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We deal with the variant of Decomposition Lemma due to Kinderlehrer and Pedregal asserting
that an arbitrary bounded sequence of gradients of Sobolev mappings {Vuy} C LP(Q,R™*"),
where p > 1, can be decomposed into a sum of two sequences of gradients of Sobolev mappings:
{Vz,} and {Vwy}, where {Vz;} is equintegrable and carries the same oscillations, while {Vwy}
carries the same concentrations as {Vug}. We additionally impose the general trace condition
“up = u” on F, where F is given closed subset of Q. We show that under this assumption the
sequence {zx} in decomposition can be chosen to satisfy also the trace condition z; = u a.e. on
F'. The result is applied to nonconvex variational problems to regularity results for sequences
minimizing functionals. As the main tool we use DiPerna Majda measures.
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1. Introduction

In this paper we deal with the variant of the following result, known as Decompo-
sition Lemma.

Lemma 1.1 (Decomposition Lemma). Let 1 < p < oo, Q C R"™ be an open,
bounded set and let {u;.} be a bounded sequence in W'P(Q, R™). Then there exists
a subsequence, {u;} and a sequence {z;} C W'P(Q, R™) such that

{2 2(2) # (@) or Vzy(a) # Vuy (@)} = 0 as j — oo,

and the sequence {|Vz;|P} is equi-integrable. If Q0 is Lipschitz (or, more generally,
an extension domain), then each z; may be chosen to be a Lipschitz function.

It asserts that every sequence of gradients which is bounded in L”, where p > 1,
can be decomposed into a sum of two gradients: Vz;+Vw;, where Vz; carries the
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same oscillations, while Vw; converges to zero in the measure. The lemma was
first obtained by Kinderlehrer and Pedregal in [20], then refined and extended by
Kristensen in [21] and by Fonseca, Miiller and Pedreal in [14], whose version we
state. For recent related results we refer to [22, 23].

Decomposition Lemma has its interpretation in the language of Young measures
(see e.g. [2], [15], [39]). It expresses the fact that the Young measures generated
by the sequence {Vz;} are the same as those produced by the original sequence
of gradients. Young measure theory is an important tool in the study of nonlinear
PDEs, particularly those which arise from physical models, like for example solid-
solid phase transitions or shape optimization problems (see e.g. [6], [31], [32], [34],
[35], [36], [37] and their references). Decomposition Lemma applied to the Young
measure theory is a key tool to describe those Young measures which are generated
by sequences of gradients that are bounded in L? [19, 20].

On the other hand, the Young measure theory has its weak points. It allows
to describe limits of sequences of compositions like {¢(y;)};en only in the case
when this sequence is weakly convergent in L!. Therefore it controls oscillations of
sequences but it does not control their concentrations. In particular we are unable
to describe the limit of {¢(y;)} when whe assume only that it is bounded in L'.
As the need to understand such limits is dictated by physical models, see e.g. [26],
27], [33], many authors are using another concept of measures due to DiPerna
and Majda [1], [9], [13], [35]. Roughly speaking, one recognizes the weak-* limit
of sequences of measures {¢(y;(z))dz} (with y;(x) € RF a.e.) as an integral

/ () (dN)o (d), (1)
Br(RF)

where o is a Radon measure on Q, Br(RF) is the given compactification of R”,
¢ is certain transform of ¢, while 7, is the probability measure on Br(RF) (see
Section 2 for details).

In this sense DiPerna Majda measures give more precise description of the resulting
limits of sequences of compositions.

The purpose of this paper is to obtain a variant of Decomposition Lemma which
deals with DiPerna Majda measures. Our main result formulated in Proposition
3.1, describes DiPerna Majda measures generated by “good” and “bad” sequences
of gradients in the decomposition. Moreover, if we assume additionally that {u;}’s
satisfy trace type condition: u;(x) = u(z) for x € F (precise definition is given
in the next section), where F' C ) is a given closed set, then good sequence in
decomposition can be chosen to satisfy the same trace condition. If we consider
for example F' = 02, we are dealing with the classical Dirichlet boundary data.

The variant of Decomposition Lemma concerning DiPerna Majda measures, but
without trace condition can be deduced from the proof of Lemma 2.6 in [17], and
(for compactification of R™*™ by the sphere) from the proof of Theorem 1.1 in
[14]. Our arguments are inspired by techniques from both mentioned papers [14]
and [17], but they are more delicate as we deal with the additional trace condition.
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To control traces we apply the new result obtained in [18] about modifications of
sequences of gradients (Theorem 2.7 of Section 2). Roughly speaking, the result
asserts that having bounded sequence {u;,} C W1P(, R™) and closed set F' C (,
under certain assumptions, we can modify the previously given sequence to get
another one: {wy} C WP(Q, R™) such that {w;} has a prescribed trace wy(z) =
u(z) for x € F' and moreover, the weak * limits of compositions {v(Vuy)dz} and
{v(Vwyg)dz} in the space of measures are the same for large class of the admitted
continuous functions v. It is worth to point out that such an approach dealing
with F' essentially different than 0) was crucial to provide analysis of supports of
DiPerna Majda measures generated by sequences minimizing functionals [18].

Let us mention that the compactification of the space of matrices R™*" considered
in the expression (1) can be arbitrary and we have no special assumptions on
regularity of the domain €2 nor set F'.

In Section 4 we propose certain application of our results to the minimization
problems in the Calculus of Variations. Namely, in Theorem 4.1 we show that
the infimum of certain class of functionals in the form I (v fQ z, Vou(x))dz,
where v € WH(Q,R™), v = u on F, is attained for such HllanlZlng sequences
{u;} that the sequence {|Vu;|[P} is weakly compact in L*(€2). Such minimization
problems with F' = 0€) appear for example in pure displacement boundary-value
problems for a compressible material in nonlinear elasticity, see e.g. [3], Section
3. The minimization problem with F' C 0€), F' # 02 appears in the analysis of
mixed displacement dead load traction boundary conditions in nonlinear elastic-
ity, see e.g. Section 3, page 260 in [5] or Section 3 in [4]. Similar problem has
been addressed by Pedregal in [34] (see e.g. Proposition 4.2 and Theorem 5.1) in
connection with the theory of magnetostriction and optimal design.

Although some preparations are needed to efficiently use the tool of DiPerna Majda
measures, it is worth doing it. This tool explains very well many phenomena in
the Calculus of Variations and Convergence Theory and efficiently controls not
only oscillations, but also concentration effects.

