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Let M be a closed convex (generally unbounded) subset of a Banach space E with 0 being
an interior point of M, A be a closed subset of E. Let Ths(A) be the set of all 2y € E such
that the problem mingea par(zo — a) is well posed, where pys is the Minkowski functional of
M, so ppr is a nonsymmetric seminorm. We obtain some asymptotic properties (appearance
far from the origin) of M which are necessary and/or sufficient for S¥(A) \ Ths(A) to be a

int

meagre or a o-porous subset of SY'(A) = {zg € E|0 < opm(z0,A) < sup,cp om(x, A)}, where
om(z, A) = infoea (v — a).
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1. Introduction

Let E be a real normed vector space. For a set A C E by int A, A, and 9A we
denote the interior, the closure, and the boundary of A, respectively. We use (p, x)
to denote the value of the functional p € E* at the vector x € E. For R > 0 and
¢ € E we denote by Bg(c) the closed ball with center ¢ and radius R, in particular,
we put By = Bg(0).

We say that the subset M of F is a quasiball if M is closed convex and 0 € int M.

Let M be a quasiball. Recall that the Minkowski functional py; : B — R of M is
defined by
pr(z) =inf{t >0 |z €tM}, Ve e E. (1)

A functional p @ E — R is called a nonsymmetric seminorm if it is positively
homogeneous:
pu(te) =tp(z), Yt >0, Ve e E

and subadditive:
ple +y) < p@) +ply), Yo,y e b
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Remark 1.1. A functional p : £ — [0,400) is a Lipschitz continuous nonsym-
metric seminorm iff it is the Minkowski functional of a quasiball.

For a closed set A C E and a point xq € E we consider the problem to approximate
xg by a point a € A best in the sense of the nonsymmetric seminorm:

min par(zo — a). (2)

Through gy (z9, A) we denote the M-distance from the point x to the set A:

onm (o, A) = ;gf‘ piar (To — @). (3)

A sequence {a;} C A is called a minimizing sequence of the problem (2) if
Jim i (2o — ax) = om(zo, A).

The problem (2) is said to be well posed if every minimizing sequence of the
problem (2) converges. We use T/(A) to denote the set of all zy € E such that
the problem (2) is well posed.

Recall that a set M C E is called strictly conver if for every different points
x,y € M we have xTer c€int M. A set M C FE is called Kadec if for any sequence
{xr} C OM weak convergence x;, — xy € M implies strong convergence of {x}.

A subset S of a topological space X is called a meagre set or a set of first category
if § = UneN S, where S, are nowhere dense in X. The complement of a meager
subset is called a residual set.

A subset S of a metric space X is said to be porous in X if there exist rq > 0 and
¥ € (0, 1] such that

Vye X, Vre (0,r0], Jx € X : By (x) C B, (y)\S.

A subset S of a metric space X is said to be o-porous in X if S = J, o Sn, where
Sy, are porous in X. The notion of porosity was introduced by Dolzhenko [2] and
has been investigated by many authors (see the survey [9]).

Stechkin [8], Lau [5], Konjagin [4], Borwein and Fitzpatrick [1], and others con-
sidered the problem (2) for M = 9;. It was proved that if the unit ball M is
strictly convex and Kadec, a set A is closed, then Ty(A) is a residual subset of
E. Instead of the unit ball Li [6] considered a bounded quasiball and obtained
a similar result for this more general case. In this paper we refuse from the as-
sumption that the quasiball M is bounded and investigate regions S C E such
that S\ Th/(A) are nowhere dense, meagre or o-porous in S provided M has some
asymptotic properties.
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2. Main results
Let M C FE be a quasiball and a set A C F be closed. We split E into three
regions:
SUA) ={zo € E|30>0: op(w, A) =0, Vo € Bs(zo)},
S (A ={rg € E|35>0: 0< op(zo,A) = opm(z, A), Vo € Bs(zo)},
Sy (A) ={xo € E |V >0 3z € Bs(xo) : om(x, A) # om(z0, A)} (4)

Note that sets S$,(A), S59"t(A), and Syi"(A) are disjoint and

E = S3(A) J s )| sir ).

Obviously sets S9,(A) and S§9"*(A) are open and SYi*(A) is closed. If M is
bounded, then S$,(A) = int A, S$"t(A) = 0, Syar(A) = E \ A.

Example 2.1. Let £ = R%. Consider the quasiball

M= {(z,y) |z €R, y>2® -1},

and the closed set
A={(z,y) |z eR, f(z) <y< 1},

where
—(z+1)% x<-—1,
—(z—1)% z>1.
Then,

Su(A) ={(z,y) |z €R, y > f(2)},
(

Y
SHA) ={(z,y) | —-1l<z <1, y<—1},
Si(4) = B\ (Sha)Jssma)).
Tur(A4) = B\ ($5(4) JS57(A))
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Lemma 2.2. Let M C FE be a quasiball and a set A C E be closed. Then
S (A) N T (A) = 0.

Lemma 2.2 implies that S$9™*(A) (T (A) can not be dense in S§7™*(A). Example
2.1 shows that S, (A) (7w (A) may not be dense in S$,(A). We shall consider
geometric and asymptotic properties of M that are necessary and sufficient for
SYP(A) (N Twm(A) to be a dense or residual subset of SY§"(A).

Consider the barrier cone of M:

zeM

b(M) = {p € E” | sup(p,x) < +OO}

and the cone

zeM

by (M) = {p € E*|Jxg € M : (p,xg) = sup(p,x)}.

Theorem 2.3. For a quasiball M in a Banach space E the following statements
are equivalent:

(i)  E is reflexive, M is strictly convex and Kadec, by (M) = b(M);

(i)  for any closed set A C E the inclusion SY7(A) C Th(A) is valid;

(iii) for any closed set A C E the set SY7"(A)(Twm(A) is a residual subset of
Syt (A).

Remark that investigation of the region Sy3*(A) is somewhat complicated in gen-
eral. Now we shall introduce the notion of equidistableness. Then we shall see
that SY9"(A) has a simple structure provided that M is not equidistable.

First, we recall that the Minkowski sum of sets A, B C E is defined as

A+B={x+y|lxe A, ye B}.

We say that a set M C E is equidistable if there exist A > 1,0 > 0, and d € F
such that

Yw € B, Ve >0, Iz € M (1+5)x—wgZint((M+%5)U(/\M—d)>. (5)

It follows from (5) that Ve > 0 3z € M : (1 + ¢)z ¢ int Bs(x) and, therefore,
|z|| > ¢. Hence, a bounded set M can not be equidistable. Thus, equidistableness
depends on the appearance of the set far from the origin, in this sense this property
is asymptotic. An example of an equidistable quasiball in R?* (Example 7.1) and
other examples will be considered in Section 7.

Define the intermediate region of the problem (2) as the set of all zy € E such that
the value op/(zo, A) is not extremal:

SUH(A) = {:170 € E|0 < on(zg, A) < sup QM<£IZ',A)} : (6)

zelR
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Note that Sif(A) is an open and rather simple set. The next lemma gives the
condition which provides a simple structure of S} (A).

