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Let M be a closed convex (generally unbounded) subset of a Banach space E with 0 being
an interior point of M , A be a closed subset of E. Let TM (A) be the set of all x0 ∈ E such
that the problem mina∈A µM (x0 − a) is well posed, where µM is the Minkowski functional of
M , so µM is a nonsymmetric seminorm. We obtain some asymptotic properties (appearance
far from the origin) of M which are necessary and/or sufficient for Sint

M
(A) \ TM (A) to be a

meagre or a σ-porous subset of Sint

M
(A) = {x0 ∈ E | 0 < ̺M (x0, A) < supx∈E ̺M (x,A)}, where

̺M (x,A) = infa∈A µM (x− a).
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1. Introduction

Let E be a real normed vector space. For a set A ⊂ E by intA, A, and ∂A we
denote the interior, the closure, and the boundary of A, respectively. We use 〈p, x〉
to denote the value of the functional p ∈ E∗ at the vector x ∈ E. For R > 0 and
c ∈ E we denote by BR(c) the closed ball with center c and radius R, in particular,
we put BR = BR(0).

We say that the subset M of E is a quasiball if M is closed convex and 0 ∈ intM .

Let M be a quasiball. Recall that the Minkowski functional µM : E → R of M is
defined by

µM(x) = inf {t > 0 | x ∈ tM} , ∀x ∈ E. (1)

A functional µ : E → R is called a nonsymmetric seminorm if it is positively

homogeneous :

µ(tx) = tµ(x), ∀t ≥ 0, ∀x ∈ E

and subadditive :

µ(x+ y) ≤ µ(x) + µ(y), ∀x, y ∈ E.
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Remark 1.1. A functional µ : E → [0,+∞) is a Lipschitz continuous nonsym-
metric seminorm iff it is the Minkowski functional of a quasiball.

For a closed set A ⊂ E and a point x0 ∈ E we consider the problem to approximate
x0 by a point a ∈ A best in the sense of the nonsymmetric seminorm:

min
a∈A

µM(x0 − a). (2)

Through ̺M(x0, A) we denote the M -distance from the point x0 to the set A:

̺M(x0, A) = inf
a∈A

µM(x0 − a). (3)

A sequence {ak} ⊂ A is called a minimizing sequence of the problem (2) if

lim
k→∞

µM(x0 − ak) = ̺M(x0, A).

The problem (2) is said to be well posed if every minimizing sequence of the
problem (2) converges. We use TM(A) to denote the set of all x0 ∈ E such that
the problem (2) is well posed.

Recall that a set M ⊂ E is called strictly convex if for every different points
x, y ∈ M we have x+y

2
∈ intM . A set M ⊂ E is called Kadec if for any sequence

{xk} ⊂ ∂M weak convergence xk → x0 ∈ ∂M implies strong convergence of {xk}.
A subset S of a topological space X is called a meagre set or a set of first category

if S =
⋃

n∈N Sn where Sn are nowhere dense in X. The complement of a meager
subset is called a residual set.

A subset S of a metric space X is said to be porous in X if there exist r0 > 0 and
ϑ ∈ (0, 1] such that

∀y ∈ X, ∀r ∈ (0, r0], ∃x ∈ X : Bϑr(x) ⊂ Br(y) \ S.

A subset S of a metric space X is said to be σ-porous in X if S =
⋃

n∈N Sn, where
Sn are porous in X. The notion of porosity was introduced by Dolzhenko [2] and
has been investigated by many authors (see the survey [9]).

Stechkin [8], Lau [5], Konjagin [4], Borwein and Fitzpatrick [1], and others con-
sidered the problem (2) for M = B1. It was proved that if the unit ball M is
strictly convex and Kadec, a set A is closed, then TM(A) is a residual subset of
E. Instead of the unit ball Li [6] considered a bounded quasiball and obtained
a similar result for this more general case. In this paper we refuse from the as-
sumption that the quasiball M is bounded and investigate regions S ⊂ E such
that S \TM(A) are nowhere dense, meagre or σ-porous in S provided M has some
asymptotic properties.
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2. Main results

Let M ⊂ E be a quasiball and a set A ⊂ E be closed. We split E into three
regions:

S0
M(A) = {x0 ∈ E | ∃δ > 0 : ̺M(x,A) = 0, ∀x ∈ Bδ(x0)} ,

Sconst
M (A) = {x0 ∈ E | ∃δ > 0 : 0 < ̺M(x0, A) = ̺M(x,A), ∀x ∈ Bδ(x0)} ,
Svar
M (A) = {x0 ∈ E | ∀δ > 0 ∃x ∈ Bδ(x0) : ̺M(x,A) 6= ̺M(x0, A)} . (4)

Note that sets S0
M(A), Sconst

M (A), and Svar
M (A) are disjoint and

E = S0
M(A)

⋃

Sconst
M (A)

⋃

Svar
M (A).

Obviously sets S0
M(A) and Sconst

M (A) are open and Svar
M (A) is closed. If M is

bounded, then S0
M(A) = intA, Sconst

M (A) = ∅, Svar
M (A) = E \ A.

Example 2.1. Let E = R
2. Consider the quasiball

M =
{

(x, y) | x ∈ R, y ≥ x2 − 1
}

,

and the closed set
A = {(x, y) | x ∈ R, f(x) ≤ y ≤ 1} ,

where

f(x) =











−(x+ 1)2, x < −1,

0, −1 ≤ x ≤ 1,

−(x− 1)2, x > 1.

Then,

S0
M(A) = {(x, y) | x ∈ R, y > f(x)} ,

Sconst
M (A) = {(x, y) | −1 < x < 1, y < −1} ,

Svar
M (A) = E \

(

S0
M(A)

⋃

Sconst
M (A)

)

,

TM(A) = E \
(

S0
M(A)

⋃

Sconst
M (A)

)

.
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Lemma 2.2. Let M ⊂ E be a quasiball and a set A ⊂ E be closed. Then

Sconst
M (A)

⋂

TM(A) = ∅.

Lemma 2.2 implies that Sconst
M (A)

⋂

TM(A) can not be dense in Sconst
M (A). Example

2.1 shows that S0
M(A)

⋂

TM(A) may not be dense in S0
M(A). We shall consider

geometric and asymptotic properties of M that are necessary and sufficient for
Svar
M (A)

⋂

TM(A) to be a dense or residual subset of Svar
M (A).

Consider the barrier cone of M :

b(M) =

{

p ∈ E∗ | sup
x∈M

〈p, x〉 < +∞
}

and the cone

b1(M) =

{

p ∈ E∗ | ∃x0 ∈M : 〈p, x0〉 = sup
x∈M

〈p, x〉
}

.

Theorem 2.3. For a quasiball M in a Banach space E the following statements

are equivalent:

(i) E is reflexive, M is strictly convex and Kadec, b1(M) = b(M);

(ii) for any closed set A ⊂ E the inclusion Svar
M (A) ⊂ TM(A) is valid;

(iii) for any closed set A ⊂ E the set Svar
M (A)

⋂

TM(A) is a residual subset of

Svar
M (A).

Remark that investigation of the region Svar
M (A) is somewhat complicated in gen-

eral. Now we shall introduce the notion of equidistableness. Then we shall see
that Svar

M (A) has a simple structure provided that M is not equidistable.

First, we recall that the Minkowski sum of sets A,B ⊂ E is defined as

A+B = {x+ y | x ∈ A, y ∈ B} .

We say that a set M ⊂ E is equidistable if there exist λ > 1, δ > 0, and d ∈ E

such that

∀w ∈ Bδ, ∀ε > 0, ∃x ∈M : (1 + ε)x− w 6∈ int
(

(M + Bδ)
⋃

(λM − d)
)

. (5)

It follows from (5) that ∀ε > 0 ∃x ∈ M : (1 + ε)x 6∈ intBδ(x) and, therefore,
‖x‖ ≥ δ

ε
. Hence, a bounded setM can not be equidistable. Thus, equidistableness

depends on the appearance of the set far from the origin, in this sense this property
is asymptotic. An example of an equidistable quasiball in R

3 (Example 7.1) and
other examples will be considered in Section 7.

Define the intermediate region of the problem (2) as the set of all x0 ∈ E such that
the value ̺M(x0, A) is not extremal:

Sint
M (A) =

{

x0 ∈ E | 0 < ̺M(x0, A) < sup
x∈E

̺M(x,A)

}

. (6)



G. E. Ivanov / On Well Posed Best Approximation Problems for a ... 505

Note that Sint
M (A) is an open and rather simple set. The next lemma gives the

condition which provides a simple structure of Svar
M (A).

Lemma 2.4. For a quasiball M ⊂ E the following statements are equivalent:

(i) M is not equidistable;

(ii) for any closed set A ⊂ E the inclusion Sint
M (A) ⊂ Svar

M (A) is valid;

(iii) for any closed set A ⊂ E the equality Svar
M (A) = Sint

M (A) holds.

