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Let X be a separable superreflexive Banach space and f be a semiconvex function (with a
general modulus) on X. For k € N, let 3j(f) be the set of points € X, at which the Clarke
subdifferential O f(z) is at least k-dimensional. Note that X (f) is the set of all points at which f
is not Gateaux differentiable. Then X (f) can be covered by countably many Lipschitz surfaces
of codimension k£ which are described by functions, which are differences of two semiconvex
functions. If X is separable and superreflexive Banach space which admits an equivalent norm
with modulus of smoothness of power type 2 (e.g., if X is a Hilbert space or X = LP(u) with
2 < p), we give, for a fixed modulus w and k € N, a complete characterization of those A C X, for
which there exists a function f on X which is semiconvex on X with modulus w and A C Xy (f).
Namely, A C X has this property if and only if A can be covered by countably many Lipschitz
surfaces S, of codimension k which are described by functions, which are differences of two
Lipschitz semiconvex functions with modulus C,w.
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1. Introduction

In this article, we study smallness of singular sets ¥ (f) (k € N) of semiconvex
functions in separable Banach spaces. By a semiconver function we mean a semi-
convex function with a general modulus in the present article. (Note that the
definition of a “semiconvex function in R™” usually refers to a semiconvex func-
tion with a linear modulus, i.e. to a function, which can be represented in the form
f(x) = c(x) — K||z||*, where K > 0 and ¢(z) is a convex function.)

Semiconvex functions (and dual semiconcave functions) with general modulus form
an important class of functions, cf. the monograph [5]. Note that (see [7, p. 239])
semiconvex functions on a Banach space X essentially coincide with strongly para-
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convex functions of Rolewicz and also with uniformly Fréchet subdifferentiable
functions and, if X = R", then locally semiconvex functions coincide with Spin-
garn’s lower C' functions, with approximately convex functions (in the sense of
9]), and also with weakly convex functions in Nurminskii’s sense.

If f is a semiconvex function on a Banach space and k£ € N, then we consider the
set Xx(f) of singular points of order k (or of magnitude k by [5]) at which the
Clarke subdifferential Jf(z) is at least k-dimensional. Note that ¥;(f) is the set
of all points at which f is not Gateaux differentiable.

The smallness of singular sets of semiconvex functions was investigated in R" in
2] and in [1] in separable Banach spaces (cf. also [5]). It was essentially proved in
[1], that, for a semiconvex function f on a separable Banach space, the singular
set Xk (f) can be covered by countably many Lipschitz surfaces of codimension k
(see Definition 2.15 below). Even though the definition of an oo — k dimensional
rectifiable set used in [1] is too weak, since the whole space can be such a set, the
proof gives the result stated above.

It is proved in [15] that the mentioned result of [1] holds even for all Clarke regular
functions (and so also for each approximately convex function in the sense of [9]).

If X is a separable Banach space, then a complete characterization of the smallness
of sets Xx(f), where f is a continuous convex function on X, was given in [13,
Proposition 2 and 3]. In the case of convex f, the corresponding Lipschitz surfaces
of codimension k are DC-surfaces: they are described by Lipschitz functions, which
are differences of two convex continuous functions. It is thus natural to conjecture
that in the case of a semiconvex function, the corresponding Lipschitz surfaces are
described by functions which are both Lipschitz and representable as a difference
of two semiconvex functions. Actually, we show that, in some spaces, the method
of [13] works and so the conjecture is true. The only essential problem of this
generalization is that it is not easy to transform the key lemma [13, Lemma 1]
to the “semiconvex case”. However, we were able to prove in [7] a corresponding
result (see Proposition 2.12 below) on semiconvex functions in some important
special spaces.

The structure of the article is the following. In Section 2 we recall a number of
known notions and results. We prove also some needed simple results on semicon-
vex functions. Further, we introduce necessary terminology concerning surfaces
of finite codimension and prove some facts we need. Section 3 contains our main
results concerning smallness of singular sets ¥ (f), whose informal description
(without precise terminology concerning surfaces) follows.

If X is separable and superreflexive Banach space which admits an equivalent
norm with modulus of smoothness of power type 2 (e.g., if X is a Hilbert space
or X = LP(u) with 2 < p), we give, for a fixed modulus w and k € N, a complete
characterization (Theorem 3.8(7)) of those A C X, for which there exists a function
f on X which is semiconvex on X with modulus w and A C Y;(f). Namely,
A C X has this property if and only if A can be covered by countably many
Lipschitz surfaces S,, of codimension k& which are described by functions, which
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are differences of two Lipschitz semiconvex functions with modulus C,w (for some
C,, > 0). Moreover, Proposition 3.9 states that this result holds in some more
general spaces X in the case of moduli of a power type.

Theorem 3.5 implies that if f is a semiconvex function on a separable superreflexive
Banach space, then ¥ (f) can be covered by countably many Lipschitz surfaces
of codimension k£ which are described by functions, that are differences of two
Lipschitz semiconvex functions. Moreover, if X is a separable and superreflexive
Banach space which admits an equivalent norm with modulus of smoothness of
power type 2, then this result on smallness of ¥ (f) is the best possible (see
Theorem 3.8(17)).

In Section 4, we prove, in some important cases, the plausible hypothesis that the
assertions of our result (Theorem 3.8(7)) concerning smallness of sets of Gateaux
nondifferentiable points ¥;(f) for functions which are semiconvex with a given
modulus are different for essentially different moduli w and @w. More precisely (see
Corollary 4.8), if w and @ are concave moduli such that w(t) = o(@(t)), t — 0+,
and X admits an equivalent norm with modulus of smoothness of power type 2,
then there exists A C X such that A ¢ ¥1(f) for an f semiconvex with modulus
@, but A C 3;(f) for no function f that is semiconvex with modulus w. Since
already this proof is rather technical, we do not consider the more complicated
case of Xp(f) for k > 1.

2. Preliminaries
2.1. Basic notation

In the following, X will always be a real Banach space. By B(z,r) we denote
the open ball with center x and radius r. If X is a Banach space and X =
E @ F, then we denote by mg p the projection of X on E along the space F.
The symbol (-, ) is used for the usual duality on X x X*. For A C X, we set
At = {x* € X*: (z,2*) =0 for each x € A}. For t € R, we set t7 := max(t,0)
and ¢t~ := max(—t,0). If a, € R, the equality >, ya; = s € [-00,00] means
(as usual) that >° (a;)" — >°° (a;)” = s. Recall that, if Y7, a; = s, then
Y iy a; = s. The symbol s = +00 means s € {co, —0o}.

Definition 2.1. Let X be a Banach space, v € X, v € X, and f a real function
defined on a subset of X. Then we define the upper (Dini) one-sided directional
deriwative of f at x in the direction v by

d* f(x;v) := limsup(f(x + hv) — f(z))h "
h—0+

The directional and one-sided directional derivatives of f at x € G in the direction
v € X are defined respectively by

Fon) ot L)~ @)

t—0 t
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If f is locally Lipschitz on an open set G C X, then

fo(aa v) := limsup flz+tv) — f(2)

z—a,t—0+ t

is the Clarke derivative of f at a in the direction v and
Of(a) = {z* € X*: 2*(v) < f%a,v) for all v € X}

is the Clarke subdifferential of f at a (which is always non-empty and convex). We
say that f is Clarke regular at x € G if f°(z,v) = f(z,v) for each v € X. We
say that f is Clarke regular on G, if f is Clarke regular at each point of G.

2.2. Semiconvex functions and their differences.

Definition 2.2. We denote by F the set of all functions w : [0,00) — [0, 00) with
w(0) = 0 which are non-decreasing and right continuous at 0.

The following definition is taken from [5]; the definitions in [2] and [1] are slightly
different, but essentially equivalent.

Definition 2.3. A real valued continuous function f on an open convex set {2 C X
is called semiconvex with modulus w € F if

Oz 4+ (1 =XNy) < Af(2) + (1= A)f(y) + A0 = Nw(llz —ylDllz —yll, (1)

whenever A € [0,1] and z,y € Q.

