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In this paper we obtain new characterizations of the g-uniformly convex and smooth Banach
spaces by using Carleson measures. These measures are defined by Poisson integral associated
with Bessel operators and Banach valued BM O-functions. By the way we describe g-uniformly
convexity and smoothness of a Banach space in terms of the mapping properties of the Lusin
integral defined by the Poisson semigroup for Bessel operators.
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1. Introduction

It is well-known that vector valued harmonic analysis and geometry of Banach
spaces are closely connected. Some geometric properties of a Banach space B are
characterized by the boundedness in B-valued L” or BMO spaces of some har-
monic analysis operators (Riesz transforms, imaginary powers, Littlewood-Paley
g-functions, ...). These properties have also a description by using martingales
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transforms. The celebrated papers of Bourgain [12] and Burkholder [13] concern-
ing to UMD (Unconditional Martingale Difference) spaces contain the first main
results of this theory. In the last years this area has a great activity. In [29]
Xu studied the one side Littlewood-Paley theory for Banach valued functions and
he obtained new characterizations for the uniformly convex and smooth Banach
spaces. The results in [29] were generalized by Martinez, Torrea and Xu [22] to the
diffusion semigroup setting. Harmonic analysis operators associated with Bessel,
Hermite, Laguerre and Ornstein-Uhlenbeck operators allow us also to characterize
UMD, convexity and smoothness properties of Banach spaces (see [1], [2], [7], [8],
9], [18], amongst others).

Recently, Ouyang and Xu [26] have studied the relationship between vector val-
ued BMO functions and the Carleson measures defined by their Poisson integrals.
They obtained new characterizations for those Banach spaces admitting an equiv-
alent norm which is g-uniformly convex or g-uniformly smooth.

In this paper we use the Poisson integrals associated with Bessel operators to define
Carleson measures that allow us to characterize (modulus renorming) g-uniformly
convex and smooth Banach space. We consider the Banach valued odd BMO
functions on R. In [6] the scalar space of odd BMO functions was described by
using Carleson measures.

Assume that B is a Banach space. We say that a locally integrable function
f : R — B has bounded mean oscillation, written f € BMO(R,B), when

1
| fll Brroz) = sup / |f(z) — frllpdr < oo,
ICR ’[‘ I

where the supremum is taken over all bounded intervals I in R. Here f; =
|71‘ J; f(x)dx, where the integral is understood in the Bochner sense, and |I] de-
notes the length of I, for every bounded interval I in R. By BMO,(R,B) we
represent the space of the odd functions in BMO(R,B). According to the well-
known John-Nirenberg property we can see that a B-valued locally integrable and
odd function f on R is in BMO,(R,B) if, and only if, for some (equivalently, for
any) 1 < p < oo, there exists C' > 0 such that

L) - pnd) < 1)
() )

for every interval I = (a,b), 0 < a < b < oo, and

(i W) Tec )

for each interval I = (0,b), 0 < b < co. Moreover, for every f € BMO,(R,B) and
1 <p<oo, | fllBmoms) =~ inf{C > 0,(1) and (2) hold}. As in the classical case
if f € BMO(R,B), then [;° [ f(z)|g/(1 + 2?)dz < co.
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In [24] Muckenhoupt and Stein developed the harmonic analysis theory in the
ultraspherical and Bessel settings. Taking as a starting point the ideas in [24] in
the last years several authors have investigated boundedness properties of harmonic
analysis operators associated with Bessel operators ([3], [4], [5], [10], [11], [25]).

~Ad 2\ d

-
dx dmx y L €

We consider, for every A > 0, the Bessel operator Ay = —x
(0,00), and the Hankel transformation hy defined by

ha(f) () = / " VI (ay) f)dy, @ € (0,00),

for every f € L'(0,00) N L?*(0,00). Here, J, denotes the Bessel function of the
first kind and order v. hy can be extended to L?(0, c0) as an isometry of L?(0, 00)
where hy' = hy. If f € C>°(0,00), the space of smooth functions with compact
support, we have that

(AN (W) = v*ha(F) (), y € (0,00).
We define the operator A, as follows,
Axf =h@’ha(f)), | e DAY,
where the domain D(A,) of A, is
D(AN) = {f € L*(0,00) : y*hx(f) € L*(0,00)}.

A, is a closed and positive operator. Note that Avf = AN, f € C(0,00). In
the sequel we refer to A, also by A,.

By {P}}/>0 we represent the Poisson semigroup associated with Ay, or, in other
words, the semigroup of operators generated by —v/A,. According to [24, (16.4)]
we can write, for every f € LP(0,00), 1 < p < o0,

fﬂﬁ@zééﬁmwMM%xxﬂ&@,
where

2\ (zy) M /7r (sin )21

P = ,

7 (2, y) r— [(:z:—y)2+t2+2xy(1—cose)]mde’ ,y,t € (0,00)
(3)

{P}}=0 is a contractive semigroup in LP(0,00), 1 < p < oo. Since the kernel
function P}(x,y) > 0, z,y,t € (0,00), the operator P, is also a contraction in the
Lebesgue-Bochner space LP((0,00),B), for every 1 < p < oo and ¢ > 0.

We say that a positive measure p on (0, 00) x (0, 00) is Carleson when there exists
C > 0 satisfying
X O

for every bounded interval I in (0,00). It is well-known that the functions of
bounded mean oscillation on R™ can be characterized by using Carleson measures.
In [6] the following result was established.
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Theorem [6, Theorem 1.1]. Let A\ > 0. Assume that f is a locally integrable
function in [0,00). If we define f, as the odd extension of f to R, then f, €
BMO,(R) if and only if (1 + 2?)'f € L'(0,00) and the measure ~; given by

2 dxdt

dyy(z,t) = [tO,P)(f)(x) —

is Carleson on (0,00) x (0, 00).

We now recall the definitions of convexity and smoothness for a Banach space B.
The modulus of convexity g and of smoothness pg are defined by

a+b

5p(2) = inf{l -

:aweBw@mzuwmsz—mm:e},o<e<z
B

and

la + tblls + lla — tblls
2

pﬂﬂ=$m{ :mbeBmwm:nwﬁzl},t>a

We say that B is uniformly convex (respectively, uniformly smooth) when dg(c) > 0
(respectively, lim; o pg(t)/t = 0). Also, B is called g-uniformly convex, ¢ > 2
(respectively, g-uniformly smooth, 1 < ¢ < 2) when there exists C' > 0 such that
dp(e) > Cel, 0 < e < 2 (respectively, pg(t) < Ct?, ¢t > 0).

Pisier [27] proved that B has an equivalent norm that is g-uniformly convex (respec-
tively, g-uniformly smooth) if and only if B has martingale cotype ¢ (respectively,
martingale type ¢q). Xu [29] established the corresponding characterization when
the martingale type and cotype is replaced by the Lusin type and cotype associ-
ated with the Poisson semigroup for the torus. The result of Xu was extended
to the diffusion semigroup setting in [22]. Similar properties have been obtained
in the Bessel ([7]) and Laguerre ([9]) contexts. Recently, Ouyang and Xu [26]
characterized those Banach spaces having an equivalent norm that is g-uniformly
convex or smooth by using Carleson measures and B-valued BM O functions, and
lately Jiao [20] gave the martingale version of this result.

In this paper we obtain new characterizations for g-uniformly convexity and
smoothness of a Banach space by using Carleson measures associated with the
Bessel Poisson integrals P}(f) of f belonging to BMO,(R,B).

The main results of this paper are the following ones.

Theorem 1.1. Let B be a Banach space, A > 1 and 2 < q < oco. Then, the
following statements are equivalent.

(i)  There exists C > 0 such that, for every f € BMO,(R,B), the measure djiy
defined by

dzd
sl ) = (102 ) g 2
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is Carleson on (0,00) x (0,00) and

] dxdt
s [ [P @IESE < U o, im0y

where the supremum is taken over all bounded intervals I in (0, 00).
(7i) B has an equivalent norm which is q-uniformly convex.

Theorem 1.2. Let B be a Banach space, X\ > 1 and 1 < q < 2. Then, the

following assertions are equivalent.

(1) There exists C' > 0 such that, for every odd B-valued function f, satisfying
that (1+2%)7'f € L'(R,B),

Hl dadt
ssonem < Csw e [ [P (D@ RS,

where the supremum is taken over all bounded intervals I in (0, 00).
(1) B has an equivalent q-uniformly smooth norm.

Theorems 1.1 and 1.2 can be seen as versions of [26, Theorems 3.1 and 4.1], re-
spectively.

In order to prove our theorems we need to obtain characterizations of the convexity
and smoothness for a Banach space by using certain area integrals involving the
Poisson semigroup {P}i~o.

We define the following sets

D(x) ={(y,t) e R x (0,00) : |y —z| < t}, z€R,
and
[ (x) ={(y,t) € (0,00) x (0,00) : |y — x| <t}, x € (0,00).

We extend the definition of the Poisson kernel P} (x,y) given in (3) to R x R, for
every t > 0, as follows

2\ |zy Mt /7r (sin )21
P)‘ — de.
P (@9) T o [(z—=y)>+¢+2zy(1 — cos )M

Note that, for every ¢t > 0,
P)w,y) = P} (~x,y) = P(z,~y), ©.yeR. (4)

We consider the Lusin integrals associated with the Poisson semigroup {P>};0
defined by

g dtdy\"*
stnw = ([ lorowli ) . eer
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and

1/q
st = ([ o nwlh L) . re 0.0

where ¢ > 1 and f is a strongly B-valued measurable function defined on (0, c0)

such that
N fW)lle
——=—dy < 0.
/0 1+y2

It is not hard to see that
ST (@) < Si(f)(x) <2988 (f)(x), =€ (0,00). (5)

We denote by H'(R,B) the B-valued Hardy space. H!(R,B) is the subspace of
H'(R,B) constituted by all those odd functions in H!(R,B). A strongly mea-
surable B-valued function a defined on R such that [, a(z)dz = 0 is called an
oo-atom (respectively, a 2-atom) when there exists a bounded interval I in R such
that supp(a) C I and ||a|ze®p) < 1/|I| (respectively, |lallr2®m) < 1/|1]"?). Ac-
cording to well-known atomic representations of the elements of H'(R,B) ([19],
[21, p. 34, 40]) we can see that a strongly measurable B-valued odd function f
defined on R is in H}(R,B) if, and only if, f = >, Aja; in L'((0, 00),B), where
{Aj}32, C C satisfies that 377, [Aj| < oo and {a;}32, is a sequence of strongly
measurable B-valued functions defined on (0, 00) such that, for every j € N, a; is
an oo-atom supported on (0, 00) or there exists 5 > 0 for which supp(a;) C [0, 3]
and ||a||pe(0.00)8) < 1/8. Also, we can characterize the elements of H,(R,B)
similarly by using 2-atoms. By proceeding as in the proof of [15, Theorem 2.1]
we can show that a strongly measurable B-valued odd function f defined on R is
in H)(R,B) if, and only if, f = 3" Aja; in L'((0,00),B), where {);}52, C C
is such that » 7%, |\j| < oo, and {a;}32, is a sequence of strongly measurable
B-valued functions defined on (0, c0) such that, for every j € N, a; is an oo-atom
supported on (0, 00) or a; = b;jX(0,5,)/9;, for a certain b; € B, being [|b;||z = 1 and
d; > 0. Here, x(o,5) denotes the characteristic function of (0,0), for every § > 0.
The topology of H!(R,B) is defined by the norms associated in the usual way with
the above atomic representations.