The equivalence of the statements (i) and (ii) in Lemma 2.4 means that a quasiball
M ⊂ E is equidistable iff there exist a closed set A ⊂ E and a point x0 ∈ Sint

M (A)
such that the distance function ̺M(·, A) is constant in some neighbourhood of x0.
This explains the term "equidistable". Using Theorem 2.3 and Lemma 2.4, we
deduce the following theorem.

Theorem 2.5. For a quasiball M in a Banach space E the following statements

are equivalent:

(i) E is reflexive, M is strictly convex, Kadec and not equidistable, b1(M) =
b(M);

(ii) for any closed set A ⊂ E the inclusion Sint
M (A) ⊂ TM(A) is valid;

(iii) for any closed set A ⊂ E the set Sint
M (A)

⋂

TM(A) is a residual subset of

Sint
M (A).

Remark that equidistableness is a rather complicated notion. The following sub-
stantially more simple notion provides a sufficient condition for Sint

M (A)
⋂

TM(A)
to be a residual subset of Sint

M (A), which is also necessary in finite-dimensional
spaces.

We say that a set M ⊂ E is parabolic if it is closed convex and for every d ∈ E

the set M \ (2M − d) is bounded.

The term "parabolic" is due to the observation that the epigraph of the parabola
y = x2 is parabolic while the epigraph of the hyperbola y = 1

x
, x > 0 is not

parabolic. Since parabolicity depends on the appearance of the set far from the
origin, this property is asymptotic.

Lemma 2.6. If M is a parabolic quasiball in a reflexive Banach space E, then M

is not equidistable and b1(M) = b(M).

Example 7.3 shows that implication converse to Lemma 2.6 is generally wrong.
However the following lemma shows that it is true in a finite-dimensional space.

Lemma 2.7. A strictly convex quasiball M in a finite-dimensional normed space

is parabolic iff b1(M) = b(M).

Lemmata 2.6 and 2.7 imply that in a finite-dimensional space there is no strictly
convex equidistable quasiball M such that b1(M) = b(M). Example 7.2 exhibits
such a quasiball in ℓ2. Combining Theorem 2.5 with Lemmata 2.6 and 2.7, we get
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the following theorem.

Theorem 2.8. Let M be a quasiball M in a reflexive Banach space E. Then the

statement

(i) M is strictly convex, Kadec and parabolic

implies that

(ii) for any closed set A ⊂ E the set Sint
M (A)

⋂

TM(A) is a residual subset of

Sint
M (A).

If additionally E is finite-dimensional, statements (i) and (ii) are equivalent.

The following two lemmata provide sufficient conditions for the epigraph

epi f = {(x, y) : x ∈ E, y ≥ f(x)}
of a function f : E → R to be parabolic.

Lemma 2.9. If a function f : E → R is convex, continuous, and coercitive, i.e.,

lim‖x‖→∞
f(x)
‖x‖ = +∞, then its epigraph is parabolic.

Lemma 2.10. Let a function f : E → R be convex, Lipschitz continuous and the

limit

lim
t→+∞

f(tx)

t
= Λf (x) ∈ R (7)

exists uniformly on the unit sphere, i.e.,

lim
t→+∞

sup
x∈∂B1

∣

∣

∣

∣

f(tx)

t
− Λf (x)

∣

∣

∣

∣

= 0. (8)

Suppose also that

lim
‖x‖→+∞

(f(x)− Λf (x)) = −∞. (9)

Then epi f is parabolic.

Now we consider sufficient conditions for Sint
M (A)\TM(A) to be σ-porous in Sint

M (A).

A set M ⊂ E is called boundedly uniformly convex if

δRM(ε) > 0, ∀R > 0, ∀ε > 0,

where

δRM(ε) = sup

{

δ ∈
(

0,
ε

2

]

∣

∣

∣

∣

Bδ

(x+ y

2

)

⊂M, ∀x, y ∈M ∩ BR : ‖x− y‖ ≥ ε

}

(10)
is an analogue of the modulus of convexity.

Theorem 2.11. Let M be a boundedly uniformly convex and parabolic quasiball

in a reflexive Banach space E, a set A ⊂ E be closed. Then Sint
M (A) \ TM(A) is

σ-porous in Sint
M (A).
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3. Proofs of Lemma 2.2 and Theorem 2.3

Recall a few more notions.

For a closed set A ⊂ E and a point x0 ∈ E we use PM(x0, A) to denote the set of
all solutions of the problem (2), i.e., M-projection of x0 on A:

PM(x0, A) = {a ∈ A | µM(x0 − a) ≤ ̺M(x0, A)} . (11)

For every ε > 0 we also denote

P ε
M(x0, A) = {a ∈ A | µM(x0 − a) ≤ ̺M(x0, A) + ε} . (12)

The following remark results from the definition of well posedness.

Remark 3.1. LetM ⊂ E be a quasiball, a set A ⊂ E be closed, and x0 ∈ TM(A).
Then PM(x0, A) is a singleton.

The diameter of a set A ⊂ E is defined as

diam A = sup
x, y∈A

‖x− y‖.

For any functional p ∈ E∗ through s(p,A) we denote the value of the support

function of a set A ⊂ E:

s(p,A) = sup
x∈A

〈p, x〉.

A functional p ∈ E∗ is called the Fréchet derivative of a function f : E → R at
x0 ∈ E if

lim
x→x0

f(x)− f(x0)− 〈p, x− x0〉
‖x− x0‖

= 0.

Hereafter we shall use the following two relations which are valid for any set A ⊂ E

and any quasiball M ⊂ E:

̺M(x,A) = inf {t > 0 | x ∈ A+ tM} , ∀x ∈ E, (13)

̺M(x1, A)− ̺M(x2, A) ≤ µM(x1 − x2), ∀x1, x2 ∈ E. (14)

The equality (13) results from (1) and (3); (14) follows from (3) and the subaddi-
tivity of the Minkowski functional.

Proof of Lemma 2.2. Assume the contrary: there exists x0 ∈ Sconst
M (A)

⋂

TM(A).
According to Remark 3.1, there is a ∈ PM(x0, A). Therefore, whenever t ∈ (0, 1),
xt = (1 − t)x0 + ta, we have ̺M(xt, A) ≤ µM(xt − a) = (1 − t)µM(x0 − a) =
(1 − t)̺M(x0, A) < ̺M(x0, A). Consequently, for every δ > 0 there exists xt ∈
Bδ(x0) such that ̺M(xt, A) < ̺M(x0, A). This contradicts the assumption that
x0 ∈ Sconst

M (A).
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Lemma 3.2. Let M ⊂ E be a quasiball and A be a subset of E. Suppose that

p ∈ E∗ is the Fréchet derivative of ̺M(·, A) at x0 ∈ E. Then s(p,M) ≤ 1.

Proof. According to the definfition of the Fréchet derivative, we have 〈p, x〉 =

limt→+0
̺M (x0+tx,A)−̺M (x0,A)

t
for all x ∈ E. This and (14) imply that 〈p, x〉 ≤ µM(x)

for all x ∈ E. In particular, 〈p, x〉 ≤ 1 for all x ∈M .

Lemma 3.3. Let E be a reflexive Banach space and a set M ⊂ E be strictly

convex and Kadec. Suppose that z0 ∈M and p ∈ E∗\{0} satisfy 〈p, z0〉 = s(p,M).
Suppose a bounded sequence {zk} ⊂M is such that limk→∞〈p, zk〉 = s(p,M). Then
limk→∞ ‖zk − z0‖ = 0.

Proof. Assume the contrary. Extracting a proper subsequence from {zk} and
denoting it again as {zk}, we have infk∈N ‖zk − z0‖ = ε > 0. Since p 6= 0, there
exists d ∈ E such that 〈p, d〉 = 1. For every k ∈ N denote

wk = zk + (s(p,M)− 〈p, zk〉+ 2−k)d.

Then, 〈p, wk〉 = s(p,M) + 2−k > s(p,M). Consequently, wk 6∈ M . Therefore for
every k ∈ N there is yk ∈ [zk, wk] ∩ ∂M . Since {zk} is bounded and ‖yk − zk‖ ≤
‖wk − zk‖ → 0 as k → ∞, it follows that {yk} is bounded. Due to the reflexivity
of E, there exists a subsequence {ykj}, which weakly converges to some y0 ∈ E.
Since M is closed convex, we have y0 ∈ M . Moreover, 〈p, y0〉 = limj→∞〈p, ykj〉 =
limk→∞〈p, zk〉 = s(p,M) = 〈p, z0〉. Using the strict convexity of M , we get y0 =
z0 ∈ ∂M . The Kadec property ofM implies that limj→∞ ‖ykj−z0‖ = 0. Therefore,
ε ≤ limj→∞ ‖zkj − z0‖ = 0. Contradiction.