A function is called semiconvezr on €2 if it is semiconvex on €2 with some modulus
weF.

It follows directly from the definition that if f and g are semiconvex on {2 with
modulus w and ¢ > 0, then

max(f, g) is semiconvex with modulus w

(2)

and cf is semiconvex with modulus cw.

Semiconvex functions have many properties of continuous convex functions. In
particular, the following facts are well-known.

Lemma 2.4. Let f be a semiconvexr function on an open convex subset G C X.
Then the following hold.

(i) f is locally Lipschitz and the one-sided directional derivative f', (x,v) exists
forallz € G andv € X.

(i) f is Clarke regular on G.
(i1) fi(z,v)+ fi(x,—v) >0 forallz € G andv € X.
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For (i) and (ii) see, e.g., [11, Lemma 2.5], which deals with more general approxi-
mately convex functions and (ii7) follows from (i4), since it is well-known that the
function v — fO(z,v) is convex.

We will also need the following lemma.

Lemma 2.5. Let f be a semiconvex function on an open interval I C R. Then
for, each x € I,

(1) fil) = f(),
(i1) f(x) =limy_,— f,(t), and

Proof. The inequality (i) immediately follows from Lemma 2.4(iii). Since f is
lower C' function in the sense of [10] (this follows immediately, e.g., from [7,
Theorem 5.5]), we obtain by [10, Proposition 2.3] that f is semismooth, which
easily implies (i7) and (i27). O

Lemma 2.6. Let f,, n € N, be functions on an open convex set 2 C X which are
semiconver with modulus w € F. Let (¢,) be a sequence of nonnegative numbers

such that ¢ :== %" ¢, < 00 and f(x) = > cufn(z) is finite for each x € Q.
Then f is semiconvex with modulus cw on 2.

Proof. Let z,y € A and A € [0, 1]. Then

[e.9]

FOz+(1=Ny) = enfaldz+ (1= N)y)

n=1

< Y aMal@) +) el =N +ch (1= Nw(llz =ylDllz =yl (3)

= M () + (1 =) f(y) + A1 = New(l[z =yl -yl N

Lemma 2.7. Let X, Y be Banach spaces, A C X an open convex set, and B CY
an open convex set. Let o : X — Y be a continuous affine mapping of the form
o(x) = ¢+ L(z), where c € Y and L : X — Y is a continuous linear mapping,
with p(A) C B. Let f be a function on B semiconvex with modulus w € F. Then
there exists an 2 > 0 such that g := f o ¢ is semiconver on A with modulus Ew.

Proof. By [7, Corollary 3.7] f is semiconvex with a concave modulus w* € F with
w* <4w. Let z,y € A and A € [0,1]. Then

gz + (1= ANy) = f(p(Az + (1 = Ny)) = f(he() + (1 = Ap(y))
< M) + (1 =N [le(y)) + A1 = N (lle) = o)) - le(z) = @)l
= M) + (1 =N f(e) + A1 = N ([|L(x) = L)) - [ L(z) — L(y)]]
< Ag(e) + (1= Ng(y) + AL = N ([[LI] - [l = yl) - 1LI] - [l = y]l. (4)
So g is semiconvex on A with modulus ||L|| w*(||L||t). Setting D : maX(||L| ,1)

= |
and E := 4D? we obtain, using concavity of w*, ||L||w*(||L||t) < Dw*(Dt) <
D*w*(t) < Ew(t), which completes the proof. O
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Proposition 2.8. Let f be a real function on an open interval I C R and w € F.
Then the following assertions hold.

(i) If [ is semiconvexr with modulus w on I, then

fi(x) = fi(z+7) <2w(r) whenever z,x+7 €1 andT>0.  (5)
(i) If f is continuous, f'(x) exists for each x € I and

fi(x) = fi(z+7) <w(r) whenever x,x+7 €l and >0, (6)

then f is semiconvex with modulus w on I.

Proof. The proof of (i) easily follows from from [7, Lemma 3.4]. Indeed, if f is
semiconvex with modulus w on I, then wy < w, where wy is the minimal modulus
of semiconvexity of f (see [7, Definition 3.1]). Thus, Lemma 2.4(7) and [7, Lemma
3.4] give that wi < 2wy < 2w, where

wi(t) := sup{ (dF fz;v) —dT f(z + 7'1);1)))Jr :

vl =1, z,x + v € Q, O§T§t}.

It is easy to see (using Lemma 2.4(i)) that the inequality w} < 2w implies (5).

Part (ii) can be proved by slightly modifying the proof of [7, Lemma 3.4]. However,
we prefer to present an alternative proof, which is independent of the results from
[7]. To that end, suppose that the assumptions of the implication in (i¢) hold.
Then f! is clearly locally bounded on I. Indeed, if x < y are points of I with
y—a < 7, than f! (u) < fi(y) + w(r) for each u from some neighourhood of
and f(v) > f.(x) — w(r) for each v from some neigbourhood of y. Thus, the
classical Dini’s theorem (see [4, Theorem 1.2, p. 39]) clearly shows that f is locally
Lipschitz. Consequently,

f0) = 1w = [ £1(a) ds
¢ . (7)
:(v—u)/ fi(u+t(v—u)) dt if u < v belong to I.

To prove that f is semiconvex with modulus w, it is clearly sufficient to prove (1)
for all points = < y from I and A € [0,1]. So, let such x,y, A be fixed. Denote
z:=Ax+ (1 = A)y. Observing that z —x = (1 - A\)(y —z), y — 2 = Ay — z) and
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using (7), (6), we obtain

Oz + (1 =Ny) = Af(z) = (1 =N f(y)
= AMf(2) = f(2)) = (A =N (y) = f(2))

)\z—x/f+m+t(z—x))dt (1—A —z/f+z+t —z)) dt

= A1 = A)(y - x)/o (filz+tz =) = filz+ty —2)) dt
<AL =My = 2)w(lly — =)

and (1) follows. O

The introduction (in [7]) of the following notion (which generalizes an older notion
to the case of a non-convex A) was motivated by an application in the present
article (via Proposition 2.12).

Definition 2.9. Let f be a real valued function defined on an arbitrary nonempty
subset A of a Banach space X, and let a € F with lim;_o4 a(t)/t = 0. We say
that z* € X* is an [a]-subgradient of f at x € A provided

(h,x*) = (f(x + h) — f(z)) < «a(]|h]]) whenever x + h € A.

Then we will write z* € 99 f(z).

We will say that f is [a]-subdifferentiable at x € A (resp. [a]-subdifferentiable on
A)if 05 f(x) # 0 (resp. 95 f(y) # 0 for each y € A).

The following fact is an immediate consequence of [7, Theorem R, p. 248] and |7,
Remark 2.11(a), (i)].

Lemma 2.10. Let ¢ € F, let f be a semiconvex function with modulus ¢ on a
nonempty open convex subset ) of a Banach space X, and x € Q. Then 03 f(x) =
Of(x), where a(t) = tp(t).

Let us now recall some facts about superreflexive Banach spaces that we will need
later on. For the original definition of superreflexive spaces, and a number of their
characterizations, see, e.g., [3] or [6]. For example, X is superreflexive if and only if
it admits an equivalent norm, which is uniformly rotund (resp. uniformly smooth).

If X is a Banach space, then the modulus of smoothness of the norm of X (or of
the space X) is defined as the function

o+ 7yl + [le =yl
2

px(7) = plr) = sup{ L flall = iyl = 1}, .

We say ([6, p. 157]) that X has the modulus of smoothness of power type p, if there
exists a K > 0 such that p(7) < K77, 7 > 0.
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Remark 2.11. (i) It is well-known (see [3, p. 412] or [6]) that a Banach space X
is superreflexive if and only if X admits an equivalent norm which has modulus of
smoothness of power type p for some 1 < p < 2.

(i) Suppose that X admits an equivalent norm which has modulus of smoothness
of power type p (or X is superreflexive). Then any closed subspace Y of X has
the same property. This follows immediately from the definition of modulus of
smoothness and from (i).