2. Preliminaries
2.1. Basic notation

By C(X) we denote the space of continuous functions on the topological space
X. In the sequel we assume that €2 is a bounded domain in R”. Symbol R™*"
denotes the space of m x n matrices. If S is a metric space, the symbol “rca(S)”
denotes the set of regular countably additive set functions on the Borel o-algebra
on S (cf. [10]). By L™ we denote the Lebegue measure defined on the Euclidean
space. If o € rca(Q) we write 0 = 0, + 0, where oy is the singular part of o and
04, = d,(x)dz its absolutely continuous part with respect to the Lebegue measure
in the above Lebesgue decomposition (see e.g. Theorem 3, Section 1.6.2 in [12]). If
A C Q is a measurable subset and o € rca(f2), we denote by 6/A the restriction
of o to A, i.e. (6ZA)(B)=0(ANDB). If M C R™ we write | M| for n-dimensional
Lebesgue measure of M.
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Symbol WHP(; R™), 1 < p < 400 denotes the usual Sobolev space, C5°(2, R™) is
the space of smooth compactly supported functions, VVO1 P(€2; R™) is the completion
of Cg°(Q, R™) in WhP(Q, R™), while W&,}?(Q; R™) is the completion of the set

{¢p € C*(R",R™) : ¢ =0 in some neighbourhood of F'}

in WP(Q, R™), provided that F C € is the closed subset. More generally, for
u € WHP(Q, R™) we denote
W R(QR") = {w € WH(QR™) : w—u € Wyp(R™)}.

u

If FF = 011, then it is dropped from the notation.

We say that a subset V' C Q has a compactness property in W1?(Q) if from every
bounded sequence in W1P(Q) one can extract the subsequence which is strongly
convergent in LP(V'). Note that for example in case V' = 2 irregular domains
may not have this property, as Nikodym’s example shows, see e.g. [28], Example
1, Section 1.1.4.

Arrows —, — and — denote the strong, weak and weak-* convergence respectively.
In particular the notation u, — u in W“’(Q, R™) means that u;, — u and Vuy —
Vu in LP(Q). As Q can be irregular, it does not necessarily imply that uy — u in
LP(Q2). If w C Q we denote Jow = dw N = dw \ L.

2.2. Young measures

The symbol L9, (€2, rca(R™)) stands for all mappings v : €2 — rca(R™) which are

weakly * measurable in the sense of Pettis, i.e. for every f € Cyp(R™) the mapping
Q5 x— [q. [(s)va(ds) is L -measurable and ||V, ||scarn) € L(€2), see e.g. [38].

We recall one version of the classical theorem of Young (see e.g. [2, 15, 39]).

Theorem 2.1 (Young’s Theorem). Let ) be an open bounded subset of R" and
{ur}ren be a sequence of L"—measurable functions, uy : @ — R™. Then we have.

i) There exists a subsequence of {uy}ren, still denoted by the same expression,
and a family of nonnegative measures {V; fzeq € L% (S2, rca(R™)) such that
|Va|lrcammy < 1 for L™-almost all x and for every function f € Co(R™) we
have

flug) = f(z) = - FN)ve(dX) in L™(Q,dzx), as k — oc.

it)  If additionally the sequence {uy}ren satisfies the tightness condition:

limsup |({z € Q: |ug(z)| > r})| "0,
keN

then {v; }zeq are probability measures for L™-almost all x € €.
ii)  If f = f(x,\) : QxR™ — R is a Carathéodory function (i.e. it is measurable
with respect to x and continuous with respect to ) and sequence { f (x, ux(z))}

is weakly compact in L*(Q), then it is weakly convergent in L'(Q) to the
function [g.. f(x, \)v(dX).
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Definition 2.2. The sequence {uy}ren, where uy :  — R™, is said to generate
the classical Young measure {v; },eq € L5 (Q,rca(R™)) if for every f € Co(R™)
the sequence {f(ug)}ren converges weakly-x in L>(€Q) to the function f(x) :=

Jrm F(Nva(dA).

2.3. DiPerna Majda measures

Rings and compactifications of R"*". We are now to describe basic properties
of DiPerna Majda measures which appeared first in [9]. For details we refer to [24],
[25], [35].

Assume that R C C(R™*") is a separable complete subring (equipped with the
Tchebycheff norm || - ||«). There exists a metrizable compactification SGrR™*™ of
R™™ and dense homeomorphic embedding i : R™*" — (zrR™*", which estab-
lishes the correspondence between R and C(SrR™*") via the isomorphism:
v e C(BrRR™ ™) — voi € R (see e.g. Section 3.12.21 in [11]). We will use the
same notation for v and v o7, as well as for R™*" and its image in SxR™*™.

If K is a compact metric space, o € rca(Q), by L (Q, o;rca(K)) we denote all
mappings 7 : Q 3 2 — ¥, € rca(K) which are weakly * measurable with respect
to o, i.e. for every f € C(K) the mapping Q > x — [, f(s)0;(ds) is o-measurable
in the usual sense.

DiPerna Majda Theorem. DiPerna and Majda obtained the following well
known result [9], see also [17], Preliminaries, Section 0.4.

Theorem 2.3. Let {yi}ren be a bounded sequence in LP(; R™*™), 1 < p < +o0.
Then there ezists its subsequence (denoted by the same indices), a positive Radon
measure o € rca(Q) and a mapping v € L, (2, o;rea(BrR™™)) such that ¥, is a
probability measure for o-a.a. x € Q0 and we have

i)
VgeC(Q) YyoER :

tim [ ga)o(y(z))dz = /

k—o0 0 Q

g(:p)/ﬁ - vo(8)0,(ds)o(dx), @)

where v is such that R 3 v(s)/(1 + |s]?) ~ wvo(s) € C(BrR™*").
it)  Putting v(s) =1+ |s]? in (2) (vo =1), we obtain

klim (1 + |yp(x)|P)dx = o weakly * in rca(S).
i) For every hy € C(Q x BrR™ ™) we have

lim : ho(z, yr(x)) (1 + |yr(x)|P)dz — /Q/BRRmX” ho(z, s)0,(ds)o(dz).

k—o0

Definition 2.4. If (2) holds, we say that {y;}en generates DiPerna Majda mea-
sure (o,7). The set of all DiPerna Majda measures

(0,0) € rca(Q) x L2(Q, o;rca(BrR™™))
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satisfying (2) is denoted by DML (€; R™ ™). See [25] for its description.

Two facts concerning supports of DiPerna Majda measures. We will use
the following facts which will serve as tools. The first lemma can be found in [24]
and [35], Lemma. 3.2.14, second lemma is proven in [25], Theorem 1,2 and [35],
Proposition 3.2.17 for general compactification of R™*™ and in [1], Proposition
4.1, part (iii) for compactification by sphere.

Lemma 2.5. Let the measure (., i) € DME(Q; R™ ™) be generated by the se-
quence {yr}tren. Then sequence {|yn|P ren is relatively weekly compact in L'(Q)
if and only if

[ (BrR™T\ R™™) =0 for a almost every z.

Lemma 2.6. Assume that (0,0) € DMR(Q;R™"). Then for o,- almost all
x € ) we have
b, (R = .

Special subsets in C'(R™*"™). We will deal with the following special subsets in
C(R™™):
TP(R™") = {ve C(R™"):v(s)/(1+|s]P) € R}, (3)
Sp = {v € TP(R™") : there exists C > 0,0 < a<1:
[v(A) —v(B)| < ClA=B|I*"(1+[AP~* + B ")} (4)

First class of functions is the one to test DiPerna Majda measures on, the same as
in Theorem 2.3. Second class of functions was considered for example in the old
celebrated Meyer’s paper [29]. As typical examples of functions from class S, we
may consider all quasiconvex functions described below.