Lemma 3.4. Let E be a reflexive Banach space, M ⊂ E be a strictly convex and

Kadec quasiball, and A ⊂ E be a closed set. Suppose that p ∈ E∗ \ {0} is the

Fréchet derivative of ̺M(·, A) at x0 ∈ E and ̺M(x0, A) > 0. Suppose there exists

z0 ∈M such that 〈p, z0〉 = s(p,M). Then x0 ∈ TM(A).

Proof. Let {ak} be a minimizing sequence of the problem (2). Denote

̺0 = ̺M(x0, A), ̺k = µM(x0 − ak).

Then,
lim
k→∞

̺k = ̺0 > 0. (15)

Without loss of generality assume that ̺k > 0 for all k ∈ N. Hence, infk∈N ̺k > 0
and, therefore, infk∈N ‖ak − x0‖ > 0. Since the sequence

tk =
2−k +

√
̺k − ̺0

‖ak − x0‖

tends to zero, we may suppose that tk < 1 for all k ∈ N. Observe that the sequence

xk = x0 + tk(ak − x0)
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converges to x0. Since p is the Fréchet derivative of ̺M(·, A) at x0, we get

lim
k→∞

̺M(xk, A)− ̺M(x0, A)− 〈p, xk − x0〉
‖xk − x0‖

= 0.

Hence, taking into account that ̺M(xk, A) ≤ µM(xk−ak) = (1− tk)µM(x0−ak) =
(1− tk)̺k, we obtain

lim inf
k→∞

(1− tk)̺k − ̺0 − tk〈p, ak − x0〉
tk‖ak − x0‖

≥ 0.

Thus, thanks to ̺k−̺0
tk‖ak−x0‖ = ̺k−̺0

2−k+
√
̺k−̺0 → 0 (as k → ∞), we have

lim inf
k→∞

〈p, x0 − ak〉 − ̺0

‖ak − x0‖
≥ 0. (16)

Observe that the points

yk =
x0 − ak

̺k
(17)

belong to M for all k ∈ N.

Suppose that {yk} is unbounded. Without loss of generality assume that
limk→∞ ‖yk‖ = +∞ and ‖yk − z0‖ > 1 for all k ∈ N. Then, (16) and (17) imply

that lim infk→∞
〈p,yk〉
‖yk‖ ≥ 0. Using the convexity of M and the inclusions z0 ∈ M ,

yk ∈M we deduce that the points

zk = z0 +
yk − z0

‖yk − z0‖

belong toM as well. Therefore, s(p,M) ≥ 〈p, zk〉 and lim infk→∞〈p, zk〉 = 〈p, z0〉+
lim infk→∞

〈p,yk〉
‖yk‖ ≥ 〈p, z0〉 = s(p,M). Thus, limk→∞〈p, zk〉 = s(p,M) and Lemma

3.3 implies that limk→∞ ‖zk − z0‖ = 0. However, ‖zk − z0‖ = 1 for all k ∈ N. The
contradiction shows that {yk} is bounded. This and (15)–(17) imply that

lim inf
k→∞

〈p, yk〉 ≥ 1.

Using Lemma 3.2 and the inclusion yk ∈ M we get limk→∞〈p, yk〉 = s(p,M) = 1.
Thus, according to Lemma 3.3, we deduce the convergence of {yk} and, therefore,
the convergence of {ak}. Consequently, x0 ∈ TM(A).

Theorem 1.7 in [7] implies the following lemma.

Lemma 3.5. Let E be a reflexive Banach space, x0 ∈ E, δ > 0 and let f :
intBδ(x0) → R be a Lipschitz continuous and not constant function. Then f has

a nonzero Fréchet derivative at some point x ∈ intBδ(x0).
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Lemma 3.6. Let M ⊂ E be a quasiball and p ∈ b(M) \ b1(M). Then for the

half-space

A = {x ∈ E | 〈p, x〉 ≤ 0}
we have

Svar
M (A) = {x ∈ E | 〈p, x〉 ≥ 0} (18)

and

TM(A) ⊂ A. (19)

Proof. We claim that

̺M(x,A) =
〈p, x〉
s(p,M)

, ∀x ∈ E \ A. (20)

Indeed, fix any x ∈ E \ A. If x ∈ A + tM for some t > 0, then we get
〈p, x〉 ≤ s(p,A) + ts(p,M) = ts(p,M). Therefore, according to (13), we deduce

that ̺M(x,A) ≥ 〈p,x〉
s(p,M)

. Assume that ̺M(x,A) > 〈p,x〉
s(p,M)

. In this case, by virtue

of (13), one can find t1 >
〈p,x〉
s(p,M)

such that x 6∈ A + t1M . Since s(p,M) > 〈p,x〉
t1

,

there exists z ∈ M with 〈p, z〉 > 〈p,x〉
t1

, that is, 〈p, x − t1z〉 < 0. Consequently,
x − t1z ∈ A, which contradicts the assumption x 6∈ A + t1M . This proves (20).
The equality (18) follows immediately from (4) and (20).

In order to deduce (19), assume the contrary: there exists x ∈ TM(A) \ A. Then,
according to Remark 3.1, we have PM(x,A) = {a} for some a ∈ E. Since x ∈ E\A,
using (20), we get ̺M(x,A) = 〈p,x〉

s(p,M)
> 0. Consequently, using (11), for z = x−a

̺M (x,A)

we have µM(z) ≤ 1 and, therefore, z ∈ M . Thus, 〈p, z〉 = 〈p,x〉−〈p,a〉
̺M (x,A)

≥ 〈p,x〉
̺M (x,A)

=

s(p,M), which contradicts the assumption p 6∈ b1(M).

Lemma 3.7. Let ε0 > ε > 0, α > 0, x0, x ∈ E and a quasiball M ⊂ E be such

that Bα ⊂ M and 2‖x − x0‖ ≤ (ε0 − ε)α. Then P ε
M(x,A) ⊂ P ε0

M (x0, A) for any

set A ⊂ E.

Proof. Since ±(x − x0) ∈ ε0−ε
2

Bα ⊂ ε0−ε
2
M , it follows that µM(x − x0) ≤ ε0−ε

2

and µM(x0 − x) ≤ ε0−ε
2

. This and (14) imply that ̺M(x,A) ≤ ̺M(x0, A) +
ε0−ε
2

.
Therefore, using (12), for every y ∈ P ε

M(x,A) we have µM(x − y) ≤ ̺M(x,A) +
ε ≤ ̺M(x0, A) +

ε0+ε
2

. Consequently, µM(x0 − y) ≤ µM(x − y) + µM(x0 − x) ≤
̺M(x0, A) + ε0. Thus, y ∈ P ε0

M (x0, A).

Recall that a subset S of a topological space X is called a Gδ set, if S =
⋂

n∈N Sn
where Sn are open in X.

Lemma 3.8. Let M be a quasiball in a Banach space E and A ⊂ E be a closed

set. Then

(i) TM(A) = {x ∈ E | limε→+0 diam P ε
M(x,A) = 0};

(ii) TM(A) is a Gδ subset of E.
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Proof. (i) Denote T = {x ∈ E | limε→+0 diam P ε
M(x,A) = 0}. Take x0 ∈ T .

Since
{

P
1/k
M (x0, A)

}

k∈N is a sequence of nested closed sets with diameters tending
to zero, we deduce that the sequence has some point

a0 ∈
⋂

k∈N
P

1/k
M (x0, A).

Let {ak} ⊂ A be a minimizing sequence of the problem (2). Then the sequence
εk = µM(x0 − ak) − ̺M(x0, A) tends to zero. Hence, taking into account that
ak ∈ P εk

M (x0, A) and x0 ∈ T , we obtain limk→∞ ‖ak − a0‖ = 0. Thus, x0 ∈ TM(A)
and, consequently, we get T ⊂ TM(A).

To prove the reverse inclusion, fix any x0 ∈ TM(A). Let {εk} be an infinitesimal
sequence of positive numbers. Using the well posedness we deduce that every
sequence ak ∈ P εk

M (x0, A) converges. Consequently, limε→+0 diam P ε
M(x,A) = 0,

that is, x0 ∈ T . Thus, TM(A) = T .

(ii) For every k ∈ N we denote

Xk =

{

x ∈ E | ∃ε > 0 : diam P ε
M(x,A) <

1

k

}

.

We claim that the sets Xk are open. Indeed, fix any k ∈ N and x0 ∈ Xk. Then,
there exists ε0 > 0 such that diam P ε0

M (x0, A) <
1
k
. Take ε ∈ (0, ε0). It follows

from Lemma 3.7 that there is γ > 0 such that P ε
M(x,A) ⊂ P ε0

M (x0, A) whenever
x ∈ Bγ(x0). Consequently, Bγ(x0) ⊂ Xk, which proves that Xk is open. To
complete the proof, it suffices to observe that (i) implies

TM(A) =
⋂

k∈N
Xk.

