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1. Introduction

Let us denote S;(X) = S(X)NX,, where S(X) is the unit sphere of a real Banach
lattice X (for its definition see [3], [28] and [36]) and X is the positive cone of X.
In the whole paper we consider only real Banach lattices.

A Banach lattice X is said to be strictly monotone if for all x,y € X, such that
y < x and y # x, we have ||y|| < ||z||. A Banach lattice X is said to be uniformly
monotone if for any ¢ € (0,1) there is §(¢) € (0,1) such that ||z —y|] < 1 —d(e)
whenever z,y € X, y <z, ||z|| =1 and ||y|| > ¢ (see [3]).

Given any Banach lattice X, the function d,, x : [0,1] — [0, 1] defined by
Omx(e) =inf{l — |l —yl : z,y € Xy y <z, |lzf| = L, [ly] = €} (1)
is called the lower modulus of monotonicity of X. It is known (see [16]) that

Omx(€) = Inf{l — |z —y| : z,y € X1,y <z, |z]| =1, ||y|| = ¢}
=1—sup{llz —yll:z,ye Xy, y <z |z =1,|y| = ¢}
=1—sup{llz —y| :z,ye X1,y <z, |zl =1, y|| >}

The lower modulus of monotonicity d,, x is a convex function on the interval [0, 1]
(see [32]), 8O Oy, x is non-decreasing on [0, 1] and continuous on the interval [0, 1).
It is also clear that ,, x(¢) < ¢ for any ¢ € [0,1]. Obviously, X is uniformly
monotone if and only if 6,, x(¢) > 0 for every € € (0,1]. Moreover, it is easy to
see that a Banach lattice X is strictly monotone if and only if §,, x(1) = 1.

Given any Banach lattice X, the number ¢ ,,,(X) € [0, 1] defined by
g0.m(X) =sup{e € [0,1]: 0 x(c) = 0} = inf{e € (0,1]: d,n x(c) > 0}

(where inf) := 1) is called the characteristic of monotonicity of X. Obviously,
a Banach lattice X is uniformly monotone if and only if £¢,,(X) = 0. In [11,
Theorem 2.1] it has been shown that

Som(X) = 1= lim Gx(e) 2 1= dnx(1). 2)

It is worth noticing that there exist Banach lattices such that the inequality in
this formula is sharp (see [11, Examples 2.3 and 2.4].)

In [11] another modulus of monotonicity and the characteristic of monotonicity
generated itself for Kéthe spaces were introduced (see (3)). As we will see in case of
Orlicz-Lorentz spaces, using the new formula for the characteristic of monotonicity
of Kothe spaces it should be easier to calculate this coefficient in some classes of
Kothe spaces.

Denote by (T, %, i) a positive, complete and o-finite measure space and by L° =
LT, %, 1) the space of all (equivalence classes of ) real-valued and Y—measurable
functions defined on 7. For two functions z,y € L° we write x < y if z(t) < y(t)
pu—ae. in T. By E = (E,<,| - ||g) we denote a K&the space over the measure
space (T, %, i), that is, E is a Banach subspace of L° which satisfies the following
conditions (see [28] and [36]):
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() iflel <|yl,y € B and z € I% then & € E and ol < Iyl
(ii) there exists a function x € E which is strictly positive u—a.e. in 7.

It is obvious that any Kothe space E is a Banach lattice. Let us define for E the
modulus 0,, g : [0,1] — [0, 1] by the formula

dmp(e) = f {1 = |z — axallp: @ € X, ol = 1, A €, Joxally = e}

The characteristic of monotonicity £y, (F) corresponding to the modulus gm g s
defined by

Zom(E) = sup {e € [0,1]: 3p(e) = o} - inf{e € [0,1]: dp(e) > o}

(where inf() := 1). By [11, Corollary 2.9], we have

com(E) = Bon(E) = lim sup {[lox v I+ 0 € S4(E), A€ %, oxallg 2 2} (3)

For more informations on the monotonicity properties and the coefficient of mono-
tonicity we refer to [5, 6, 11, 16, 17, 18, 21, 23, 31, 33].

Now we will recall the definition of Orlicz-Lorentz function spaces. These spaces
were introduced by A. Kaminiska (see [24], [25] and [26]) at the beginning of 1990s.
Her investigations gave an impulse to further investigations of the spaces and their
results have been published among others in the papers [19, 20, 22, 34, 35, 13, 14,
27, 8,9, 10, 12].