Quasiconvexity and quasiconvex envelopes. We say that a function v :
R™™ — R is quasiconvex (see e.g. [8, 30]) if for any bounded domain Q@ C R",
any so € R™*" and any ¢ € W, ®(Q;R™)

v(50)| < / o(s0 + Vo) da.

The quasiconvex envelope Qu of v : R™*™ — R is defined by

Qu =sup {h <v:he CR™™") is quasiconvex} .

It is known (see e.g. [8], [14]) that if v € C(R™*™) and |v(s)| < C(1 + |s|P) then

i 1
Qu(sg) = inf )@/QU(SO + Vo(x))de.

LpEWol’p(Q§Rm

It is also known that an arbitrary quasiconvex function v of growth p satisfies the
inequality
[v(A) —v(B)] < C|A = B|(1+ AP~ + |BIF) (5)
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with the constant C' independent of A, B, in particular it belongs to S, (see e.g.
[8], [14]).

For illustrative discussion of the role of quasiconvexity condition and examples we
refer e.g. to [3].

Let us mention that the class S, is substantially larger than the class of quasiconvex
functions. For example identity (5) is satisfied for every function which is convex
with respect to each separate variable (remark that every quasiconvex function
has this property, see e.g. [8]).

Modifications of DiPerna-Majda measures generated by gradients. We
will also apply the following result obtained in [18]. It can be expressed in the
language of DiPerna-Majda measures generated by gradients of Sobolev functions,
but we leave its original presentation.

Theorem 2.7. Suppose that the following conditions hold

i) R CCR™™) is the given separable complete ring and for every vy € R we
identify vy with certain v € YP(R™*™) by the formulae v(s) := vo(s)(14]s[?).

i)  F, F CQ are closed subsets, F' # () and either 0Q C Fy UF or Q\ F has a
compactness property in WP (Q).

iin)  {ugp} C Wiy’f}l(Q,Rm) is the given sequence, ur—u in W'P and for every
vy € R the sequence of measures {v(Vuy)dx}ren converges weekly * to i, €
rca(Q)), moreover,

o ZF = v(Vu(z))deLF  for every vy € R. (6)

Then there ezists a sequence {NVwy }ren such that {wg—u}ren C W&j’ﬁlUF(Q, R™*™)
and

* klim v(Vwg)dz = p, for every vy € R.
Remark 2.8. The assumption “Q\ F has a compactness property in WHP(Q)” in
i1) can be substantially weakened, see Remark 4.7 in [18].

Remark 2.9. Suppose that the assumptions of Theorem 2.7 are satisfied with F
such that |F| = 0. In particular (6) is equivalent to p,(F') = (fu,),(F) = 0 where
w(s) = 1+|s|? (because for every vy € R we have |v(s)| < C(1+]s|P), so that every
Ly is absolutely continuous with respect to p,,). Taking into account the notation
in Theorem 2.3 with {yx} = {Vux} we observe that the condition p,(F) = 0 is
the same as the condition o(F') = 0, where (o, 7) is the DiPerna-Majda measure
generated by the sequence {Vuy}. If it is satisfied then the sequence {wy} can be
chosen to satisfy additionally the condition (up to the choice of the subsequence

Of {Uk})
{z € Q: Vuy(z) # Vug(z)}| — 0, as k — oo,

see Remark 4.1 in [18].

Remark 2.10. Suppose that F = 09, F; = () and that the sequence of measures

{(1+|Vug|P)dx} converges weakly * to the measure o € rca(f2) such that o(92) =
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0. Theorem 2.7 asserts that the sequence {uy} can be modified to satisfy Dirichlet
boundary data: {wy, —u} € W,*(Q,R™). This follows directly from Theorem 2.3
and formulae (6).

The nonconcentrating modifications. We start by recalling some facts about
nonconcentrating modifications of DiPerna Majda measures (see [24, 35] for de-
tails). We call (0, 7) € DM (Q; R™ ™) nonconcentrating if

/Q/ﬁRRan\Ran Up(ds)o(dz) =0 . (7)

According to Lemma 2.5 this means that every sequence {y;} generating (o, ) is
such that {|yx|P} is relatively weakly compact in L(€2).

We will apply the following property, whose proof is given in the Appendix.
Proposition 2.11. Let (0,7) € DM%(Q; R™ ™). Then we have

i) There is precisely one nonconcentrationg measure (0°,0°) € DM (£2; R™™)
such that

//];{an 5)0,(ds)g(z)o(dr) //Rmm 52(ds)g(x)o(dz),  (8)

for any vo € R such that lim,_.o, vo(s) = 0 and any g € C(Q).
i)  The nonconcentrationg measure (0°,0°) € DM (Q; R™ ™) satisfies (8) with
any vg € R. Moreover, we have for any vy € R

L wemans@etn = [ | weiass @)
Lo o ez @0% @) = | /BRRW 7% (ds)g(r)o° ().

Definition 2.12. The measure (0°,7°) in Proposition 2.11 is called the p-non-
concentrating modification of (o, 7).

There is a one-to-one correspondence between nonconcentrating DiPerna-Majda
measures and Young measures. Lemma 2.13 stated below shows the relations be-
tween DiPerna Majda measures, their nonconcentrating modifications, and Young
measures. Sketch of its proof is given in the Appendix for readers’ convenience.

Lemma 2.13. Let (0,0) € DML(QR™™) and (6°,0°) € DML (Q; R™ ™) be
the p-nonconcentrating modification of (o,0) and let dyo and d, be densities of o
and o° respectively, with respect to the Lebesque measure. Then we have

i) 0° s absolutely continuous with respect to the Lebesque measure and for
almost every x

I) ZRan
do“’ Xr) = / ZA/;E ds > do‘ ($ and ﬁo - iﬁ—/\7
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ii)  For almost every x € ) we have

dg(m)XRan . ﬁx = do-()(x) . ﬁo

x

as measures on BrR™*™.
ii1)  if {Vs taeq 1S the classical Young measure generated by the same sequence as
that generating (o, 0) then for almost all x € Q we have

~0
Vg

Vy = dyo(x) (1 s LRmxn)

as measures on R™ ™. This means that for every v € C(R™*™) and almost
2 p0(ds).

1+|slp "z

every x € ) we have mexn v(s)v,(ds) = dgo(x) mexn

Remark 2.14. For almost every x € €2 we have meXn Uz(ds) > 0. This is shown
in [35], Proposition 3.2.15.

3. Main result
3.1. Formulation of the problem and discussion
Our main goal is to obtain the following result.

Theorem 3.1. Let 1 < p < o0, Q be an arbitrary bounded domain such that
09 = 0, F C Q be an arbitrary closed subset such that |0oF| = 0 and ei-
ther Q) C F or Q\ F has a compactness property in W'P(Q). Assume that
the sequence {uy}ren C W;”E(Q,Rm) is bounded, {Vug}ren generates (o,0) €
DME (Q; R™™) and up — w in WP(Q,R™).