Proof of Theorem 2.3. (i) ⇒ (ii). Suppose that (i) holds. Take any closed set
A ⊂ E, x0 ∈ Svar

M (A), and δ > 0. Lemma 3.5 and the continuity of ̺M(·,M) imply
that there exists x ∈ Bδ(x0) such that ̺M(x,A) > 0 and the function ̺M(·, A) has
the Fréchet derivative p ∈ E∗ \ {0} at the point x. Lemma 3.2 and (i) imply that
p ∈ b(M) = b1(M). Hence, using Lemma 3.4 we deduce that x ∈ TM(A). Thus,
for every δ > 0 we have Bδ(x0) ∩ TM(A) 6= ∅. Hence, x0 ∈ TM(A) and, therefore,
Svar
M (A) ⊂ TM(A).

(ii) ⇒ (i). Suppose that (ii) holds. Lemma 3.6 implies that b1(M) = b(M).
Theorem 3.3 from [6] shows that E is reflexive, M is strictly convex and Kadec.
Though in [6] boundedness of the quasiballM (in [6] it is denoted through C) was
assumed, the proof of this fact remains valid for an unbounded quasiball.

(ii) ⇒ (iii). Suppose that (ii) holds and A ⊂ E is a closed set. Using Lemma
3.8(ii) we deduce that Svar

M (A)
⋂

TM(A) is a dense Gδ subset of the topological
space Svar

M (A), that is a topological subspace of E. Therefore Svar
M (A)

⋂

TM(A) is
a residual subset of Svar

M (A).

(iii) ⇒ (ii) follows from the Baire category theorem.
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4. Proofs of Lemma 2.4 and Theorem 2.5

Proof of Lemma 2.4. Let M ⊂ E be a quasiball. Fix λ > 1, δ > 0, and d ∈ E.
Denote

A0 = −E \ int
(

(M + Bδ)
⋃

(λM − d)
)

. (21)

Since (5) may be equivalently rewritten as

w ∈ A0 + (1 + ε)M, ∀w ∈ Bδ, ∀ε > 0,

using (13), we deduce that (5) is equivalent to

̺M(w,A0) ≤ 1, ∀w ∈ Bδ. (22)

It follows from (13) and (21) that

̺M(w,A0) ≥ 1, ∀w ∈ Bδ

and

̺M(d,A0) ≥ λ.

Hence, if M is equidistable, there exists the closed set A0, defined by (21) such
that

sup
x∈E

̺M(x,A0) ≥ ̺M(d,A0) ≥ λ > 1 = ̺M(w,A0), ∀w ∈ Bδ.

In this case 0 ∈ Sint
M (A0) ∩ Sconst

M (A0). Therefore 0 6∈ Svar
M (A0) and the inclusion

Sint
M (A0) ⊂ Svar

M (A0) is false. Thus, (ii) ⇒ (i) is proved.

For proving (i) ⇒ (ii) assume that (ii) is false, i.e., there exist a closed set A ⊂ E

and a point

x0 ∈ Sint
M (A) \ Svar

M (A).

Denote ̺0 = ̺M(x0, A). Since x0 ∈ Sint
M (A), we have 0 < ̺0 < supx∈E ̺M(x,A).

Consider

A1 =
1

̺0
(A− x0).

Thus, 1 = ̺M(0, A1) < supx∈E ̺M(x,A1). Hence, there exists d ∈ E such that
1 < ̺M(d,A1). Fix λ ∈ (1, ̺M(d,A1)). Using (13), we deduce that

d 6∈ A1 + λM. (23)

Since x0 6∈ Svar
M (A), we have 0 6∈ Svar

M (A1). Therefore, (4) implies that there exists
δ > 0 such that

̺M(x,A1) = 1, ∀x ∈ B2δ. (24)

To prove that

Bδ

⋂

(A1 +M) = ∅, (25)
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we assume the contrary: there exists x ∈ Bδ∩(A1+M). Then there is a ∈ A1 with
x−a ∈M . Since x ∈ Bδ, one can find t ∈ (0, 1) such that xt = (1−t)x+ta satisfies
the inclusion xt ∈ B2δ. Thus, ̺M(xt, A1) ≤ µM(xt − a) = (1 − t)µM(x − a) ≤
1− t < 1, which contradicts (24). This proves (25). It follows from (23) and (25)
that

−A1 ⊂ E \ (λM − d), −A1 ⊂ E \ (M + Bδ).

Therefore the set A0, defined by (21), satisfies the inclusion A1 ⊂ A0. This and
(24) imply (22), which is equivalent to (5). Thus, M is equidistable and the proof
of (i) ⇒ (ii) is completed.

Since Svar
M (A) is closed, the inclusion Sint

M (A) ⊂ Svar
M (A) is equivalent to the inclu-

sion Sint
M (A) ⊂ Svar

M (A). The reverse inclusion is always true according to (4) and
(6). Thus, (ii) ⇔ (iii).

Proof of Theorem 2.5. In the case that M is not equidistable Lemma 2.4 im-
plies that each statement of Theorem 2.5 is equivalent to the corresponding state-
ment of Theorem 2.3. Hence, Theorem 2.3 implies that in this case the statements
(i), (ii) and (iii) of Theorem 2.5 are equivalent.

Now assume thatM is equidistable. To complete the proof it suffices to show that
in this case statements (ii) and (iii) of Theorem 2.5 are false. Lemma 2.4 in this
case implies that there is a closed set A ⊂ E such that Sint

M (A) 6⊂ Svar
M (A). Hence,

there exists x0 ∈ Sint
M (A) \ Svar

M (A). Consequently, one can find δ > 0 such that
Bδ(x0) ⊂ Sint

M (A)∩Sconst
M (A). This and Lemma 2.2 imply that Bδ(x0)∩TM(A) = ∅.

Therefore, using the inclusion Bδ(x0) ⊂ Sint
M (A), we deduce that in this case the

statement (ii) of Theorem 2.5 is false. According to the Baire category theorem,
we deduce that in this case the statement (iii) of Theorem 2.5 is false as well.

5. Proofs of Lemmata 2.6–2.10

Remark 5.1. It follows immediately from the definition of a parabolic set that
the parabolic property is invariant with respect to shifting and scaling, i.e. if a set
M ⊂ E is parabolic then λM + x is parabolic for every x ∈ E, λ ∈ R.

Lemma 5.2. Let β > 1. A closed convex set M ⊂ E is parabolic iff M \ (βM−y)
is bounded for all y ∈ E.

Proof. For every γ > 1 we consider the condition

C(γ): M \ (γM − y) is bounded for all y ∈ E.

Let 1 < t < τ . Let us prove that C(τ) and C(t) are equivalent.

Using Remark 5.1, we assume without loss of generality that 0 ∈M . Then tM ⊂
τM . Therefore C(t) ⇒ C(τ). Conversely, suppose C(τ) and take any y ∈ E.

Denote λ = (t−1)τ
t(τ−1)

∈ (0, 1) and d = τ−1
t−1

y.

We claim that
M \ (tM − y) ⊂M \ (τM − d). (26)
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M tM
τM

x ∈ M

x+y
t 6∈ M

x+ y 6∈ tM
x+d
τ 6∈ M

x+ d 6∈ τM

0

Indeed, if (26) is false, there exists x ∈ M \ (tM − y) such that x ∈ τM − d.
Hence, using the convexity ofM , we deduce that (1−λ)x+ λ

τ
(x+ d) ∈M . Taking

into account that (1 − λ)x + λ
τ
(x + d) = 1

t
(x + y), we get a contradiction to the

inclusion x ∈ M \ (tM − y), which proves (26). Therefore, C(τ) ⇒ C(t). Thus,
C(τ) ⇔ C(t), in particular, C(β) is equivalent to C(2), that is the parabolicity of
M .

Lemma 5.3. Let M ⊂ E be a parabolic set. Then b(M) \ {0} is open.

Proof. We assume without loss of generality that 0 ∈ M . Fix a functional p0 ∈
b(M) \ {0}. To complete the proof it suffices to show that p0 ∈ int b(M). Denote

M1 = {x ∈M | 〈p0, x〉 ≥ −1} . (27)

Since p0 6= 0 and s(p0,M) ∈ R, there exists d ∈ E such that 〈p0, d〉 = 2s(p0,M)+2.
We claim that

M1 ⊂M \ (2M − d). (28)

Indeed, if (28) is false, there exists x ∈ M1 ∩ (2M − d). Therefore 〈p0, x〉 ≤
2s(p0,M)−〈p0, d〉 = −2. Hence, using (27), we get a contradiction to the inclusion
x ∈M1. This proves (28). Since M is parabolic, (28) implies that M1 is bounded.
Therefore, there exists R > 0 such that M1 ⊂ intBR.

Fix a functional p ∈ B1/R(p0) and a vector x ∈M . We claim that

〈p, x〉 ≤ R‖p0‖+ 1. (29)

Indeed, in the case that ‖x‖ ≤ R we have

〈p, x〉 ≤ R‖p‖ ≤ R

(

‖p0‖+
1

R

)

= R‖p0‖+ 1.