Further note that (see [6, Corollary V.1.2]), if p is an arbitrary measure, then
L,(1) has a modulus of smoothness of power type p (resp. 2), if 1 < p < 2 (resp.
p > 2). In particular, each Hilbert space has a modulus of smoothness of power
type 2.

We can now formulate the following result ([7, Proposition 5.12]) which is one of
basic tools in the present article.

Proposition 2.12. Let X be a superreflexive Banach space which admits an equiv-
alent norm with modulus of smoothness of power type 1 + (3, where 0 < 3 < 1.
Let ) # A C X be a bounded set, let vv € F be concave, and K > 0. Let f
be a Lipschitz function on A which has at each point a € A a [t1p(t)]-subgradient
he € X* with ||h.|| < K. Then there ezists a Lipschitz semiconvez function F on
X such that F|s = f. Moreover, if

(i) B=1or
(i) Y(t) = Ct* for some C >0 and 0 < a < 3,

then F' is semiconvexr with modulus D for some D > 0.

Using semiconvex functions instead of convex functions, we obtain the following
generalization of DC functions and DC mappings with finite-dimensional range.
For our purposes, it is sufficient to consider functions and mappings defined on the
whole space.

Definition 2.13. Let E be a Banach space and w € F.

(i) A real function f on E is called a DSC function, if it is the difference of two
Lipschitz semiconvex functions.

(ii) A real function f on F is called a DSC,, function, if there exists C' > 0 and
two Lipschitz functions g, h on E which are semiconvex with modulus Cw
such that f =g — h.

(iii) If F is a finite-dimensional Banach space, then a mapping ¢ : E — F is
called a DSC,, (or DSC') mapping, if f* o is a DSC,, (or DSC') function
for each functional f* € F*.

Note that an “arbitrary multiplicative constant” appears even in the definition
of a semiconvex function with modulus w in [1]. It is obvious that f is a DSC
function if and only if it is a DSC,, function for some w € F.

Lemma 2.14. Let E be a Banach space, w € F, and F a finite-dimensional
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Banach space.

(i) Ifg, h are DSC, (or DSC) functions on E and a,b € R, then ag + bh is a
DSC,, (or DSC) function.

(i) Ifg:E—F,h:E— F are DSC,, (or DSC) mappings and a,b € R, then
ag + bh is a DSC,, (or DSC') mapping.

(ii) If B is a basis of F', then ¢ : E — F is a DSC,, (or DSC') mapping, if and
only if f* o is a DSC,, (or DSC') function for each functional f* € B.

(iv) A mapping ¢ : E — F is a DSC mapping if and only if it is a DSC,
mapping for some w € F.

(v) Let B C E be an open convex set and ¢ a DSC,, mapping ¢ : B — F (or a
DSC,, function). Let X be a Banach space, A C X an open convez set and
v A — E a continuous affine mapping with ¥(A) C B. Then ¢ o is a
DSC,, mapping (or function).

Proof. The assertion (7) is obvious (cf. (2) and Lemma 2.6); (4i) and (i) clearly
follow from (¢). The assertion (iv) clearly follows from (iii). Using (iii), we see
that it is sufficient to prove (v) for the case of a function ¢. Write ¢ = p1 — ¢,
where ¢ and @9 are Lipschitz and semiconvex with modulus Cw for some C' > 0.
Lemma 2.7 implies that ¢ o 1 and ¢y o ¥ are Lipschitz and semiconvex with
modulus Fw for some E > 0. So po) = ;01 — py01 is a DSC, function. [J

2.3. Surfaces of finite codimension

Recall that if X is a Banach space and X = E @ F, then by 7z r we denote the
projection of X on E along the space F'.

Definition 2.15. Let X be a Banach space and A C X.

(i)  Let F be a finite-dimensional subspace of X. We say that A is an F'-Lipschitz
surface if there exists a topological complement E of F and a Lipschitz
mapping ¢ : E — F such that A ={x + p(z): x € E}.

(ii)) Let 1 <n < dim X be a natural number. We say that A is a Lipschitz surface
of codimension n if A is an F-Lipschitz surface for some n-dimensional space
FcX.

(iii) If w € F, and we consider in (i) DSC mappings (resp. DSC,, mappings)
¢ : E — F, we obtain the notions of an F-DSC' (resp. F-DSC,,) surface
and of a DSC' (resp. DSC,,) surface of codimension n. A Lipschitz surface
(resp. DSC surface, resp. DSC,, surface) of codimension 1 is said to be a
Lipschitz hypersurface (resp. DSC' hypersurface, resp. DSC,, hypersurface).

(iv) The o-ideals of sets which can be covered by countably many Lipschitz sur-

faces (DSC surfaces, DSC,, surfaces) of codimension n will be denoted by
LX) (DSC"(X), DSC (X)), respectively.

We will need the following easy facts.

Lemma 2.16. Let X be a Banach space, F C X a space of dimension k (1 <
k<dmX) AC X, and w € F a modulus. Then the following assertions are
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equivalent.
(i) A is an F-Lipschitz surface (resp. an F-DSC' surface, resp. an F-DSC,
surface).

(ii) If X = F @& E, then there exists a Lipschitz (resp. DSC, resp. DSC,)
mapping ¢ : E — F such that A= {x + p(x) : = € E}.

(iii) Let X = F® E and 27 € X*,...,2; € X* be functionals from E+ C X*
such that 7 [p,...,z; [p form a basis of F*. Then there exist Lipschitz
(resp. DSC, resp DSC,,) functions g1, ..., ¢, on E such that

A={zeX: () =pln@), i=1,... .k} 5)
where m 1= Tp F.

Proof. The implication (ii) = (4) is trivial. The opposite implication for the case
of Lipschitz surfaces is contained in [14, Lemma 3.2]. (Note that the proof given be-
low for DSC,, surfaces also works for F-Lipschitz surfaces.) Using Lemma 2.14(iv),
it is easy to see that it is sufficient to prove the case of DSC,, surfaces.

So suppose that A is an F-DSC,, surface. Then there exists a closed space E C X
and a Lipschitz DSC,, mapping @ : E — F such that X = F @ E and A =
{y+ ¢y : vy € E} Let X = F & E. It is easy to see that the mapping
L =7 p g is a linear homeomorphism L : F — E and L(z) — x € F for each
z € E. Son(zx):= L(x) — x is a continuous linear mapping n : E — F. Clearly

A={L(z)+@(L(z)): x€ E}={z+n(x)+¢(L(x)): = € E}.

Note that ¢ o L is a DSC,, mapping by Lemma 2.14(v). Using Lemma 2.14(ii),
we see that it is sufficient to put ¢ =n+ @ o L.

To prove (ii) = (iii), observe that if ¢ is as in (i7), then (8) holds for ¢; := z} o .
For the opposite implication, suppose that (8) holds for Lipschitz (resp. DSC, resp
DSC,) functions ¢1,..., @ on E. Then Lemma 2.14(4i7) shows that the unique
mapping ¢ : E — F' for which ¢; := z} o ¢ is Lipschitz (resp. DSC, resp DSC,))
and clearly A = {zx + ¢(z) : = € E}. O

Remark 2.17. Let X be a Banach space, F' C X a space of finite dimension
and X = E@® F. Denote 7 := mg p. Let A be an F-Lipschitz surface. Then the
following assertions hold.

(i)  The mapping 7 [4: A — E is bilipschitz.
(ii)) The set A is closed in X.

Indeed, (i) is obvious, since 7 is Lipschitz and (7 [4)"'(z) = z + p(z), = € E, for
a Lipschitz ¢ : E — F by Lemma 2.16(z7). The assertion (ii) easily follows from

().

To prove Proposition 2.19 below, we need the following easy fact.