Then there ezist the subsequence of {uy} (denoted by the same expression) and two
bounded sequences {z}ren C Wi”f;(Q, R™), {wy}ren C W&’ﬁ(@, R™) such that

Vuk = V,Zk + Vwk.

Moreover

i) limgeo [{z € Q: Vag(x) # Vug(x)} = 0;

i)  {Vzitren generates (6°,0°) € DML (Q; R™™), which is the nonconcen-
trating modification of (o,v) (see Section 2.3). In particular the sequence
{IVz1|P}ren is weakly compact in L'(Q);

i)  {Vwg}ren generates (o, 0') € DME (S R™ ™) such that for any v € S,

(see (4)) and any g € C()

/Q / R vo(s)7,(ds)g(x)o (dz)
= v(0) /Qg(x) dx +/Q/6Rmxn\Ran v0(8) 0 (ds)g(x) o dz).

As an immediate corollary we obtain the following result.

(9)
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Corollary 3.2. Under the assumptions of Theorem 3.1 the mapping
DM%(Q;Rmxn) S (o,0) — (0‘0’ ﬁO) c DM%(Q;Rmxn)

preserves the class of DiPerna Majda measures generated by gradients of Sobolev

mappings from the class W;’;}(Q, R™) where Vu(z) = fﬁRRmX” ﬁﬁm(ds).

We also have an easy observation.

Remark 3.3. According to Lemma 2.13 condition i) in the statement of Theo-
rem 3.1 implies that {Vuy}ren and {Vzy }ren generate the same classical Young
measure.

3.2. Proof of Theorem 3.1

Before we prove the theorem we will need the following lemma. Its proof is given
in the Appendix for readers convenience.

Lemma 3.4. Let Q be a bounded domain in R™, |02 =0, F' C Q~be an arbitrary
closed subset such that |0oF| =0 and let us denote Qp = Q\ F, F = F N Qp.
Suppose that {up} C Wul”f}(ﬂ, R™) is a given bounded sequence and {wg} C

Wi’%(QF,Rm) is the sequence of restrictions of u’s to Qp. Assume further that

{Vuy} generates DiPerna Majda measure (0,0;),cq, while {Vwg} generates
DiPerna Majda measure (&, fig),c 6,- Then we have

a(A) = o(A) for every measurable A C Qp

and [i, = 0, for o a.e. v € Qp.

(10)

Now we prove the theorem.

Proof of Theorem 3.1. We consider two cases: |F'| = 0 and the remaining case:
|F| > 0.

Case (A): |F| =0. We use Lemma 1.1 and construct the sequence {Zy }ren such
that

Hr € Q:Vz, #Vur | — 0 as k — oo

and {|VZz;|[P}ren is weakly compact in L'(Q2). Tt does not follow from the origi-
nal construction in [14] that {z;} C Wuljg(Q, R™) as we claim and perhaps this
condition is not satisfied. From now proof of this part follows by steps.

Step 1A. Passing eventually to a subsequence we can assume that {Zx }ren gen-
erates DiPerna Majda measure (3,%,). We show that (3,%,) = (¢°,2°) — the p-
nonconcentrating modification of (o, 7). To verify this at first we note that (3, ;)
is nonconcentrating. Therefore it suffices to show that (8) holds with (5,4,) in-
stead of (0%, 2°) and apply Proposition 2.11, part ).
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To show (8) with (3, 4,) we take an arbitrary v € Y?(R™*") such that v/(14|-[?)
vanishes at co. For every such v and every g € C'/(2) we have

/Q (0(Vur(z)) — v(Va(2))) 9(2)de

<C | |w(Vug(z))|lde+C | |v(VZi(x))|dz,

Ry Ry,

where Ry = {z € Q : Vz; # Vug}, with C = supg|g|. Then we will observe
that the right hand side above converges to 0 as & — oo. This will be due to the

fact that sequences {|v(Vug(z))|[}ren and {|v(VZzZi(2))|}ren are weakly compact
in L'(Q) and |Ry| — 0 as k — oo.

Indeed, in case of second sequence compactness is obvious from construction (as
sequence {|VZz(z)[P} is weakly compact in L*(€2)). As for first one, this is because
v(s)/(1 4 |s|P) vanishes at co. To see this we take an arbitrary measurable subset
V C Q) and observe that

dr = ¥ (1 Pyd
/\/|U(VUk)| T /V1+ |Vuk|p( + |[Vug|P)dx

:/V M(1+|Vuk|p)d:c+/ VUL G )

AVu>k 1+ [Vugl? vavug <k L+ [Vugl?

where K > 0 can be arbitrary. Second term above is upperbounded by C,(1 +
KP)|V|, where C, = sup{|v(s)|/(1+]s|P),s € R™*™}. First term is no bigger than

Bk C, where Bx = SuP{lli\S)\L Cs| > K}, C = supk Jo (1 + |Vug|P)dz. Therefore

for any € > 0 we find K with property Bg,C < §, and then if |V] < 3
we get

1+KP)

/ [v(Vug)|de < e.
v

This shows equiintegrability of sequence {|v(Vug(z))|}ren, so also its weak com-
pactness in L'(Q).

Altogether implies that sequence [,v(Vug)g(z)dz has the same limit as
Jo v(VZp)g(x)dx. Consequently, the equality

//BRRan Pz(ds)g(x)o"(dr) //BRRW” §)0z(ds)g(x)o(dr)

holds with such a v. By assumption vy vanishes on the reminder Sz R™*™ \ R"™*"
as v/(1 + |s[’) — 0 when s — oo. Therefore we can substitute integrals over
BrR™*™ by integrals over R™*™ (on both sides), getting

[ wsasigoan = [ [ wondsol)
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Step 2A. We modify sequence {Z;}ren to another sequence {z;} in such a way
that {z;} satisfies i), {Vz;} generate the same DiPerna Majda measure as {V 2z}
(in particular ¢i) reminds true for {z;}) and additionally {z;} C Wu{’]’;(Q,Rm).
The last condition means that the new sequence has the required trace.

We note that ¢° is the weak x limit of {(1 + |VZz|P)dz}ren and so it is abso-
lutely continuous with respect to the Lebegue measure. We apply Theorem 2.7 to
{VZzZi}ren with F; = () and our F. Note that in such a case (6) is trivially satis-
fied as |F| = 0. This implies existence of the sequence {Vz;}ren also generating
(09, 0%) such that {z;}ren C Wi’}'}(Q,Rm). Moreover, according to Remark 2.9
this sequence can be chosen to satisfy [{z € Q: VZz(x) # Vzi(2)} — 0ask — oo
(up to the choice of the subsequence of {2 }). Therefore also

H{z € Q: Vu(z) # Vzr(z)}] — 0 as k — oo

up to the choice of the subsequence of {uy}. Moreover, {|Vzx|? }ren is also weakly
compact in L'(€) according to Lemma 2.5.

Step 3A. We verify property iii) for the subsequence of:
wy, = ug — 2z = (up — ) — (2 — u) € WoR(2,R™).

After extracting the subsequence (denoted by the same indices) we can assume
that {wy, hren generates the measure (o1, ') and uy, = 2, + wy,. Let us prove that
(o, 1) satisfies (9).