Therefore, in this case (29) holds.
Now assume that ‖x‖ > R. Denote x1 = R

‖x‖x. Using that M1 ⊂ intBR and
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M x
x1

M1
0

BR

〈p0, x〉 = −1

p0 p

‖x1‖ = R, we get x1 6∈ M1. Since x1 ∈ [0, x] and since M is convex and contains
the points 0 and x, we deduce that x1 ∈ M . Consequently, x1 ∈ M \M1. Hence,
(27) implies that 〈p0, x1〉 < −1. Thus,

〈p, x1〉 ≤ 〈p0, x1〉+ ‖p− p0‖ · ‖x1‖ < −1 +
1

R
R = 0.

Using the equality x1 =
R
‖x‖x, we get 〈p, x〉 < 0. Hence, (29) holds. Thus, for every

p ∈ B1/R(p0) we have s(p,M) ≤ R‖p0‖ + 1 < +∞. Therefore, B1/R(p0) ⊂ b(M)
and the inclusion p0 ∈ int b(M) is proved.

Lemma 5.4. Let M be a closed convex subset of a reflexive Banach space E such

that b(M) \ {0} is open. Then b1(M) = b(M).

Proof. Fix any p0 ∈ b(M)\ {0}. Since b(M)\ {0} is open, we have p0 ∈ int b(M).
Using [3, Chapter 1, Proposition 5.2], we deduce that the subdifferential of the
support function s(·,M) is not empty at p0. Taking into account that E is reflexive,
we may assume that this subdifferential contains a vector x0 ∈ E, i.e., 〈p−p0, x0〉 ≤
s(p,M) − s(p0,M) for all p ∈ E∗. Hence, x0 ∈ M and 〈p0, x0〉 = s(p0,M).
Therefore, we get p0 ∈ b1(M). Consequently, b(M) \ {0} ⊂ b1(M) and we have
b1(M) = b(M).

Proof of Lemma 2.6. Assume that M is a parabolic quasiball in a reflexive
Banach space E. Lemmata 5.3 and 5.4 imply that b1(M) = b(M). To complete
the proof it suffices to show that M is not equidistable. Assume the contrary:
there exist λ > 1, δ > 0 and d ∈ E such that (5) holds. Hence, for every k ∈ N

there is

xk ∈M :

(

1 +
1

k

)

xk 6∈ int
(

(M + Bδ)
⋃

(λM − d)
)

.

Thus,
(

1 + 1
k

)

xk 6∈ intBδ(xk) and, therefore, ‖xk‖ ≥ kδ → +∞ as k → ∞. Fix
β, γ and k0 ∈ N such that 1 + 1

k0
< β < γ < λ. Then,

(

1 +
1

k

)

xk ∈ βM \ (γM − d), ∀k ≥ k0.
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Hence, M \
(

γ
β
M − d

β

)

is unbounded. This contradicts Lemma 5.2.

Proof of Lemma 2.7. Let M be a strictly convex quasiball in a finite-dimen-
sional normed space E. Assume that b1(M) = b(M). In view of Lemma 2.6 to
complete the proof it suffices to show that M is parabolic. Assume the contrary:
there exists d ∈ E such that M \ (2M − d) is unbounded. Consequently, there is
an infinitely large sequence

{xk} ⊂M \ (2M − d). (30)

Assume without loss of generality that xk 6= 0 for all k ∈ N. Since E is finite-
dimensional, by extracting a subsequence, we may also assume that

lim
k→∞

xk

‖xk‖
= y (31)

for some y ∈ E.

To prove that the line
ℓ = {d+ ty | t ∈ R}

intersects intM , we assume the contrary. In this case, according to the separation
theorem, there exists a functional p ∈ E∗ \ {0} such that

〈p, x〉 < 〈p, d+ ty〉, ∀x ∈ intM, ∀t ∈ R.

Hence, p ∈ b(M) and 〈p, y〉 = 0. Since b1(M) = b(M), we have p ∈ b1(M) and,
therefore, there exists x0 ∈M such that 〈p, x0〉 = s(p,M).

Since {xk} is infinitely large, there exists k0 ∈ N such that ‖xk−x0‖ > 1 whenever
k ≥ k0. Hence, taking into account that M is convex and x0, xk ∈ M , we deduce
that x0 +

xk−x0
‖xk−x0‖ ∈ M for all k ≥ k0. Since {xk} is infinitely large, (31) implies

that limk→∞
xk−x0

‖xk−x0‖ = y. Therefore, using the closedness of M , we deduce that

x0 + y ∈ M . Thus, for two different points x0 and x′0 = x0 + y of M we have
〈p, x′0〉 = 〈p, x0〉 = s(p,M), which contradicts the strict convexity of M .

This proves that ℓ ∩ intM 6= ∅ and, therefore, there exists t0 ∈ R:

d+ t0y ∈ intM.

For every k ∈ N denote

tk =
t0

‖xk‖
, zk = (1− tk)d+ tkxk, λk =

1

2(1− tk)
.

Since {xk} is infinitely large, we have limk→∞ tk = 0, limk→∞ λk = 1
2
and, using

(31), we get limk→∞ zk = d + t0y ∈ intM . Therefore, there exists k ∈ N such
that λk ∈ [0, 1] and zk ∈ M . Consequently, thanks to the convexity of M , we get
xk+d

2
= (1− λk)xk + λkzk ∈M . This contradicts (30).
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M

xk

1
2(xk + d)

d+ t0y
zk

d

Proof of Lemma 2.9. Let a function f : E → R be convex, continuous, and
coercitive. Fix any x0 ∈ E and y0 ∈ R. It suffices to prove that the set

M1 = epi f \ (2 epi f − (x0, y0)) (32)

is bounded. Since f is continuous at x0, there exist δ > 0 and C ∈ R:

f(x) ≤ C, ∀x ∈ Bδ(x0). (33)

Using the coercitivity of f , one can find R ≥ 2δ such that

f(x)

‖x− x0‖
>
C + |y0|

δ
, ∀x ∈ E \ BR(x0). (34)

We claim that

‖x− x0‖ ≤ R, y ≤ R

δ
(C + |y0|), ∀(x, y) ∈M1. (35)

Indeed, fix any (x, y) ∈M1. Then, according to (32), we have

y ≥ f(x),
y + y0

2
< f

(x+ x0

2

)

. (36)

Take any λ ∈
[

0, 1
2

]

. The convexity of f implies that

f
(x+ x0

2

)

≤ 1− 2λ

2(1− λ)
f(x) +

1

2(1− λ)
f((1− λ)x0 + λx).

Using (36), we get

λf(x) ≤ λy < f((1− λ)x0 + λx)− (1− λ)y0, ∀λ ∈
[

0, 1
2

]

. (37)

Assume that ‖x− x0‖ > R. Now for λ = δ
‖x−x0‖ we have (1− λ)x0 + λx ∈ Bδ(x0)

and, therefore, (33) implies that f((1−λ)x0+λx) ≤ C. Hence, using (37), we get
δ

‖x−x0‖f(x) < C − (1 − λ)y0 ≤ C + |y0|, which contradicts (34). This proves the
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inequality ‖x − x0‖ ≤ R. Hence, for λ1 = δ
R
we have (1− λ1)x0 + λ1x ∈ Bδ(x0).

Therefore, taking into account (33) and (37), we deduce that δ
R
y < C + |y0|.

Thus, (35) is proved. The convexity and continuity of f imply that f is bounded
from below on any bounded set. Hence, it follows from (35) and (36) that M1 is
bounded.

Proof of Lemma 2.10. Denote

g(x) = f(x)− Λf (x), ∀x ∈ E.

Rewrite (8) and (9) as follows:

lim
‖x‖→+∞

|g(x)|
‖x‖ = 0, (38)

lim
‖x‖→+∞

g(x) = −∞. (39)

Fix any x0 ∈ E and y0 ∈ R. It suffices to prove that the set M1, defined by (32),
is bounded. It follows from (39) that there exists r > 0:

g(x) + Lf‖x0‖+ |y0| < −1, ∀x ∈ E : ‖x‖ ≥ r, (40)

where Lf is a Lipschitz constant of f . According to (38), one can find R ≥ 2r
such that

|g(x)|
‖x‖ <

1

r
, ∀x ∈ E : ‖x‖ ≥ R. (41)

Fix any (x, y) ∈M1. As in the proof of Lemma 2.9, we get (37). Hence, using the
Lipschitz continuity of f , we have

λf(x) ≤ λy < f(λx) + Lf‖x0‖+ |y0|, ∀λ ∈
[

0, 1
2

]

. (42)

Consequently, because Λf (·) is positively homogeneous, we deduce that

λg(x) < g(λx) + Lf‖x0‖+ |y0|, ∀λ ∈
[

0, 1
2

]

. (43)

Assume that ‖x‖ ≥ R. Putting λ = r
‖x‖ in (43), we get

r

‖x‖g(x) < g

(

r

‖x‖x
)

+ Lf‖x0‖+ |y0|.