Lemma 2.4. For a quasiball M C E the following statements are equivalent:

(i) M s not equidistable;
(i)  for any closed set A C E the inclusion ST(A) C S (A) is valid;

(111) for any closed set A C E the equality Syi*(A) = STW(A) holds.

The equivalence of the statements (i) and (¢7) in Lemma 2.4 means that a quasiball
M C E is equidistable iff there exist a closed set A C E and a point xy € STi(A)
such that the distance function gy (-, A) is constant in some neighbourhood of z.
This explains the term "equidistable". Using Theorem 2.3 and Lemma 2.4, we
deduce the following theorem.

Theorem 2.5. For a quasiball M in a Banach space E the following statements
are equivalent:

(i) E is reflexive, M s strictly convex, Kadec and not equidistable, by(M) =
b(M);

(i1)  for any closed set A C E the inclusion ST (A) C Ty (A) is valid;

(i11) for any closed set A C E the set SY(A)(\Tar(A) is a residual subset of
Sir (A).

Remark that equidistableness is a rather complicated notion. The following sub-
stantially more simple notion provides a sufficient condition for Si(A) (N Tar(A)
to be a residual subset of S(A), which is also necessary in finite-dimensional
spaces.

We say that a set M C FE is parabolic if it is closed convex and for every d € F
the set M \ (2M — d) is bounded.

The term "parabolic" is due to the observation that the epigraph of the parabola
y = x% is parabolic while the epigraph of the hyperbola y = %, x > 0 is not
parabolic. Since parabolicity depends on the appearance of the set far from the
origin, this property is asymptotic.

Lemma 2.6. If M is a parabolic quasiball in a reflexive Banach space E, then M
is not equidistable and by (M) = b(M).

Example 7.3 shows that implication converse to Lemma 2.6 is generally wrong.
However the following lemma shows that it is true in a finite-dimensional space.

Lemma 2.7. A strictly convexr quasiball M in a finite-dimensional normed space

is parabolic iff by (M) = b(M).

Lemmata 2.6 and 2.7 imply that in a finite-dimensional space there is no strictly
convex equidistable quasiball M such that by(M) = b(M). Example 7.2 exhibits
such a quasiball in /5. Combining Theorem 2.5 with Lemmata 2.6 and 2.7, we get
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the following theorem.

Theorem 2.8. Let M be a quasiball M in a reflexive Banach space E. Then the
statement

(i) M is strictly convez, Kadec and parabolic
implies that

(i1)  for any closed set A C E the set S¥(A) N Tw(A) is a residual subset of
Sir(4).

If additionally E is finite-dimensional, statements (i) and (ii) are equivalent.

The following two lemmata provide sufficient conditions for the epigraph

epif={(z,y): v€E, y=f(r)}
of a function f : F — R to be parabolic.

Lemma 2.9. If a function f : E — R is convex, continuous, and coercitive, i.e.,

Lim g — oo % = +00, then its epigraph is parabolic.

Lemma 2.10. Let a function f: E — R be convex, Lipschitz continuous and the
limat

- fltx)
tEeroo = As(z) eR (7)
exists uniformly on the unit sphere, i.e.,
t
lm  sup |10 — Ay )‘:o (8)
=400 2eoB,y
Suppose also that
lim (f(z) = Ap(z)) = —o0 (9)

Then epi f is parabolic.

Now we consider sufficient conditions for Sii*(A)\ Ty (A) to be o-porous in ST (A).

A set M C F is called boundedly uniformly convex if
§i(e) >0, YR >0, Ve >0,

where

58 (&) :sup{5€ (og} ‘ B, (ar—gy) C M, Ve,ye MNBy: |z —y| > g}
(10)
is an analogue of the modulus of convexity.

Theorem 2.11. Let M be a boundedly uniformly convexr and parabolic quasiball
in a reflexive Banach space E, a set A C E be closed. Then S¥F(A) \ Tar(A) is
o-porous in STE(A).
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3. Proofs of Lemma 2.2 and Theorem 2.3
Recall a few more notions.

For a closed set A C E and a point zy € E we use Py(zo, A) to denote the set of
all solutions of the problem (2), i.e., M-projection of xg on A:

Py(xg, A) ={a € A| pm(xo —a) < op(zo, A)} . (11)

For every ¢ > 0 we also denote

Pyf(x0, A) = {a € A | py(wo — a) < on(wo, A) + €} (12)

The following remark results from the definition of well posedness.

Remark 3.1. Let M C FE be a quasiball, a set A C FE be closed, and z¢ € T/(A).
Then Py (xg, A) is a singleton.

The diameter of a set A C E is defined as

diam A = sup ||z —y|.
T, yeA

For any functional p € E* through s(p, A) we denote the value of the support
function of a set A C E:

s(p, A) = sup(p, 7).
€A
A functional p € E* is called the Fréchet derivative of a function f : E — R at
xo € B if
lim f(z) = f(xo) — {p,x — )

=0 [l = ol

= 0.

Hereafter we shall use the following two relations which are valid for any set A C F
and any quasiball M C E:

om(z,A)=inf{t >0 |z € A+tM}, VreFE, (13)
ov (1, A) — on (22, A) < ppr(y — x3), Vay,x9 € E. (14)

The equality (13) results from (1) and (3); (14) follows from (3) and the subaddi-
tivity of the Minkowski functional.

Proof of Lemma 2.2. Assume the contrary: there exists o € S5 (A) (T (A).
According to Remark 3.1, there is a € Py(xg, A). Therefore, whenever ¢t € (0, 1),
zp = (1 = t)zo + ta, we have op(zr, A) < py(ze —a) = (1 = Hpu(zo — a) =
(1 — t)om(xg, A) < or(xg, A). Consequently, for every 6 > 0 there exists z; €
Bs(xo) such that opr(xs, A) < on(wo, A). This contradicts the assumption that
zo € S A). O
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Lemma 3.2. Let M C E be a quasiball and A be a subset of E. Suppose that
p € E* is the Fréchet derivative of op (-, A) at xg € E. Then s(p, M) < 1.

Proof. According to the definfition of the Fréchet derivative, we have (p,z) =

limy 4 ¢ QM(JBOHL‘?*QM(%’A) for all z € E. This and (14) imply that (p, x) < ()
for all z € E. In particular, (p,z) <1 for all x € M. O

Lemma 3.3. Let E be a reflerive Banach space and a set M C E be strictly
convez and Kadec. Suppose that zg € M and p € E*\{0} satisfy (p, z0) = s(p, M).
Suppose a bounded sequence {z;} C M is such that limg_.o(p, 2x) = s(p, M). Then

Proof. Assume the contrary. Extracting a proper subsequence from {z,} and
denoting it again as {z}, we have infyen ||2x — 20]] = € > 0. Since p # 0, there
exists d € F such that (p,d) = 1. For every k € N denote

wy = 2z, + (s(p, M) — (p, z1,) +27%)d.