Lemma 2.18. Let w; € F, i € N. Then there exists a concave w € F and a
sequence (0;)2, such that 0; > 0 and w(x) > w;(z) for x € (0,0;).
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Proof. For each ¢ € N, find ¢; > 0 such that max(w;(z),...,w;(x)) < 1/i for

x € (0,4;). We can clearly suppose that §; > d; > .... For i € N, let a; be an
affine function with a;(0) = 1/i, a;(6;) = 1 and w(x) := infjey a;(x). It is easy to
see that w and (9;)$2, have the desired properties. O

Proposition 2.19. Let X be a separable Banach space which admits an equivalent
norm with modulus of smoothness of power type 2. Then, for each n € N,

DSC™(X) = | ] DSCL(X).

weF

Proof. The inclusion “D” is obvious. To prove the opposite inclusion, consider
an arbitrary B € DSC"(X). By Definition 2.15(iv) there exist DSC surfaces
B;, i € N, of codimension n such that B C |J;-, B;. By Lemma 2.14(iv) and
Definition 2.15, each B; is a DSC,,, surface of codimension n for some w; € F. By
Lemma 2.18, there exists a concave w € F and a sequence (6;)7°, such that ¢; > 0
and

w(z) > wi(x) for z € (0,4;). 9)

Now fix an arbitrary ¢ € N and denote A := B;. It is clearly sufficient to prove
AeDSC(X).

By Definition 2.15, there exists a closed n-dimensional space F' C X, a topological
complement E to F' and a DSC,, mapping ¢ : E — F such that A = {z + ¢(z) :
x € E}. Let fi,...,f, be a basis of F and f},..., f* be a basis of F’* such that
(fi; f;) = Land (f;, f{) = 0 for j # k. For each j € {1,...,n}, we can choose
C; > 0 and Lipschitz functions g;, h; on E, which are semiconvex with modulus
Cjw; and (p, ff) = g; — h;.

Using separability of E, we can write F = U;O:1 A, where diam A, < ¢, for each
p € N. For each p € N and j € {1,...,n}, we will apply Proposition 2.12 (with
X =FE A=A, f:=g;la, = Cjw) and obtain a function G;’ on E which
is semiconvex with modulus Diw for some D} > 0, and G% [4,= g; [4,. To show
that the assumptions of Proposition 2.12 are satisfied, first observe that E admits
an equivalent norm with modulus of smoothness of power type 2 by Remark 2.11.
Further, consider an arbitrary a € A,. By Lemma 2.10 there exists a [tCjw;(t)]-
subgradient h, € E* of g; at a (with respect to E). It is easy to see (cf. [7,
Remark 4.2]) that ||h,|| < K, where K is the Lipschitz constant of g;. Further,
since diam A, < §;, (9) implies that h, is a [tCjw(t)]-subgradient of g; [4, at a.

In the same way we obtain a function H- ;’ on F which is semiconvex with modulus
Dfu) for some Dﬁ? >0, and HY [4,= h; [a,. Setting
n

O, = Z(G? —H})f; and M, :={x+ ®)(z):z € E},

J=1

we easily see (using Lemma 2.14(4i7)) that M, is a DSC,, surface of codimension
nand A C |J;2, M,. Thus A € DSC(X). O
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3. Main results on smallness of singular sets
In this section, we will use the notation of the following definition.

Definition 3.1. Let n € N and let X be a separable Banach space with dimension
at least n + 1. Then:

(i)  Choose a countable dense set £ C X and denote by K = K(F,n) the family
of all linear subspaces K C X that are generated by n linearly independent
elements of F.

(ii) For each K € K, choose a countable dense set of functionals Dx C K* and
denote by My the system of all M = (mg,my,...,m,) € (Dg)""! such
that m; € Dk, i = 0,...,n, and the vectors m;, ¢ = 0,...,n are affinely
independent.

(iii) Let f be a semiconvex function defined on an open convex set 2 C X. Let
K € K and M = (mq,...,m,) € Mg be given. Denote by Xk (f) the set
of all z € §, for which there exist functionals yo, ...y, € df(z), i =0,...,n,
such that y;|x =m;, i =0,...,n.

We will need the following lemma.

Lemma 3.2. Letn € N and let X be a separable Banach space with dimension at
least n+ 1. Let f be a semiconvex function defined on an open convex set ) C X.
Then

Sa(f) = J{Skm(f) : K €K, M e Mg}

Proof. The inclusion “D” is obvious, since the functionals yq,...y,, ¢ =0,...,n
from Definition 3.1(iii) are clearly affinely independent.

To prove the other inclusion, suppose that x € ¥, (f) is given. Thus there exist
20, -+, 2n € Of (x) such that the functionals p; = 2 — 2¢,...,pn = 2, — 2o are lin-
early independent. Therefore, we can choose K € IC(F,n) such that pi|x, ..., pnlx
are linearly independent (and so generate K*). (For an elementary proof of this
easy fact see [1, p. 175, the construction of ey, ..., ex, and q,...,¢,].)

n

Consequently, zo|k, ..., 2.|x are affinely independent elements of the set T :=
{z|x : z € Of(x)}. So, since T is clearly convex, it is easy to find M
(mo, . ..,myp) € Mg such that m; € T, i =0,...,n. So, x € g p(f). Il

We will need the following lemma, which is an easy consequence of results of [15]

Lemma 3.3. Letn € N and let X be a separable Banach space with dimension at
least n+ 1. Let f be a semiconvex function defined on an open conver set {2 C X.

Let K € K and M € Mk.
Then the set X (f) can be covered by countably many K -Lipschitz surfaces.

Proof. First, we will show that

f'(z,v) does not exist for each z € X p(f) and 0 £ v € K. (10)
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To this end, suppose that z € Yk (f) and 0 # v € K. Choose function-
als yo,...y, € 0f(x), i = 0,...,n, such that y;|x = m;, i« = 0,...,n, where
(mo, ..., my) = M. Since m;—my, ..., m,—mg generate K*, there exists 1 <i <n
such that

(v,9i — yo) = (v, m; —mg) # 0. (11)
Since f is Clarke regular by Lemma 2.4(i7), it is easy to see (cf. [15, (2.13)])
that (11) implies (10).
Since f is locally Lipschitz, the directional derivative (resp. the one-sided direc-
tional derivative) coincides with the Hadamard directional derivative (resp. the

Hadamard one-sided directional derivative); cf. [15]. Thus, the statement of the
lemma follows from Lemma 2.4(i), (10) and [15, Lemma 3.2]. O

In the proof of the following lemma and theorem, we use ideas from [13] (see also
the proof of [3, Theorem 4.20]).

Lemma 3.4. Let X be a separable superreflexive Banach space, X = H & K,
where dim H > 1 and 1 < dim K < co. Denote my := kg and mg = T . Let
S C X be a K-Lipschitz surface. Let 2 C X be a bounded open convex set and
f:Q — R a Lipschitz semiconver function. Let m € K* and

Ap C{z e SNQ: m=p,|k for somep, € df(z)}.
Then there exists a Lipschitz semiconvex function g,, on H such that
f(z) = (mr(x),m) = gm(mu(z)) for each x € Ap,.

Moreover, if X admits an equivalent norm with modulus of smoothness of power
type 1 + 0 (0 < B < 1), [ is semiconver with modulus w, and

(i) B=1or
(i) w(t) = Ct* for some C >0 and 0 < o < 3,

then we can find g,, to be semiconvex with modulus Ew for some E > 0.

Proof. Suppose that f is semiconvex with modulus w. By [7, Corollary 3.6], f is
semiconvex with a concave modulus ¢ for which ¢ < 4w. Set «a(t) := tp(t), t > 0.
Since S is a K-Lipschitz surface, it is easy to see that there exists a (unique)
function ~,, on mg(A,,) such that

f(z) = (mg(x),m) = ym(ru(x)) for each z € A,,. (12)

So, our task is to find a Lipschitz semiconvex extension g¢,, of 7, (with modulus
Ew, if (i) or (i7) holds).