This and (40) imply that r
‖x‖g(x) < −1, which contradicts (41). Hence, the as-

sumption ‖x‖ ≥ R is false and we have ‖x‖ < R. Thus, using the Lipschitz
continuity of f and putting λ = 1

2
in (42), we deduce that

f(0)− LfR < f(x) ≤ y < 2f
(x

2

)

+ 2Lf‖x0‖+ 2|y0|

< 2f(0) + Lf (R + 2‖x0‖) + 2|y0|.
Consequently, M1 is bounded.
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6. Proof of Theorem 2.11

Lemma 6.1. Let M ⊂ E be a quasiball, R > 0, and x, y ∈ E satisfy the inequal-

ities 0 < ‖x‖ ≤ RµM(x) and 0 < ‖y‖ ≤ RµM(y). Then

min{µM(x), µM(y)}
R

· δRM
(∥

∥

∥

∥

x

µM(x)
− y

µM(y)

∥

∥

∥

∥

)

≤ µM(x) + µM(y)− µM(x+ y),

where δRM(·) is defined by (10).

Proof. Denote

a =
x

µM(x)
, b =

y

µM(y)
, c =

a+ b

2
, δ = δRM(‖a− b‖).

Since a, b ∈ M ∩ BR, we have ‖c‖ ≤ R and, using (10), we get Bδ(c) ⊂ M .
Therefore, c

(

1 + δ
R

)

∈ M and, consequently, µM(c) ≤ 1
1+ δ

R

. Taking into account

that δ = δRM(‖a− b‖) ≤ ‖a−b‖
2

≤ R, we deduce that

µM(c) ≤ 1− δ

2R
. (44)

Denote µ1 = µM(x), µ2 = µM(y). Assume without loss of generality that µ2 ≤ µ1.
Using the subadditivity of the Minkowski functional and the equality µM(a) = 1,
we get

µM(x+ y) = µM((µ1 − µ2)a+ µ2(a+ b))

≤ (µ1 − µ2) · µM(a) + µ2 · µM(a+ b)

= µ1 − µ2 + 2µ2 · µM(c).

This and (44) imply

µM(x+ y) ≤ µ1 + µ2 −
µ2δ

R
= µ1 + µ2 −

δ

R
min{µ1, µ2}.

Lemma 6.2. Let M ⊂ E be a quasiball, A ⊂ E be a closed set, β > 0, ε > 0,
λ ∈

(

0, 1
2

]

, R > 0,

x0 ∈ E, a0 ∈ PM(x0, A), xλ = (1− λ)x0 + λa0,

̺M(x0, A) = ̺0, ‖x0‖ ≤ R̺0

4
, sup

a∈P 2ελ
M (xλ,A)

‖a‖ ≤ R̺0

4
, 2Rε < ̺0δ

R
M(β).

Then

diam P 2ελ
M (xλ, A) ≤ 3̺0β.



520 G. E. Ivanov / On Well Posed Best Approximation Problems for a ...

Proof. Fix any a ∈ P 2ελ
M (xλ, A). Since ̺M(xλ, A) ≤ µM(xλ−a0) = (1−λ)µM(x0−

a0) = (1− λ)̺0, we have

µM(xλ − a) ≤ (1− λ)̺0 + 2ελ. (45)

Then, observing that

µM(x0 − a) ≥ ̺0, µM(x0 − xλ) = λ̺0, (46)

we get
µM(x0 − xλ) + µM(xλ − a)− µM(x0 − a) ≤ 2ελ. (47)

It follows from (46) and the subadditivity of the Minkowski functional that

µM(xλ − a) ≥ µM(x0 − a)− µM(x0 − xλ) ≥ (1− λ)̺0 ≥
̺0

2
. (48)

Since a0 ∈ PM(xλ, A) ⊂ P 2ελ
M (xλ, A), we have ‖a0‖ ≤ R̺0

4
. Consequently, ‖xλ‖ ≤

max{‖x0‖, ‖a0‖} ≤ R̺0
4
. Thus, according to (48), we deduce that

0 < ‖xλ − a‖ ≤ ‖xλ‖+ ‖a‖ ≤ R̺0

2
≤ RµM(xλ − a). (49)

Using (46) and (48), we get

‖x0 − xλ‖ = λ‖x0 − a0‖ ≤ λ(‖x0‖+ ‖a0‖) ≤ λR̺0 = RµM(x0 − xλ), (50)

and
min{µM(x0 − xλ), µM(xλ − a)} = λ̺0. (51)

Lemma 6.1 together with (47), and (49)–(51) imply that

λ̺0

R
δRM

(∥

∥

∥

∥

x0 − xλ

µM(x0 − xλ)
− xλ − a

µM(xλ − a)

∥

∥

∥

∥

)

≤ 2ελ <
λ̺0

R
δRM(β).

Consequently,
∥

∥

∥

∥

xλ − a0

µM(xλ − a0)
− xλ − a

µM(xλ − a)

∥

∥

∥

∥

=

∥

∥

∥

∥

x0 − xλ

µM(x0 − xλ)
− xλ − a

µM(xλ − a)

∥

∥

∥

∥

< β.

Therefore,

‖a− a0‖ = µM(xλ − a0)

∥

∥

∥

∥

xλ − a0

µM(xλ − a0)
− xλ − a

µM(xλ − a0)

∥

∥

∥

∥

≤ µM(xλ − a0)

(

β + ‖xλ − a‖
∣

∣

∣

∣

1

µM(xλ − a)
− 1

µM(xλ − a0)

∣

∣

∣

∣

)

≤ (1− λ)̺0β +
‖xλ − a‖
µM(xλ − a)

|µM(xλ − a)− µM(xλ − a0)|

≤ ̺0β + 2Rελ < ̺0
(

β + δRM(β)
)

≤ 3

2
̺0β.
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Thus,
diam P 2ελ

M (xλ, A) ≤ 2 sup
a∈P 2ελ

M (xλ,A)

‖a− a0‖ ≤ 3̺0β.

Proof of Theorem 2.11. Since M is boundedly uniformly convex, it is strictly
convex and Kadec. It follows from Lemma 2.6 that M is not equidistable and
b1(M) = b(M). Hence, Theorem 2.5 implies that

Sint
M (A) ⊂ TM(A). (52)

For every x ∈ Sint
M (A) we define

η(x) = lim
ε→+0

sup
a∈P ε

M (x,A)

‖a‖. (53)

Existence of this limits follows from monotonicity. We claim that

lim
ε→+0

lim
δ→+0

sup
x∈Bδ(x0)

sup
a∈P ε

M (x,A)

‖a‖ ≤ η(x0) < +∞, ∀x0 ∈ Sint
M (A). (54)

Indeed, fix any x0 ∈ Sint
M (A). Since, according to (6), we have ̺M(x0, A) <

supx∈E ̺M(x,A), then there exist ε > 0 and x1 ∈ E such that ̺M(x0, A) + ε <

̺M(x1, A). Thus,

P ε
M(x0, A) ⊂ (x0 − (̺M(x0, A) + ε)M) \ (x1 − ̺M(x1, A) intM)

andLemma 5.2 implies thatP ε
M(x0,A)isbounded.Thereforeη(x0)≤supa∈P ε

M (x0,A)‖a‖
< +∞. The second inequality in (54) is proved. Now let us prove the first
one. Fix any number η0 > η(x0). Using (53), one can find ε0 > 0 such that
supa∈P ε0

M (x0,A)
‖a‖ < η0. For ε1 = ε0

2
Lemma 3.7 implies that there exists δ1 > 0

such that P ε1
M (x,A) ⊂ P ε0

M (x0, A) whenever x ∈ Bδ1(x0). Then,

lim
ε→+0

lim
δ→+0

sup
x∈Bδ(x0)

sup
a∈P ε

M (x,A)

‖a‖ ≤ sup
x∈Bδ1

(x0)

sup
a∈P ε1

M (x,A)

‖a‖ ≤ sup
a∈P ε0

M (x0,A)

‖a‖ < η0.

This completes the proof of (54). It follows from (54) that the function η(·) is
upper semicontinuous. Therefore for every n ∈ N the set

Sn =
{

x ∈ Sint
M (A) | ‖x‖ < n, η(x) < n

}

(55)

is open.

According to Remark 3.1, for every x ∈ TM(A) there exists π(x) such that
PM(x,A) = {π(x)}.
We claim that for every n, k ∈ N the set Y n

k is a porous subset of Sint
M (A), where

Y n
k = Sn \Xn

k ,

Xn
k =

⋃

x0∈Sn

⋂

TM (A)

⋃

λ∈(0, 1
2
]

Bλ/k ((1− λ)x0 + λπ(x0)) . (56)
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Indeed, fix any n, k ∈ N and denote ϑ = 1
5kn

. Take any y ∈ Sint
M (A) and r ∈ (0, 1].

