.2.

passes from Ay, A1 and Ay and Ay belongs to the circle that passes from Ag, A
and As such that:
g = LAJALA = T — oqor

and
oz = LA A3Ay =T — g

then A., Ao, Ao, A belong to the same line (see Fig. 2.2).

Proof of Corollary 2.4. By taking into account that
Qe = LA ALA. = T — aqor
and
Q3. — ZAQA;;AC/ = T — (00,

we have ay4. = . and ao3r = o, because they correspond to the same arc
A1 A, and Ay A, respectively. O

Bi1—Bu|+|Ba—B
1B 4‘2' 2 3|), where

Proposition 2.5. If c =cq +

B!

i B
fori=1,2,3,4, and cc = 0.5 is the Gauss constant, then

(I) 3<c<1and
(II) if B+ By > By + B3 and ¢ < 1, then Aj does not coincide with Ay and for
c=1, A} coincides with Ay.

i =

Proof of (1), Proposition 2.5. The weights B; are positive numbers such that:

B!

) )
> Bi

i =
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0< B; <1,
=1

For By = B, and By = B3 we get:

B — B B, — B
C:CG+| ! 4|—;| 2 3|):CG:0.5

and
|By — By| + | By — Bs)
o+ 5

1
= 5(1 + [B1 — Ba| + | By — Bs|)

4
1
< =11 B, | <1. L]
()

Proof of (II), Proposition 2.5. Taking into account Theorem 2.2, the location
of Ayg and A} depend on the value of c. From Theorem (2.1) in [6], we obtain
that Ag is the weighted Fermat-Torricelli point of VA; Ay A4 which minimizes the
function f; = Biay + 51 + Biay and Ay is the weighted Fermat-Torricelli point
of VAgAsAs which minimizes the function f, = 5l + Bsag + Bsas. For ¢ = 1, we
have that By + By < § = 0.5, because By + By > By + B3 and the function f,
is minimized only when Aj equals to Ay because Ay is the absorbed equilibrium
point of AAyAsyAs. O

cC=2~¢C

Proposition 2.6. By performing a parallel translation of AA; Ay Ag to AL AgAjL,
(see Flig. 2.3, AL A is parallel to As Ay and A5 A is parallel to AsAy ), the following
equations are satisfied:

—Bg Sin(alool + Qoo — 7'(') + Bg sin(a100/ + Qoo — 7T) + B4 Sin(Oé104) = 0, (28)

— By sin(auoy + sy — T+ aqo4) + Basin(asys) — Bysin(augy + aspo — m) = 0,
(29)

—Bl sin(amg/ + Qoo — 7'(') + Bg Sin(agglg) + B4 sin(oz400/ + Q30 + Qiagrs — 7T) =0.
(30)

Proof of Proposition 2.6. By taking into account the parallel translation of
NAyAy Az to Ay AgAg, (see Fig. 2.3, we consider that Af, approaches Ay and

[ — 0. By replacing in (1) I =0 and B; = B —

i=1"14

we get:
Biay + Byay, + Bsag + Byay = minimum, (31)

By differentiating (31) with respect to the variables ZAyAL AL = apery and afy, we
have:

daq Oay day
+ B3
Doy Oy Oaargy

By
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As

Qqo0’ + Q3000 — T

Q100" + Qo000 — T

Ao
Aq
Figure 2.3.
day Daly day
B B, + B. B =0.
Yoa, T PG, T G,
day aj 9a1_ and by applying the "cosine law" and the "sine

By calculating 3
law" to the corresponding triangles VA; AL Ay, VAL AL Ay, VALALAp, we obtain:

0gorgr 7 Ooggrgr 7 Oaggrsr

—B1 sin(a102/) + Bg SiIl(OéQlogl) + B4 sin(oz3/04/ + 062/03/) = 0. (32)

Similarly, by differentiating the objective function (31) with respect to the variables
(LAGALAL = apzar), (LAgA1 AL = anry ), respectively, (see Fig. 2.3) we obtain

— B sin(agios + a10a) + Basin(aggs) — By sin(asos) = 0 (33)
and
—B2 Siﬂ(CYlOQ/) —+ B3 SiD(Oé104 —+ 063/04) + B4 Sil’l(()é104) =0 (34)
such that:
Qo + Qorgyr + Qizos + Qg = 27 (35)
where

Q3104 1+ Q104 = Qg0 + Q3000 — T + 104,
Qo037 = Qig(/'3,
Q304 = Qo0 + Q3000 — T,
Q02 = Qo + Qigpr0 — T,

Q31047 + Qiargzr = Qo7 + Q3070 + Qiagry — T [
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Remark 2.7. For [ = 0 and from (29) and (30), we obtain the plasticity equations
(see in [6], Proposition 4.4, page 417) with respect to variable weights B;, such
that:

By + By + By + By = 1.

We may also consider this case as a limiting case of the full weighted Steiner
minimal tree such that Ay, and Aj approach Agia3s, where Agja3s is the corre-
sponding weighted Fermat-Torricelli point of A;A3A3A4 and the limiting angle of
@ + T — ayg will be the angle as13 — ag13, where the angle a3 is calculated in
6], page 413, formulas (7) and (8).

For [ # 0, we cannot derive the plasticity of the full weighted Steiner minimal tree
with respect to the convex quadrilateral A;As A3Ay4, because from (4), we derive
that ¢ depends not only on the values of B; for ¢« = 1,2, 3,4 but also on the value
of ¢ (see Theorems 2.1 and 2.2). Furthermore, the conditions (7) and (18) shows
the dependence of ¢ with the weights B;, for ¢+ = 1,2, 3, 4.

Taking into account Proposition 2.6 and Remark 2.7, we introduce the following
two definitions:

Definition 2.8. The degree of plasticity (Degplasticity{ A1 Ay A3A,}) of the weigh-
ted (full) Steiner minimal tree of a convex quadrilateral in R? which consists of
exactly two weighted Fermat-Torricelli points at the interior of the quadrilateral
is zero.

Definition 2.9. The degree of plasticity (Degplasticity{ A1 Ay A3A,}) of the weigh-
ted Steiner minimal tree of a convex quadrilateral in R? which consists of exactly
one weighted Fermat-Torricelli point at the interior of the quadrilateral is one.

By introducing the classes of (full) weighted Steiner minimal trees having n — 2
weighted Fermat-Torricelli points at the interior of the convex polygon A;A,... A,
with degree of plasticity zero, we can define various classes of evolutionary steiner
minimal trees having less than n — 2 weighted Fermat-Torricelli points at the
interior of the convex polygon A;A,...A, with degree of plasticity

0 < Degplasticity{ A1 As... A} < n —3.
The distorted network which has exactly one weighted Fermat-Torricelli point at

the interior of A; As...A, will be defined to have Degplasticity{A;As...A,,} =n—3.

A future work will be to derive various types of evolution of the topology of
weighted Steiner minimal trees and obtain generalizations of Feynman diagrams.
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