Then, (p,wy) = s(p, M) +27% > s(p, M). Consequently, wy &€ M. Therefore for
every k € N there is yy € [zx, wg] NOM. Since {z;} is bounded and ||y, — zx| <
l|lwr, — zx|]| — 0 as k — oo, it follows that {yx} is bounded. Due to the reflexivity
of E, there exists a subsequence {y,}, which weakly converges to some yo € E.
Since M is closed convex, we have yo € M. Moreover, (p,yo) = lim;_.o(p, Yx,) =
limy oo (p, zk) = s(p, M) = (p, z0). Using the strict convexity of M, we get yo =
29 € OM. The Kadec property of M implies that lim;_. ||yx, —20[| = 0. Therefore,
e <lim;_ ||2k; — 20| = 0. Contradiction. O

Lemma 3.4. Let E be a reflexive Banach space, M C E be a strictly convexr and
Kadec quasiball, and A C E be a closed set. Suppose that p € E*\ {0} is the
Fréchet derivative of op(+, A) at xg € E and op(xg, A) > 0. Suppose there ezists
20 € M such that (p, z0) = s(p, M). Then xy € Th(A).

Proof. Let {a;} be a minimizing sequence of the problem (2). Denote

Yo = .QM(IO,A), Or = ,UM(IO - Clk)-
Then,

Without loss of generality assume that g > 0 for all £ € N. Hence, infyen 0x > 0
and, therefore, infyey ||ar — xo|| > 0. Since the sequence

_ 27F + \/or — 0o

llar — ol

7%

tends to zero, we may suppose that ¢, < 1 for all £ € N. Observe that the sequence

T = o + tk(ak — mo)
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converges to xg. Since p is the Fréchet derivative of op/(-, A) at xg, we get

lim QM(xk:a A) - QM(on,A) - (p, T — 350>

=0.
k—o0 ||:L‘k —{L‘OH

Hence, taking into account that oy (g, A) < ppr(xp —ax) = (1 —tp) par (2o — ag) =
(1 — tx)ok, we obtain

lim inf (1 —tr)or — 00 — ti(p, ax, — o)

> 0.
k—o00 tkHak — SL’QH

Thus, thanks to —2:—2

_ ok
trllar—zol| 2% +/or—00

— 0 (as k — 00), we have

> 0. 16
k—o0 ||ak — Io” ( )

Observe that the points
Lo — Ak

Ok

Yk (17)

belong to M for all £ € N.

Suppose that {yx} is unbounded. Without loss of generality assume that
limy oo ||yk]] = +00 and ||yx — 20|l > 1 for all & € N. Then, (16) and (17) imply

that lim infj,_, o <ﬁzﬁ\> > 0. Using the convexity of M and the inclusions 2y € M,

yr € M we deduce that the points

[ye — 2ol
belong to M as well. Therefore, s(p, M) > (p, z,) and liminfy,_ . (p, zx) = (p, z0) +

(Pyr) ~
lyell =

3.3 implies that limg . ||2x — 20]| = 0. However, ||z, — 2zo]| = 1 for all £ € N. The
contradiction shows that {y;} is bounded. This and (15)—(17) imply that

lim inf, o (p, 2z0) = s(p, M). Thus, limy_(p, 2x) = s(p, M) and Lemma

Using Lemma 3.2 and the inclusion y, € M we get limy .o (p, yx) = s(p, M) = 1.
Thus, according to Lemma 3.3, we deduce the convergence of {y;} and, therefore,
the convergence of {a;}. Consequently, zq € Ty(A). O

Theorem 1.7 in [7] implies the following lemma.

Lemma 3.5. Let E be a reflexive Banach space, xo € E, 6 > 0 and let f :
int Bs(xg) — R be a Lipschitz continuous and not constant function. Then f has
a nonzero Fréchet derivative at some point x € int Bs(xo).
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Lemma 3.6. Let M C E be a quasiball and p € b(M) \ by(M). Then for the
half-space
A={rec E|{pz) <0}

we have
S (A)={r e E| (p,z) > 0} (18)
and
Proof. We claim that
~ (p,7)
v(z, A) = o)’ Ve e E\ A (20)

Indeed, fix any v € F\ A If v € A+ tM for some t > 0, then we get
(p,z) < s(p,A) + ts(p, M) = ts(p, M). Therefore, according to (13), we deduce
that on(x, A) > . Assume that gy (z, A) > e ﬁ) In this case, by virtue
of (13), one can ﬁnd t1 {p.c) 7 such that « ¢ A+ 1M Since s(p, M) > > o),

s(p,M t1
there exists z € M with (p, ) > T’ that is, (p,z — t;2) < 0. Consequently,
x —t1z € A, which contradicts the assumption x ¢ A + ¢; M. This proves (20).

The equality (18) follows immediately from (4) and (20).

In order to deduce (19), assume the contrary: there exists € Ty(A) \ A. Then,
according to Remark 3.1, we have Py (xz,A) = {a} forsome a € E. Sincex € F\ A,
_px)

using (20), we get opr(z, A) = i > 0. Consequently, using (11), for z = YRR
we have up(z) < 1 and, therefore, z € M. Thus, (p,z) = %iﬁ(rff‘?) > Qﬁfl‘) =
s(p, M), which contradicts the assumption p & by (M). ]

Lemma 3.7. Let g > ¢ >0, a > 0, xg,x € E and a quasiball M C E be such
that B, C M and 2|z — x¢|| < (g0 —€)a. Then Pi(x, A) C Pyj(xo, A) for any
set AC F.

Proof. Since £(r — x9) € 258, C “=M, it follows that py/(z — 2¢) < &
and pups(zg — ) < 7=, ThlS and (14) 1mp1y that oa(2, A) < on(wo, A) + 055
Therefore, using (12) for every y € P5,(z, A) we have uy(x —y) < om(z, )
e < om(xo, A) + 5=, Consequently, pp(zo — y) < par(z — y) + par(wo — )
om(zo, A) +€¢. Thus, y € Pyp(xo, A).

DI/\—l—.

Recall that a subset S of a topological space X is called a Gs set, if S =)
where S,, are open in X.

nEN

Lemma 3.8. Let M be a quasiball in a Banach space E and A C E be a closed
set. Then

(i) Tu(A)={z € E|lim._,qdiam P§(z, A) =0};

(1) Twum(A) is a Gs subset of E.
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Proof. (i) Denote T'" = {z € E | lim._ odiam P§;(x,A) =0}. Take 2, € T.

Since {ij g (o, A)}k oy 18 a sequence of nested closed sets with diameters tending
to zero, we deduce that the sequence has some point

ap € () Pay*(xo, A).
keN

Let {ax} C A be a minimizing sequence of the problem (2). Then the sequence
er = pnm(To — ax) — om(wo, A) tends to zero. Hence, taking into account that
ar € Py (xo, A) and xy € T, we obtain limg_,« ||ax — ao|| = 0. Thus, zo € Th(A)
and, consequently, we get T C T/ (A).