At first, assume that
Bϑr(y) ∩ Sn 6= ∅, (57)

i.e., there exists y1 ∈ Bϑr(y)∩ Sn. According to (52) and (55), we have y1 ∈ Sn ⊂
Sint
M (A) ⊂ TM(A). Since Sn is open, one can find

x0 ∈ Bϑr(y1)
⋂

Sn
⋂

TM(A). (58)

Denote λ = r
5n
, xλ = (1− λ)x0 + λπ(x0). Using (56), we have

Bϑr(xλ) = Bλ/k(xλ) ⊂ Xn
k . (59)

It follows from (55) that ‖x0 − π(x0)‖ < 2n. Therefore,

‖xλ − y‖ ≤ ‖xλ − x0‖+ ‖x0 − y1‖+ ‖y1 − y‖
≤ λ‖x0 − π(x0)‖+ 2ϑr < 2λn+ 2ϑr ≤ r − ϑr.

Hence, Bϑr(xλ) ⊂ Br(y). Thus, we have proved that in the case (57) there exists
x = xλ ∈ Sint

M (A) such that

Bϑr(x) ⊂ Br(y) \ Y n
k . (60)

If (57) is not the case, for x = y we get (60) again. This proves that Y n
k is a porous

subset of Sint
M (A). Therefore,

Y =
⋃

n∈N

⋃

k∈N
Y n
k (61)

is a σ-porous subset of Sint
M (A). To complete the proof, it suffices to show that

Sint
M (A) \ TM(A) ⊂ Y.

Assume the contrary: there exists z ∈ Sint
M (A) \ TM(A), z 6∈ Y . Take n ∈ N such

that n > max{‖z‖, η(z)}. Then, using (55), we have z ∈ Sn. It follows from (54)
that there are ε0 > 0 and δ0 > 0 such that

sup
x∈Bδ0

(z)

sup
a∈P ε0

M (x,A)

‖a‖ < n. (62)

Since z 6∈ TM(A), Lemma 3.8(i) implies that limε→+0 diam P ε
M(z, A) > 0. There-

fore, there exists β > 0 such that

9̺M(z, A)β < lim
ε→+0

diam P ε
M(z, A). (63)

Because M is a quasiball, there exists α > 0 such that Bα ⊂M . Denote

R =
8n

̺M(z, A)
, ε1 = min

{

ε0,
δ0

α
,
̺M(z, A)

5R
δRM(β), ̺M(z, A)

}

. (64)
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Since M is boundedly uniformly convex, we have ε1 > 0. Choose k ∈ N such that
1
k
< αε1

2
. Recalling that z ∈ Sn, z 6∈ Y and using (61), we get z 6∈ Y n

k = Sn \Xn
k

and, therefore, z ∈ Xn
k . Hence, taking into account (56), we deduce that there

exists x0 ∈ Sn
⋂

TM(A) and λ ∈
(

0, 1
2

]

such that z ∈ Bλ/k(xλ) ⊂ Bαε1λ/2(xλ),
where xλ = (1 − λ)x0 + λπ(x0). Denote ̺0 = ̺M(x0, A). Since ±(z − xλ) ∈
Bαε1λ/2 ⊂ ε1λM , using (14) and (64), we get

|̺M(z, A)− ̺M(xλ, A)| ≤ max{µM(z − xλ), µM(xλ − z)}

≤ ε1λ ≤ ε1

2
≤ ̺M(z, A)

2
.

Hence, taking into account that ̺M(xλ, A) = (1− λ)̺0 ∈
[

̺0
2
, ̺0
]

, we have

̺0

3
≤ ̺M(z, A) ≤ 2̺0. (65)

Since xλ ∈ Bαε1λ/2(z) ⊂ Bδ0(z), it follows from (62), (64), (65) that

sup
a∈P 2ε1λ

M (xλ,A)

‖a‖ ≤ sup
a∈P ε0

M (xλ,A)

‖a‖ < n =
R̺M(z, A)

8
≤ R̺0

4
, ‖x0‖ < n ≤ R̺0

4
,

2Rε1 ≤
2̺M(z, A)

5
δRM(β) < ̺0δ

R
M(β).

Therefore, Lemma 6.2 implies that diam P 2ε1λ
M (xλ, A) ≤ 3̺0β. According to

Lemma 3.7 and the inclusion z ∈ Bαε1λ/2(xλ), we get P ε1λ
M (z, A) ⊂ P 2ε1λ

M (xλ, A).
Thus, using (65), we have

lim
ε→+0

diam P ε
M(z, A) ≤ diam P ε1λ

M (z, A) ≤ 3̺0β ≤ 9̺M(z, A)β.

This contradicts (63).

7. Examples

The following lemma is useful to prove that a set is equidistable.

Lemma 7.1. Let M ⊂ E be a quasiball for which there exists an infinitesimal

sequence {εk} of positive numbers, {ck} ⊂ E, λ > 1, δ > 0, d ∈ E, and k0 ∈ N

such that

Bδ(ck) ⊂ (1 + εk)M, ck 6∈M + Bδ, ck 6∈ λM − d, ∀k ≥ k0.

Then M is equidistable.

Proof. Fix any ε > 0 and w ∈ Bδ. Since limk→∞ εk = 0, there exists k ≥ k0 such
that εk < ε. Using the inclusions Bδ(ck) ⊂ (1 + εk)M ⊂ (1 + ε)M , one can find
x ∈ M such that ck + w = (1 + ε)x. Thus, (1 + ε)x− w 6∈ (M + Bδ)

⋃

(λM − d)
and we get (5).
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Example 7.2. A boundedly uniformly convex and equidistable quasiball in R
3.

Define

M =

{

~x = (x, y, z)
∣

∣

∣
− 2 < y < 2, z + 1 ≥ x2 +

1

4− y2

}

,

~ck = (k + 1, 0, k2 − 2), λ = 2, ~d = (0, 4, 0), δ = 1, εk =
6

k
, ∀k ∈ N.

Since

lim
k→∞

(

k + 2

1 + 6
k

− k

)

= −4, lim
k→∞

(

k2 − 2

1 + 6
k

−
(

k − 7

2

)2
)

= +∞,

there exists some k0 such that

k + 2

1 + 6
k

< k − 7

2
,

k2 − 2

1 + 6
k

>

(

k − 7

2

)2

+
1

3
, ∀k ≥ k0.

Therefore, for all k ≥ k0 and ~x = (x, y, z) ∈ Bδ(~ck) we have

∣

∣

∣

∣

x

1 + εk

∣

∣

∣

∣

≤ k + 2

1 + 6
k

< k − 7

2
,

∣

∣

∣

∣

y

1 + εk

∣

∣

∣

∣

< |y| ≤ 1,

z

1 + εk
+ 1 >

k2 − 2

1 + 6
k

>

(

k − 7

2

)2

+
1

3
>

(

x

1 + εk

)2

+
1

4−
(

y
1+εk

)2 .

Consequently, ~x
1+εk

∈M . Therefore, Bδ(~ck) ⊂ (1 + εk)M for all k ≥ k0.

If ~x = (x, y, z) ∈ Bδ(~ck), then z+1 < k2 ≤ x2, so ~x 6∈M . Therefore ~ck 6∈M +Bδ.

Besides that, ~ck + ~d 6∈ 2M . Lemma 7.1 implies that M is equidistable.

Example 7.3. A boundedly uniformly convex and equidistable quasiball M ⊂ ℓ2
such that b1(M) = b(M). Define

M = {~x = (x0, x1, x2, . . .) ∈ ℓ2 | f(~x) ≤ 1} ,

where

f(~x) =
∞
∑

k=0

ϕk(xk), ∀~x = (x0, x1, . . .) ∈ ℓ2,

ϕ0(t) = −t, ϕk(t) =

{√
1 + t2 − 1, t ≤ k,√
1 + t2 − 1 + (|t| − k)2, |t| > k,

∀k ∈ N, t ∈ R.

(66)

A functional ~p ∈ ℓ∗2 such that 〈~p, ~x〉 =
∑∞

k=0 pkxk for all ~x = (x0, x1, . . .) ∈ ℓ2 is
written in the form ~p = (p0, p1, . . .). Observe that

b(M) \ {0} = {~p = (p0, p1, . . .) ∈ ℓ∗2 | p0 < 0}
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is an open set. Consequently, Lemma 5.4 implies that b1(M) = b(M).

For any index k ∈ N ∪ {0} denote ~ek = (ek,0, ek,1, ek,2, . . .) ∈ ℓ2, where ek,j = 0 if

k 6= j and ek,j = 1 if k = j. Put ~d = −4~e0, λ = 2, δ = 1
3
. For any index k ∈ N

denote

~ck = (k + 2)(~e0 + ~ek), εk =
3

k
.

Take any ~x = (x0, x1, . . .) ∈ 1
1+εk

Bδ(~ck). Then, for every j ∈ N \ {k} we have

ϕj(xj) =
√

1 + x2j − 1 ≤ x2j . Therefore
∑

j∈N\{k} ϕj(xj) ≤ δ2 = 1
9
. Using the

inequalities 0 < xk ≤ k+2+ 1

3

1+εk
< k, we deduce that ϕk(xk) =

√

1 + x2k − 1 < xk − 1
2
.