In [7] the martingale type and cotype of a Banach space is characterized by using
Littlewood-Paley g-functions associated with the Poisson semigroup {P}};~o. In
the next result we establish the corresponding properties involving Lusin area
integrals Sﬁ’ +- This proposition has interest in itself and it is useful in the proof
of Theorems 1.1 and 1.2.

Proposition 1.3. Let B be a Banach space, A > 0 and 2 < q < oo. Then, the
following assertions are equivalent.

(i)  For some 1 < p < oo, there exists C > 0 such that
155+ (Pl Leo.00) < CllflLeqo00)8y: | € LP((0,00),B).
(17)  For every 1 < p < oo, there ezists C' > 0 such that
155+ (Nlze©0,00) < Cllflr0,0008), | € LP((0,00),B).
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(tii) There exists C > 0 for which
1S5 - (Fr000) < Clflmr ey, f € Hy(R,B).

(tv) B has an equivalent q-uniformly convex norm.
(v)  B*, the dual space of B, has an equivalent ¢'-uniformly smooth norm, where

¢ =aq/(g—1).

This paper is organized as follows. In Section 2 we prove Proposition 1.3. Proofs
of Theorems 1.1 and 1.2 are presented in Sections 3 and 4, respectively. In order to
make Sections 3 and 4 more legible we include in Section 5 (Appendix) the proofs
of some auxiliary results that we need to show Theorems 1.1 and 1.2.

Throughout this paper by C' we always denote a positive constant that is not
necessarily the same in each occurrence. The duality pairing between a Banach
space B and its dual B* will be represented by (-, -)pxp+ or simply (-, ).

2. Proof of Proposition 1.3

In order to proof Proposition 1.3 we use [26, Lemma 4.2] where the convexity
and smoothness of a Banach space B is described in terms of the boundedness
properties of the Lusin area integral associated with the classical Poisson integral.

If f is a strongly measurable B-valued function defined in R such that [, [|f(z)|ls/(1
+2?)dxr < 0o, and ¢ > 1 the ¢-Lusin area integral S%(f) is defined by

1/q
s = ([ morcnune )

€ R,
where P;(f) represents the Poisson integral of f given as follows

P(f)(y) = / By —2)f(:)dz, yER, 1> 0.

R
As usual, we denote the Poisson kernel by

1 t
T2 4 227

We also consider the following partial Lusin integrals

dtdy\ "
stn@ = ([ 1w ) . ee 0.0,
and
. o dtdy\ "
1)) = ( | apixsa ol 5 )" v
with ¢ > 1.

We prove Proposition 1.3 in two steps. Firstly, we establish that the LP-bounded-
ness of S? is equivalent to the LP-boundedness of Sf\’ 4, forevery 1 < p < oo,
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Lemma 2.1. Let B be a Banach space, A > 0, 2 < g < 00, and 1 < p < o0.
Then, the following assertions are equivalent.

(i) S?is bounded from LP(R,B) into LP(R).
it) S% is bounded from LP(R,B) into LP(0,0).

(i
(#9) S joe s bounded from LP((0,00),B) into LP(0,c0).
(iv) SY ., is bounded from LP((0,00),B) into LP(0,00).

Proof. (i) = (i7). It is sufficient to note that S%(f)(z) < SI(f)(x), = € (0,00),
for every f € LP(R,B).

(11) = (i). Let f € LP(R,B). We decompose f as follows, f = f, + f., where
1o(@) = (f(@) — F(=))/2 and £.(x) = (F(z) + [(~2))/2, + € R. We have that

Pf,)(y) = / TPy —2) — Pily+ 2)lfu(2)dz, yER, £ >0,

and

P(fe)(y) = /Ooo[Pt(y —2)+ Py + 2)]f.(2)dz, yeR, t>0.

For every ¢t > 0, the function ||t0;P:(f,)(y)||s is even. Then, S9(f,) is also an even
function and

S9(fo)(w) < 2'154(£o)(l2l), = €R.

Hence, we get
159 (£o)l oy < 2475 VISL(fo) | Loo,00)-

In a similar way we obtain

1S9 (f)ll oy < 27FHAST(fo)llo(0.00)-

The above inequalities allow us to show that (ii) implies (7).

(11) < (i7i). We are going to see that there exists C' > 0 such that

1SE(f) = ST 1oe(Flzr0.00) < Cllflrmp), [ € LP(R,B). (6)

Let f € LP(R,B). We can write

PUNW = [ Ply= 2@zt [ Rly+f(-2dz ut € 0,0)
0 0
By applying Minkowski’s inequality we get

[SE(N(@) = S e () ()]

< (/
Iy (z)

< Z(lflls)(x) + Z(l flls)(z), @ € (0,00),

1
* atdy )
t2

o[ ptu-250- [ Ay - 2)f(eM:

z/2

B
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where f(x) = f(—xz), x € (0,00), and the operators J;, i = 1,2, are defined by

2

i) = [ [10.PY — 2l a1,y ) (). € (0,00),
(0,2/2)U(2z,00) t

and

+2

T = [ NP+ s, 0 90z, € (0,00)
0
Our objective (6) will be established when we prove that the operators J; and 7
are bounded from LP(0, 00) into itself.

First, we observe that

dtdy
to,P,(y — 2)||” . :/ to,P(y — 2)|*
H t t(y )l‘Lq(F+(x)ddy) F+(a:)‘ t t(y )| 2

+2

dt
<0/ / dtdy<(]/ / dy
lz—y| |y_Z| ) |lz—y| |y_ Z| +t)q+2

dy dy
<cC / + /
( L. (ly—z2+lz =yt S, (Jy—2]+ ]z — y|)"“>

C
S o z,z € (0,00), © # z. (7)

Here, I, . represents the interval (min{z, z}, max{z, z}). We also get

q <C
||tatpt(y+z>||Lq(F (a), L) = (/ / ) y+Z+|$_y|)q+l

, x,z € (0,00). (8)

- (:c + 2)
These estimates lead to, for 1 = 1, 2,

7i(9)| < C (Ho(lg]) + Hx(l9)) ,

where Hy and H,, denote the Hardy type operators defined by

Holg)(x) = / gy, Helg)(@) = / m%dy, r € (0,00).

X

Since Hy and Hy, are bounded from LP(0,00) into itself (see [23]), we conclude
that J; and J are bounded from L?(0, 0o) into itself. Now the desired equivalence
follows from (6).

(17i) < (iv). This property will be proved when we show that there exists C' > 0
such that

155 10e(f) = 53+ (Dllzr©.00) < Cllf (00008, [ € LP((0,00),B).  (9)
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We decompose the Bessel Poisson kernel as follows

92 A / : 22—1
PMa,y) = AMzy) t/ (sin @) "
s o l(x—1y)?2+t2 4 2zy(l — cos )1
N 20\ (zy) M /7r (sin §)2A~1 o
Q 2 (@ = y)? + 1% + 2zy(1 — cos O) M
= Pt/,\l(l‘7y)+Pt),\2(xay)7 xayate (0,00) (10)
By applying Minkowski’s inequality we get
3
|98 soc(f) = Z (1 £1=), (11)

where

ngx:/ t0, P (y, = . gy 9(2)dz, x € (0,00),
1( )( ) (0.2/2)U(22,00) H t t,l( )HL (F+(J}),%) ( ) ( )

+2

al)@) = [ 0P, gy 91, 2 € (0,50),

and
2z
]C3(g)(x) = //2 Htat[Pti\l(y7Z) - })t(y - Z)]“LQ(F+(:E),%) g(Z)dZ, T e <0a OO)

Our objective is to see that K; is a bounded operator in LP(0, c0), for j = 1,2, 3.
According to [6, p. 481-482] we have that

A
2
0P <C t € (0,00). 12
| t t,l(yuz)| — (|Z—y|+t>)‘+27 Y, =, E( 700) ( )
Also, we get
A 2
0. P75 (y, 2)| < Cm, y, 2.t € (0,00). (13)
By proceeding as in (7) and (8) we can see that
A 2
Ht@tPt,l(y, Z)||L‘1(F+(x),%) < Cm, T,z € (0, OO), x 7é Z, (14)
and
A

z

0P 2| v, 00y < C iy

z,z € (0,00). (15)
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Then, we get that

K1 (9)] + [Ka(g)] < C(Ho(lg]) + Hoo(lg]))-

Therefore, Ky and Ky are bounded from LP(0, c0) into itself.

Next, we deal with the most involved operator K3. In order to do this we introduce
the new kernels

Pt>,\1,1(ya z)
A w/2 22—1

-2 | e ma e waie 0
and

Phaln )= P [ e, 1540,
We can write

Kal9) @)

< | / [4040E(0,2) — P02, oy ey 92N

2z
A DA
#1910 = a2l o ) oI

2z
IR 2) = Py =2 g o ) o) € (0,00),

By arguing like in [6, p. 483-487], we deduce that, for each z € (0,00) and z/2 <
z < 2z,

hd Htat[Ptf\l(y7Z) - Pt/,\l,l(yv z)]HL‘I(F_‘_(x),%) S g <1 + 10g+ ﬁ) ;

o Htat[PtfﬁJ(y? z) — Pt),\l,Q(y7 Z)H|Lq(p+($)7d%) < % (1 + log, ﬁ) )
i Htat[Pt),\l,2<y7z) _Pt(y_z)]HLq(F_'_(x%%) < g

There (in [6, p. 483-487]), the case ¢ = 2 is considered, but the same arguments
are still valid for 2 < ¢ < .

Hence, we have that

2x

Kbl <c [ 2 (1 T log

z/2 ?

) LI (X
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We denote Cy = f12/2 % (1 +log., ﬁ) du. By using Jensen’s inequality we get

Klg) @) < C ( / /% (1 +log, ﬁ) |g<xu>|du)p

2
_ 1
< CCh 1/1/2 - <1 +log, —flﬁ’“’) lg(zu)[Pdu, = € (0,00).

Then,
1Ks(9)|lzr(0,00) < Cllgllzro,00), 9 € LP(0,00).

Putting together the above estimations we obtain (9), and the proof of (iii) < (iv)
is finished. O

In the following lemma we establish the endpoint result p = 1.

Lemma 2.2. LetB be a Banach space, A > 0 and 2 < g < oo. Then, the following
statements are equivalent.

@) NS DNere < Cllflla@e, fe Hl(REB),
(@) 1S3 (Dleroee) < Clflmyes), [ € Hy(R,B).