To see that at first we compute that for any v € S, (see (4)) such that v(0) = 0:

L= [ ataye(Vunte)ds+ [

g(x)v(Vzk(x))dx—/g(x)v(Vuk(a:))da:
Q

Q

= /R g(x) {v(Vug(z) — Vzg(x)) — v(Vug(x))} de +/ g(x)v(Vzp(z))dx

Ry,
= Ak + Bk7
where Ry, = {x : Vug(x) # Vzi(x)}. By the very definition of S,
|(0(Vug(2) = Vzi(2)) = o(Vur(z))]
< OV (@)|*(1 + [Vug(2) 77 + [V (2)[779).

As |V € LP/(Q) and (1 + [Vug(z)[P~ + |V (2)|P~2) € L(p/a),(Q), where

(p/a) = z% is Holder conjugate to £, we easily derive the following estimation

Al <C (/ rvmp)p,
Ry,

where C' = C(|], supq|g|, supi||V 2k || p, supy || Vgl ), independent on k.
Moreover, [v(Vzi(x))| < Cy(1 + |Vzi(x)[?). From there is easily follows that

1Bl <C [ (1+|Vz(2)P)da,

Ry,
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with constant C' independent on k. Due to equintegrability property of the se-
quence {|Vzg|P}ren we observe that

I, — 0 as k — oc.

The above implies

//BRRW” Dy (ds)g(x)o’ (dx)
/ /aRRM $)0x(ds)g(x)o(dz) — / /ﬂRRan (ds)a(eotd)

whenever v(0) = 0 and v € S,. Decomposing o(dz) = d,(z)dz + o,(dx) in first
integral on the right hand side above and applying Lemma 2.6 we deduce that

c- | /ﬁR )0 (ds)g(w)do (@)da
i /Q /@RRM\RW,L vo ()72 (ds)g(x)os(d).

Moreover, as ¢ satisfies (7) we get from Proposition 2.11, part #) that

D= //Rmm vo(s)P2(ds)g(x)o”(dx) //Rmm $)i(ds)g(x)o(dz)
//Rmm $)0x(ds)g(w)ds (x)dz.

The last equality holds because o(dz) = d,(x)dx+0,(dzr) and 0, (BrR™ ™ \ R™*")
=1 for o,-almost every = € Q. Consequently (integrate | 3

+ Jgmxn in the first term in (11))

/ /ﬁRRmxn (ds)g(@)o(dx) / /ﬂRRW\RW vo()s(ds)g(z)o(dx), (12)

whenever v(0) = 0 and v € S,. We apply this with v — v(0) where v € S, is taken
arbitrary. Note that

(11)

,RRan = fﬂRRan\Ran

/ 9(2) (0(Vaog(2)) — (0))dz

k=00 / /ﬁ RRW DL (ds)g(z)ot (dz) — v(0) /Q g(z)dz.

Moreover, for every constant function C' we have lim,_, 1+CW — 0 as s — oo,
therefore
(v —v(0))o(s) = wvo(s) for every s € BrR™* ™\ R™*".
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Hence the right hand side in (12) applied with v — v(0) remains the same as that
with v. We arrive at (9). This ends the proof of Case (A).

Case (B): |F| > 0. We consider Qp = Q\ F and F = Qp N F instead of Q and
F. We will apply Step 1 to the sequence od restrictions of the original sequence
to Qr and then extend this sequence by u to the remaining part of €2. In Steps
1B, 2B and 3B below we explain correctness of such a construction.

Step 1B. We modify the sequence of restrictions to Qp.

Before we do this we note that [F| = 0 as F C (9QNF)UdqF. Moreover, |0Qp| =

0. Note that F C 90p and we have either 0Qp = F (in case 02 C F) or Qp has
compactness property in W1?(Q). Denote by {h;} C W'?(Qr, R™) the sequence
of restrictions of {ux}’s to Qp and let {(«a, fi,)}zeq, be DiPerna Majda measure
generated by certain subsequence of {Vhy}ren. For simplicity this subsequence
will also be denoted by {Vhg}ren. Using Lemma 3.4 we observe that («, fi,) =
(0,0,)4Qp. Let us apply Case (A) to the sequence {h;} C Wi’%(Qp,Rm). We
find its subsequence (denoted by the same expression) and two sequences {Z;} C
Wi% (Qp, R™) and {w;} C Wol’g(Q r, R™) such that (for this subsequence) we have

Vhy, = VZz; + Vo, and i), i) and iii) hold true with €2 substituted by Qp and
with the same DiPerna Majda measure (o,7) (restricted to ). This ends the
construction in Step 1B.

Step 2B. We extend two sequences in decomposition obtained in Step 1B to the
whole 2.

For this, let us denote

Zr(x) for x € Qp wi(z) for z € Qp
zk(z) = wy(x) =
u(z) forx e FNQ, 0 for x € FNQ.
It remains to show that {z;} and {wy} have the required properties. To verify this
at first we observe that sequences defined in this way belong to the required Sobolev

class. We show it for sequence {z;} only, as the arguments for the remaining
sequence are the same. Using the fact that 2, —u € Wol’g(QF, R™) we find the

sequence {0t }en € C®(R",R™) such that o, — Z, — u in WP(Qp, R™) as
| — oo and 0} = 0 in some neighborhood of F in R". We will construct a (better)
sequence, which vanishes in some neighborhood of F' (instead of F ) and converges

to 2z —u in WP(Q,R™).

For this purpose we take € = ¢ such that 772 = 0 when dist(m,ﬁ) < €. Let
U € C°(R™) be such that ¢, = 0 in a ¢.,/3 neighborhood of F' and ¢, = 1
outside €4 neighborhood of F. We define v () := ¢, (x)0k(z). Tt is clear that
vl € C*°(R",R™) and v} vanishes in some neighborhood of F. Moreover,

() = ol(z) forx € Qp
o for x € FNQQ.
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Indeed, on Qp N {z : dist(z, F) < €4} we have 0 = vk( ) = ot (x), while on
Qr N {z : dist(z, F) > e} we have vl(z) = ¢p(z)vl(r) = 0L(z). It is also
obvious that {vl} is a Cauchy sequence in W'P(Q, R™). As its limit is 2;, — u, we
have proven that z; € Wi’f}(ﬂ, R™) for every k.

We have
Vur, =Vz, +Vw, on Qr and Vu=Vz,+Vw, on FNQ.

As up, = uwon QN F, we get Vup, = Vu a.e. on QN F (the detailed explanation
is given in the proof of Lemma 3.4 in the Appendix) and consequently Vu, =
Vz, + Vw;, on whole of €.