Let in the following L° = L°([0,7)) be the space of all (equivalence classes of)
Lebesgue measurable real-valued functions defined on the interval [0,7), where
v < oo. Denoting the Lebesgue measure by m, for any x € L° we define its
distribution function p, : [0, +00) — [0,7] by

po(A) =m{t € 0,7) : [z(t)| > A}
(see [1], [30] and [36]) and its nonincreasing rearrangement x* : [0,7) — [0, 00| as
z*(t) = inf{\ > 0: p,(\) <t}

(under the convention inf() = oo). We say that two functions z,y € LY are
equimeasurable if p,(X) = p,(A) for all A > 0. It is obvious that equimeasurability
of x and y gives the equality z* = y*.

Let (Ry,%1,p1) and (R, Yo, o) be complete o-finite measure spaces. A map
o from R; into R, is called a measure preserving transformation if for any -
measurable subset A of Ry, the set 07 '(A) = {t € Ry : o(t) € A} is a %;-
measurable subset of Ry and u1(07(A)) = pa(A) (see [1]). Tt is well known that
a measure preserving transformation induces equimeasurability, that is, if o is a
measure preserving transformation, then x and x oo are equimeasurable functions.
The converse is false (see [1]).
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Recall that a Kothe space E, where £ C L, is called a symmetric space if E is
rearrangement invariant which means that if + € E, y € L° and 2* = y*, then

y € E and ||z|| = ||y|| (see [7]). For basic properties of symmetric spaces we refer
to [1], [30] and [36].

In the whole paper ® denotes an Orlicz function (see [4, 37, 38]), that is, ® :
[—00, 00] — [0, 00] (our definition is extended from R into R® by assuming ®(—o0)
= ®(00) = o0) and P is convex, even, vanishing and continuous at zero, left
continuous on (0,00) (that is, in particular, lim, @)~ ®(u) = ®(b(P)), where
b(®) =sup {u > 0: ®(u) < co}) and not identically equal to zero on (—oo, c0).

We say that an Orlicz function ® satisfies condition A, for all u € R, (respectively,
at infinity) if there is K > 0 such that the inequality ®(2u) < K®(u) holds for all
u € R (respectively, for all u € R satisfying |u| > uo with some uy > 0 such that
D (up) < 00). We write then & € Ay(Ry) (P € Ag(0)), respectively.

In the following we will use the well known parameter a(®) for the Orlicz function
® defined by a(®) := sup{u > 0: ¢(u) = 0}.
Let w : [0,7) — R, be a non-increasing and locally integrable function (not

identically 0), called a weight function. We say that a weight function w is regular
if there exists n > 0 such that

/ T w(@)ds > (14 ) [ wtspas

for any t € [0,7/2) (see [26, 18]). Note that if the weight function w is regular,
then [ w(t)dt = oo if v = co and g := sup{t € [0,7) : w(t) > 0} > /2 whenever
v < OQ.

Given any Orlicz function ® and a weight function w, we define on L° the convex
modular

”
Ip ., () —/ O (2" (t))w(t)dt,
0
(see [24, 19]), and the Orlicz-Lorentz space
Apop = Ao ([0,7)) = {z € L' : Iy, (A7) < 0o for some A > 0}

(see [24, 19]), which becomes a Banach symmetric space under the Luxemburg
norm

”xH/\@,w =inf{A > 0:Ip, (x/N) < 1}.

In our investigations we will apply the lemmas that are presented below. We
omitted their proofs because using convexity of the modular I ,,, Lemmas 1.2 and
1.3 can be proved analogously as their analogues in Orlicz spaces and the first
lemma has been already proved by A Kaminska.

Lemma 1.1 ([24], Lemma 3.2). Assume that |x(t)| < |y(t)| fort € A C[0,7),
where p(A) > 0 and |z(t)| < |y(t)| for m-a.e. t € [0,7). If uz(A) < oo for any
A >0, then x*(t) < y*(t) for t € B, where B C [0,7) has a positive measure.
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Lemma 1.2 (cf. [11], Lemma 3.1). Let ® be an Orlicz function with a(®) > 0
and satisfying condition Ay(c0) and let ¢ € (a(P),+00). Then for any ¢ € (0,1)
there exists 0(g) € (0,1) such that if x € Ao, |x(t)| > ¢ for m-a.e. t € [0,7) and
oo (z) < 0(e), then ||z||a,, <ce.