Proof. (i) = (ii). We claim that the properties below are equivalent.

@ [1S"Nllw < Clflm@e), f€ H,(R,B).
) 1SN0 < Clliflmpee), € Hj([%,IB%).
(© NS soc(Nllzroee) < Clflpre), f € Ho(R,B).

(@) 1153 +(Dlrroeo) < Clfllmee). f€ H(R,B).
This implies what we are looking for.

(a) < (b). This equivalence can be proved by proceeding as in the proof of
(1) & (ii) of Lemma 2.1.

(b) & (c). Let f € HX(R,B). Since f is odd, Minkowski’s inequality implies that
[SE(N(@) = S (N @) < Ha ([l flle) (@) + Ha(ll flle)(2), 2 € (0,00),
where

Ha(g)(x)

-/ [6OLPy — 2) = Py + 2l oo ) 2y 92z, € (0,00),
(0,z/2)U(2z,00) t

and

2z
Halo)@) = [ 0Py + 2 a(r, ) 92Dz 7 € (0.0)

/2
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A straightforward manipulation leads to

0[P (z =) = Bz + y)l|

Y (2 + 12 + 1)
= <<<Z R (R RN (PR CRa S L ER RS t2)2>
z2Y \/E
B () (e N R Y e
\/E
< C(|z—y\ ER y,z,t € (0,00).

Hence, by proceeding as in (7) we obtain

q dtd
Iy (z) t2
C A Gty < C q/2
: tdy < Cr——=.7 e (0 .
N I+ () <|Z_y|+t)5q/2 y= |x—z|3‘1/2’ Z,z ( 700)7 .%'7£2
Then, we get
NE

40Py = 2) = Puly + 2l o, oy a0) < C v,z € (0,00), 7 # 2.

|z — 2|3/%’

Therefore,
1M1 ()l 210,00 < Cllgllzi0,00): 9 € L0, 00).

Moreover, according to (8), we have that

2:v|g
|H2 ‘<O/ T e (0,00),

and it follows that

| Ha2(9)]I 110,000 < Cllgll 210,00y, g € L(0,00).

Hence, we conclude that
1SE(f) = ST ioe M zr0.00) < Clf 1 (0,00)8) < Cll fll 12 r3)-

) & (d). Let f € HX(R,B). By (11) we have to analyze the operators K;,
=1,2,3. From (14) it follows that

oo 00 Z)‘
K1l f xdeC/ / ———— || f(2)||gdzdx
[ easm@aese [T el

00 z/2 Z)\ 00 Z>\

<c / 1£(2) sdz.

(c
j
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and from (15) we deduce, in a similar way, that

Aw&wmmwmscAmW@mw.

Finally, (16) implies that

/mxﬂumxmmr

<c/ //22(1+10g+‘ ’>Hf( Jl|sdzda
<cf” wwm/‘10+m&| ) dstz <€ [5Gl

By combining the above estimates we get

159 10e(f) = S5 L (Dl L2 0,00) < CllfllLr(0.00).8) < Cllf |2y

Thus (i) = (4i) is established.
(ii) = (i). Let f € HY(R,B). We write f = f, + f., where

o) = LICD -y gy S@HICD)

cR.
2 ¥

It is clear that f,, fo € H'(R,B). Moreover || fo| mrwp) < | flm @5 and || fell i r,5)
< ||fllmrrm). Assume that (i) holds. Since f, € H}(R,B), by using that (d) <
(a), we get

1S4 (folllrey < Cllfollm @p-

We define H! (R, B) the space constituted by all those even functions in H!(R,B).
We consider the properties (a’), (b'), (¢/) and (d’) that are analogous to (a), (b),
(c) and (d), respectively, but replacing H!(R,B) by H!(R,B). By proceeding as
in the odd case we can see that (¢’) < (V') and (¢) < (d'). Hence, in order to
prove (i) it only remains to show that

1SS (fllzr0,00) < Cll fell o2 rp)- (17)

Suppose that h € H!(R,B) and that h = »°°, Aja;, where, for each j € N,
aj is a H'(R,B)-atom, and {);}32, C C is such that 7%, [\;| < co. Then,

h=23"71 Nlay —I—a])/2 being a]( z) = a;(—z), z € R, and Jj € N. We define b,
and 7, j € N, as follows:

e by =ua;and vy; = \;/2, provided that supp(a;) C [0, 00),

. bj = a; and v; = \;/2, when supp(a;) C (—o0, 0],

o if supp(a;) N (0,00) # @ and supp(a;) N (—00,0) # &, then b; = X (0,00)(a; +
ELJ)/Q and Y = )‘j'
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Thus, b; is a H' (R, B)-atom. Indeed, in the two first cases it is clear. Assume now
that b; = x(0,00)(aj + @;)/2 where supp(a;) N (0, 00) # &, supp(a;) N (—o0,0) # &,
supp(a;) C [—a, 3] being 0 < o < 3 (similarly, 0 < 8 < «), and ||a;||L=®p) <

1/(8+ a). Then, supp(b;) C [0, 5], [|bjllc~@®s) < lla;|lrems) < 1/(8+a) < 1/8,

and
1 [P
/bj(x)dx = 5/ aj(z)dr = 0.
R

-

From now on we write h = ™7, 2v;g;, where g;(x) = b;(|z])/2, € R and j € N,
and b; and v;, j € N, are those ones we have just defined.

Since,
1S3 (h)(2)] < ZZ illSE(g) ()], @ € (0, 00),

(17) will be proved once we establish that

153 (gi)l L1 0,00) < C, (18)

for a certain C' > 0 independent of g;, j € N. Indeed, (18) implies that
IS |1 0.00) < C Y1l < C Y IN,
j=1 j=1

and hence
1SS (M) Lt0.00) < CllAN e (r5)-

Observe that it is enough to prove

151 () L1 0,00) < C,

when ¢ is a H'(R, B)-atom verifying that

. supp(g) C [0, —a], with 0 < o < f§ < o0, or
o supp(g) C [«, 8], where 0 < oo < 3 < 00, or
. supp(g) C [0, (] being § > 0 and g an even function.

We are going to treat each case separately.

Assume first that ¢ is a H'(R, B)-atom with supp(g) C [-3, —a], 0 < a < 8 < 0
and ||g|lcc <1/(8 — «). We have that

t
. _F(»)d R
t2+(y+z)29(Z) z, yER,

Pl -+ [ ’
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being §(z) = g(—z2), 2 € R. Note that g is a H'(R,B)-atom associated to the
interval (o, ). We can write,

5% (9) ()]

< X (@) [ HOP+ 2o, o 1)
[N+ g, ) 15l

B
X0 @) [ IRy +2) = Py + Do, o) 15

3

= > Hi(lglls) (@), = € (0,00).

i=1

By (8) it follows that

. ? e 13 C [ [ duda
o <€ [ [ 0 g < E [T EE <o

T

and

oo o0 -~ B Zd d
M2 (15 1)ll 110,00 < C / / M9 4., < ¢ / 1)l / zdz _ o
0 T T+ z [ 0

In order to analyze H3(||g||s) and some other operators which will appear later,
we claim that

[€OUP(y + 2) = Py + Dl 20
p

e z?

z € (0,00), 0< z< fBand x # 2. (19)

Indeed, we observe that

[Py —2) — Py + 9)]
:62—z2+2y(ﬂ+2)( 1
w B2+ ly — =) (2 + (y + B)?)
28 + (y + B)* + ly — 2
(12 + ly — 2)2(82 + (y + B)?)*

—2?

>, y,z € R, t>0.
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Moreover, if 0 <y <ocand 0 < z < 3, |y — z| <y + 3, and

By + B) < 5
(t+ly—2)2(t+y+0)2 = (t+y—=z])*

0[Py — 2z) — Py + p)]| < C

In a similar way we can see, for each 0 < y < oo and 0 < z < (3,

5 < B
(t+y+22t+y+0) ~ (t+y+2)3

0[Py +2)— Py+p8)| <C

By proceeding as in (7) we obtain (19).
Then, by (19) we get

~ g Hg(Z)HIB dx
| H3(llg1[e) [l 21 0,00) < C’ﬁ/ﬁ /a (@ Z>2dzd:c Cﬁ/ﬂ . de < C

Suppose now that ¢ is a H'(R,B)-atom with supp(g) C [o, 3], 0 < a < 8 < o0,
and [|g]lee < 1/(8 — ). Since g — g € HY(R,B), (it), (d) = (b) and the previous
case allows us to conclude that

1SN 0,000 S N159(9 = D)1 0,00) + 1L (DN L1 (0,00) < C.

Finally, let g be an even H'(R,B)-atom such that supp(g) C [—/3, 8] with 8 > 0
and [|g[| e~z < 1/28. We define G as the odd extension of g, , to R. It is clear
that G € HY(R,B) and ||G||g &5 < C|lgllm & m)- Then, according to (ii) we get

153 £ (DL 0.00) = 153 4 (G| 21(0.00) < ClG sy < Cllgllm@p) < C,

being C' a constant independent of g. Applying now (d') = (¢/) we get

152D 0.00) < 15E(9) = SE10c(9[10.00) T 155 10e(9) ]2 0.00)
< [15%(9) = 5% 109l 1 0,00) + C

In the following we analyze the right hand side term of the previous inequality.

We have that

B
/R Py — 2)g(2)dz = / Py — 2) + Py + 2)lg(2)dz, y € R.
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For every z € (0,00), by using Minkowski’s inequality we get

|52(9) (@) = 5% 16 (9) ()]

1/q
2;1,’ q dtd
< ( [ o ([ -2 [ nw- g 5
Iy (z) R z/2 B
1/q
o0 T dtd
_ </ 10, (/ Pt(y—z)g(z)dz+/ Pt(y+z)g(z)dz) t2y>
Ty (@) (0,2/2)U(2,) 0 B

z/2
< X0 @) [ WOP = ya(r, o) (s
B
+Xwo@) [ WOUPE = 2) = P+ Dllsagr, o ) 19(:) ot

| WOP = 2oy o) (e

T

/2
X0 @) [ WP+ Dia(ry o 20) ()
B
+ X @) [ WP +2) = Py + Dlsagr, o ) l9(2) ot

[ WOP + ey o)) (e

/2
= >~ #lgll)(@).

Note that it is possible to introduce the factor t0,P;(y + (3), because g is even and
has zero mean.

Our goal is to see that, for a certain C' > 0 independent of g,
174 ([lgll2)l 21000y < C, i =1,...,6.

