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In this paper, we prove the fixed point property for generalized asymptotically nonexpansive
mappings in uniformly convex metric spaces by using the concept of asymptotic center. We also
discuss some fixed point theorems in uniformly convex metric spaces. Our results can be applied
to obtain the existence of a fixed point of a generalized asymptotically nonexpansive mapping in
both uniformly convex hyperbolic spaces and CAT(0) spaces.
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1. Introduction and Preliminaries

Let C be a nonempty closed subset of a metric space (X, d) and T be a mapping
of C into itself. The set of all fixed points of T is denoted by F (T ) = {x ∈ C :
x = Tx}, and graph of T is denoted by G(T ) = {(x, y) ∈ C × C : y = Tx}.
Clearly, the graph of a continuous mapping is always closed. A mapping T is
called a generalized asymptotically nonexpansive mapping if there exist sequences
{kn} ⊂ [1,∞) and {sn} ⊂ [0,∞) with limn→∞ kn = 1, limn→∞ sn = 0 such that

d (T nx, T ny) ≤ knd (x, y) + sn for all x, y ∈ C and n ∈ N. (1)

In the case of sn = 0 for all n ∈ N, a mapping T is called an asymptotically

nonexpansive mapping. In particular, if kn = 1 and sn = 0 for all n ∈ N, a

∗The first author is supported by the Office of the Higher Education Commission and the Grad-
uate School of Chiang Mai University, Thailand.

ISSN 0944-6532 / $ 2.50 c© Heldermann Verlag



754 W. Phuengrattana, S. Suantai / Existence Theorems for Generalized ...

mapping T reduces to nonexpansive mapping, that is, d (Tx, Ty) ≤ d (x, y) for all
x, y ∈ C. A mapping T is said to be an asymptotically nonexpansive mapping in

the intermediate sense if it is uniformly continuous and the following inequality
holds:

lim sup
n→∞

sup
x,y∈C

(d (T nx, T ny)− d (x, y)) ≤ 0.

This mapping was first introduced in Banach spaces by Bruck et al. [1]. Obviously,
if T is asymptotically nonexpansive mapping in the intermediate sense and if we
put Hn = supx,y∈C (d (T nx, T ny)− d (x, y)) ∨ 0 for all n ∈ N, then limn→∞Hn = 0
and

d (T nx, T ny) ≤ d (x, y) +Hn

for all x, y ∈ C. Therefore T is a generalized asymptotically nonexpansive map-
ping. It is clear that nonexpansive mappings, asymptotically nonexpansive map-
pings, and asymptotically nonexpansive mappings in the intermediate sense are all
generalized asymptotically nonexpansive mappings. In 2007, Shahzad and Zegeye
[2] introduced a class of generalized asymptotically quasi-nonexpansive mappings
which is more general than the class of generalized asymptotically nonexpansive
mappings. A mapping T is called a generalized asymptotically quasi-nonexpansive

mapping if F (T ) 6= ∅ and there exist sequences {kn} ⊂ [1,∞) and {sn} ⊂ [0,∞)
with limn→∞ kn = 1, limn→∞ sn = 0 such that

d (T nx, p) ≤ knd (x, p) + sn for all x ∈ C, p ∈ F (T ) and n ∈ N. (2)

It is clear that if T is a generalized asymptotically nonexpansive mapping with
F (T ) 6= ∅, then it is generalized asymptotically quasi-nonexpansive. In 2008, He
et al. [3] introduced an implicit iteration process for finding a common fixed point of
two generalized asymptotically nonexpansive mappings with the assumption that
the common fixed point set of those two mappings is nonempty. However, there
are no results concerning the existence of fixed points of generalized asymptotically
nonexpansive mappings even in the Hilbert and Banach spaces setting. The next
example shows that there is a generalized asymptotically nonexpansive mapping
which is not asymptotically nonexpansive and its fixed point set is not necessarily
closed.

Example 1.1. Define a mapping T :
[

−2
3
, 2
3

]

→
[

−2
3
, 2
3

]

by

Tx =



























x, if x ∈

[

−
2

3
, 0

)

,

16

81
, if x = 0,

x4, if x ∈

(

0,
2

3

]

.