Since S is a K-Lipschitz surface there exists (see Remark 2.17(i)) V' > 1 such that

V= (my |s)"" is V—Lipschitz, ie., |z—2| <V:|rg(z—2)|, z,z € S. (13)

Since also mx and f are Lipschitz and v,,(y) = f(¥(y)) — (mx(¥(y)), m) for y €
7 (An), we obtain that ~,, is Lipschitz.
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Let z,z € Ay, and p, € Jf(z) be such that m = p,|x. Since p, is an [a]-
subgradient of f at x by Lemma 2.10, we have

(z —z,p2) = (f(2) = (@) < afl[z — =)
Using (13), we have

(1 (2 = ), p2) + (7x (2 = @), p2) = (F(2) = f(2)) < (V- [lmu(z = 2)])-
Since p.|x = m and concavity of ¢ implies p(Vy) < V(y), y > 0, we obtain
(1 (2) = 70 (), pa) + (T (2),m) = f(2) = (i (), m) + f(2)
< VAlmu(z = o) |e(lmn(z = 2)]).
Denoting z := 7y (z), & := mg(z) and using (12), we obtain that
(2= 2,p0) — (1 (2) — () S V|12 — 2]l @(||Z — Z[|) for each 7, % € mpr(Ap).

Consequently, the function ~,, is a Lipschitz function with the bounded domain
7 (Ay) and, for each & € 7wy (A,,), the functional hz = p.|g is a [VZp(t)]-
subgradient of ~,, at . Since f is Lipschitz with some constant M > 0, it is
easy to see (cf. [7, Remark 4.2]) that ||p,|| < M and therefore ||hz|| < M. Using
Remark 2.11(i), (ii) and Proposition 2.12 we obtain that there exists a Lipschitz

semiconvex function g,, on H such that gm|,7H(Am) = Ym. Moreover, if (i) or
(i) holds, g, is semiconvex with modulus DV?¢ for some D > 0, and so (since
¢ < 4w) with modulus Fw for some E > 0. O

Theorem 3.5. Let X be a separable superreflexive space, 2 C X a nonempty
open convex set, f : 0 — R a semiconver function, and dim X > k € N. Let

Yr(f) ={x € Q: dim(9f(x)) > k}. Then
Ye(f) € DSCH(X).

Moreover, if X admits an equivalent norm with modulus of smoothness of power
type 1 + 0 (0 < 5 < 1), f is semiconver with modulus w € F, and

(i) B=1or
(1) w(t) = Ct™ for some C' >0 and 0 < a < 3,
then

Zk(f) € DSCE(X).

Proof. Since X is separable and f is locally Lipschitz, we can (and will) suppose
that €0 is bounded and f is Lipschitz. By Lemma 3.2 and Lemma 3.3 it is sufficent
to prove the following claim:

(C) If K C X is a k-dimensional space and mg € K*,...,m; € K* are affinely
independent, then each subset A of

{r eQ: my=p§lk,...,mk=pi|Kk for some pf € Of(x),...,pr € 0f(x)}

which is contained in a K-Lipschitz surface is a subset of a K-DSC surface

(resp. K-DSC,, surface if (i) or (ii) is satisfied).



J. Duda, L. Zajicek / Singular Sets of Semiconvexr Functions 587

To prove the claim, choose a topological complement H of K. Using Lemma 3.4
for m := m;, we obtain Lipschitz semiconvex functions (with modulus Ew if (i) or
(i1) is satisfied) g; := gm,, 1 =0,...,k, on H such that

flz) — (mg(x),m;) = gi(rg(z)) for each x € A.
Consequently, for each x € A, we have (letting h := 7y (x), Kk := 7 (x))
flxz) —my(k) =gi(h), i=0,...,k, andso
(m; —mg)(Kk) = go(h) — gi(h), i=1,... k.

Since m; — mg, i = 1,...,k, form a basis of K*, we easily obtain (using Lemma
2.14(zii)) that A is a subset of a K-DSC surface (resp. K-DSC,, surface if (i) or
(17) is satisfied). O

Proposition 3.6. Let X be a separable Banach space with dim X > k € N. Let
w € F and A € DSCE(X). Then there exists a Lipschitz function f on X which
is semiconver with modulus w and A C 3x(f).

Proof. Let A,(n € N) be K,-DSC,, surfaces such that dimK,, = k and A C

Unzi An-

Now fix n € N and choose a topological complement H of K := K,, and functionals
i€ X*,...,2; € X*suchthatzf € HY,i=1,... .k and 2} |k, ..., 7} |k form a
basis of K*. By Lemma 2.16(7ii) we can choose functions 71, ..., Zy and T3, ..., T}

on H which are Lipschitz and semiconvex with modulus D, w for some D, > 0

and
A, ={r e X: z(x) = Zj(rw(x)) — Ty(w(x)), i=1,...,k}, (14)

where 7 1= 7y . Put
go(@) = Ti(n(2) + - + Tu(m(@)) + () + -+ 2i(a), @€ X,
and  g;(z) := Z;(w(x)) + go(@) — Ti(m(2)) — 27 (z), =€ X,
fori=1,... k.

The functions gg, g1, - - ., gr are clearly Lipschitz and by Lemma 2.7 and Lemma
2.6 they are semiconvex with modulus E,w for some E, > 0. Set

fn = max(gOagla s 7gk)

Then f, is clearly Lipschitz and (by (2)) it is semiconvex with modulus E,w. We
will prove that

fr(a,v) does not exists for every a € A,, and 0 #v € K. (15)

To prove (15), choose arbitrary a € A, and 0 # v € K. Choose j € {1,...,k}
such that z3(v) # 0 and set ¢ := max(go, g;). By (14) we obtain go(a) = g1(a) =
-+ = gg(a) = fn(a). Consequently

()i (a,v) > <P'+(a v) = max((g0)’, (a,v), (g;)" (a, v))
Zx — min(0, 73(v)),
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()i (a, =v) = ¢ (a, —v) = max((go)’, (a, —v), (g;)’ (a; —v))

= ij(—v) — min(0, 75(—v)).

i=1
Summing these inequalities, we obtain
(fn)4(a,v) +(fn)y (@, —v) = = min(0, }(v)) —min(0, —23(v)) = |2} (v)[ > 0, (16)

which proves (15).

We can clearly choose ¢, > 0 so small that h,, := ¢, f,, is Lipschitz with constant 1,
hy, is semiconvex with modulus w and |h,, (0)| < 1. It is easy to see that the function
f =372, 27"h; is Lipschitz on X; by Lemma 2.6 we obtain that f is semiconvex
with modulus w. To prove A C Xi(f), it is sufficient to show that f’(a,v) does
not exist for every a € A and 0 # v € K. To this end, fix such a and v. Choose

n € N such that a € A,,. Since f := ZieN\{n} 27'h; is semiconvex with modulus

w by Lemma 2.6, we obtain (f) (a,v) + (f)’.(a, —v) > 0 by Lemma 2.4(iii). So,
using (16), we obtain

f-,i-(a’v U) + f-ﬁ-(a’ —U)
= (f)ti-(a’ U) + (.f)/—i-(aa _U) + (CnQ_nfn)ii—(a’ U) + (cn2_nfn)/+(a7 _U) > 07

which completes the proof. O

Theorem 3.5, Proposition 3.6 and Proposition 2.19 easily give some best possible
results on smallness of sets ¥ (f) for semiconvex functions f. For their concise
formulation, we introduce the following notation.

Definition 3.7. Let X be a Banach space, k € N and w € F.

(i) Denote by A*(X) (resp. A*(X)) the system of all sets A C X such that
A C Xg(f) for some f semiconvex (resp. semiconvex with modulus w) on X.

(ii) Denote by o(A*(X)) (resp. o(A*(X))) the smallest o-ideal of subsets of X
containing A*(X) (resp. A*(X)).

Theorem 3.8. Let X be a separable superreflerive Banach space which admits an
equivalent norm with modulus of smoothness of power type 2 (e.g., X is a Hilbert
space or X = LP(u) with 2 < p) and dim X > k € N. Then

(i)  AE(X) = DSCE(X) for each w € F, and
(ii)  AF(X) = DSCH(X).

Proof. The assertion (i) immediately follows from Theorem 3.5 and Proposi-
tion 3.6.