According to (7) it follows that

/2 -
54 (lgls) (@) < Cxos)(a) / lolls ., o oX020(®) ),

r—z 1]
and then
176 (Nl glle )l 2 0,00) < C- (20)
In a similar way (8) leads to
174 (llglle)l 210,00 < C- (21)

By using again (7) and (8) we obtain

2%(l)a) + #illgle) o) < € [ lt=)lle 1. & ¢ (0, 00).

x/2 z
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Since the Hardy operator H,, is bounded from L!(0,0) into itself, we conclude
that

E
17 ([|glle) 1| 21 0.00) + Nl H6 ([l gl[e) [ £1(0,00) < C/O lg(2)ledz <C. (22)

On the other hand, by (19) we obtain

[e.e]

s ¢
wammmm@+wﬂmmmm@so/Wmam/ P drd

s o= P
<o/ug|m

Note that the constants C' > 0 in (20)—(23) do not depend on g. O

dz <C. (23

The proof of Proposition 1.3 is now consequence of Lemmas 2.1, 2.2 and |26,
Lemma 4.2].

3. Proof of Theorem 1.1

3.1. Proof of (ii) = (i)

Assume that B has an equivalent norm which is g-uniformly convex.

Let f € BMO,(R,B) and take I = (a,b) such that 0 < a < b < co. We denote by
21 the interval (0,00) N (x; — |I|,z; + |I|) where x; = (a +)/2. We decompose f
as follows:

IX0,00) = (f = far)xor + (f = for)X(0,00n21 + Jor = f1 + fo + [a.

We are going to show, for ¢ =1, 2, 3,

/a
Lo dwdt\’
(m/o /IHtatptA(fi)(x)H% t ) < C| fllBmo,®B), (24)

where the constant C' > 0 depends neither on I nor on f.

Firstly, we prove (24) for i = 1. Note that |[I N (z —t,z 4+ t)| ~ ¢, when z € I and
0 <t < |I|. We have that

|11 dxdt
/1/WWﬂﬁ o)s %
0 I t

Il IN(z—tz+t
<c [ [rarreig L gy

o ddt
—c[ [ perne e
0 I JIN(z—t,x+t)

dtdx
SC[L(J@ﬁUMm%ﬁckSWS(ﬁMMw' 25)
—+ z
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By using Proposition 1.3 and John-Nirenberg’s inequality we get

11| dzdt
)\
(m/ A )
L8t (o)
1 1/q
scgﬂlyﬂm—m%M) < C|f Imo, )

On the other hand, from [24, (b), p. 86] we deduce that

[0, ()|
<C (Pﬁ(m,y) + 3 (zy)* /Oﬂ ( (sin 6) ™ d@)

22 + y? + 12 — 2xy cos ) 2

t
< CPMa,y) < Cm, ,y,t € (0,00). (26)

Then, we can write, for every x € I and ¢t > 0,

110, PN(f2) ()]s
<0 s TGl 0~
<c ) — furllsdy

(O.000\21 £+ (21 — y)?
t =1
cot S
i

t =k t
< Cm > i fllaro,me) < CmeHBMOo(R,B)-
k=1

|f(y) = fortrrllBdy + || forrrr — fQIH]B)

2k 1| 2k+111(0,00)

Hence,

g dedt )"’
G%A KWMWﬁ<wBtﬂ

1/q

1 1]
q—1
_CQﬂﬁAt ﬁ[®>\W®wmm

< O fll Mo, m,B)-
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Finally, we show (24) for i = 3. Observe that in the classical case (see [26]) this
term does not appear because the corresponding integral vanishes. First of all, we
notice that

1 et xr+ |1
< — dx < .
Il < i [ U @lade < o oo

Then, in order to establish (24) for ¢ = 3 it is sufficient to show that

|]|q+1

where C' > 0 does not depend on [I.

By taking into account that [td; P (x,y)| < CPMx,y), x,y,t € (0,00), (see (26))
we can write

[t0.P (1) ()]

z/2 3x/2
<C (/ PN, y)dy + t(?t/ PNz, y)dy
0

/2

+ / Pz, y)dy)
3x/2

According to [24, (b), p. 86] we have that,

=2 (zy)™t
Ji(z,t) < C/ d
WSO oy apa o
x?)\+lt t
<C <C , x,t € (0,00),

(24 2)M — Tttt

3x/2 (my)’\t 222+
Jo(x,t) < C dy < C——
2(w,1) < /z/2 [(z — y)? + 21 Y=Y

x,t € (0,00), (29)
and

> (wy)™t A /OO y
Ji(z,t) < C dy < Cx't ———d
slof) < /31/2 [(z —y)? + 2! I 3z/2 (y? + t2)A Y

- 1 Mt t
< CaMt 4y <C <C t e (0,00). (30
- /Sz/z(yﬂ)”? YEraro =i € (0,00). (30)
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We need also to estimate J, in a different way. The classical Poisson kernel is
introduced as follows

3x/2
Jo(z,t) < + o, / Pz — y)dy

3z/2
/ 10PNz, y) — P — y)ldy
x /2

/2

2
= ZJg,j(x,t), z,t € (0,00).
j=1

The function under the integral sign in J;; is decomposed as follows

tO[P)N(z,y) — Pz — y)] (31)
= P)Nx,y) — Pz —y)
Ay BANN+ 1) [T (sin §)?*1
B < s /0 ((x —y)?2 + 2 4 2zy(1 — cos 9))A+2d6

2t3 1
1 (e—y)2 t2)2)
= (P\(z,y) — Pz —y)) + Py(z,y)

B (4(wy))‘t3)\()\ +1) /”/2 (sin §)2*1 "
o ((z—y)

s 24124 2zy(1 — cos h)) M2

2t3 1
7 (z—y)? +t2)2)

Azy) MPA(A +1) /7T (sin 6)21
: : w2 (22 + Y2 + 12 — 2y cos 0) 22 do, w,y,t € (0,00),

where as above P and P}, is defined in (10).

Firstly note that

s [ (sin §)* A
‘(xy) t /,r/Q (2% 4+ y? + 12 — 2zy cos §) M2 40| < CFis(x,y)
(zy)t

/ (sin ) 1do < Ca:iy’ z,y,t € (0,00). (32)

wt+y+022 ),

Since sin @ ~ # and 2(1—cosf) ~ 6% 6 € [0, 7/2], by using the mean value theorem
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we obtain
2ey) AN+ D) / " (sin 0)! 8
™ o ((z—y)? + 2+ 2zy(1 — cos 0)) 2
™ (2 —y)* +12)?
2(:cy)kt3/\()\ +1) /w/2 (sin 9)2,\—1 _ -1 0
- T o ((x—y)?+12+22y(1 — cosf))*?2

+2uwwxx+w/”%%1 1
T 0 ((z —y)? + 2 + 2zy(1 — cos H)) 2

1
'Xu—yﬁ+ﬂ+xW%HJd4

L | 2@ AN+ ) /”/2 6" a- 1
. A R R A (PR RN

3 w/2 02/\+1
< t do
ol | G

1,3 7r/2 92>\+3
o) tl (@9 + 2 +agtps

N t3 A +1) / Vemwrz ! p 1
—_— —_— u —_—
(e Aty gy ey
<o / . y)w e

—du
- xy((z 24 12) 1+ u?)M2

1 (o) u2)\—1
M CESIEENE / e (L ap
(z—y)2+t2
1 0 u2/\+1
< O d
= (me—wu%%A (1 +up2™

N 1 1 /oo u?)\fl p
u
P PPIT s )y (e

¢
< 0— .t € (0,00). 33
<C o oy (0,00) (33)

We have used that [;° «®*~/(1 4 u?)*2du = 1/(2A(A + 1)).

Finally, by proceeding in a similar way and using that [~ u**~!/(1 4 v*)*!du =
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1/2), we get
|Phy(z,y) — Pz — )l
| 2(zy) A /”/2 (sin )21 gt 1
B s o ((x—y)?+t2+ 2zy(1 — cosh)) M1 T (rz—y)?+t2
< 2(zy)MA /”/2 (sin §)2A—1 — g22-1 o
Sl B AR (P s v e e
+ 2(zy) M /F/2 p2r-1 1
7r 0 ((x —y)? + 12 + 2zy(1 — cosH)) !
1
— df
((z —y)? + 2+ xyé”)“l) '
+ (—))\t)\/ 92)\ ' dl — E;
T Jo (=P Py w(z -yt
\ /2 f2A+1
<C t dé
<ol | Gorre
el w/2 92)\4-3
t do
T G e e
» / Vewire  y2! p 1
(x—y2+e (14 u2) Mt N (. —y)?+12

/2 I 1 oo w1
< Ct g+ ———— ———d
- /0 (x —y)? + 12 + xyb? * (z —y)2+12 /r (1 +u?)M! "

2 (@—y)2+t2

t
< Cx—y (1 + log (1 + @ iyyy)) , x,y,t€(0,00), x#y. (34)

Putting together (31)—(34) we obtain

t 3% 72 t
Joqp(z,t) < C— / —<1+10g(1+ 2))dy§0—, z,t € (0,00).
y (z —y) x

/2

Moreover, we have that

3x/2 2 /2 ¢
J2’2<x,t) = tat /;/Q Pt(l' - y)dy = ; t@t/o mdu
2 <t
G L)
T 2 ptttu
<

Ct/ d—u<C’ , x,t € (0,00).

/2 U
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Hence, it follows that

To(,1) < cé, 2,1 € (0,00). (35)

We now prove (27). Suppose firstly |/| < x;. Then, since ¢ > 2,

1) 1] d dt q ] er+|l/2 g
x”LL' / /’tatp)‘ <o xfﬂ/ tqldt/ &
1] I 0 er—|1)2 T4

< Ca:—?
= (xr—|1]/2)

because |t0; P1)(z)| < Ct/z, z,t € (0,00) (see (28), (30) and (35)).
Assume now that || > z;. From (28) and (30) we deduce

(zr + ]I M dxdt
’[|q+1

|1 961+|I|
< ¢ tq1/ @ _pw<c o i=13
1] Jo (t + )

<C,

Finally, from (29) and (35) it follows that

(zr+ 1) [V J da;dt
|]|q+1 o
o @2Xx+1)q (¢t
< — -1 = ~ <
—|1|/1(/0 () t+/x <t> t)d‘” “

Hence, (27) is established and the proof of (i7) = (i) is finished. O

3.2. Proof of (i) = (i7)

Assume that (7) holds. According to Proposition 1.3, in order to see that B has an
equivalent g-uniformly convex norm it is enough to prove that there exists C' > 0
such that

15X+ (Nl zao0) < ClifllLaqo.00) ), f € LU((0,00),B). (36)

Note firstly that (36) is a finite dimensional inequality in the following sense: if
(36) holds when B is replaced by E, where E is a finite dimensional subspace
of B, with a constant C' > 0 independent of E, then (36) is also true for every
f € L%(0,00),B) with the same constant C' > 0. This fact is a consequence of
the density of L(0,00) ®B into L?((0,00),B). Recall that every f € L9(0,00) @ B
can be written as f = 2?21 b;fj, where b; € B, f; € LY(0,00), j =1,...,n, and
n € N.