Then T is generalized asymptotically nonexpansive and F (T ) is not closed.

Proof. We will show that

|T nx− T ny| ≤ |x− y|+

(

2

3

)4n

(3)
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for all x, y ∈
[

−2
3
, 2
3

]

and n ∈ N. Obviously, (3) holds if x, y ∈
[

−2
3
, 0
)

or x = y = 0.
Then, it suffices to consider the following 4 cases:

Case 1: x, y ∈
(

0, 2
3

]

. Then |T nx− T ny| =
∣

∣x4n − y4
n
∣

∣ ≤
(

2
3

)4n
.

Case 2: x ∈
[

−2
3
, 0
)

and y ∈
(

0, 2
3

]

. Then |T nx− T ny| =
∣

∣x− y4
n
∣

∣ = |x|+
∣

∣y4
n
∣

∣ ≤
|x|+ |y| = |x− y| .

Case 3: x ∈
[

−2
3
, 0
)

and y = 0. Then |T nx− T ny| =
∣

∣

∣
x−

(

2
3

)4n
∣

∣

∣
≤ |x− y|+

(

2
3

)4n
.

Case 4: x = 0 and y ∈
(

0, 2
3

]

. Then |T nx− T ny| =
∣

∣

∣

(

2
3

)4n
− y4

n

∣

∣

∣
≤ |x− y|+

(

2
3

)4n
.

Therefore, inequality (3) holds. Then T is generalized asymptotically nonexpan-
sive. It is easy to see that T is not asymptotically nonexpansive and F (T ) =
[

−2
3
, 0
)

is not closed.

In 1970, Takahashi [4] introduced the concept of convex metric spaces by using
the convex structure as follows: Let (X, d) be a metric space. A mapping W :
X ×X × [0, 1] → X is said to be a convex structure on X if for each x, y ∈ X and
λ ∈ [0, 1],

d(z,W (x, y, λ)) ≤ λd(z, x) + (1− λ)d(z, y)

for all z ∈ X. A metric space (X, d) together with a convex structure W is called
a convex metric space which will be denoted by (X, d,W ). A nonempty subset C
of X is said to be convex if W (x, y, λ) ∈ C for all x, y ∈ C and λ ∈ [0, 1]. It is
easy to see that open and closed balls are convex and the intersection of a family
of convex subsets of X is also convex, see [4]. Clearly, a normed space and each of
its convex subsets are convex metric space, but the converse does not hold.

A function f on a nonempty subset C of a convex metric space (X, d,W ) is said
to be convex if f(W (x, y, λ)) ≤ λf(x) + (1− λ)f(y) for all x, y ∈ C and λ ∈ [0, 1].

In 1996, Shimizu and Takahashi [5] introduced the concept of uniform convexity
in convex metric spaces and studied the properties of these spaces.

Definition 1.2. A convex metric space (X, d,W ) is said to be uniformly convex

if for any ε > 0, there exists δ(ε) ∈ (0, 1] such that for all r > 0 and x, y, z ∈ X

with d(z, x) ≤ r, d(z, y) ≤ r and d(x, y) ≥ rε imply that

d

(

z,W

(

x, y,
1

2

))

≤ (1− δ(ε)) r.

Obviously, uniformly convex Banach spaces are uniformly convex metric spaces.
Moreover, we known that if (X, d,W ) is a uniformly convex metric space, then
for each x, y ∈ X and λ ∈ [0, 1], there exists a unique element z ∈ X such that
d(z, x) = λd(x, y) and d(z, y) = (1− λ)d(x, y). The proof of this fact, we omit
because it is similar to [16, Proposition 2.3].

The following lemma is very useful for our main results. It was proved by Shimizu
and Takahashi [5, Theorem 1] in 1996.
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Lemma 1.3. Let (X, d,W ) be a complete uniformly convex metric space. Then

every decreasing sequence of nonempty bounded closed convex subsets of X has

nonempty intersection.