To prove the reverse inclusion, fix any zo € Tys(A). Let {e;x} be an infinitesimal
sequence of positive numbers. Using the well posedness we deduce that every
sequence ay € Py(zg, A) converges. Consequently, lim._ ¢ diam P§;(z, A) = 0,
that is, g € T. Thus, Ty (A) =T.

(17) For every k € N we denote
. 1
Xk:{xEE\E|5>O:d1aijJ(x,A)<E}‘

We claim that the sets X are open. Indeed, fix any k£ € N and o € X;. Then,
there exists gg > 0 such that diam Py} (20, A) < 1. Take e € (0,g0). It follows
from Lemma 3.7 that there is v > 0 such that Pj;(z, A) C P5}(xo, A) whenever
x € B,(rg). Consequently, B.(xy) C X}, which proves that Xj is open. To

complete the proof, it suffices to observe that (i) implies

Tn(A) = () Xi. O
keN

Proof of Theorem 2.3. (i) = (ii). Suppose that (i) holds. Take any closed set
ACE, xy€ S{F(A), and 6 > 0. Lemma 3.5 and the continuity of gy (-, M) imply
that there exists © € Bs(zo) such that op(z, A) > 0 and the function g (-, A) has
the Fréchet derivative p € E*\ {0} at the point z. Lemma 3.2 and () imply that
p € b(M) = by(M). Hence, using Lemma 3.4 we deduce that x € Ty;(A). Thus,
for every 6 > 0 we have Bs(x) N Th(A) # 0. Hence, xg € Ty (A) and, therefore,
SY(A) C Tr(A).

(1) = (7). Suppose that (ii) holds. Lemma 3.6 implies that b;(M) = b(M).
Theorem 3.3 from [6] shows that E' is reflexive, M is strictly convex and Kadec.

Though in [6] boundedness of the quasiball M (in [6] it is denoted through C') was
assumed, the proof of this fact remains valid for an unbounded quasiball.

(14) = (iii). Suppose that (i) holds and A C E is a closed set. Using Lemma
3.8(ii) we deduce that SY§"(A) (1w (A) is a dense G subset of the topological
space SY3(A), that is a topological subspace of E. Therefore Sy (A) (Tam(A) is
a residual subset of SY3"(A).

(73i) = (i7) follows from the Baire category theorem. O
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4. Proofs of Lemma 2.4 and Theorem 2.5

Proof of Lemma 2.4. Let M C FE be a quasiball. Fix A > 1,0 >0, and d € F.
Denote

Ao = —E\ int <(M +85) O - d)) . (21)

Since (5) may be equivalently rewritten as
we Ag+ (1+e)M, Yw € By, Ve >0,
using (13), we deduce that (5) is equivalent to

QM(’ZU,A()) S 1, Vw € %5. (22)

It follows from (13) and (21) that
om(w, Ag) > 1, Yw € B;

and

Hence, if M is equidistable, there exists the closed set Ay, defined by (21) such
that

sup on(z, Ao) > om(d, Ag) > A > 1= on(w, Ag), Yw € Bs.

el
In this case 0 € ST (Ag) N S5mst(Ag). Therefore 0 ¢ S}¥*(A4y) and the inclusion
Sit(Ag) C Sy (Ay) is false. Thus, (ii) = (i) is proved.

For proving (i) = (4i) assume that (i7) is false, i.e., there exist a closed set A C E
and a point

Ty € ST(A)\ Sy (A).

Denote gy = onr(wo, A). Since 2y € S¥F(A), we have 0 < gy < sup,cp om(z, A).

Consider

1
A= —(A—x9).
' Qo( O)

Thus, 1 = oum(0, A1) < sup,cpom(x,Ar). Hence, there exists d € E such that
1 < om(d, Ay). Fix X € (1, 0p(d, Ay)). Using (13), we deduce that

d g Ay + M. (23)

Since xg & S} (A), we have 0 ¢ SY3*(A;1). Therefore, (4) implies that there exists
0 > 0 such that

QM(JT,Al) = 1, VZ’ c %25. (24)

To prove that
B[ (A1 + M) =90, (25)
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we assume the contrary: there exists x € BsN(A;+M). Then thereis a € A; with
x—a € M. Since x € By, one can find t € (0, 1) such that x; = (1—t)x+ta satisfies
the inclusion x; € Bos. Thus, op(xy, A1) < py(z —a) = (1 — Huy(x —a) <
1 —t < 1, which contradicts (24). This proves (25). It follows from (23) and (25)
that

—A C E\(A\M —d), —A; C E\ (M + By).

Therefore the set Ay, defined by (21), satisfies the inclusion A; C Ay. This and
(24) imply (22), which is equivalent to (5). Thus, M is equidistable and the proof
of (i) = (ii) is completed.

Since SYa*(A) is closed, the inclusion Si'(A) C S}a*(A) is equivalent to the inclu-

sion S¥(A) C Sy#*(A). The reverse inclusion is always true according to (4) and
(6). Thus, (i1) < (idi). O

Proof of Theorem 2.5. In the case that M is not equidistable Lemma 2.4 im-
plies that each statement of Theorem 2.5 is equivalent to the corresponding state-
ment of Theorem 2.3. Hence, Theorem 2.3 implies that in this case the statements
(i), (i7) and (7ii) of Theorem 2.5 are equivalent.

Now assume that M is equidistable. To complete the proof it suffices to show that
in this case statements (i7) and (iii) of Theorem 2.5 are false. Lemma 2.4 in this
case implies that there is a closed set A C E such that STf(A) ¢ Sy (A). Hence,
there exists zp € SH(A) \ S}#*(A). Consequently, one can find § > 0 such that
Bs(zo) C SH(A)NS5™H(A). This and Lemma 2.2 imply that Bs(z)NTa(A) = 0.
Therefore, using the inclusion Bs(zy) C S¥F(A), we deduce that in this case the
statement (i7) of Theorem 2.5 is false. According to the Baire category theorem,
we deduce that in this case the statement (ii7) of Theorem 2.5 is false as well. [

5. Proofs of Lemmata 2.6-2.10

Remark 5.1. It follows immediately from the definition of a parabolic set that
the parabolic property is invariant with respect to shifting and scaling, i.e. if a set
M C FE is parabolic then AM + x is parabolic for every x € E, A € R.

Lemma 5.2. Let § > 1. A closed convex set M C E is parabolic iff M\ (BM —vy)
1s bounded for ally € E.

Proof. For every v > 1 we consider the condition
C(y): M\ (yM —y) is bounded for all y € E.

Let 1 <t < 7. Let us prove that €(7) and €(t) are equivalent.

Using Remark 5.1, we assume without loss of generality that 0 € M. Then tM C
7M. Therefore €(t) = €(7). Conversely, suppose €(7) and take any y € E.

Denote \ = if;_l)f) € (0,1) and d = ==1y.