Let E be a subspace of B such that dim[E < co. Applying again Proposition 1.3,
instead of proving (36) for functions taking values in [E, it is sufficient to show that

1S5+ (Dllzrooe) < Clf 2z, | € Hy(R,E), (37)
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being C' > 0 a constant independent of E. Moreover, (37) holds provided that, for
a certain C' > 0,

15X () Brroo,ce) < Cllfllze(o,0008), f € L7 ((0,00),E), (38)

where L2°((0,00),E) denotes the space of functions in L*((0,00),E) that have
compact support. To make easier the reading of this part, the proof of that (38)
implies (37) will be included in Section 5 (see Proposition 5.1).

Observe that (38) can be written as follows

A
”tatpt (f)(z+ y)HBMO((O,oo),Lq(F(o),%,IE))
< CHfHLOO((O,OO),E)a f € Lgo((o’ OO),E)

(39)

Inequality (39) will be proved by using duality. Our objective is to show that, there
exists C' > 0 such that for every f € L((0,00),E) and h € H' ((0,00), L7 (I'(0) ,

“ ),

(0P () (@ + y), b,y )] < Cll fllz 0002 1l 11 (0,001 (n(0), 2282 2)) - (40)

Recalling the atomic definition of H' ((0, 00), L7 (T'(0), djg’y ,E*)), by density argu-
ments it is sufficient to prove (40) for every f€eLr((0,00),E)and h € L ((0,00),
L7 (1(0), %%, E)) 0 H' ((0,00), L7 ('(0), %%, E*)).

Let f € L2((0,00),E) and h € L ((0,00), L7 (I'(0), %3¢, E*)). We can write,

t@tP’\ )z +y),h(z,y,t))

dtd
0)

o \ dtdy
= lim / /FN(O)@atpt ()@ +y), h(z,y,t)) £2

N—oo 0

dx,

where, for every N € N, the truncated cone I'y(0) is defined by
I'n(0) ={(y,t) eI'(0) : 1/N <t < N}. (41)

Note that the above limit exists because the integral is absolutely convergent. In-
deed, for every z € (0,00), S{(f)(x) <2957, (f)(x). Then, according to Propo-
sition 1.3, since dimE < oo, S} is bounded from L*((0,00),E) into L?(0,c0). By
applying Holder’s inequality and by taking into account that f and h have compact
support we deduce that the integral under analysis is absolutely convergent.

Interchanging the order of integration we get

{t0.P) (f)(w +y), hw,y,t)) = lim [ (f(2), Un(h)(2))dz, (42)

N—o00 0
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where, for each N € N,
o0 dtd
Uy (h)(2) = / / t0, P} (x + y,z)h(m,y,t)dx—zy, z € (0,00).
I () Jo t

The interchange in the order of integration is justified because by using Holder’s
inequality we obtain

R e dtd
[ [ o+ g2l vl )l dods
o Jo Jryo t
/dtdy 1/d
< Clfleomrn | ([ el %)
supp(f) /supp(h) \JT'n(0)

dtdy\ "1
X (/ to, P}z +y, 2)| = ) drdz
I'n(0)

< O||f||L°°((0,<>O)JE)||h||Loo((o,oo),Lq’(r(o),d%,m*))

dtdy\ /?
X/ / (/ |60, Py, )| y) drdz, N €N.  (43)
t2
supp(f) /supp(h) I'y(z)

Then, since supp(f) and supp(h) are compact, by using (12) and (13) we conclude
that

R dtd
[ wore+ w2l ol 156l lins < o, N en
o Jo Jryo)

For the incoming reasoning it is convenient to consider the operator
g 0P} (Un(g))(x + ).

In order to make this proof more legible the main properties of this operator will
be shown in Section 5 (Appendix 2).

By interchanging the order of integration we can write, for each x,t € (0, 00),
y€R,and N € N,

(PN (1) (& + )
- / / / 10PN + ), 2)50,PM(v + u, 2)h(v, u, 5)dv s
0 Jrn(0)Jo s
> A dsdu
- B2y, 0) (v, 0, 5) st dv = O (h) (2, . 1), (44)
0o Jry@) 5

where the kernel k7, is given by

két(x,y;u,v) = / t@tPt)‘(a:+y,z)$08Ps’\(v+u,z)dz, v,x,8,t € (0,00), u,y € R.
0
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The interchange in the order of integration is justified because the integral is
absolutely convergent. Indeed, according to (4), (12) and (13) we have that

I / L0PX (o + 3, 2)| [50.PNw + 1, 2)] B0, 1, 5) -
I'n(0

o t2 / dsdu
<cf / (/ (o, 5)]2 )
o (lz+yl =2+ 02 Joom \Jrao) Eos?

dsd
x(/ |50, PMv + u, 2)|? oeu
I'n(0)

In Section 5, Proposition 5.5, we establish that the sequence of operators {®y } yen
is uniformly bounded from H' ((0,00),L? (I'(0), digy,]E*)) into L' ((0, c0),

L7 (0(0), %, E")).
We now return back to (42). Let N € N. We can write

[ ey =1 [ [T o, orws)o)

dvdz

) dvdz < o0, x,t € (0,00), y € R, NeN.

dydt
W (45)

This equality can be shown by proceeding as in the proof of [6, Proposition 4.4]
and by taking into account the following facts:

o [e€L>((0,00),E).

o (1+2%)1Wy(h) € L((0,00),E*). Indeed, arguing as in (43) it can be proved
that Uy (h) € L*>((0,00), E*).

e  Since condition (7) is assumed, if we define

/q
1 dydt |
Ci(f)(x) = (SIUP U|/ /H?fatpA YlE—— Y ) , =€ (0,00),
Sx

where the supremum is taken over all bounded intervals I C (0, c0) such that
x € I, then CY(f) € L*(0,00).

o Oy(h) € L' ((0,00), L7 (I'(0), %% E*)) because h € H' ((0,00), L7 (I(0),
digy,]E*)) (Proposition 5.5).

By using Holder’s inequality and (45) if follows that (see [6, Proposition 4.3])

/0 ) U () ()

< [ el @Sy (en)ada

< CICX Nz .00) 15X + (U (P)) ]| 1(0,00)-
Finally, since (i) holds we get

(0PN ()(x + ), b, ,)
< CICH) =000 B 5D [0 (A) s (00,2 (), 5.

< CHfoHBMOo(RIE)HhHHl((o,oo),Lq’(F(O),d%,ﬁ*))7
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being f, the odd extension of f to R.

Thus the proof of (ii) is completed. O

4. Proof of Theorem 1.2
4.1. Proof of (i1) = (i)
Assume that (ii) holds. Let f be an odd B-valued function such that (142%)7'f €

LY((0,00),B). If
] dydt
sup |I|/ /Ht@tP’\ g —— y = 00,

where the supremum is taken over all the bounded intervals I C (0,00), we have
nothing to prove. Assume that

] dydt
y
sup 7] / /||t8tP’\ Y)||E—— < 0.

According to [6, Propositions 4.3 and 4.4], for every g € L°(0,00) ® B*,

/O<f() ))da

<C / 0§<f><x>szj+<g><x>dxsor|0§<f>||mo,oo>||Szj+<g>|mo,oo>, (46)

dydt

=4 té?tPA ), t0,PMg)(y))

being

C3(f)(@)

] dtd
sup / / 160, P (f) (w13 22 ,xem,oo),
I>x |]|

S§i+<g><x>=( / 2R >||’dtdy) L re(0,00),

and

Moreover, by using [29, Colloraries 2.6 and 3.2] and Proposition 1.3 we deduce
that /
1S5+ (Dl 000) < Cllglmyws, 9 € Hy(R,B). (47)

Let I = (a,b), being 0 < a < b < co. By applying [17, Lemma 2.3] and taking
into account that C.(I) @ B* = L*(I,B*) and (f — f7); = 0, we obtain,

1 V2
— flx)— fr 2d:c) = ——  sup
AR 17 it

”.QHL?([,]B*)Sl

/I (&) = fr,9(c))da

= sup
QGCC(I)@)B*
”9HL2(1,]B*)§1
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If g € C.(I) ® B* it is clear that h = (g — g7)xz/2|I|"/? is a 2-atom in (0, c0) for
H}(R,B*), because supp(h) C I, h; = 0 and
) o 1/2 o
B* AT S ‘[|1/2.

V2 1
Ibllsoras < s | [ lot@ls + o ( [late)

Hence, by applying (46) and (47), we deduce

(ﬁ Jure- fzufgdm) v

< CICU ) im0y SUD H
geCe(I)RB*
HQHLQ(I,B*)Sl

g —4gr
2|[‘1/2

< OOz 0,00

Hj(R,B*)

Suppose now that I = (0,b), for some b > 0. By proceeding as before we get

1 [ , b g(x)
(3/0 Hf(fv)HBd:v) =L /0<f(:v>> b1/2>dl”

H9||L2((o,b),]}g*)§1
and the same conclusion follows because h = gX(o,b)/ b'/? satisfies supp(h) C [0, b]
and ||h||L2((0,oo),B*) S 1/b1/2

Thus (4) is established. O

4.2. Proof of (i) = (i7)

Suppose that (i) holds. In order to see (ii), according to Proposition 1.3, [29,
Colloraries 2.6 and 3.2] and (5), we prove that, for some C' > 0,

155 (Dl e 000y < Cllgl L (0.00) 8y 9 € LY ((0,00),B). (48)

Moreover, it is sufficient to see that, there exists C' > 0 such that

155 (Dl 0.00) < CYlla 0,002, 9 € LT ((0,00), E), (49)

for every subspace E of B, being dimE < co. Indeed, assume that (49) holds and
take g € L7 ((0,00),B*). By [17, Lemma 2.3], we can write

1S3 (g)Hqu(0,00)
= 18P G) @ + 1) (0, 2t

O, P, dtdy
sup / / (t0, t/\(g)(x—i—y),G(a:,y,t))t_QdI
GGL‘Z((O,OO)XF(O)y%dIJB) 0 T(0)

HGHLq((o,oo)xr(o),d:—gudz,m) <1

_ sup || worioa ). Gy ) 5 as).
GeL?((0,00)xI'(0), 44¢ dz) @B 170 JT(0)
Gl

<
La ((o,w)xr(o),%dfydw,m) <1
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Observe that in the last equality we have applied that L? ((0, o0) x I'(0), %d:ﬂ) ®
B is a dense subspace of L7 ((0,00) x I'(0), di#dx,B). Fix ¢ > 0. There exists
G € L7 ((0,00) x I'(0), %d:ﬂ) ® B, such that ||G||Lq((07oo)xr(0)’%d%ﬁ) <1 and

/ & dtdy
155 (9) v ) < ] I (OB @)+ 9), Loy, 0) T ds)| +<

being G = 2?21 a;Gj, a; € B, G; € L9 ((0, o0) x I'(0), %dm), j=1,...,n and
n € N. If we define E = span{a;}}_,, it is clear that

<t8tPt/\(g)(x + y), G(l‘, Y, t))]B*xIB%
= (t0. P (9)(x +y), G(z,y. )z xe, @ € (0,00), (y,t) € T(0),

because every element of B* can be seen by restriction as an element of E*. Hence,
by Hélder’s inequality and (49) we conclude that

15X (D] e (0,00)

dt

o d
< / / 0, PMg)(z +y), G(z,y, 1)) xE Zyd:v +e
o Jro) t

A
< [[to P, (g)(x + y)HLq’((opo)xr(o),d:#d%E*) HG|’LQ((O,OO)><F(O)7%@(1LE) +e

< Cllgll e (0,008 + € < Cllgll o (0,000 8+) T &

and this gives (48).