Lemma 1.3 (cf. [16], Lemma 4). Let v < oo and ® € Ay(oc). Then for
any € € (0,1) there exists p(e) € (0,1) such that ||z|z, ., < 1 — p(e) whenever
pr (I’n) S 1-— E.

2. Results
We start with the following

Theorem 2.1. Let v = oo. If the Orlicz function ® satisfies condition As(R)
and the weight function w is regular, then €, (Aoo) = 0. In the opposite case,
5O,m (Aq>7w) = 1.

Proof. It is well known that if ® € Ay(R) and w is regular, then the space Ag,,
is uniformly monotone (see [19, 15]) whence €g, (Ag ) = 0.

Notice also that if & ¢ Ay(R) or fo t)dt < oo, then Ag, contains an or-
der linearly isometric copy of €°° (see [24]) Consequently, OmAg,, (1) = 0 and

€0,m (A@M) =1.

Assume now that ® € Ay(R) and [~ w(t)dt = oo, but w is not regular. Then
there exists a sequence (t,,)5° of p081tlve numbers such that

0<Ammmﬁg0+%>[2ﬁmt (4)

Since the Orlicz function @ satisfies condition Ay(R), & takes only finite falues
and, in consequence, we can find a sequence of positive numbers (u, )52, such that

/%m%w@ﬁ:1

for any n € N. Defining x, := u,X0,2t,) and yn 1= unX[o,1,), We get 0 < y, < @y,
|2nllAs,, = 1 and, by inequality (4), 5 < pr (Yn) < lYnllag, < 1forallneN.

Since (2, — yn)* = ¥;, we have also that —2= < ||z, — ynlla,,, < 1 for any n € N.
Therefore, 6,4, (€) = 0 for any e € [0, 1) Whence com (Now) = 1. O
Remark 2.2. It is worth noticing here that if ® € Ay(R) and [~ w(t)dt = oo,

then Ag, is strictly monotone (even if w is not regular) (see [19, 15]), whence
OmAg,, (1) =1

Theorem 2.3. Suppose that 0 < v < oo, ® is an Orlicz function satisfying con-
dition Ag(00) and define vy := sup{t € [0,7) : w(t) > 0}, where w is a weight
function on [0,7). Let us denote by u(®,w) the positive number satisfying the

equality ®(u(®,w)) [ w(t)dt = 1. Moreover, in the case when vy < 7y, let us de-

fine the positive number v(®,w) by the formula ®(v(®,w)) [ w(t)dt = 1. Then
the following assertions are true.



960 P. Foralewski et al. / On the Moduli and Characteristic of Monotonicity ...

(1) Ifyo =", then

Gmng (1) =1— U?SZO.
(@) Ify € (57,7), then
e, (1) = 1 — max (U? % ggﬁ) .

(i) If vo € (0,37], then dpa, (1) =0.

Proof. (i). At the beginning, note that if a(®) = 0, then the space Ag , is strictly
monotone (see [19, 15]), whence 6, a4, (1) = 1.

Now assume that a(®) > 0. Since ® satisfies condition Ay(c0), ® takes only finite
values, so one can find u(®,w) > 0 such that

/0 " B (@, w)w(t)dt = 1. (5)

Let x and y be arbitrary elements from the positive cone (Ag )+ such that y <z
and ||yl[ap, = l|2llas., = 1. Then 0 < y*(t) < 2*(t) for any t € [0,7) (see
Proposition 1.7, page 41 in [1]) and, by condition Ay(c0), Is, (v) = Lo (z) = 1.
Hence we obtain that y*(¢) = z*(¢) for any ¢ € [0,ty), where t, = sup{t € [0,~) :
z*(t) > a(®)}. Defining A = {t € [0,7) : z(t) > a(P)} and B = {t € [0,7) :
y(t) > a(®)}, by 0 <y < @, we have B C A, whence by y*Xjo.4) = " X[0,t9) We
get m(A\B) = 0. We also have jiz,,(A) = pz(A) = p1y(A) = piyy,(A) for any
A > x*(to), whence (zx4)" = T*X[40) = ¥ X[00) = (Uxa)*. Consequently, by
Lemma 1.1, we obtain that y(t) = z(t) for m-a.e. t € A. Moreover, x(t) — y(t) <
z(t) < a(®) for m-a.e. t € [0,7)\A. Therefore, by (5),