To prove (ii), observe that the inclusion A*(X) € DSC*(X) immediately follows
from Theorem 3.5. Further, let A € DSC*(X) be given. By Proposition 2.19, there
exists w € F such that A € DSC*(X) and thus A € A*(X) by Proposition 3.6. [
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Theorem 3.5 and Proposition 3.6 also give immediately the following definitive
result in more general superreflexive spaces for the case of moduli of power type.

Proposition 3.9. Let X be a separable superreflexive Banach space which admits
an equivalent norm with modulus of smoothness of power type 1 + 3 (0 < 5 <1)
and dimX > k € N. Let 0 < a < 8 and w(t) = Ct* for some C > 0. Then
AF(X) = DSCE(X).

If X is a general separable superreflexive space, we obtain the following weaker
result.

Proposition 3.10. Let X be a separable superreflexive Banach space and dim X >
k € N. Then o(A*(X)) = DSC*(X).

Proof. Since A*(X) C DSC*(X) by Theorem 3.5 and DSC*(X) is a o-ideal, the
inclusion o(A*(X)) € DSC*(X) follows.

To prove the opposite inclusion, suppose that A € DSCk(X ). Then there exist
moduli w; € F (i € N) and DSC,, surfaces P; (i € N) of codimension k such
that A C |J,cy . Since each P; belongs to A*(X) by Proposition 3.6, we obtain
A€ o(A*(X)). O

Remark 3.11. For simplicity, we formulated Theorem 3.8 and Propositions 3.9,
3.10 for classes of subsets of the whole space X. Of course, our proofs give analo-
gous results if we work on an open convex subset €2 of X.

4. A comparision of o-ideals DSC. (X)

Obviously, if © € F, w € F are moduli such that w < @, then AL(X) C AL(X)
and DSC.(X) € DSCL(X).

We will prove that if X is separable and w € F, w € F are concave moduli such
that w(t) = o(@(t)), t — 04, then DSCL(X) \ DSCL(X) # 0. Our proof of this
plausible result is based on the same basic idea as the proof of [5, Proposition
2.1.4], but is much more technical. Thus, if w,© are as above and X moreover
admits an equivalent norm with modulus of smoothness of power type 2, then
Theorem 3.8(7) implies that AL (X)\ AL (X) # 0, which is a result generalizing [11,
Proposition 6.1] (in which w is linear and X = R?).

To formulate technical Lemma 4.2 below, which we will use to show that a function
is not a DSC,, function, we will need the following terminology.

Definition 4.1. Let w € F and let I C R be an open interval. We will say that
a function f : I — R has property P(w,I), if there exists a € I and a strictly
monotone sequence (¢;):, with ¢; € I and lim¢; = a such that

Zw ltir —ti]) <oo and > (fi(t:) — f(t;)) = £oo. (17)
1=1

€N

Lemma 4.2. Let w € F and let I C R be an open interval. Let a function
f 1 — R have property P(w,I). Then f is not a DSC,, function.
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Proof. Without any loss of generality, we will suppose that ), (4 (t;)—fL(t:)) =
oo (otherwise we can consider — f instead of f). We can also suppose that (¢;)32,
is strictly increasing (otherwise we consider f*(z) = f(—z) on I* = —I and points
a* = —a, tf = —1;). Suppose to the contrary that f = g — h, where both g and h
are semiconvex on / with modulus Cw for some C' > 0. Since A/, (t;) — h__(t;) > 0

by Lemma 2.4(iii) and g = f + h, we obtain that

e}

D (g (t) = g (1) = oo, (18)

i=1

Prop051t1on 2.8(4) implies that ¢/, (t;) — ¢/ (t) < 2Cw(tiy1—t;) for each t € (t;,ti41).
Since ¢’ (tiy1) = limyy,,,— ¢/ (t) by Lemma 2.5(4i), we obtain

(tiv1) — (g} (i) — g (tiyr))

g (tiv1) — ¢ (t) = gy (tivr) — g- (tir
g (tiy1) —2Cw(tiy1 — ;).

> ¢\ (tiy1) —

[

So, using (17) and (18), we obtain

n—oo

00 = Z(gﬁr(tm) — ¢\ (t:)) = lim (¢ (tns1) — g (1))

Thus g is not locally Lipschitz which contradicts Lemma 2.4(3). O

Lemma 4.3. Suppose that X is a Banach space, F : (a1,b1) — X, G : (ag,bs) —
X are continuous mappings, and 1 : (a1,b1) — (az, bs) is a homeomorphism such
that F = G on. Let sy € (a1,b1), ro := n(so), and let the one-sided derivatives
F' (s0), F' (s0),G" (r0), G'_(ro) exist. Then the following assertions hold.

(i) If m is increasing, then the vectors F' (sq), G’ (ro) are linearly dependent,
and also F' (sg), G'_(ro) are linearly dependent.

(i) If n is decreasing, then the vectors F' (so), G'_(ro) are linearly dependent,
and also F' (sg), G, (o) are linearly dependent.

Proof. We will prove the first part of (i4). We can suppose that F (s9) # 0 and
G’ (o) # 0. Tt is easy to see that

_ —F(so) _ o (F(s) = F(50))/(s = 50) _ (50
s=so+ [|[F(s) = Fso)[| - s=so+ [[(F(s) = F(s0))/(s = so)ll - [[FL(s0) [l

(ro)/(r—ro) _ _ G"(r0)

(ro)/(r =ro)ll - IG-(ro)ll

Since clearly

Gl P Flso) L Gli(s) -
F

G
s=sot [|[F(s) = F(so)ll - s=sot [|Gn(s)) = Gro)|

the assertion follows. The other three cases are quite analoguous. O]
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Lemma 4.4. Let w € F be a concave function. Let a(s) = q+ ks, s € R, be a
non-constant real affine function. Let I, I be open intervals such that I = a(1).
Suppose that h : I — R has property P(w,I). Then ¢ := h o« has property
P(w, Il)

Proof. By Definition 4.1, there exists a € I and a strictly monotone sequence
(t;)22, with ¢; € I and lim¢; = a such that

Zw [tiv1 —ti]) < oo and Z (R (t;) — R (t;)) = £o0.
i=1

€N

Set a* := a7 !(a) and t} := a~!(¢;). Then (¢}) is strictly monotone, lim ¢} = a* and
[t = G = L/k[ - [t = ] TE|L/R] <1, then w([i7, — £7]) < w([tipa — L), and
if |1/k| > 1, then the concavity of w implies w(|t,; — t7]) < |1/k] - w(|tiz1 — ti]).
Consequently, Yoo, w(|tr — t]) < oo. Further observe that, for each 1,

Pl (87) — L (t7) = [k| (B (8:) = WL (%)) (19)

Indeed, if k£ > 0, then clearly ¢’ (t;) = kW (t;), ¢ (t) = kR (t;), and (19)
follows. If k < 0, it is easy to see that ¢’ (t7) = kh'_(t;), ¢’ (tf) = kR (t;), which
implies (19) as well.

S0, D ien(@y (7) — €L () = Djen |kl (W (t:) — h_(t;)) = +oo. Thus, ¢ has
property P(w, I7). O

Lemma 4.5. Let w € F and @ € F be concave functions with hmt_>0+ = 0.

Then, for each § > 0, there exists a sequence (A;)2, of positive numbers such that

Yo w(Ay) <oo, Y2 A < oo and Y oo, w(4;) = .
Proof. For each n € N, choose d,, € (0,1/n) such that
@(s) > n*w(s) for 0 < s < 6,.

Using the continuity of w, we can clearly choose for each n € N a number s, €
(0,4,) and m,, € N such that n*m,w(s,) = 1. Then m,&(s,) > n*m,w(s,) = 1.
Now define (4A;)$°, as the sequence

S1ye+.9S51,82,...,82,...,

in which each symbol s, appears m,,-times. Then

iw(Az) = imnw(sn) = f: % < 00
=1 n=1 n=1

Since w € F is concave, we can clearly find ¢ > 0 and § > 0 such that w(z) > cx
for each = € (0,9). Since A; — 0, we have w(A;) > cA,; for all sufficienty large 1,
and so Y °, A; < c0. O
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Lemma 4.6. Letw € F and @ € F be concave functions, and let lim; o wgt; =0.
Then there exists a function h on R which is semiconver with modulus @ on R and
has property P(w,I) for each open interval I C R. In particular, h is not a DSC,

function on any open interval I.