Step 3B. We verify that {2} and {wy} satisfy the required properties: i), i) and
1i1).
At first we note that property ¢) is obvious from construction. Let us verify

property ii). By the very definition of the noncompact modification we have to
verify that

Jlim [ o(Va)gta)de - / /R N (d3)g(2)0(da).

whenever v € Tp(RmX”) and g € C(2). We have shown in the proof of Case (A),
Step 1A that (0, 22) is DiPerna MaJda measure generated by {VZ;}. Therefore it
suffices to prove that {Vz,} and {VZ;} generate the same DiPerna Majda measure.
To see it we have to check that

J=1lim [ (v(Vz) —v(VZg))g(x)dx =0,

k—o00 Q

for an arbitrary v € TP(R™*"),g € C(Q). The above integral can be as well
computed on the set

R = {z € Q: V() # Vii(z)}
C{r € Q:Vz(r) # Vug(z)} U{x € Q:VZip(x) # Vug(x)} = Ay UBk'
By construction we have
Jmy 1A = fm 55 =
and both sequences {|Vz|P} and {VZ,|P} are equintegrable. Therefore property
i1) holds.

We are left with property iii). Let g € C(Q), v € S,. We can additionally assume
that v(0) = 0. We have

L= lim [ v(Vwg(x))g(zx)dx

k—o0 Q

= lim (L\Fv(Vwk(m))g(x)dx+ /Fv(ka(g;))g(x)dx)

= lim v(Vg(x))g(x)dx + 0.

k—o0 Qp
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The last property follows from construction of the wy’s (Step 2B). By construction
in Step 1B the sequence {w;} C WOI’FIZ(QF,RW) generates such DiPerna Majda

measure (3, 7,) that satisfies (9) with Q substituted by Qp, i.e.

= [ o [ ()

_ /Q o(z) /ﬁRRmm\RmxnUo(s)ﬁgg(ds)a(dx).

As fQ = fQF + fQ\QF to complete the arguments we have to check that

/Q\QF g(z) /BRRan\Ran vy(8) 0, (ds)o(dx) = 0. (13)

Q\Qr=QNF\0oF.

Note that
It is easy to observe that (13) is equivalent to
A= o) / vo(8)0a(ds)or(dz) = 0
W ﬁRRan\Rmxn

for every g € C(Q2N F) such that g = 0 on doF. Extending every such a function
g by putting zero on 2\ F' we get a continuous function on 2. Therefore we have
to show that

A= [ gt /ﬁ o BN ) =0,

where g € C(Q2) and g =0 on Q\ F. Let 9. : [0,00) — [0, 1] be defined by

—4+1 fortelo0,
et - ¢
Yelt) {O fort >0

and v, € TP(R™*™) be defined via its definition on the compactification SrR™*"
by the expression

v2(s) == v0(s)1be(dist(z, BrR™™ \ R™™)).

€

From the Lebegues Dominated Convergence Theorem applied twice we get

A= /Qg(ac)lim v5(8) 0, (ds)o(dx)

e—0 ﬁRRmX n

= limy ( /Q o(z) /ﬁ . vg(s)ﬁx(ds)a(dx)) —: lim A,.
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On the other hand, by the trace condition we have Vuy(z) = Vu(z) almost every-
where on int(Q2 N F'). Hence

A, = lim | g(x)v*(Vug(x))dz

k=0 Jq
= lim g(x)ve(Vu(x))dx:/ g(x)v (Vu(z))dx.
k=0 Jint(onF) int(QNF)

Let a := Vu(x) € R™". It is well defined for almost every = € int(2 N F).
Let b :=i(a) € BrR™ ™ where i : R™*" — GrR™*" is the homeomorphic dense
embedding we deal with. Then we have

v'(a)

"1+ al

ve(a)

€ e—0

ve(a)

(1+1al?’) and

Therefore v¢(Vu(x)) — 0 for almost every x. Moreover,

v (Vu(z))| < C(1+ [Vu(z)]").
Lebegue’s Dominated Convergence Theorem implies Ac — 0 as ¢ — 0. This
completes the proof of (13) and ends the proof of the theorem. n

Remark 3.5. Let us note that the assumption “Q\ F' has a compactness property
in WP in the statement of Theorem 3.1 can be weakened. Indeed, we required
this assumption to apply Theorem 2.7. As we already mentioned in Remark 2.8,
Theorem 2.7 holds also under weaker assumptions.

4. Application. Regularity of minimizing sequences in nonconvex vari-
ational problems

4.1. The variational problem and its motivation

Our goal now is to present some applications of our results to the nonconvex
variational problems.

Presentation of the problem. We consider variational problem
I =min{ls(v):v € Wi’g(Q,Rm)}, where I¢(v) = / f(z, Vo(x))dz,  (14)
Q

under certain conditions to be described later.

Motivation. We can meat this kind of problems in elasticity theory when there
is some rigor on deformation of some parts of an elastic body.

Let Q C R? be the given body and let v : Q — v(Q) = Q C R be the given
deformation. According to the Cauchy-Born role functional of the type

/Qf(q:, Vou(z))dx
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describes energy of the given deformation v (with f being the property of the given
deformed material, see e.g. [31]). Assume additionally that the fixed part of the
material denoted by F'is deformed according to the given role. This is interpreted
as:

v(x) = u(x) for every z € F.

In the typical situation F' = 0f2. This is for example in pure displacement
boundary-value problems for a compressible material in nonlinear elasticity, see
e.g. [3], Section 3. One can have also situation that F* C Jf) is an essential subset,
see e.g. Section 3, page 260 in [5]. Such situation appears in the study of mixed
displacement dead load traction boundary conditions in nonlinear elasticity. See
also Section 3 in [4]. Weak formulation of energy minimization problem in the
class of such deformations is exactly (14).

4.2. Attainment result for minimizing Young measures

The conditions. We will deal with the following conditions.

A) is a bounded domain in R", |092] = 0;
B) F C Qisaclosed, 92 C F or Q\ F has compactness property in W*(Q),
0o F| = 0;
C) R C C(R™™) is a complete subring and f € C(Q x R™*") are such that:
1. for every x € Q we have f(z,s)/(1+ |s|) € R and {ﬁ;; € C(Q x
672Rm><n>7
2. Qf(ma ) > —00,

3. in case 02 € F we require:

lim inf f(z,s)

e T sl

> (0 for every x € 00 \ intyq (F N ON);

D) ue Wh(Q,R™).

Regularity result for minimizing sequences of gradients. We are now to
present certain application of Theorem 3.1. It can be interpreted as the regularity
result for minimizing sequences of gradients. Typically one assumes that function
f is nonnegative. Now instead of this assumption we have an substantially weaker
one: Assumption 3 in Condition C). If 9Q2 C F this condition is empty. Proofs of
Theorem 4.1 and Corollary 4.2 given below are postponed to the next subsection.

Theorem 4.1. Let the assumptions A)-D) be satisfied, I > —oo and assume
that there exists the minimizing sequence {uy} C Wi’fw(Q,Rm) for Iy which is
bounded in W'P(Q,R™). Then there is a (possibly another) sequence {z.} C
W{’?Uaﬂ(Q, R™) minimizing I such that the sequence {|Vz|P} is weakly compact

u

in LY(Q).