We claim that

M\ (tM —y) € M\ (tM — d). (26)
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tM

r+dgTM

Indeed, if (26) is false, there exists x € M \ (tM —y) such that x € TM — d.
Hence, using the convexity of M, we deduce that (1— )z +2(z 4+ d) € M. Taking
into account that (1 — Nz + 2(z + d) = 1(z + y), we get a contradiction to the
inclusion z € M \ (tM — y), which proves (26). Therefore, €(7) = €(t). Thus,
¢(1) & €(t), in particular, €(/3) is equivalent to €(2), that is the parabolicity of
M. O

Lemma 5.3. Let M C E be a parabolic set. Then b(M) \ {0} is open.

Proof. We assume without loss of generality that 0 € M. Fix a functional py €
b(M) \ {0}. To complete the proof it suffices to show that py € int b(M). Denote

My ={x e M| (p,z) > -1}, (27)

Since pg # 0 and s(pg, M) € R, there exists d € E such that (pg, d) = 2s(pg, M )+2.
We claim that
M, Cc M\ (2M — d). (28)

Indeed, if (28) is false, there exists x € M; N (2M — d). Therefore (pg,z) <
25(po, M) —(po, d) = —2. Hence, using (27), we get a contradiction to the inclusion
x € M;. This proves (28). Since M is parabolic, (28) implies that M; is bounded.
Therefore, there exists R > 0 such that M; C int Bp.

Fix a functional p € B1/r(po) and a vector x € M. We claim that

(p, ) < Rl|pol| + 1. (29)

Indeed, in the case that ||z|| < R we have

1
(.9) < RIpl < 2 lpoll + ) = Rli] +1.

Therefore, in this case (29) holds.
Now assume that ||z|| > R. Denote z; = -x. Using that M; C intBp and

lll
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M T
Iy
My <p0,CC> =-1
0
Br
bo P
|x1|| = R, we get 1 & M. Since z; € [0, x] and since M is convex and contains

the points 0 and x, we deduce that z; € M. Consequently, z; € M \ M;. Hence,
(27) implies that (pg, z1) < —1. Thus,

1
(p,71) < (po,z1) + [Ip — pol| - [Joa || < =1+ ER = 0.

Using the equality x; = ”TRHI, we get (p,x) < 0. Hence, (29) holds. Thus, for every

p € By r(po) we have s(p, M) < R||po|| + 1 < 400. Therefore, B1,r(po) C b(M)
and the inclusion py € int b(M) is proved. O

Lemma 5.4. Let M be a closed convex subset of a reflexive Banach space E such
that b(M) \ {0} is open. Then by (M) = b(M).

Proof. Fix any py € b(M)\ {0}. Since b(M)\ {0} is open, we have p, € int b(M).
Using [3, Chapter 1, Proposition 5.2], we deduce that the subdifferential of the
support function s(-, M) is not empty at py. Taking into account that F is reflexive,
we may assume that this subdifferential contains a vector zo € E, i.e., (p—pg, o) <
s(p, M) — s(pg, M) for all p € E*. Hence, xy € M and (pg,zo) = s(po, M).
Therefore, we get py € by(M). Consequently, b(M) \ {0} C by(M) and we have
by (M) = b(M). O

Proof of Lemma 2.6. Assume that M is a parabolic quasiball in a reflexive
Banach space E. Lemmata 5.3 and 5.4 imply that b;(M) = b(M). To complete
the proof it suffices to show that M is not equidistable. Assume the contrary:
there exist A > 1, 6 > 0 and d € F such that (5) holds. Hence, for every k € N
there is

1 .
xp € M : <1—|—E>xk§Zlnt<(M+fB(g)U(/\M—d)>.
Thus, (14 1)z, & int Bs(zy) and, therefore, ||zy|| > k6 — +o0 as k — oo. Fix

ﬁ,vandkoeNsuchthat1—i—kl—0<ﬁ<’y<)\. Then,

(1+%)xk€5M\(7M—d), Yk > ko.
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Hence, M \ (%M - %) is unbounded. This contradicts Lemma 5.2. O

Proof of Lemma 2.7. Let M be a strictly convex quasiball in a finite-dimen-
sional normed space E. Assume that by (M) = b(M). In view of Lemma 2.6 to
complete the proof it suffices to show that M is parabolic. Assume the contrary:
there exists d € E such that M \ (2M — d) is unbounded. Consequently, there is
an infinitely large sequence

{2} C M\ (2M — d). (30)

Assume without loss of generality that x; # 0 for all £ € N. Since E is finite-
dimensional, by extracting a subsequence, we may also assume that

Tk

lim Yy (31)

koo [laxll

for some y € E.

To prove that the line
(={d+ty|teR}

intersects int M, we assume the contrary. In this case, according to the separation
theorem, there exists a functional p € E* \ {0} such that

(p,x) < (p,d+ty), Vx €int M, Vt € R.

Hence, p € b(M) and (p,y) = 0. Since b;(M) = b(M), we have p € by(M) and,
therefore, there exists zo € M such that (p,zq) = s(p, M).

Since {xy} is infinitely large, there exists ko € N such that ||zy — 2| > 1 whenever
k > ko. Hence, taking into account that M is convex and zg, x, € M, we deduce
that zo + 2=2- € M for all k > kq. Since {z} is infinitely large, (31) implies

|k —zol|

L —X0
|l —ol|

xo+y € M. Thus, for two different points zy and z; = xo +y of M we have
(p,z4) = (p, o) = s(p, M), which contradicts the strict convexity of M.

This proves that £ Nint M # () and, therefore, there exists ¢, € R:

that limg_ o = y. Therefore, using the closedness of M, we deduce that

d+ toy € int M.
For every k € N denote

to 1
t =(1—t)d+t Ap = ———.
k 2 = ( k)d + tpa, k 20— 1)

el

Since {xy} is infinitely large, we have limy_ .ot = 0, limy_o A\ = % and, using
(31), we get limg oo 2z, = d + toy € int M. Therefore, there exists & € N such
that A\ € [0,1] and 2, € M. Consequently, thanks to the convexity of M, we get

2etd — (1 — \p)xy, + Az, € M. This contradicts (30). O
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Proof of Lemma 2.9. Let a function f : F — R be convex, continuous, and
coercitive. Fix any zyp € F and yp € R. It suffices to prove that the set

My = epi £\ (2epi f — (20, 30)) (32)

is bounded. Since f is continuous at g, there exist 6 > 0 and C' € R:

f(x) <C, Vx e Bs(x). (33)

Using the coercitivity of f, one can find R > 26 such that

fla) _ Ctlw

[l = ol 0

Ve B\ Bgx). (34)

We claim that

[z =zl <R,y <

§<c Flyol),  V(wy) € M. (35)

Indeed, fix any (z,y) € M;. Then, according to (32), we have

y> @), (). (36)

Take any A € [0, 3]. The convexity of f implies that

FEERY) < 2 ) + s F((0 = N+ Az,

2 (1—=2X) 2(1=X)
Using (36), we get
AM(@) < Ay < f((1—=XNazo+ Az) — (1 — Nyo, VA€ [0,3]. (37)
Assume that ||z — z¢|| > R. Now for A = ”I_‘S—xo” we have (1 — A\)zg + Az € Bs(xo)

and, therefore, (33) implies that f((1 —\)xg+ Az) < C. Hence, using (37), we get
mf(x) < C—=(1=MNyo < C+ |yol|, which contradicts (34). This proves the
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inequality ||z — 2o|| < R. Hence, for \; = & we have (1 — Aj)zo + Mz € By(zo).
Therefore, taking into account (33) and (37), we deduce that Sy < C + |yol-
Thus, (35) is proved. The convexity and continuity of f imply that f is bounded
from below on any bounded set. Hence, it follows from (35) and (36) that M, is

bounded. O

Proof of Lemma 2.10. Denote
g(x) = f(z) — As(x), Ve E.