Proof. By Lemma 4.5 there exists a sequence (A;)2; of positive numbers such

that 7 w(A;) < o0, Doy Ay < oo and Y 0 @(4A;) = co. Obviously, there
exists a strictly increasing sequence t; < t5 < --- < 0 such that ¢, — 0 and
tz‘+1 - tz = Az Set

g(t) =0 fort € (—o0,t;1) U][0,00)
and ¢g(t) =0t —t;) —w(t —t;) fort € [t tiv1).
Obviously, ¢ is nonnegative and bounded, g is decreasing on each [t;,t;11), ¢ is
right continuous at all points and continuous at each point x # t;. Further, g is

discontinuous at each ¢;, since lim;_;,— g(t) = 0 and g(t;) = @(t;41 —t;) = @(A;) >
0.

Set
t
ft) = / g(s)ds for each t € R.
0

Then f is clearly a bounded Lipschitz function, f’ (t) = g(t), t € R, and f’ (¢;) = 0.
Thus f(t:) — fL(t:) = @(Ay).

Now, we will prove that f is semiconvex with modulus @ on R. By Proposi-
tion 2.8(i7), it is sufficient to show that

fi(x) = fi(z+7)=g(x) —gle+7) <&(r) foreachz € R, 7> 0.

This inequality is obvious if # < ¢y or x > 0. So, let x € [t;, t;41). If x+7 € [t tiv1),
then g(z) —g(z+7) =0(x+7—t;) —@w(x —t;) < @(7), since @ is concave, and
therefore subadditive. If x +7 > t;41, then g(z) —g(x+7) < g(x) = O(tiv1 — ;) —
Now choose a sequence (r,,)> ; dense in R and a sequence (¢,,)5°; with ¢, > 0 and

> cn =1 Set
chfx—rn rz eR.
n=1

Since f is bounded, h is a real function. Since each function f,(z) :== f(z —r,) is
clearly semiconvex with modulus @, Lemma 2.6 implies that h is semiconvex with
modulus @.

Now consider an arbitrary open interval I C R. Choose k € N with r, € I and
find p € N so large that all points 7; := 7 +t;4,, ¢ = 1,2,..., belong to I. Then

o0 o0 o0
E W(Tig1 — ) = E W(tispsr — tiyp) E w(Aiip)
=1 =1 =1
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Obviously,

o) o0

D () (7) = (F)-(7) = D (Filtig) = FL(tinn) = D 0(Aiyy) =

i=1 =1 =1

Observe that () := >, ey 5} Cnfn(@) is semiconvex with modulus & by Lemma
2.6. Consequently

W, (i) = P (7, )

()4 (72) = (P) (7)) + ((erfi)y (72) = (e fi) (73)
cr((fu)4 (1) = (f) (7).

Thus Y= (W, (1;)—h'(7;)) = oo. Since Lemma 2.4(44¢) implies A/, (7;)—h'_(7;) > 0,

we obtain that h has property P(w, ). O

Theorem 4.7. Let X be a separable Banach space with dim X > 1. Let © € F,
w € F be concave moduli such that w(t) = o(w(t)), t — 0+. Then

DSCL(X) \ DSCL(X) # 0.

Proof. By Lemma 4.6, we can choose a function h on R which is semiconvex with
modulus @ on R and has property P(w, I) for each open interval I C R (and thus
h is a DSC,, function on no open interval I).

Now write X =V @span{v}, where ||v]| = 1. Further choose z € V with ||z]| = 1,
and then z* € V* such that ||z*|| = 1 and 2*(z) = 1. Set

f(z) :=h(z"(z)), zeV.

By Lemma 2.7, the function f is semiconvex on V' with modulus E® (E > 0), and
Slo)

P={x+ f(x)v:z eV}
is a DSCj hypersurface in X.
Thus it is sufficient to prove that P ¢ DSC.(X). So suppose to the contrary that
P c U2, Qi, where each Q; is a DSC,, hypersurface in X. Since P and each Q); is

closed in X by Remark 2.17(ii), the Baire theorem implies that there exist i € N,
po € P and p > 0 such that (P N B(po,p)) C Qi =: Q.

Let w € X, ||lw|| = 1, be a vector such that @ is a span{w} — DSC,, surface.
Denote 7 := Ty gpanfe} and u := m(w).

Now we will distinguish the following three cases:

a) w¢V and z*(u) # 0,
b) weV and z"(w) # 0,
¢) we¢Vand z"(u) =0.
These are all the possible cases, since the case w € V and z*(w) = 0 cannot occur.

Indeed, in this case clearly py := po + (p/2)w € (P N B(poy,p)) C Q, which is
impossible, since py € @, p1 € Q and p; — po € span{w}.
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First, consider the case a) w ¢ V and z*(u) # 0. Then clearly w = u + cv, where
¢ # 0. We can (and will) suppose that ¢ > 0 (otherwise we can consider —w
instead of w). By Lemma 2.16, there exists a DSC,, function g : V' — R such that

Q={y+9y)w: yeV}

Let xg, yo be the points of V' for which py = xo + f(x0)v = yo + g(yo)w. Denote

~ P

T = TV,span {w}> ™ =T [P? WQ

=T [g

and observe (see Remark 2.17(i)) that both 7 : P — V and 7% : Q — V are
bilipschitz mappings. So we can find € > 0 such that

(7)1 (B(w,€) N V) C B(po, p) N P C Q.

Then T := 79 o (77)™! [ 5(zo.e)nv is a bilipschitz mapping T' : (B(zg,e) N V) —
T(B(zg,e)NV) C V.

Choose § > 0 so small that, for each s € (—0d,0), we have z¢+ su € (B(zg,e) N V)
and so T'(zg + su) is well-defined. Since T'(xg + su) — (xo + su) € span{v,w} =
span{v, u} and T'(zo + su) — (¢ + su) € V, we have T'(zo + su) = zo + n(s)u for
some (uniquely defined) n(s) € R. Since T is bilipschitz, we easily obtain that the
mapping 7 : (—=9,9) — n((—9,9)) is bilipschitz. Consequently, J := n((—4,9)) is a
bounded open interval and 7 is strictly monotone. Set F(s) := (7)1 (xq + su) =
(o + su) + f(zo + su)v for s € (—6,6) and G(r) := (79) Y (ag +ru) = (vo +1u) +
g(xo + ru)w for r € J. By the definition of T" and 7, we have

F(s) = (") (wo + su) = (79) 7 (wo + n(s)u) = G(n(s)), s € (=4,9).

Denote ¢(s) := f(xg + su), s € (=6,0) and y(r) := g(xo + ru), r € J. Using
Lemma 2.7 and Lemma 2.14(v), we obtain that ¢ is semiconvex on (—d,6) and

v is a DSC,, function on J, (20)

and therefore both ¢ and ~ have all one-sided derivatives at all points.

Now, we will distinguish the case when 7 is strictly increasing and the case when 7 is
strictly decreasing. First, suppose that 7 is strictly increasing. Then Lemma 4.3(7)
gives that, for each s € (—4,0), the vectors F (s), G’ (n(s)) (and also F’ (s),
G’_(n(s))) are linearly independent. Clearly,

Fi(s)=u+ ¢\ (s)v
and G (n(s)) = u+7,(n(s)) w=u+~\(n(s)u+~\(n(s))cv.