As a corollary we obtain the following result.
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Corollary 4.2. Suppose that the assumptions of Theorem 4.1 are satisfied and
additionally I satisfies the following coercivity condition:

If the sequence {I(uy,)} is bounded then {uy} is bounded in WP(Q, R™). (15)

Let Y, r be the set of all classical Young measures generated by sequences of gra-
dients {Vuy} where the sequence {uy} is bounded in Wuljfﬂ(Q, R™). Then we have

inf{I;(v):v € Wi”gl(Q, R™)}

~ min {/ﬂ /Rm F A (dN)dz : {1y }oco € yu,F} |

Remark 4.3. The problem to represent the minimum of functional in terms of
Young measures like in (16) had been addressed in Pedregal’s paper [34] were
applications to the theory of magnetostriction and optimal design problems were
given (see e.g. Proposition 4.2 and Theorem 5.1). For example on page 48 the
author deals with functional [, F'(z,u(x),y(x), Vy(x))dz serving for optimal de-
sign problems, under the assumption lim, .., F(z,u,y,s)|s| > = 0 (where F is of
growth 2 with respect to the last variable, i.e. p = 2). As a corollary the author
obtains attainment result (16) for the considered functional. Note that this is the
special case of our assumption C), point 3.

(16)

Remark 4.4. Contrary to the approach in [7] we do not use directly quasiconvex
envelops of functions.

4.3. Proofs of Theorem 4.1 and Corollary 4.2

Before we prove Theorem 4.1 we will need the following result.

Theorem 4.5. Let Q is a bounded domain in R™, |09 = 0 and R C C(R™*")
be a complete subring. Assume further that (o,0) € DMY%(Q; R™ ™) is generated
by the bounded sequence {uy}ren C WHP(Q,R™). Then for o-almost all x € Q
and all f € TP(R™™) with Qf > —oo it holds that

0< / ) s (17)
B

RRan\Ran 1 + |S|p

Moreover, if F C Q is the given closed set such that F N OQ # 0 and addition-

ally {ugtren C Wi’f}(Q,Rm) where u(x) = d,(x) fﬂRRmX" T lado ae., then

formulae (17) holds also for o-almost every x € intgq (F N ONQ).

Before we prove the general statement we recall the following result obtained in
(18], Theorem 4.6.

Theorem 4.6. Suppose that the following conditions hold

i) R CCR™™) is the given separable complete ring and for every vy € R we
write v(s) = vo(s)(1 + |s|P).
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i) Gi,G CQ are closed subsets, G # () and either Q2 C G UG or Q\ G has
a compactness property in WHP.

iii)  {ur} C W;”gl(Q,Rm) is the given sequence, up,—u in WP and for every
vg € R the sequence of measures {v(Vuy)dz }ren converges weekly * to p, €

rca($2).
Then there exists the sequence { Vwy } ren such that {w,—u}ren C W&”gluG(Q, R™*™)
and xlimy_, o, v(Vwy)dx = [i, for every vy € R, where [i, satisfies

[, /G = v(Vu(x))dz /G and fi,Z(Q\ G) = p,Z(Q\ G).

Proof of Theorem 4.5. Formulae (17) for x € Q and second statement in the
case when F' = 0 were obtained in [17], Theorems 2.7 and 2.8. Now we generalize
it for arbitrary closed set F' C Q such that F'N9Q # 0.

We apply Theorem 4.6 to our sequence {uy} with sets Gy := F and G :=

(02\ F). Conditions i)—iii) are satisfied. Hence there exists the sequence {wy} C
WJ”I@UaQ(Q, R™) generating DiPerna Majda measure («, fi,) such that for every

g € C(Q) supported in Q \ G and every v € TP(R™*") we have

/Q g(@)ldr) = lim [ g(@)o(Vuy(a))d

k—o00 Q

As left hand side above equals [ 9(%) [5_ gumxn v0(8)02(ds)o(dr), while right hand

side equals [ g(x) fﬂanm vo(s)fiz(ds)a(dz), we recognize (plug at first vy = 1)
that

cZ(Q\G)=asZ(Q\G) and #, =/, for o almost every z € Q\ G.

Note that

Q\G=0Q\ (2\ F) D intoq (FNOQ). (18)

In particular
fi, = U, for o almost every z € intaq (F' N IN). (19)

On the other hand {wy} C Wi’gQ(Q, R™), therefore we deduce from already known

case F = 99 that
! S/ fls) fiz(ds) .
ﬂRRmX”\Rmxn 1 + |3‘P

for a- almost every x € 0Q2. According to (18) we have o = ¢ when restricted to
intpq (F' N 0N2) and final conclusion follows from (19). The theorem is proven. [

For our purposes we will need the following generalization of condition (17) to f
being z-dependent. For readers convenience its proof is presented in the Appendix.
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Lemma 4.7. Let Q be a bounded domain in R, [0Q = 0, R € C(R™") be
a complete subring, f € C(Q x R™™) be such that for every x € Q we have

f(x,s)/(1+]|s’) € R and {jﬁP € C(Q x BrR™ ™), moreover, Qf(x,-) > —oc.

Assume further that (o,0) € DM%(§; R™*™) is generated by the bounded sequence
{Vupren € WEP(Q,R™). Then for o-almost all x € 2 it holds that

0 g/ UCDPYA (20)
B

RRan\Ran 1 —I'_ | |

Moreover, if F C Q is the given closed set such that F N 0Q # O and addition-
ally {ug}ren C Wi”ﬁ(Q,Rm) where u(x) = dy( fﬁRRan Taplado a.c., then

formulae (20) holds also for o-almost every x € intaq (F N 0N2).

Proof of Theorem 4.1. We can assume that the sequence {u} C W;’}'}(Q, R™)
generates DiPerna Majda measure (o,7) € DM%(£2; R™*™). We have by Theorem

2.3
I=lim I;(u // ——— 0. (ds)o(dx).

We decompose ngRan = mexn +fﬁRRmxn\Ran and note that

f(z, s) .

Uy (ds)o(dx
/ / M L(ds)o(dz).

Using Lemma 4.7 we conclude that [ B Rmxn\ Rmxn {J(:TSS'Z, Uy(ds) > 0 for o almost
every x € ). Moreover, by assumption C), point 3 and by Lemma 4.7 we have

ngRan\Ran 1+$\ S‘}), v:(ds) > 0 for o almost every = € 0€2. Therefore 11 > 0.

Decomposing o(dz) = d,(x)dx + o4(dx) we get

= //Rm iffis)pﬁz(ds)a(dx)
//Rmm 1+|5| d“//Rmxn s |p 0y (ds)o(dx).