Rewrite (8) and (9) as follows:

lg(=)] _
oo izl (38)
lim g(x) = —o0. (39)

l|#]|—+o0

Fix any o € E and yo € R. It suffices to prove that the set M, defined by (32),
is bounded. It follows from (39) that there exists r > 0:

9(x) + Lyllzoll + [yo| < =1, Vo e B || =1, (40)

where Ly is a Lipschitz constant of f. According to (38), one can find R > 2r
such that

1
9@l L g > R (41)

Fix any (z,y) € M;. As in the proof of Lemma 2.9, we get (37). Hence, using the
Lipschitz continuity of f, we have

M(x) < Ay < fQAz) + Ll|lzoll + |yol, YA € [0, 3] (42)
Consequently, because Af(-) is positively homogeneous, we deduce that

Ag(x) < g(Ax) + Lyllzoll + [yol, YA € [0, 3] (43)
Assume that ||z|| > R. Putting A = oy In (43), we get

r

)
o) < g (—) T Lyl + Iyol
Tl El

This and (40) imply that rr9(2) < —1, which contradicts (41). Hence, the as-

sumption ||z|| > R is false and we have ||z|| < R. Thus, using the Lipschitz
continuity of f and putting A = 3 in (42), we deduce that

x
f(0) = LeR < f(@) <y < 2f (5) + 2Lzl + 2wl
< 2f(0) + Ly(R + 2[|zol]) + 2|yol.
Consequently, M; is bounded. n
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6. Proof of Theorem 2.11

Lemma 6.1. Let M C E be a quasiball, R > 0, and x,y € E satisfy the inequal-
ities 0 < ||z|| < Rup(x) and 0 < ||y|| < Run(y). Then

mnunggwmdw},ﬂz(wmix)_/MiyJDjEMM@»+;mAy)—uMCx+y%

where 68(+) is defined by (10).

Proof. Denote

x Yy a+b
a = CcC =

_RCL— .
T@ T i) z > 0 owlle=t

Since a,b € M N Bg, we have ||c|| < R and, using (10), we get Bs(c) C M.

Therefore, ¢ (1 + %) € M and, consequently, uy(c) < 1+1 5. Taking into account
R

that 6 = 6% (|la — b||) < Hagb” < R, we deduce that

par(c) <1— % (44)

Denote p1 = ppr(x), po = par(y). Assume without loss of generality that g < .
Using the subadditivity of the Minkowski functional and the equality pps(a) = 1,
we get

pv(x +y) = par((pn — p2)a + pa(a + b))
< (1 — pi2) - (@) + p2 - par(a +b)
= 1 — pi2 + 242 - pr(c).

This and (44) imply

) o .
uM@+wSurﬂm—%%zurﬂm—ﬁmmwhm} O

Lemma 6.2. Let M C E be a quasiball, A C E be a closed set, § > 0, ¢ > 0,
Ae (0,3], R>0,

r9 € F, ag € PM(.I(),A), Ty = (1 — )\)l’o + )\Clo,

Ro Ro
vl A =a el <72 ap ol <R ore < pify()
aEPfj)‘(xA,A)

Then
diam P& (2, A) < 3000.
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Proof. Fix any a € P¥*(zy, A). Since op(wy, A) < piar(za—ao) = (1=X) s (20—
ag) = (1 — A)go, we have

par(xy —a) < (1= XN)oo + 2e. (45)
Then, observing that
par(To — a) > 0o, par (To — x) = Ao, (46)
we get
par (o — x)) + par () — a) — ppr(wg — a) < 2e. (47)

It follows from (46) and the subadditivity of the Minkowski functional that

parlar — @) > (o — @) = pas(wo —22) = (1= Noo 2 2. (48)

Since ag € Pa(zx, A) C PNy, A), we have [|ao| < 2. Consequently, ||z, || <
max{||zo|, [|ao||} < £. Thus, according to (48), we deduce that

R
0.< llz = all < llaall + llall < 522 < Ry (s — ) (49)

Using (46) and (48), we get
lz0 = 2l = Allzo = aoll < A([lzoll + llaoll) < AReo = Rpuar(zo —25),  (50)

and
min (0 — 22, s (23 — @)} = Ay, (51)

Lemma 6.1 together with (47), and (49)—(51) imply that

A — — A
o (| - ) <2< et
par(o —2)  par(@y — a) R
Consequently,
H Ty — Qg Ty —a ‘ H To — T Ty —a ’
_ = — < p.
par(zy —ao)  pr(za — a) par(zo — 22)  pa(zy — a)
Therefore,
o= aol = el — an) | 00|
a— ap|| = Ty—a —
° Hu ° par(Ty —ao)  par(za — ao)

1 1

m(@x—a)  pu(s — ao)

)

< par (2 — ap) <5 + ||z — a| i

< (1=XN)eof + %WM(M —a) — py () — ap)l

[\CR V]

< 008+ 2Re) < 0o (B +0%(B)) < =00
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Thus,
diam PiMzy, A) <2 sup  |la — agl| < 3008 O

aGPfj*(mA,A)

Proof of Theorem 2.11. Since M is boundedly uniformly convex, it is strictly
convex and Kadec. It follows from Lemma 2.6 that M is not equidistable and
bi(M) = b(M). Hence, Theorem 2.5 implies that

Si(A) C Ty (A). (52)

For every z € Si'(A) we define

n(z) = lim  sup ||a]. (53)
10 ac€Pg (x,A)

Existence of this limits follows from monotonicity. We claim that

lim lim  sup sup |la|| < n(xo) < +oo, Vay € SIF(A). (54)
€740 040 pe®s(z0) acPs(x,4)

Indeed, fix any zo € S¥'(A). Since, according to (6), we have oy (zg, A) <
SUp,cp om(x, A), then there exist ¢ > 0 and z; € E such that gy (xg, A) + ¢ <
QM(xlaA)' ThUS,

Pi(xo, A) C (0 — (om(z0, A) +)M) \ (21 — onr (21, A) int M)

and Lemma 5.2 implies that Pf,(zo, A) isbounded. Therefore n(zo) <supue pe. (40, )l@ll
< +00. The second inequality in (54) is proved. Now let us prove the first
one. Fix any number 7y > n(xy). Using (53), one can find gy > 0 such that
SUP,e 20 (5,4) ||@]] < 70. For e1 = ¢ Lemma 3.7 implies that there exists 6; > 0

such that Pj;(z, A) C P;j(xo, A) whenever x € By, (zo). Then,

lim lim  sup sup |la|| < sup sup  |la|| < sup ||a]| < no.
e7H0 0240 pe®y(z) acPf(x,A4) z€Bs, (z0) a€Py} (x,A) a€Py? (z0,A)

This completes the proof of (54). It follows from (54) that the function 7(-) is
upper semicontinuous. Therefore for every n € N the set

S, = {ZB e SE(A) | ||lz|| < n, n(z) < n} (55)

is open.
According to Remark 3.1, for every x € Ty(A) there exists m(z) such that
Py, A) = {m(x)}.