Let E be a finite dimensional subspace of B. In order to prove (49), by the
equivalences shown in Proposition 1.3, we are going to see that there exists C' > 0,
independent of E, such that

15Y (9) | 210,00) < Cllgll ey, g € Ho(R,E").

Fix g € H}(R,E*). We denote, for every N € N, Ey = L¢ (FN(O), %,E), where
the truncated cone I'y(0) is defined in (41). By invoking [14, Corollary I111.2.13]
we have that By = L7 (I'(0), %22, E*) and (L'((0,00),E}))" = L®((0,00), E).

It is clear that

’ dtdy Ld
[%* t_2) 5 xr E (0, OO)

57 (g)(2) = Tim ( / IR+

N—oo

Let m € N and N € N. Assume that G € L*([0,00),[E*). Estimations (4), (12)
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and (13) lead to

(] oG

’ 1/q
m N N A q
t dtd
gc/ / / (/ ° )\+2|]G(z)|]E*dz) I
0 -NJ1/N supp(G) (HI +y‘ - ’Z| +t) t
m N N
<[ (LU o )
0 -NJ1/N supp(G)N[0,2(m~+N)] supp(G)N[2(m+N),00)

! 1/q
= T dtdy
><(||w+y| _Z|+t>x\+2||G(Z)|E*dZ> t_2> dr

’ dtdy Ld

!

/ 1/q
m -+ N)) 1 e dtdy
< O|G 1o Oo*/ // (( —i——)/ dz> dx
1G]l 2= ((0,00) %) ( N A+ t ) Jsupp(c) r

< O G| Lo ((0,00) E%)

supp(G),

where C' > 0 does not depend on G.

Hence, recalling the atomic representation of the elements of H! (R, E*) we deduce

that t9,P(g) € L' ((0,m), L7 (Dn(0), L3¢, E*)).
According to [17, Lemma 2.3] we have that

, dtdy\ M
H(/ [t0: P} (g) (z + y) || 2 )
'y (0)
m dtd
yd:v

(t0:Pg)(w + ), b, y, 1)) —5-

L1(0,m)

= sup
heL>®((0,m),En)
Al oo (0,m) Ep) <1

T'n(0)

Let h € L>((0,m),Ex) such that ||A]| e (0,m)Ey) < 1. By using Hélder’s inequality
and repeating the above manipulations we can see that

][ learie sy o) he )] =S5 s < oo
0o Jry) Jo t

Then, we can interchange the order of integration to write

m dtd
[ o)+ o) b0 5"
0 I'n(0)

where, as above,

dz = [ {90 Unram (@) ()

> dtdy
= / / 0, PNz + y,z)H(x,y,t)dxtT, z € (0,00).
T'n(0) Jo
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According to (4) and (26) we get
W x (X0m) () 1) (2) |[£x
< [T o) ot s
I'n(0)

dtdy
SC/ / h(z,y,t
: m@ux+m—zv+ﬂ”( e

/ 1/¢
m N N t q dtd
SC’/ / / < 5 2) 2y de < C, z€(0,00),
0 -NJ1/N (Jz+yl —2)? +¢ t

where C' > 0 depends on m and N. Thus, this function is locally integrable.

dx

Suppose for a moment that there exists C' > 0 independent of E, m and N € N
such that

1 dxdt
s [ [0 PX@x (am @IS < C. (50)

where the supremum is taken over all the bounded intervals I C (0, 00). Since (7)
holds, by using duality, (50) leads to

/DOO@(Z),\IJN(X(OM)(x)h)(Z))dZ

< Cllgll 3 @.ee)

(‘I’N(X(o,m)(l’)h))o | Bro.rE) < Cllg a1 ®E)
where C' depends neither on m, N € N nor on E.
We conclude, by taking m — oo, that

0P o)+ I )
'y (0)

where C' > 0 is independent of N € N, and by taking N — oo, it follows that

1S5 (D21 0,00) < Cllgllmz rze)-

< C\ gl a2 =57
L1(0,00)

We now prove (50). Fix m, N € N and a bounded interval I C (0,00). We
decompose H,, = X(0,m)h as follows

Hyy = HyXor + HiX (000021 = Hpy, + HY,.
By proceeding as in (25) and by using Proposition 5.5 we get

I dxdt ] dxdt
’WA Jar )@= = [ [lesie o) =E

q
|I‘ H(I)N< )HLq((O 00), Lq(r(o) dtdy IE))

< Crp | Mo Dl 02 < Ol oy < C: G1)
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where C' > 0 does not depend on m and N. Here ®y is defined as in (44).
On the other hand, for each z,t € (0, 00),

dsdu
52

160, PNy (HZ)) () < / / 2, 0, o) [0, 1, 9)l] 0 o,
0,mN\2I JTx(0)
We claim that

st
(llz+y|l—|u+v||+s+1t)

|k5t<x y7uv)|§C 37 U7x757t€<0700)7 U”yER

(52)
Indeed, let v,7,5,t € (0,00) and u,y € R. Since {P}}i¢ is a semigroup of
operators we have that

/ Pf‘ (z,y)dz = Pt)jks(x,y).

Then, we can write

kgt(a:,y;u v) = t50,04 / PNz +y, 2)PM(z,u + v)dz = ts0,0, P (x + y,u +v)
0
= tsaTZPr)\(x Ty u+ U)\T:t-l-s-

By [7, in the bottom of the p. 280] it follows that (52) holds.
From (52) we deduce that, for every x,v,t € (0, 00),

dsdu
/ 2, 05, ) o, 2, ) s
T'n(0) s°

s dsdu\ M9
< Al = (omy) ( [ oo )
I'n(0) s

([[ i)
< Ct .
R (|7 —|u+vl| +s+1)20+2

du e
Yy )
R (|7 = [u+ || + |u| + )2+

In order to estimate the last integral we distinguish several cases. We have that

/°° du
o (Jr—u—v|+u+t)2+!

< /lm_”| du +/°° du
o (z—vf )2t Jay (Sl — v+ 2u+2)20 !

C
— (|f1/’ - U| +t)2q/7 ‘rJ/UJt e (07OO>7
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and

/°° du
o (Jxr—|u—v||+u+t)2d+

_ /max{min{v,x—v},()} du N /v du
—Jo (.I' — U+ t)2q/+1 max{min{v,z—v},0} (2u tv—x+ t>2ql+1

N /”” du N /°° du
o (x+v4t)2tt o (2u—a —vHt)2 L

< C
~ (o — v+ )%

z,v,t € (0,00).

Hence, we obtain

dsdu t
kj)‘ 70; ) h Y ) <C ) Y 7t€ 07 *
[ Bt s o )55 < O et € 0.0)

Finally, we deduce

1 M dzdt
_/ /||tatEA(WN(H3n))(w)III%—
1 Jo Ji !

1 U d q
< C—/ /tq—l (/ L 2) dxdt < C, (53)
1] Jo I (0,00)\21 [z —

where C' > 0 depends neither on m, N nor on I.
By combining (51) and (53) we establish (50).
Thus the proof of this theorem is completed. Il

5. Appendices

In this section we show two results that have been very useful in the proof of
Theorems 1.1 and 1.2.

5.1. Appendix 1

The following property was used in Subsection 3.2.

Proposition 5.1. Let B be a Banach space, A > 0 and 2 < q < 0o. Suppose that

ISY () Bro.0o) < Cllfllzee(0.00)m), [ € LZ((0,00),B). (54)

Then,
1%+ (Dl 000y < Cllflzmy, f € Hy(R,B). (55)

Proof. According to (5) to show (55) it is sufficient to see that, for every f €
H!(R,B),
IS 210,00) < ClIf |3 )- (56)
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Let f € H}(R,B). We write f = >.22, A\ja; on (0,00) where, for every j € N,
a; is an o-atom and A; € C, being > .7, [Aj| < co. Here by o-atom we mean the
class of atoms defined in the introduction, as follows: a is an oo-atom supported
on (0,00) or a = bx(o,s) /0, for a certain b € B, being ||b[|zg = 1 and 6 > 0.

We have that
8t/ Py, 2)f(2)dz = Z)\j/ 0PNy, 2)a;(z)dz, t€ (0,00), y€R.
0 = 0
This equality is justified because the serie

S / 0PNy, 2)lla; (=) [nd
j=1

is uniformly convergent in y € R ant t € K, for every compact subset K C (0, 00).
Indeed, let K be a compact subset of (0,00). By (4) and (26) we get

0,PMy,2)| <C, teK, yeR, z¢€(0,00).

Then, since a; is an o-atom, for every j € N, it follows that
> IM/ 0Py, 2)lllaj(2)|lsdz < CY A < o0, tEK, yeR.
j=1 0 j=1

Hence, we can write

~ q 1/q
dtdy
s = [ e (Zw) w)| %
I'(z) j=1 B
~ q 1/q
dtd
S AR DA
I(z) || j=1 B

= ZMHSRI(%)(@, z € (0,00).

In order to see (56) it is sufficient to show that there exists C' > 0 such that
153 (@)l L1 0.00) < € (57)

for every o-atom a.

To prove (57) we use a procedure employed by Journé (|21, p. 49-51]). Let a be
an o-atom supported in the interval I = (zo — |I|/2,20 + |I]/2) C (0,00) and
llall oo ((0,00),8) < 1/|I|. We denote again 21 = (29 — |11, 20 + |[I|) N (0, 00) and by J
we represent the interval (zo + ||, zo + |I| + |21]).