The famous fixed point theorem for mappings in Banach spaces has been first
studied by Browder [6] and Göhde [7]; they proved that if C is a nonempty bounded
closed convex subset of a uniformly convex Banach space, then F (T ) is nonempty
for any nonexpansive mapping T : C → C. In 1972, Geobel and Kirk [8] extended
that result to asymptotically nonexpansive mappings. Later, Kirk [9] obtained a
similar result for complete CAT(0) spaces. Recently, Kohlenbach and Leuştean
[10] generalized those results to complete uniformly convex hyperbolic spaces with
monotone modulus of uniform convexity. Up to now, no researchers have studied
the fixed point theorem for generalized asymptotically nonexpansive mappings
in any spaces. In this paper, we prove the fixed point property for generalized
asymptotically nonexpansive mappings in uniformly convex metric spaces. Our
result can be applied to uniformly convex hyperbolic spaces and CAT(0) spaces.

2. Asymptotic Centers for Convex Metric Spaces

The notion of the asymptotic center can be introduced in the general setting of
a convex metric space (X, d,W ) as follows: Let C be a nonempty closed convex
subset of X and {xn} be a bounded sequence in X. For x ∈ X, we define a
mapping r (·, {xn}) : X → [0,∞) by

r (x, {xn}) = lim sup
n→∞

d(x, xn).

Clearly, r (·, {xn}) is a continuous and convex function. The asymptotic radius of
{xn} relative to C is given by

r (C, {xn}) = inf {r (x, {xn}) : x ∈ C} ,

and the asymptotic center of {xn} relative to C is the set

A (C, {xn}) = {x ∈ C : r (x, {xn}) = r (C, {xn})} .

It is clear that the asymptotic center A (C, {xn}) is always closed and convex. It
may either be empty, or consist of one or many points. The asymptotic center
A (C, {xn}) is singleton for uniformly convex hyperbolic spaces with monotone
modulus of convexity [10], or CAT(0) spaces [11], or uniformly convex Banach
spaces [12, 13].

The following lemma extends a result of uniqueness of the asymptotic center to
convex metric spaces in the sense of Takahashi.

Lemma 2.1. Let C be a nonempty closed convex subset of a complete uniformly

convex metric space (X, d,W ) and {xn} be a bounded sequence in X. Then

A (C, {xn}) is a singleton set.
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Proof. First, we show that A (C, {xn}) is nonempty. Let

Ck =

{

y ∈ C : r (y, {xn}) ≤ r (C, {xn}) +
1

k

}

for all k ∈ N.

Then Ck is a nonempty bounded closed convex subset of C and Ck+1 ⊆ Ck for
all k ∈ N. Since X is a complete uniformly convex metric space, it follows from
Lemma 1.3 that

⋂

∞

k=1 Ck is nonempty. Next, we will show that A (C, {xn}) =
⋂

∞

k=1 Ck. Let p ∈ A (C, {xn}). It is obvious that p ∈
⋂

∞

k=1 Ck. Hence, A (C, {xn})
⊆

⋂

∞

k=1 Ck. Next, let p ∈
⋂

∞

k=1 Ck. Then

r (p, {xn}) ≤ r (C, {xn}) +
1

k
, for all k ∈ N.

Hence r (p, {xn}) ≤ r (C, {xn}) = inf{r (y, {xn}) : y ∈ C}. This implies that
r(p,{xn}) = r (C,{xn}). That is p∈A (C, {xn}). Therefore,

⋂

∞

k=1 Ck ⊆A (C,{xn}).

Finally, we show that A (C, {xn}) is singleton. To show this, suppose y, z ∈
A (C, {xn}) with y 6= z. Let R = r (C, {xn}) > 0. Then r (y, {xn}) = R and
r (z, {xn}) = R. Then for every ε ∈ (0, 1], there exists N ∈ N such that

d(y, xn) ≤ R + ε and d(z, xn) ≤ R + ε for all n ≥ N.

Moreover,

d(y, z) =
d(y, z)

R + ε
(R + ε) ≥

d(y, z)

R + 1
(R + ε) .

By the uniform convexity of X, we get that for each n ≥ N ,

d

(

W

(

y, z,
1

2

)

, xn

)

≤

(

1− δ

(

d(y, z)

R + 1

))

(R + ε) .

It follows that

r

(

W

(

y, z,
1

2

)

, {xn}

)

≤

(

1− δ

(

d(y, z)

R + 1

))

(R + ε) .