According to Lemma 2.6 second term above is zero. Taking this into account, and
also Lemma 2.13, part i) and (7), we get

=[] e
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where (0°,12) is the nonconcentrating modification of (o,7). By Corollary 3.2

there exists the sequence {V 2z} generating (00, %) such that {2} C ij;;l(Q, R™).
Altogether gives
k—o0

and by the very definition of nonconcentrating modification the sequence {|Vz|P}
is weakly compact in L'(Q). The fact that {z;} can be chosen to satisfy the
condition {z} C Wij}'}um(Q, R™) follows from Theorem 2.7 applied with F; :=
F, F := 0. This ends the proof of the theorem. O

Proof of Corollary 4.2. Let us denote the right hand side in (16) by J and the
left hand side by I. Let {uy} be the sequence achieving I, i.e. I(uy) converges to
I. Using Theorem 4.1 we can additionally assume that the sequence {|Vu|P} is
weakly compact in L!'(€). By Theorem 2.1 we get

I—hmlfuk // flx, Vv (dN)dz > J.
Rmxn

It reminds to prove that J > I. To verify this we assume that

J = lim // [z, F(dN)dr = hm T,
k—o0 RmMXn

where {*},cq are classical Young measures generated by some bounded sequence

{VwFlen C Wi’ﬁ(Q, R™). After (eventually) extracting the subsequence we can

assume that every such sequence generates DiPerna Majda measure (of, %) €

DM (Q; R™*™), with nonconcentrating modification (¢%*, 59%) € DML (Q; R™").
Let this modification be generated by the sequence {VZF}en such that {ZF} C
WJ”I@(Q, R™) (we use Corollary 3.2). Using Lemma 2.13 and (7) we get for every
k

Jp = // AOk(ds) OF(dr) = lim ().
BrRmXn F=oo

1+! Ip .

Let us fix € > 0, chose for every &k the number [(k) such that

| Tk — Lr(Z)| <

ol e

and denote v, = 2f(k) € Wi;f}(Q, R™). We observe that the sequence {I;(vi)}ren

converges to J as k — oo. Coercivity condition (15) implies that the sequence
{vx} is bounded in WP(2, R™). Passing eventually to the subsequence again we
can assume that it generates DiPerna Majda measure (a, i) € DM (Q; R™*™),

so that
J = lim I( / / > ].
k—o0 f IBRRWLXTL 1 —'I— | ( ) ( )

This completes our arguments. O]
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A. Proofs of Proposition 2.11 and of Lemmas 2.13, 3.4 and 4.7

Proof of Proposition 2.11. i): See e.g. [35], Propositions 3.2.17, 3.4.17 and
3.4.18.

i1): Let v € TP(R™") be arbitrary now and ¢ € C§°(R™*") be such that ¢ =1
in a neighborhood of 0. Define ¢r(s) = ¢(s/R), vr(s) = ¢r(s)v(s). Then (8)
holds with v = wgi. After letting R — oo and applying Lebegue’s Dominated
Convergence Theorem, we get (8) with an arbitrary v.

Let us decompose 0 = d,(x)dz + o4 into an absolutely continuous and singular
part in the Lebegue decomposition. We have

o esioa
] /Q /RW pl e T /Q /RM vo(s)2(ds)g(x)os(dz).

Second term above is zero, because according to Lemma 2.6 we have
v, (R™ ") = 0 for os-almost all z € Q. Therefore right hand side in (8) equals

Jo Jrmxn 00(8)02(ds)g(2)do () (dz).
Note that sequence {|VZzy|P}ren is weakly compact in L'(Q2). It implies that o

is absolutely continuous with respect to the Lebegue measure and according to
Lemma 2.5 we get 29(BrR™ "\ R™*") = ( for ¢° almost all .

Therefore the right hand side in (8) equals [g [ g« vo(8)75(ds)g(z)o°(d).

Sketch of the proof of Lemma 2.13. i): The proof can be found in [25,
Lemma 1, Th. 1, 2] and [35, Prop. 3.2.17].

i1): This follows directly from Proposition 2.11, part 7).
ii1): It easily follows from Theorems 2.1 and 2.3. O

Proof of Lemma 3.4. Let ¢ € C(Qp) and v € T?(R™") be taken arbitrary.
Let g be an arbitrary extension of g to a continuous function on 2. We define
the function y. : [0,00) — [0, 1] by expression y(t) = —1¢ + 1 when t € [0, ¢] and

ye = 0 on [¢,00). Then we set: ¢ (z) = y.(dist(z, Qr)), ¢ € C(Q). According to
Theorem 2.3 we have

I,,:=lim g(x)v(Vug(z))dr = /

k—0 QF Q

g9(z) / vo(8) i (ds)a(dx),
ﬁRRan
and at the same time

Jop = lim lim [ §(x)¢c(z)v(Vug(z))de

e—0 k—oo Q

— tin [ 3(a)on(a) /ﬂ o (e (ds)o )

_ /Q g(2) /ﬁRRmxnvo(s)ﬁx(ds)a(daj).
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It suffices to prove that

Jyw =1,, for every g and v. (21)

Indeed, having (21) we substitute at first v(s) = (1 4 |s|?), so that vy = 1, to get:
| stwiatan = [ gwotar)
o 0

for every g € C(Qr), so that a = ¢ as measures on Qp. Then inequality:

Lo [ @t = [ o [ syt

implies that [; g v0(8)fiz(ds)o(dr) = [ g vo(8)P:(ds)o(dr) as measures
on Qp, so that their densities with respect to o: fﬁanm vo(s)fiz(ds) and

i) B Rmxn vo(s)0x(ds) are equal o-almost everywhere. This will finish the proof.
We are left with the proof of (21).

We have

Jyw— 1, = lim lim ( /Q §(2) b (2)0(Vug () dz — /

e—0 k—oo Qp

g(x)v(%(m))dac)

= lim lim §(x)pc(x)v(Vug(z))dr = L.

e—0 k—oo QNF

By an assumption the set 2 N F' is of positive measure. It is crucial now that
Vug(z) = Vu(z) almost everywhere on Q N F. Indeed, by an assumption wuy €
W, 2(Q,R™), equivalently u, — u € Wyh(Q, R™). This implies that u, — u = 0
a.e. on QN F. To see that we consider a sequence {7} }ien € C5°(2, R™) such
that v — up —u in WP(Q,R™) as | — oo and v} = 0 in a neighborhood of F

(by the very definition of the space W&’g(Q, R™) such sequence exists). Then we
have 0 = vl — up —u in LP(Q N F), therefore uy, = u a.e. on QN F. Consequently

Vur, = Vu a.e. on QN F, which together with the fact that ¢. — 0 a.e. on QN F
as € — 0 and Lebegue’s Dominated Convergence Theorem gives

L = lim §(x)pe(z)v(Vu(z))dr =0

=0 Jonr

and finishes the proof of the lemma. n

Proof of Lemma 4.7. We prove the lemma under the condition uy = u on
0f) as the general statement follows by almost the same arguments. We use the
technique from [16], where we dealt with classical Young measures generated by
gradients. Let {A,};en be the countable dense subset in Q. For every fixed j we
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consider set Q(j) of full measure o in Q such that for every x € Q(j) 7, is well
defined and satisfies inequality

/ Mﬁx(ds) > 0. (22)
B

7zf{'m><'n,\1q”m><n 1 _'_ ‘8|p

Then set Q = N;Q(j) is also of full measure ¢ in Q and for every z € Q) inequality
(22) holds with every j. Let us fix z € Q and chose the sequence {4}, }ren such
that A;, — = as k — oo. Now it suffices to apply inequality (22) with A;, instead
of A;, let K — oo and apply Lebegue’s Dominated Convergence Theorem. O
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