J. J. Betancor, A. J. Castro, L. Rodriguez-Mesa / Uniformly Convex and ... 799

By [16, Lemma 1.1 (b), p. 217] and (54) we get
1 / S9(a)(x)dz
21] Jor
1
< o [ 15H@)(@) = Si(aarlde + 1} (a)ar = S}(a)] + Si(a,
21
< CS3(a)l Bro.ee) + S3(a)s < Cllall oo (0,00.2) + S3(a)s <
Hence, since J C (0,00) \ 21 and |J| = |2]|,

159(0) 1000y = / St(a)(a)da + / 54(a)(x)dz

(0,00)\21

< C+ [21|5%(a), +/ SY(a)(xz)dx < C (1 +/ Sf\(a)(x)dx) :
(0,00)\21 (0,00)\21

By Writing Pt)\(y7 Z) = Pt),\l(yu Z) + Pt),\2(y7 Z)a t,z € (Ou OO): ye Ru where

PA (4. 2) = 2X(Jyl2) M /”/2 (sin 9) 1 50
e T o [yl —2)2 + 12+ 2[y|z(1 — cos )AL

it follows that

| st

(0,00)\21

< / / t0, P\ (y, 2)a(2)dz
(0,00\27 |0 ’

<,
(0,00)\21

According to (4) and (15) and using Minkowski’s inequality we have that
dx

/0 o0)\2I La(T(x),%4% B)

<9 / / 160P25 . 2) o, oy, a0 lla(2) ndzd
(0,00)\21
a dzdx < ——ogdedz
/000\21/ :v+2“1”( e |U/ /OOo\ﬂ T+ 2
1

<) (G 0 (5 Goyree) ) = <¢

where C' > 0 does not depend on a. Here ¢(I) = 0, when z, < |I|, and ¢(I) = 1,
provided that zy > |1].

dx
Lq(r(x),d%,ﬁ)

dx. (58)
La(T (=), 4 B)

/ t@tPtf‘Q(y, z)a(z)dz

0

| otz

| /\
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We now deal with the integral involving Py, in (58). Assume first that a =
bX(0,5)/0, where 6 > 0 and b € B such that [[b][zg = 1. By using Minkowski’s
inequality and (14) it follows that

/(O,oo)\2l
s [~ .
o Ju 1 (r(a), %42

) 0o d C 1) 00 dr
<z t0, P vy dzdr < — 5A/ — " dz<C
= 5/25 /0 H t t,1(y>Z>HLq(r+(x),%) 20T > 5/0 o |z — 21 =

where C' > 0 is independent of a.

dx

/ 10PN (y, z)a(z)dz

0

La (F(x),d%,ma)

IN

)
| arw. 2
0

Suppose now that [ ;a(z)dz = 0. By the fundamental theorem of calculus and
Minkowski’s inequality we can write

/(O,oo)\2I
a [0,00)\2]

< [ el PA D, 2) ~ P (. 50) ) gy o
(0,000\2I J I ¢

<

We are going to see that

1),
1] (0,000\2I JT

where C' > 0 does not depend on .

dx

La(T(z), %34 B)

/t@tPtj\l(y, 2)a(z)dz

1

dx

Lq(r(:c),d%,]s)

/ [tatpt),\1<ya z) — tatpt),\l(ya 20)] a(z)dz
I

dzdx.

/ ||tataupt)7\1(y7u)HL‘I(F(I),%)du
20

dzdx < C, (59)

/ZO Htataupt/,\l (v, U)“Lq(r(z),%)du

We have that, for every u,t € (0,00) and y € R,

0:0u P} (y, u)
_ 2/\2|y|/\u)\—1 /w/Q (Sin 9)2/\—1 W
m o [yl —u)?+ 2+ 2fylu(l — cos )
B AN\ + 1)y rur— 1t /”/2 (sin §)?* !
a o [(yl—u)? + 22+ 2ylu(l — cos §)]*2
_ A+ D(lylw)? /”2 (sin )M (u — |y[) + |yl(1 — cos0)]
m o [(yl —u)? + 2+ 2ylu(l — cos §)]*2

L A+ DO+ 2(lyla)e? /“/2 (sin 6)[(u — [y]) + lyl(1 = cos )]
T o 1yl = w)? + 2 + 2Jy|u(l — cos ) P+3

do

do

do.
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Since sinf ~ 0 and 2(1 — cos#) ~ 62, when 0 € [0, 7/2], it follows that
A a7 y[r >
00, P (y,u)| < C | u™™ / deo
|0, t,l(y )| < ] [(Jy| — w)? + €2 + [y|ud?]T
/2 Ag2A—1
—i—u’\/ 2|y| 2 sz X0
o [yl =w)? + ¢+ |ylug?]+3/
= C (AMy,uw) + BNy, w)), u,t € (0,00), y € R.
We analyze firstly A} (y,u). Assume 0 < X < 1. We get
ly|*0* (lyluo)?
[(yl = w)? + 2 + [ylue? T = [(Jy| — u)* + 2 + [y[ud?]
C
< , 0< < 2u,
= Mol —uropr 0= W
and
lyl* <C ly[*
[(yl = w)? + 2 + [ylue? Tt = [(jy| — u)* + 2+
C
< , 0<2u <yl
(lyl = ul + )22
Hence,
R w1
AMy,u) < C , u,t € (0,00), yeR.
P S Oy €0
By proceeding as in (7) we obtain
R R w1
||tAt (yvU)HLq(r(x),%) < O”tAt (yau)|‘Lq(r+(x),%) < Cm, u,r &€ (O,OO)'

Also notice that

/ dx < C
(O0on2r [T — 2o[M1 — [T]Y

and that |z —u| > |z—2|/2 provided that u € I and x € (0, 00)\2/. By combining

these facts we conclude

dzdx

|tA)‘ y’ HL‘?< (@) dtdy)du

< o / A— ldu
|]| (0,00)\21 |z — Zo|>‘+1 /1 20

:L |I|/2z w) — 2] dw ’ 2 — (2 wkdw)
mM(/O (ot = s (5= o)

c e o
< — dw < C.
<), s

(0,00)\21

|I|>\+1/|Z —z(’)\‘dz
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We have used that (a 4+ b)* < a® + b*, when a,b >0 and 0 < a < 1.
Suppose now A > 1. We have that

/2 62 A=l 9
AZ\(%U) = / ( |2y!u 2 2) 2 |y|2 2 2d‘9
0 (Jy] —w)? + 12 + [y|ud (Jyl = u)? + 12 + [y|ub?)

< c/ﬁ/2 [v19 o
— Joo ((lyl = u)? 412+ Jy|ub?]?

= CA}(y,u), u,t€(0,00), y€R.

Then, by using what we have proved in the above case we get

.
] J 000021 J1

Finally, to treat the term B(y,u) we make the change of variables 6 =
o/ (lyl — u)? +12/+/]ylu and we obtain

\ C 0 ¢2)\71
B0 < g ), s g

< C
— (lyl =ul+1)*

/ 164209 0) s gy | dzdr < C. (61)
20 2

u,t € (0,00), y € R.
As above it follows that

1o
1] (0,00\2I J I

Note that the constants C' in (60), (61) and (62) do not depend on I. Thus (59)
is shown.

dzdx < C. (62)

/ HtBt)\(yaU)HLq(F(Z),d%)du
20

Putting together all the estimations that we have just obtained, (57) is proved and
the proof of this proposition is finished. n

5.2. Appendix 2

In this part we study in detail the operator ®5, N € N, which appears in Subsec-
tions 3.2 and 4.2. We prove that the sequence {®y} ey can be seen as a uniform
(in a suitable sense) family of vector valued Calderén-Zygmund operators. Con-
sequently, the mapping properties that we need for ®5, N € N, follow from the
general theory ([28]).

Let B be a Banach space, 1 < ¢ < oo and N € N. For every h € Lgo((O,oo),
L1 (FN(O), %,B)) we define

(1), . 1) = / / B (g, (0,0, 5) %o, 2t € (0,00), y €R,
0o Jry©) s
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where

k:?,t(x,y;u,v) = / t0, PNz +y, 2)s0s PMv+u, 2)dz, v,z,s,t € (0,00), u,y € R.
0

In Subsection 3.2 it was proved that the integral defining ®y(h)(x,y,t) is ab-
solutely convergent for every h € L ((0,00), L7 (T'x(0) dydt B)), z,t € (0,00),

’t2’

y € R and 2 < ¢ < co. Notice that this property is also true for 1 < g < 2.
To simplify the notation we write in the sequel F¢ = L9 (I'(0), 44 B).
y

Lemma 5.2. Let B be a Banach space, A > 0 and 1 < ¢ < oo. Then, for every
N € N, the operator ®y is bounded from L1((0,00),F?) into itself. Moreover, there
exists C > 0 such that, for every N € N,

1P~ (9)||La((0,00)70) < CllgllLac0,00)89), g € LI((0, 00),F7).

Proof. Let N € N and g € L%((0, 00), F9). Hélder’s inequality implies that

[P (9)(,y,1)]|
1/¢
dv)

N
dsdu
(// 2,0 8
L' (0) s

dsd
(// o) o )15 200) v 0,00) y B
T'n(0)

s
By (52) it follows that
dsd st dsd
/ / k2 (2, y;u,0))] 8udv<C/ / dz 32u
I'n(0 (z+s+1)3 ]
< —d <C.
_C/O i s<(C (63)
Note that C' does not depend on N. Now (63) leads to
[Pn(9)
dtdy dsdu
S / (/ / o) G ) o, )55 e
Iy (0 52
< C lgllz, -

Fa):

In the next lemma we introduce, for every N € N, a family { K} (@, v) }4.0e(0,00), 20
of bounded operators in F4. We prove that K3 (x,v), z,v € (0,00), x # v, satisfies
the standard Calderén-Zygmund conditions uniformly in NV € N.

Lemma 5.3. Let B be a Banach space, A > 1 and 1 < q < oo. For every N € N,
and x,v € (0,00), = # v, we define

dsd
K3 (2, 0) () (9, 1) = / B 2y, o), ) B2 e o,
I'n(0) S

Then,
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(a) K{(z,v), N €N, is bounded from F? into itself and there exists C > 0 such
that for every N € N and x,v € (0,00), x # v,
C
|z — v

(b)  There exits C' > 0 such that, for every N € N,

1R (2, 0) () [lee <

||h||F‘17 h € F.

|z1 — 372|

I(BR (21, 0) = Ky (@2,0)) () ||pe < C 12|,

|171 —U|2

being h € F4 and |z1 — v| > 2|z1 — 23|, 1, 22,0 € (0,00).
(¢)  There exits C > 0 such that, for every N € N,

|v1 — vy

(B (2, v1) = B (@, 02)) (B [lse < C 12|,

o1 — xf?

being h € F9 and |x — v1| > 2|vy — va, x,v1,v9 € (0, 00).

Proof. (a) Note firstly that if h € F? we have that, for every N € N and v,z €
(0,00), with x # v,

1B (2, v) () [

/ 1/q

dsd ydsdu\ " dtd

L[ o= ([ epunr )

ORI s\ s t

/ 1/q
ydsdu\ " dtd
<ol ([ wowmeor=) T k.

ry@ \Jri@ 5? t2

being C' > 0 independent of N. Then, (a) is established when we prove that for a

certain C' > 0
/ 1/q
L dsdu\ Y dtd
/ (/ 12,0, 3 u, 0)7 8;“) =
M) \Jri@ $ ¢

IN

(64)
C
< , z,v € (0,00), T # 0.
|z — v
We write
k;\,t(oa ysu, 0) = tS@?PT):l <y7 u)lr:t+s + tsagpr),\Q(y? u)lr:t+57 Yy, u,t, s € (O? OO)?
where P2 (y,u) and P2, (y,u) are given by (10). We have that
63Pr),\1 (yv u)
2+ D (yu)tr /“/2 (sin §)2A~1 o
B 7r o [y —u)?+7r2+2yu(l — cos )| 2
N SAA + 1)(A + 2) (yu) r? /”/2 (sin )21 "
T o |y —u)?+r2+2yu(l — cosf)]M3

= ‘61)"\,1(3/77“0 + ‘61)”\,2(?47“)7 Y, u € (07 OO)



J. J. Betancor, A. J. Castro, L. Rodriguez-Mesa / Uniformly Convex and ... 805

It is clear that [£},(y,u)] < CILY(y,uw)|, r,y,u € (0,00). Moreover, by taking
into account that sinf ~ 6 and 2(1 —cosf) ~ 6% when 0 € [0,7/2], and making
the change of variables 0 = /|y — u|? + r2¢/\/uy, we get

1£21(y, w)]

92>\—1

w/2
< A do
<ot [
__c
=Myl +rp

, ry,u € (0,00).