Since ε is arbitrary, we have

r

(

W

(

y, z,
1

2

)

, {xn}

)

< R.

This is a contradiction. Hence A (C, {xn}) is singleton.

Remark 2.2. The similar result as Lemma 2.1 has been proved in [14] for a certain
class of uniformly convex metric spaces with a monotone or lower semicontinuous
from the right modulus of convexity. The proof of Lemma 2.1 is different from one
in [14] and there is no any condition on the modulus of convexity.
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3. Fixed Point Theorems

We now give the fixed point property for generalized asymptotically nonexpansive
mappings in complete uniformly convex metric spaces.

Theorem 3.1. Let C be a nonempty bounded closed convex subset of a complete

uniformly convex metric space (X, d,W ). If T : C → C is a generalized asymp-

totically nonexpansive mapping whose graph G(T ) is closed, then T has a fixed

point.

Proof. Let x ∈ C and xn = T nx. From Lemma 2.1, we know that A (C, {xn})
is a singleton set. Let A (C, {xn}) = {z}. Then r (z, {xn}) = r (C, {xn}) =
inf{r (y, {xn}) : y ∈ C}. Let R = r (z, {xn}) = r (C, {xn}), we divide our proof
into the following two cases:

Case (i): R = 0. Then T nx → z. Since

d (T nz, z) ≤ d (T nz, T n (T nx)) + d
(

T 2nx, z
)

≤ knd (z, T
nx) + sn + d

(

T 2nx, z
)

→ 0

and T (T nz) = T n+1z → z, it follows from the closedness of G(T ) that Tz = z.

Case (ii): R > 0. We will show that z is a fixed point of T . To show this, suppose
not. Then {T nz} does not converge to z. So, there exists some ε ∈ (0, 4] and a
subsequence {ni} of positive integers such that

d (z, T niz) ≥
ε

2
for all i ∈ N. (4)

We can choose η ∈ (0, 1] such that

1− δ

(

ε

2 (R + 1)

)

≤
R− η

R + η
. (5)

From limn→∞

(

kn
(

R + η

2

)

+ sn
)

= R+ η

2
< R+ η, we see that there exists N0 ∈ N

such that
kn

(

R +
η

2

)

+ sn < R + η for all n ≥ N0. (6)

Since R = r (z, {xn}), there exists N1 ∈ N such that

d (z, xn) ≤ R +
η

2
for all n ≥ N1. (7)

Choose i0 ∈ N such that ni0 > N0. Let m ∈ N be such that m ≥ N1 + ni0 . Then,
we obtain

d (xm, T
ni0z) = d

(

T ni0

(

Tm−ni0x
)

, T ni0z
)

≤ kni0
d
(

Tm−ni0x, z
)

+ sni0

≤ kni0
d
(

xm−ni0
, z
)

+ sni0

≤ kni0

(

R +
η

2

)

+ sni0

< R + η, (8)
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and

d (xm, z) ≤ R +
η

2
< R + η. (9)

Further, by (4), we also have

d (z, T ni0z) ≥ (R + η)
ε

2 (R + η)
≥ (R + η)

ε

2 (R + 1)
. (10)

This combined with (8), (9) and the uniform convexity of X imply that for m ≥
N1 + ni0 ,

d

(

xm,W

(

z, T ni0z,
1

2

))

≤

(

1− δ

(

ε

2 (R + 1)

))

(R + η)

≤ R− η

< R.

Consequently, r
(

W
(

z, T ni0z, 1
2

)

, {xn}
)

< r (C, {xn}) , which is a contradiction.
Hence, z is a fixed point of T .

Theorem 3.2. Suppose that X, C, T are as in Theorem 3.1. Then F (T ) is

nonempty closed and convex.

Proof. By Theorem 3.1, F (T ) is nonempty. To show that F (T ) is closed, we let
{xn} be a sequence in F (T ) such that xn → x. By definition of T , we have

d (T nx, x) ≤ d (T nx, xn) + d (xn, x)

≤ knd (x, xn) + sn + d (xn, x) → 0.

That is T nx → x, and so T (T nx) = T n+1x → x. By the closedness of G(T ), we
have Tx = x. Hence x ∈ F (T ) so that F (T ) is closed.