_ < — ]
||.17 y”/\cp,w = ||a(q))||/\q>,w u(@)g}) (6)

Let now (t,) be a decreasing sequence of numbers from the interval (0,v) such
that lim, .. t, = 0. Since by condition As(c0), the Orlicz function ® takes
only finite values, we can find an increasing sequence (a,) in (0,00) such that
fot" ®(ay)w(t)dt = 1. Defining y, := anXjos,) and T, = anXjot,) + ¢ P)X[tn ),
we get 0 < vy < T, Yy = Yny T, = T, and g, (7,) = ||xn||A¢',w = low (yn) =
|Ynllre,, = 1 for all n € N. We also have the equalities x,, — y, = a(®)xj, ) and
(2, — yn)* = a(P®)X[0,7—t,) for any n € N. Since

n—oo n—oo

:Lw J— y ’Y_tn
lim g, % = lim @(u(@,w))/ w(t)dt
0

= O(u(P,w)) /wa(t)dt =1,
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a(®)
u(P,w)

we obtain that lim, .o [|[Zn — Un||rs., = , whence

sup{llz —ylly,, 0 <y <zl =lvly,, =1}

| o(®)
> 7115{.10 |, — ynHAq),w - u(®,w)’ "
Inequalities (6) and (7) give the equality A, (1) =1 — uﬁf’b.

(4d). First suppose a(®) = 0. For z := u(®,w)x[0,) and y := u(P,w)x[0,4), We
have the equalities z—y = u(®, w)X[yo,5) a0d (2—Y)* = u(P,w)X[0.7—v0)- Obviously,
0<y<ua ||[7)]rs, = low () =1and ||y[lrs, = low (y) = 1. By ® € Ay(00), we
can find v(®,w) > u(P,w) such that

/OW B(0(®, ) )w(t)dt = 1.

We have ||z — y|[a,., = Zg’:g, whence
u(P,w)
5on (1) <1— 824 8
pa ) S 1= 20 )
Simultaneously, for any z and y such that 0 <y <z and ||y, = ||7|rs., = 1,

analogously as in (i), we get 0 < y* < z* and I, (v) = Is, (y) = 1. Hence we get
the equality y*(t) = z*(t) for every t € [0,7). Defining C = {t € [0,7) : z(t) >
x*(y0)} and D = {t € [0,7) : y(t) > 2*(1)}, analogously as in (i), we obtain that
m(C\D) = 0 and y(t) = z(t) for m-a.e. t € C. We have ¢ := m(C) € [0,7]. In
the case when ¢ < v, by 0 <y < x and ¥*X(0,0) = Z*X[0,10), We Obtain F' C E and
m(F) >~y —c, where E ={t € [0,7) : (t) = 2*(y0)} and F = {t € [0,7) : y(t) =
z*(7)}. So, defining G = {t € [0,7) : () — y(t) > 0}, we get G C [0,7)\(C U F)
and consequently
m(G) <vy—c—(0—¢) =7

Moreover, x(t) — y(t) < z(t) < x*(y) < u(P,w) for m-a.e. t € G. Indeed, in the
case when z*(v) > u(®P,w), we obtain

o 0
/ O (2™ (t))w(t)dt >/ O (u(P,w))w(t)dt =1, 9)
0 0
which gives a contradiction with [[z|[s, , = 1. Therefore
u(P,w)
||CL’ - y||A<I>,w < ||U((I),W>X[0,7—70)HA¢M - U((I), )7

and finally (see (8)) dmaq, (1) =1 — Zg:‘g

In the case when a(®) > 0, the set A of all pairs (z,y) in Ag,, such that 0 <y <=z
and [[y|la,., = [|7|la,., = 1 can be divided into two disjoint subsets A; and Aj
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in the following way: a pair (z,y) € Ay if 2*(t) > a(®P) for all ¢t € [0,7) and
(x,y) € Ay in the opposite case. Proceeding for the set A; analogously as in the
proof of (i) when a(®) = 0 and for the set Ay analogously as in the proof of (i),
a(®) u(qv,w)>

we obtain the equality 4, (1) = 1 — max (u(q)’w), @)

(éi7). As in (i) we define x = u(®,w)xH) and y = u(P,w)xjo~,)- We have
) ag. = low (2) =1 and ||y|a,. = low (y) = 1. Simultaneously, by 7o < 7, we
obtain that ||z — y|lr,. = low (¥ —y) = 1, whence 9,4, (1) = 0 which finishes
the proof of (iii). O

The example presented below shows how the value d,,,4, (1) depends on vy, v and
a(®).