We claim that for every n,k € N the set Y} is a porous subset of S¥f(A), where
Yy =5 \ Xi

xr= L Bk (1= Nzo + Ar(ao)) - (56)

20€5n NTar(4) xe(0,1]
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Indeed, fix any n, k € N and denote ¢ = . Take any y € Sij'(A) and r € (0,1].
At first, assume that

By, (y) NS, # 0, (57)

i.e., there exists y1 € By, (y) NS,. According to (52) and (55), we have y; € S,, C
S(A) C Ty (A). Since S, is open, one can find

2o € Byr(y1) () S [ Tur (A). (58)

Denote A = -, z) = (1 — A)zo + Am(z0). Using (56), we have
%197«<.T)\) = %,\/k(:c,\) C X,? (59)

It follows from (55) that ||zg — 7(zo)|| < 2n. Therefore,

oy =9l < llea = 2oll + llzo = sall + 1 — ]
< Mlzo — m(zo) || + 207 < 2An + 29r <r —Vr.

Hence, By, (x)) C B, (y). Thus, we have proved that in the case (57) there exists
r =1y € ST (A) such that

%197,(1‘) - %T(y) \ Ykn (60)

If (57) is not the case, for © = y we get (60) again. This proves that Y} is a porous
subset of SiI(A). Therefore,

y=U Uw (61)

neN keN
is a o-porous subset of SM(A). To complete the proof, it suffices to show that
S A\ Ty (A) C Y.

Assume the contrary: there exists z € SI(A) \ Ty (A), z € Y. Take n € N such
that n > max{||z||,7(z)}. Then, using (55), we have z € S,,. It follows from (54)
that there are eg > 0 and dy > 0 such that

sup  sup la]l <n. (62)
z€B5,(2) aEP]EV?(%A)

Since z & Ty(A), Lemma 3.8(¢) implies that lim. o diam P5,(z, A) > 0. There-
fore, there exists § > 0 such that

om(z, A)B < hIJIrlO diam Py, (z, A). (63)

Because M is a quasiball, there exists o > 0 such that B, C M. Denote

e e R R T NS SR )

~ om(z, A) 5R
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Since M is boundedly uniformly convex, we have £; > 0. Choose k£ € N such that
£ < 2L Recalling that z € S,,, 2 € Y and using (61), we get z € ;" = S, \ X}
and, therefore, z € XJ'. Hence, taking into account (56), we deduce that there
exists zg € S,(Tu(A) and X\ € (0,%] such that z € By /p(2r) C Bac,a2(Tn),
where x) = (1 — N)zg + Am(xg). Denote oo = onr(xo, A). Since £(z — ) €
Boenz C 1AM, using (14) and (64), we get

lon (2, A) — om(xx, A)| < max{un(z — zx), par(2s — 2)}

8_1 S QM(Z7A)

<egA< 5

Hence, taking into account that o (zx, A) = (1 — X)oo € [£L, 00, we have

% < om(z,A) < 20. (65)

Since ) € Boe,r2(2) C B,y (2), it follows from (62), (64), (65) that

R VA R R
sip ol < sup [laf <n=FeuEA) R L < Boo
a€PE M (zy,A) a€Py? (z,A) 8 4 4
200 (2, A
2Rey < 20N sr 3y o6t (),

Therefore, Lemma 6.2 implies that diam P]%jl’\(x,\,A) < 3003. According to
Lemma 3.7 and the inclusion z € Bac,/2(2)), we get Piit(z, A) C PiMay, A).
Thus, using (65), we have

liI}rlo diam P§;(z, A) < diam Pz, A) < 3008 < 9oum (2, A)B.

This contradicts (63). O

7. Examples
The following lemma is useful to prove that a set is equidistable.

Lemma 7.1. Let M C FE be a quasiball for which there exists an infinitesimal
sequence {e} of positive numbers, {c¢;,} C E, A > 1,0 >0,d € E, and ky € N
such that

Bs(cx) C (14 ex) M, ck € M + By, L &AM —d, Vk > k.
Then M 1is equidistable.

Proof. Fix any ¢ > 0 and w € B;. Since limy_,o, €, = 0, there exists k > kg such
that e, < e. Using the inclusions Bs(cx) C (1 4+ €)M C (1 +¢)M, one can find
x € M such that ¢, +w = (1 +¢)z. Thus, (1+e)x —w & (M + Bs) JAM — d)
and we get (5). O
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Example 7.2. A boundedly uniformly convex and equidistable quasiball in R3.
Define

1
M:{f:(m,y,z)‘—2<y<2,z+12x2+ 2},
4—y

Ge=(k+1,0k=2), Ax=2, d=(0,4,0), d=1, ex=

ol
<C
oyl
m
Z

Since

there exists some kg such that

k+2 7 k2 —2 7\> 1
- <k—— = s (k-= = k> k.
1+ 27 140 ( 2) Ty Tv=fo

Therefore, for all k£ > ko and & = (z,y, z) € B;(c,) we have

\ i <l<L

1+ e

k42 7
S +6<k__a Y
1+6 2 1+ 2

: +1>k¥_2>(k 7){+1>< v )2+ L
1+ e 1+¢ 2) T3 \1+e 4_<L>2'

1+5k

Consequently, % € M. Therefore, Bs(ck) C (1 4 e)M for all k > k.
If ¥ = (z,y,2) € Bs(Ch), then 2+ 1 < k* < 2%, so ¥ € M. Therefore ¢, ¢ M + Bs.

Besides that, ¢ + d ¢ 2M. Lemma 7.1 implies that M is equidistable. n

Example 7.3. A boundedly uniformly convex and equidistable quasiball M C /s
such that b; (M) = b(M). Define

M:{f: (xo,lfl,l'g,...) GEQ | f([)?) S 1},

where

F@&) = pulwr), VE=(xo,21,...) € Lo,
k=0

VIiteE-1 t<k
t:—t, t: ’ - ’ Vk€N7t€R
@ol(t) i (t) {\/1+t2—1+(!t|—/€)2, | >k,
(66)

A functional ' € £ such that (p,Z) = > 7 pray for all £ = (xo,21,...) € by is
written in the form 7 = (po, p1,...). Observe that

b(M)\ {0} = {p'= (po,p1,-..) € 3| po <0}
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is an open set. Consequently, Lemma 5.4 implies that by (M) = b(M).