Consequently, f(~x) ≤ −x0+ϕk(xk)+ 1
9
≤ −x0+xk− 1

2
+ 1

9
≤ 1. Therefore ~x ∈M .

Thus,
Bδ(~ck) ⊂ (1 + εk)M, ∀k ∈ N. (67)

Now take any ~x = (x0, x1, . . .) ∈ Bδ(~ck). Then,

f(~x) ≥ ϕk(xk)− x0 ≥ xk − 1 + (xk − k)2 − x0 ≥
(

5

3

)2

− 1− 2

3
> 1.

Hence, ~x 6∈M and
~ck 6∈M + Bδ. (68)

Since f
(

~ck+~d
2

)

= −k−2
2

+ ϕk
(

k+2
2

)

> −k−2
2

+ k+2
2

− 1 = 1, we have

~ck 6∈ λM − ~d. (69)

Consequently, according to (67)–(69) and Lemma 7.1, we deduce thatM is equidis-
table.

Example 7.4. A strictly convex set M ⊂ ℓ2 such that b1(M) = b(M) and M is
neither equidistable nor parabolic quasiball. Define

M =







~x = (x0, x1, . . .) ∈ ℓ2 | x0 ≥

√

√

√

√

∞
∑

k=1

x2k −
∞
∑

k=1

√

1 + |xk|
k2







.

For every ~x = (x0, x1, . . .) ∈ ℓ2 we introduce the following notation

ϕ(~x) =
∞
∑

k=1

√

1 + |xk|
k2

, ψ(~x) =

√

√

√

√

∞
∑

k=1

x2k, f(~x) = ψ(~x)− ϕ(~x). (70)

Then,
M = {~x = (x0, x1, . . .) ∈ ℓ2 | x0 ≥ f(~x)} . (71)
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Assume thatM is equidistable. Hence, there are λ > 1, δ > 0 and ~d = (d0, d1, . . .) ∈
ℓ2 such that (5) holds. Denote

µ =
1 + λ

2
, C0 =

1√
λ−√

µ

( ∞
∑

k=1

|dk|
2k2

+ ψ
(

~d
)

− d0

)

,

ε = min

{

δ

2C0

, µ− 1

}

.

(72)

It follows from (5) that there exists ~x = (x0, x1, . . .) ∈ ℓ2 such that

~x ∈ ((1 + ε)M) \ int
(

(M + Bδ)
⋃

(

λM − ~d
))

. (73)

Then, using the inequality 1 + ε ≤ µ, we get

~x ∈ (µM) \ int
(

λM − ~d
)

,

that is, according to (71), we have

x0

µ
≥ f

(

~x

µ

)

,
x0 + d0

λ
≤ f

(

~x+ ~d

λ

)

.

Hence,

µf

(

~x

µ

)

− λf

(

~x+ ~d

λ

)

+ d0 ≤ 0.

Therefore, according to (70), we deduce that

ψ(~x)− ψ(~x+ ~d) + d0 ≤ µϕ

(

~x

µ

)

− λϕ

(

~x+ ~d

λ

)

and, consequently,

d0 − ψ
(

~d
)

≤
∞
∑

k=1

1

k2

(

µ

√

1 +
|xk|
µ

− λ

√

1 +
|xk + dk|

λ

)

. (74)

Since
√

|u| −
√

|v| ≤ |u− v|
√

|u|+
√

|v|
, ∀u, v ∈ R,

we get

µ

√

1 +
|xk|
µ

− λ

√

1 +
|xk + dk|

λ
=

√
µ
√

µ+ |xk| −
√
λ
√

λ+ |xk + dk|

≤ √
µ
√

µ+ |xk| −
√
λ

(

√

λ+ |xk| −
|dk|
2
√
λ

)

≤ |dk|
2

− (
√
λ−√

µ)
√

µ+ |xk|.



G. E. Ivanov / On Well Posed Best Approximation Problems for a ... 527

This and (74) imply that

d0 − ψ
(

~d
)

≤
∞
∑

k=1

|dk|
2k2

−
(√

λ−√
µ
)

∞
∑

k=1

√

1 + |xk|
k2

.

Therefore,
∞
∑

k=1

√

1 + |xk|
k2

≤ C0, (75)

where C0 is defined in (72).

The inclusion (73) implies that ~x ∈ ((1 + ε)M) \ int (M + Bδ). Therefore,

x0

1 + ε
≥ f

(

~x

1 + ε

)

, x0 + δ ≤ f(~x).

Consequently,

(1 + ε)f

(

~x

1 + ε

)

− f(~x) + δ ≤ 0,

that is,

(1 + ε)ϕ

(

~x

1 + ε

)

− ϕ(~x) ≥ δ. (76)

Since

(1 + ε)

√

1 +
|xk|
1 + ε

−
√

1 + |xk| ≤ ε
√

1 + |xk|,

the inequality (76) implies that

ε

∞
∑

k=1

√

1 + |xk|
k2

≥ δ.

Hence, using (75), we get the inequality εC0 ≥ δ, which contradicts (72). The
contradiction proves that M is not equidistable.

As in the previous example, a functional ~p ∈ ℓ∗2 such that 〈~p, ~x〉 = ∑∞
k=0 pkxk for

all ~x = (x0, x1, . . .) ∈ ℓ2, is written in the form ~p = (p0, p1, . . .). We claim that the
set

B =







~p = (p0, p1, . . .) ∈ ℓ∗2

∣

∣

∣
p0 +

√

√

√

√

∞
∑

k=1

p2k < 0







. (77)

satisfies the equality
b(M) \ {0} = B. (78)

Indeed, take ~p = (p0, p1, . . .) ∈ b(M) \ {0}. Fix an arbitrarily t > 0 and consider
~x = (x0, x1, . . .) ∈ ℓ2, where

xk = tpk, ∀k ∈ N, x0 =

√

√

√

√

∞
∑

k=1

x2k −
∞
∑

k=1

√

1 + |xk|
k2

.
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Then ~x ∈M and

〈~p, ~x〉 = tp0

√

√

√

√

∞
∑

k=1

p2k − p0

∞
∑

k=1

√

1 + t|pk|
k2

+ t

∞
∑

k=1

p2k.

Since ~p ∈ b(M), we have

lim
t→+∞



t



p0 +

√

√

√

√

∞
∑

k=1

p2k





√

√

√

√

∞
∑

k=1

p2k − p0

∞
∑

k=1

√

1 + t|pk|
k2



 < +∞.

Therefore ~p ∈ B. Thus, the inclusion b(M) \ {0} ⊂ B is proved.

Let us prove the reverse inclusion. Take ~p = (p0, p1, . . .) ∈ B. Using the equality
∑∞

k=1
1
k2

= π2

6
and the Cauchy–Schwarz inequality we have

∞
∑

k=1

|xk|
k

≤

√

√

√

√

∞
∑

k=1

1

k2

√

√

√

√

∞
∑

k=1

x2k =
π√
6
ψ(~x).

Consequently,

ϕ(~x) =
∞
∑

k=1

√

1 + |xk|
k2

≤

√

√

√

√

∞
∑

k=1

1

k2

√

√

√

√

∞
∑

k=1

1 + |xk|
k2

≤ π√
6

√

π√
6
+

π√
6
ψ(~x) < 2

√

1 + ψ(~x).

Therefore, for any ~x = (x0, x1, . . .) ∈M we get

x0 ≥ ψ(~x)− ϕ(~x) ≥ ψ(~x)− 2
√

1 + ψ(~x).

Hence,

s(~p,M) = sup
~x∈M

〈~p, ~x〉 ≤ sup
~x=(x0,x1,...)∈ℓ2:

x0≥ψ(~x)−2
√

1+ψ(~x)

(

p0x0 +
∞
∑

k=1

pkxk

)

.

Thus, using the inequality
∑∞

k=1 pkxk ≤ ψ(~p)ψ(~x), we deduce

s(~p,M) ≤ sup
x∈ℓ2

(

p0ψ(~x)− 2p0
√

1 + ψ(~x) + ψ(~p)ψ(~x)
)

≤ sup
t≥0

(

t(p0 + ψ(~p))− 2p0
√
1 + t

)

.

Since ~p ∈ B, we have p0 + ψ(~p) < 0 and, therefore, s(~p,M) < +∞. So, the
inclusion B ⊂ b(M) \ {0} is proved as well. Using (77) and (78), we deduce that
b(M) \ {0} is open. Therefore, from Lemma 5.4 it results that b1(M) = b(M).
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Finally, let us prove that M is not parabolic. For any k ∈ N∪ {0} denote ~ek as in

Example 7.3. Consider ~d = −3~e0 and ~xk = k(~e0+~ek). Then ~xk ∈M \ (2M− ~d) for

all k ∈ N. Thus, M \ (2M − ~d) is unbounded and, therefore, M is not parabolic.
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