Finally, we show that F (T ) is convex. Let x, y be two elements in F (T ) with
x 6= y. We need to show that z = W

(

x, y, 1
2

)

∈ F (T ). By the definition of T , we
obtain

d (x, T nz) = d (T nx, T nz) ≤ knd (x, z) + sn =
kn

2
d(x, y) + sn

and

d (y, T nz) = d (T ny, T nz) ≤ knd (y, z) + sn =
kn

2
d(x, y) + sn.

This implies that lim supn→∞
d (x, T nz) ≤ d(x,y)

2
and lim supn→∞

d (y, T nz) ≤ d(x,y)
2

.
Then, for each m ∈ N, there exists N ∈ N such that for n ≥ N ,

T nz ∈ B̄

(

x,
d(x, y)

2
+

1

m

)

⋂

B̄

(

y,
d(x, y)

2
+

1

m

)

= Dm. (11)
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It is easy to see that {Dm} is a decreasing sequence of nonempty bounded
closed convex subsets of X. By Lemma 1.3,

⋂

m∈N
Dm 6= ∅. We will show that

limm→∞ diam(Dm) = 0. Suppose d = limm→∞ diam(Dm) > 0. Then, there exists
N1 ∈ N such that 1

N1

≤ d
2
and dm = diam(Dm) > 0 for each m ≥ N1. So, there

exist xm, ym ∈ Dm such that d(xm, ym) ≥ dm − 1
m

≥ d− 1
m

≥ d
2
for each m ≥ N1.

Without loss of generality, we suppose x 6∈ B̄
(

y,
d(x,y)

2
+ 1

m

)

for each m ≥ N1. Let

rm = d
(

x, B̄
(

y,
d(x,y)

2
+ 1

m

))

and r = limm→∞ rm. Thus, we get d(xm, x) ≤ r+ 1
m
,

d(ym, x) ≤ r + 1
m

and

d(xm, ym) ≥

(

r +
1

m

)

d

2
(

r + 1
m

) ≥

(

r +
1

m

)

d

2 (r + 1)
.

By the convexity of B̄
(

y,
d(x,y)

2
+ 1

m

)

and the uniform convexity of X, we have

rm ≤ d

(

x,W

(

xm, ym,
1

2

))

≤

(

1− δ

(

d

2 (r + 1)

))(

r +
1

m

)

.

Taking m → ∞, we obtain r ≤
(

1− δ
(

d
2(r+1)

))

r < r. This is a contradiction.

Hence limm→∞ diam(Dm) = 0. By (11), we must get limn→∞ T nz = z. It follows
from the closedness of G(T ) that Tz = z. Therefore, F (T ) is convex.

In our next theorem, we show that the existence of a fixed point of a general-
ized asymptotically nonexpansive mapping in a uniformly convex metric space is
equivalent to the existence of a bounded orbit at a point.

Theorem 3.3. Let C be a nonempty closed convex subset of a complete uniformly

convex metric space (X, d,W ) and T : C → C be a generalized asymptotically

nonexpansive mapping whose graph G(T ) is closed. Then F (T ) 6= ∅ if and only if

there exists an x ∈ C such that {T nx} is bounded.

Proof. The necessity is obvious. Conversely, assume that x is an element in C

such that {T nx} is bounded. Let xn = T nx. By the same step of the proof as in
Theorem 3.1, we can conclude that F (T ) 6= ∅.

Remark 3.4. (i) If T is a continuous generalized asymptotically nonexpansive
mapping, then G(T ) is always closed. Therefore, Theorems 3.1, 3.2 and 3.3 are
obtained for a class of continuous generalized asymptotically nonexpansive map-
pings.

(ii) The fixed point property for generalized asymptotically nonexpansive mappings
in Hilbert spaces and uniformly convex Banach spaces are obtained by setting the
convex structure W (x, y, λ) = λx+ (1− λ)y.

(iii) CAT(0) spaces and uniformly convex hyperbolic spaces are examples of uni-
formly convex metric spaces, see more details in [10, 15, 16]. Therefore, Lemma
2.1, Theorems 3.1, 3.2 and 3.3 are also obtained for these two classes of spaces.
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