For any index & € N U {0} denote €, = (ex0,€x1,€x2,-..) € Lo, where e, ; = 0 if

)
k#jande; =1ifk=j. Putd = —4é, A =2, 6 = 1. For any index k € N
denote

o R 3
Cr, = (k+ 2)(60 + Gk), Er = E

Take any © = (xg,21,...) € ﬁ%dc}). Then, for every j € N\ {k} we have
@j(r;) = y/1+a3 —1 < x7. Therefore > jemiry Pi(T5) < 0 = 5. Using the

1
inequalities 0 < x;, < kﬁ;ﬁ < k, we deduce that g (zx) = /1 4+ a2 — 1 < xp — %
Consequently, f(7) < —z+ @r(Ti) —i—% < —zp+xp —%%—% < 1. Therefore ¥ € M.

Thus,

Bs(G) C (1+e)M, VkeN. (67)

Now take any & = (x¢,x1,...) € Bs(¢). Then,

f(Z) > (o) — 20 > 28 — 1+ (1 — k)? — 29 > (2)2—1—§>1.
Hence, 7 ¢ M and
¢, & M + Bs. (68)
Since f <€k2+‘i) = —k—;2+g0k (%) > —%—i—% —1=1, we have
G &AM — d. (69)

Consequently, according to (67)-(69) and Lemma 7.1, we deduce that M is equidis-
table. 0

Example 7.4. A strictly convex set M C {5 such that by(M) = b(M) and M is
neither equidistable nor parabolic quasiball. Define

M = f:(l'o,l'l,...)

For every & = (9, x1,...) € {2 we introduce the following notation

(71)
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Assume that M is equidistable. Hence, there are A> 1,8 > 0 and d = (do,dy,...) €
¢y such that (5) holds. Denote

1+ A 1 d
p=—- Co= (Z‘zzfzyw()—d())’

€ = min i -1
Tl
It follows from (5) that there exists & = (zg,21,...) € {2 such that
E(G+5M@\hﬁ<@4+%@LJOﬂ%—@). (73)

Then, using the inequality 1 + ¢ < p, we get

e (uM) \ int (AM—J),

that is, according to (71), we have

o T l’0+do SC"—d
L) —f( )
uf(§> Y (fi—d>+d0§0-

Therefore, according to (70), we deduce that
, L3 7 F+d
P(@) = 9@+ d) tdo < pp { ) —Ae | =

and, consequently,

Hence,

Since

we get

u\/1+'m—ﬁ—A¢H— bl Tl - VR AT
< VAV Tl - VA (VAT Tad - %)
N NEarn)
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This and (74) imply that

w-lf) <l - (A=) S YR

2k2
k=1

Therefore,
Y. m o =G (75)

k=1
where Cj is defined in (72).
The inclusion (73) implies that & € ((1 +¢)M) \ int (M + Bs). Therefore,

&l zf( d ) 20 +6 < [ (7).

1+e¢ 1+e¢
Consequently,
X
1 —f(B)+6<
e (1) - r@+o <o
that is,
z
1 — (%) > 0.
(e (1) - @ 2 (70
Since
(1—|—€) —\/1+|£Ek|§€\/1+|$k|,

the inequality (76) implies that

k=1

Hence, using (75), we get the inequality eCy > 0, which contradicts (72). The
contradiction proves that M is not equidistable.

As in the previous example, a functional p’ € ¢4 such that (7, ) = > ;- prry for
all ¥ = (zg,x1,...) € la, is written in the form p'= (po, p1,...). We claim that the
set

pot | pE<0p. (77)

k=1

B={p=(po,p1,-..) €

satisfies the equality

b(M)\ {0} = B. (78)

Indeed, take p'= (po, p1,...) € (M) \ {0}. Fix an arbitrarily ¢ > 0 and consider
T = (x9,x1,...) € 3, where

rp =1tpr, VkEN, z5=
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Then £ € M and

Zpk val‘i‘ﬂpk Z

(P, @) = tpo
k=1
Since p’ € b(M), we have
o0 o0
. 1 —|— t|pk
2 2

Therefore p € B. Thus, the inclusion b(M) \ {0} C B is proved.

Let us prove the reverse inclusion. Take p'= (po, p1,...) € B. Using the equality
ey kiz = %f and the Cauchy—-Schwarz inequality we have

00 ’xk|< 00 1 o) ) .
N = (@)

Consequently,

zo > P(T) — p(F) = P(T) — 2¢/1 + Y().

Hence,

s(p, M) = sup(p, Z) < sup (poato + Zpkxk> :

zeM fZ(IQ,Il,...)Gfg:

202(T) 21/ 119:(@)

Thus, using the inequality >~ przr < ¥(P)Y(Z), we deduce

$(7, M) < sup (poth(@) — 200\/T+ 0(7) + H(P(T))

rEly

< sup (t(po + (7)) — 201+ 1)

t>0

Since p' € B, we have py + ¥(p) < 0 and, therefore, s(p, M) < —+o00. So, the
inclusion B C b(M) \ {0} is proved as well. Using (77) and (78), we deduce that
b(M) \ {0} is open. Therefore, from Lemma 5.4 it results that by (M) = b(M).
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Finally, let us prove that M is not parabolic. For any & € NU {0} denote €} as in
Example 7.3. Consider d = —36, and 7 = k(éy+¢&). Then &), € M\ (2M —d) for

-

all k € N. Thus, M \ (2M — d) is unbounded and, therefore, M is not parabolic.

Acknowledgements. The author thanks to Mariana S. Lopushanski and Grigory M.

Ivanov for useful discussions of the questions considered here and is also grateful to the

referee for very helpful comments.

References

J. M. Borwein, S. Fitzpatrick: Existence of nearest points in Banach spaces, Canad.
J. Math. 41 (1989) 707-720.

E. P. Dolzhenko: Boundary properties of arbitrary functions, Izv. Akad. Nauk SSSR,
Ser. Mat. 31 (1967) 3-14 (in Russian).

1. Ekeland, R. Temam: Convex Analysis and Variational Problems, North-Holland,
Amsterdam (1976).

S. V. Konjagin: On approximation properties of closed sets in Banach spaces, Sov.
Math., Dokl. 21 (1980) 418-422.

K. S. Lau: Almost Chebyshev subsets in reflexive Banach spaces, Indiana Univ.
Math. J. 27 (1978) 791-795.

C. Li: On well posed generalized best approximation problems, J. Approximation
Theory 107 (2000) 96-108.

J. Lindenstrauss, D. Preiss, J. Tiser: Frechet differentiability of Lipschitz maps and
porous sets in Banach spaces, in: Banach Spaces and their Applications in Analysis
(Oxford, 2006), B. Randrianantoanina et al. (ed.), de Gruyter, Berlin (2007) 111—
123.

S. B. Stechkin: Approximate properties of sets in linear normed spaces, Acad.
Républ. Popul. Roum., Rev. Math. Pur. Appl. 8 (1963) 5-18 (in Russian).

L. Zajicek: Porosity and o-porosity, Real Anal. Exch. 13 (1987-1988) 314-350.