Then, since |y —u|+t+s ~ |z —v|+t+s, when (y,t) € I',(z) and (u,s) € I'(v),
we obtain

1/q
s dsdu\ Y dtd
/ (/ ]315(92]3)‘( W) jpr=stt|? > u> 2y
I (2) \JT4 (v) s? t

§0' -2 a/dq’ La
<C ( dsdu) dtdy
r+<:v) —v|+ s+ 1t)3¢
oo _1 q/q’ l/q
<C / ( ds) dtdy
I (e o (z— v| + s +1)37
oo a/d 1/a
<C / ( ds : ds) dtdy
Iy (o o (Jz—v|+s+t)2a+1
o0 t -2 l/q
([ o)
0 ly— (E|<t .I' - U’ + t)
\:z: )’ z,v € (0,00), = #v.

In a similar way we can get that

g dsdu 99 dtdy fa
(/ (/ |Star2PT>7\2( )‘7" S+t| 8 ) t2 )
@) \Jrs )

C

|z = v

< z,v € (0,00), z #v.

Hence (64) is established and (a) is proved.
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(b) By proceeding as above and using Minkowski’s inequality we can see that

1K (1, 0) (h) — Ky (@2, 0) (A) |

/ 1/q
,dsdu\ "7 dtdy
L] e~ ko 250 ) S bl
r© \Jro) s t

s2

<
/ /d 1/q
@2 C dsdu\"" dtdy
< ( [ ok ) L I
ro) \Jro) [Jz; S
/ 1/q
@2 s dsdu\ " dtd
S/ (/ (/ |@Zk;§"t(z,y;u,y)q ) _2y> dz| ||h||pa.
z1 ) \Jr(0) t

Hence, (b) is shown when we prove that

! 1/q
- ' dsd a/q dtd B
[ (] o) )™ ) Wl < olnmr e
1 r0) \JT(0)

EE t2 |2y — v]?’
for every x1, z9,v € (0,00) such that |z; — v| > 2|z — z4].

From now on, we take into account that A > 1. Suppose that z;,22,v € (0,00)
such that |z1 — v| > 2|1 — x3]. We can write

T2
/ / ( |azk;\t(zvy7uav)
1 o) \J1(0) ’
T2
<cl["([ ([ w00
z1 I'y(2) 't (v)

By keeping the notation in the proof of (a), straightforward manipulations lead to

52 2

’ 1
y dsdu)q/q dtdy) /qd
z

/ 1/q
s dsdu\ YT dtd
i “) y) dz|.  (66)

52 12

8y32P)‘ (y,u)

Ly
_ RO D (yu) e /”/2 (sin §)?* 1
s o |y —u)?+ 172+ 2yu(l — cos )2
N 240\ + 1) (A + 2)(yu) /”/2 (sin )21 ((y — u) + u(1 — cosh))
o |y —u)?+ 172+ 2yu(l — cos )3
N 8AZ(A + 1)(A + 2)(yu)*tur? /“/2 (sin §)2A~1 ”
m o [y —u)?+7r2+2yu(l — cosf) 3
1A+ DA+ 2)(A + 3) (yu) /”/2 (sin 0)*~((y — u) + u(1 — cos9))
o [(y—u)? 472+ 2yu(l — cosf) M4
= E?,l,l(:yv u) + ﬁv)ﬂ\,lz(yv u) + 57’«\,2,1(?/, u) + 57{\,2,2(3/7 u), 7,y,u € (0,00).

do

dao

™

do

™
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If we define

w/2
A — (yu A
Er,3(y7u) - (y ) /0 [(y

(sin 9)? 1

—u)? 4+ r2 4+ 2yu(l — cos 9) 2

de? T? y?“ 6 (0,%),

we have the following relations,
o 57)“\,1,2(:% u) S O (E?,I,l(y’ U) + Ei\,3(y7 U’)) y Y, U € (Ou 00)7
® ‘C?Q,l(yvu) < C’E;\’Ll(y,u), r,y,u € (0, 00),
b Ei\,z,z(% u) <C (52\,1,1(3/7 u) + 53,3(3/7 u)) , 7y, u € (0,00).
Therefore, it is sufficient to analyze £, 1 (y,u) and L}5(y, u), r,y, u € (0,00).
Now we can see
‘C;\-‘rt,S(yv u)
< C C
“(y—ul+s+t)* = (Jz—v|+s+0)*

IN

(yat) € F+(Z), (U, S) € F+(/U)'
Moreover, we have that

£?+t,1,1 (ya U)

1

and, since A > 1,

£2+t,171 (y,u)

e /2 §2(A—1)
- _
< C(yu) U(3+t)/0 [(y—u)2+(s—i—t)?—l—yuHZ]A“de
<c u(s +t) < lu —y| +y < c
(ly —ul +s+1)° (ly—ul+s+1)° = (| —v[+s+1)

< C
|z —v|(|]z —v| +s+1)

3 ) S ’Z _U” (yvt) € F+(Z)7 (U,S) € F_,.(’U).

The same computations made in the proof of (a) give us

/ 1/q
,dsdu\ 7 dtdy
([, (L st ) )
Ii(2) \JI4(v)

C

~ 0l

, v,z € (0,00).

Similarly we can obtain

/ 1/q
,dsdu\ Y1 dtdy
[ ([ ort i)
F+ (Z) ry (U)

v,z € (0,00).

— |Z—/U|27
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Hence, we conclude that

/ 1/q
cdsdu\ "7 dtd C
/ / |8y]€?t(0,y;u,0)|q - _y S T U,2 € (07OO>
I () \JTy () ’ s? t2 |z —v?

From (66) it follows that

x2
L (] Jetemn
21 ro) \Jr(0) ’

T2 _
/ 1 dz‘ < clo— 2l

1 ‘Z_U‘Q ’v_xl‘y

’ 1/
y dsdu)q/q dtdy) ! ;

2 2 <
S t

<C

for each x1,z9,v € (0,00) such that |x; —v| > 2|x; — 23]

Thus, (65) is shown and the proof of (b) is completed.

(¢) The proof of (¢) is essentially the same one as (b). O
We now obtain a representation of the operator ®y as a vector valued integral
operator, for every N € N.

Lemma 5.4. Let B be a Banach space, A > 0,1 < q < oo and N € N. We denote
by Ka(x,v), 2,0 € (0,00),  # v, the operator introduced in Lemma 5.3. Then,

Dn(g)(x) = / " Kz, 0) (g(v))do, (67)

a.e. x ¢ supp(g), g € L(0,00) @ (Lq (r(()), d’;f”) ® B) ,

where, if g € L°((0,00),F9), we represent

o foreveryv e (0,00), g(v)(y,t) = g(v,y,1), (y,) € T(0),
o for every x € (0,00), Pn(9)(x)(u,s) = Pn(g)(z,u,s), (u,s) € (0).

The integral in (67) is understood in the F1-Bochner sense.

Proof. It is sufficient to show the result when B has finite dimension.
Let g € L°((0,00),F?). We are going to see that, for almost all x ¢ supp(g),

* dsdu o
[ Rt ®5ta = ([T @3 o) @,
0 JTn(0) § 0

(68)
in the sense of equality in F9. Note that the F?-Bochner integral in the right
hand side is absolutely convergent for every x ¢ supp(g). Indeed, according to
Lemma 5.3, (a), we get

[T o sc [ 10y,

supp(g) |x - U’

dv

—U‘ < oo, x ¢ supp(g).

< Clgllu=com [

supp(g) |x o
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In order to show (68) it is enough to see that, for every H € (L%((0,00),F?))" and

x ¢ supp(g)
o0 dsd
<H<x,y7t>, [ Rt d>
0o Jry© §

_ <H, /Ooo K}V(x,v)(g(u))dv>. (69)

Let H € (L%((0,00),F?))" and z ¢ supp(g). By [14, Corollary I11.2.13], (L?((0, 00),
F7))* = LY((0, 00), (F?)*), where (F9)* = L7 (I'(0), %3%, B*). Hence, there exists
h € LY((0, 00), (F?)*) such that

(H,G) = /Ooo<h(x),G(x))(Fq)*Xqua:, G € L((0,00),F9).

Hence, we can write

o dsd
<H(‘T7yvt>a/ / k?,t<x7y;uvv)g(vaua 5) SQud,U>
0 I'n(0) s

OO i dsdu , dtd
B / / / / k?t($7y;u7v)<h($,y,t),g(y’u,s» 82u 2ydx‘
0 ro) Jo I'n(0) ) ; ;

Moreover, well-known properties of the Bochner integrals lead us to

(1. [ Ko aonae) = [ K@)

dsdu dtd
= [ L R a0, o) T S v
I'n(0

To obtain (69) we only need to show that the last integral is absolutely convergent.
For this purpose we apply Hélder’s inequality and (63) as follows

R dsdu dtdy
/ / / / 2, 0, 0)] (190, ) 8 L, 1) o s i
0 0 ) JIy(0) S t
/dsdu dtdy Ya
< ([ L] el ol S a )
r(0) T (0
dsd Ve
(/ / / / |k§t<x,y;u,v>|||g<v,u,s>||%¥dvdt—fydx)
o JroyJo Jryo) o t

< C”h”Lq’((O,oo),(IFq)*)||g||Lq((0700)7Fq) < 0.

The proof is finished. O]

By using Lemmas 5.2, 5.3 and 5.4 and as a consequence of the theory of vector
valued Calderén-Zygmund operators (see [28]) we obtain the following result that
we used in the proof of Theorems 1.1 and 1.2.
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Proposition 5.5. Let B be a Banach space, A > 1, 1 < q < oo. Then, for each
N €N, the operator ® can be extended

(a) to LP((0,00),F9) as a bounded operator from LP((0,00),F?) into itself, for
every 1 < p < oo;

(b)  to H'((0,00),F?) as a bounded operator from H*((0,00),F?) into L*((0, c0),
7).

Moreover, for every 1 < p < oo there exists C, > 0 such that

[Pn () 2r((0,00).79) < CpllgllLr((0.00) 70y, g € LP((0,00),F?),

and there exists C; > 0 such that

195 ()| 210,000, 70) < Cullgll (0,000 50y, g € H'((0,00),F9),

for every N € N.
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