Since u, v (and also u, w) are linearly independent, we see that F’ (s) # 0 and
G'.(n(s)) # 0. Thus there exists A # 0 such that

L+94(n(s)) = A, i (nls)) = Al (s).
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So, repeating this calculation for left derivatives, we obtain that

(n(s))
a

co Y (n(s)) cv’_
(s)= +9.(n(s))’

Trr ) M9 )=

Denoting v(z) := {Z;, 2z # —1, we have for each s € (-9, 9)

Pl (s) =v(vi(n(s)) and ¢’ (s) =v(y.(n(s))). (21)

If n is strictly decreasing, then Lemma 4.3(i7) gives that, for each s € (—9,9),
the vectors I (s), G'_(n(s)) (and also F” (s), G, (n(s))) are linearly independent.
Proceeding as above, we obtain that for each s € (-0, )

¢l (s) =v(72(n(s))) and ¢’ (s) =v(7\(n(s))). (22)

Since + is Lipschitz, we can choose s; € (—6,6) such that +/(n(s;)) exists. By (21)
we have d := +/(n(s1)) # —1. Thus it is easy to see that we can choose A > 0
and K > 0 such that v is strictly monotone, v is Lipschitz with constant K on
(d—A,d+ A), and (observe that v™(y) = . y # ¢) also (v [@-aasa)) " i
Lipschitz with constant K. Further, using Lemma 2.5, we can choose an open
interval J; C J containing ry := n(s;) such that 7/ (r) € (d — A,d + A) and
v (r) € (d—A,d+ A) for each r € J;. Set I, :=n~'(J;). Then I, C (=46, 4) and,
using (21) and (22), we obtain (independently on the type of monotonicity of 7)
that

%le(S)—w’_(S)l < [V (n(s) = (n(s)| < K|, (s) =@’ (s)| for each s € I,. (23)

Denote a(s) := z*(xg + su), s € (—6,0). Obviously, « is a nonconstant affine
function and ¢ = h o a.. So, by the choice of h and Lemma 4.4, we obtain that ¢
has property P(w, ) on each subinterval I of (—4,d). Thus we can choose a € I
and a strictly monotone sequence (¢;)3°, with ¢; € I, and lim¢; = a such that

Do w([tivr — ti]) < oo and 3o, (@ (1) — 0L (t:)) = Foc.
Set a* :=n(a) and tf :=n(t;), i = 1,2,.... Then a* € Jy, t7 € Jy, (L) is strictly
monotone and lim; . 7 = a”.

Let 1 be Lipschitz with constant L > 1. Then |t — tf| < L|t;41 — ;| and so,
since w is concave, we have

ZW(WH -4l < ZW Lltiyr — ZLW tiv1 — 1) <oo.  (24)
i=1 i=1
Observe that (23) implies

%I%(ti) — oL ()| < V() =L ()] < K@) (t:) — ¢l (t:)].
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Further, by (21) and (22), it is easy to see that either sgn(¢’, (t;) — ¢’ (t;)) =
sen(+, (1) =7 (£)) for each i or sgu(¢/, () — ¢ (1)) = —sgn(v, () — 7. (£])) for
each 7 (depending on the type of monotonicity of  and v). So, since Y. (¢/, (t;) —
¢’ (t;)) = Fo00, we easily obtain that also ) . (V. (t;) —Y_(t;)) = £oo. Thus v
has property P(w,.J;), and so (24) and Lemma 4.2 imply that - is not a DSC,
function, which contradicts (20).

Now we will consider the case b) w € V and z*(w) # 0, which is similar to the
case a), but is simpler.

We can clearly choose a closed space W C X of codimension 1 such that v € W
and W @span{w} = X. By Lemma 2.16, there exists a DSC,, function g : W — R
such that

Q={y+9w: yeW;
Let xy be the point of V' for which pg = z¢ + f(x¢)v. Denote

Q

S~ P ._ P
T = TW,span {w}> ™ =T TP, T =T rQ :

Recall that both 77 : P — V and 79 : Q — V are bilipschitz mappings. So we
can find € > 0 such that

(7Y (B(z0,6) NV) C B(po,p) NP C Q.

Then T := 79 o (77)™ | p(zo.e)nv is a bilipschitz mapping T : (B(zg,e) N V) —
T(B(zg,e)NV)) C W. Choose 6 > 0 so small that, for each s € (=4, ), we have
xo + su € (B(zg,e) NV) and so T'(zg + su) is well-defined. We have (7)1 (xq +
sw) = xg + sw + f(xg + sw)v. Denote ¢(s) := f(xg + sw), s € (—4,d). Since
v € W and 7 is linear, we obtain

T(zo + sw) = 7(zg + sw + f(zg + sw)v) = 7(xo) + @(s)v.

Since T is bilipschitz, we easily obtain that the mapping ¢ : (—0,9) — ¢((—6,0))
is bilipschitz. Consequently, J := ¢((—d,d)) is a bounded open interval and ¢ is
strictly monotone. Without any loss of generality, we can suppose that ¢ is strictly
increasing (otherwise we can consider —w instead of w). By the definition of T
we have

xo + sw + p(s)v = 7(xg) + p(s)v + g(7T(x0) + (s)v)w, s € (=4,9).

Now observe that 7(xg) — 2o = bw for some b € R, and so s = b+ g(7(xg) + p(s)v).
Thus, denoting y(t) := b+g(7(zo)+tv) for t € J, we have s = y(¢(s)), s € (=9, 9).
In other words, ¢ = y~!. Observe that 7 is a DSC,, function by Lemma 2.14(v),
and thus it has all one-sided derivatives. So, since ¢ is strictly increasing, it is

easy to see that ¢/, (s) = ﬂ(}o(s)) and ¢’ (s) = m. Denoting v(z) := 1/z, we
have for each s € (-9, 9)
#l(s) =v(¥ilp(s)) and ¢ (s) = v(y.(e(s))). (25)

Further we proceed as in the case a) and so we sketch the arguments only. First,
we observe that ¢ = h o « for the affine function a(s) = z*(z¢ + sw) and thus ¢
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has property P(w,I) on each subinterval I of (—d,0). Then, using the facts that
¢ is bilipschitz and v(z) = 1/z is decreasing and locally bilipschitz on (0, 00), we
obtain as in the case a) (now using (25) instead of (21) and (22)) that + is not a
DSC,, function, which is a contradiction.

Finally, we will consider the (easy) case ¢) w ¢ V and z*(u) = 0. By Lemma 2.16,
there exists a DSC,, function g : V' — R such that

Q={y+gly)w: yeV}

As in the case a), we have w = u+ cv, where ¢ # 0, and we can (and will) suppose
that ¢ > 0. Now we will observe that

If y eV and d € R, then y + dw € P if and only if d = f(y)/c. (26)
Indeed, y+dw = y+du+dcv € P if and only if dec = f(y+du) and f(y+du) = f(y),
since z*(u) = 0, and so f(y + du) = h(z*(y + du)) = h(z*(y)) = f(y).
Let yo be the point of V' for which yo + g(yo)w = po. By (26), we have g(yo) =
f(yo)/c and so py = yo + (1/¢) f(yo)w. Obviously, we can find § > 0 such that

yo +tz+ (1/¢)f(yo + tz)w € B(py, p) for each t € (—0,9).
Using (26), we obtain
Yo +tz+ (1/c) f(yo +tz)w € B(po, p) N P C Q for each t € (=0,9),

and so

g(yo+1tz) = (1/c)f(yo +tz) = (1/c)h(2"(yo) + t) for each t € (—0,9),
and so  h(s) = cg(yo + (s — 2" (yo))z) for each s € (2*(yo) — 9, 2" (yo) + 9).

Since g is a DSC,, function, Lemma 2.14(7), (v) gives that h is a DSC,, function
n (2*(yo) — 6, 2" (yo) + 9), which contradicts the choice of h. O

Using Theorem 3.8, we immediately obtain the following corollary.

Corollary 4.8. Let X be a separable superreflexive Banach space which admits
an equivalent norm with modulus of smoothness of power type 2 (e.g., if X is a
Hilbert space or X = LP(u) with 2 < p) and dimX > 1. Let © € F, w € F
be concave moduli such that w(t) = o(w(t)), t — 0+. Then AL(X)\ AL(X) =
AL(X)\ o (AL(X)) £ 0.
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