Example 2.4. Let v > 0, ®(u) = max{0,u — 1} for any v > 0, w(t) = 1 for
any ¢t € [0,min(1,v)) and w(t) = 0 for any ¢ € [1,7) whenever v > 1. Then
a(®) =1 and u(P,w) = max((% +1),2). By Theorem 2.3 ((zii) and (7)), we get
the equalities d,,a, (1) = 0 for v > 2 and 8,0, (1) = =5 when v < 1. Assume

T o+l

now that v € (1,2). Then v(d,w) = ~7 and, by Theorem 2.3 (1), we have

Omag,, (1) =3 for y € (1,5) and 8y p,, (1) = 2777 for v € (3,2).

Theorem 2.5. Let 0 < v < oo and the numbers vy, u(®,w) and v(P,w) be defined
as in Theorem 2.3. Then the following statements hold true:

(i) If & € Ay(00), 7o = v and the weight function w is regular, then

a(®P)

€0,m (Acb,w) - U(CI) w>-

(i) If ® € Ay(00), 0 € (37,7) and the weight function w is regular, then

o) ),

w(®,w) v(P,w)

€0,m (Aq,’w) = max (

(79) If & ¢ Ag(00) or the weight function w is not regular, then o m (Ao o) = 1.
Proof. At the beginning let us recall that, by (2) and (3), we have
com (Mow) = lim sup {[loxyllag,: © € Si(Aew), A € 5, oxallag, > £}
> 1= Omg, (1)

We will show below that the assumption €o,, (Apw) > 1 — Oma,, (1) leads to a
contradiction.

(7). Note that if a(®) = 0, then Ag,, is uniformly monotone (see [19]), whence
507m (A.:p,w) = 0.

Let us assume that a(®) > 0 and there exist a sequence (x,) of elements from
St (Ae.) and a sequence (A,,) of measurable subsets of the interval [0,7) such
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that ||znxa,|lrs., — 1 and

V

|

for every n € N, where € > 0. We can find § = 6(¢) > 0 such that

Ao  u(P,w)

U?SZJ) + g (11)

[(a(®) + Oxpo 4, <

Let us define for all n € N the sets
B, ={t€10,7): z(t) > a(®) + 0}.
Since

TnXa! = TuX A nB, T TaXa\B, < TnXanp, T (@(P) +0)Xx0.),

by inequalities (10) and (11) and the triangle inequality for the norm, we get that
HanA;mBnHM,w > 5 for all n € N. By Lemma 1.2, there is § = §(¢) > 0 such that

Lo (2x0m, ) = 8(6)
for all n € N. Simultaneously, by Lemma 1.3, we obtain
I (Tpxa,) — 1 asn — oo.
Let us define the new Orlicz function
U(u) = &(Jul + a(®)).

Then U € Ay(oo) and ¥ vanishes only at zero. Since the weight function w is
regular and -y = 7, the Orlicz-Lorentz space Ly, is uniformly monotone. Defining
a sequence (y,) by the formula

Yn(l) = max{*rn(t) —a(®), O}

for any t € [0,7) and all n € N, it is easy to show that y’(t) = z%(t) — a(P) for

n

any t € [0,¢,) and all n € N, where ¢, = m({t € [0,7): x,(t) > a(®)}). Therefore

ol Cn

Tow(yn) = / Wy () (1)t = / (s (1) — a(@))w(t)dt

Cn

_ /q>((x;;(t) — a(®)) + a(®))w(t)dt = 1,

0

whence |y, ~= 1 for all n € N. Obviously y, > 0 for all n € N. In a

similar way as above, we get that lim,, o fy o (ynX4,) = 1 and I\P,w(ynXA;mBn) >
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d(¢). Therefore, [|ynxa,llx, , — 1 and [[ynx 4 oy, = 6(¢), which contradicts the
uniform monotonicity of the Orlicz-Lorentz space Ay .

(7). First suppose that a(®) = 0. Analogously as in (i) we will assume that
there exist an € > 0, a sequence (z,,) of elements from the positive cone X, and a
sequence (A,) of measurable subsets of the interval [0,v) such that ||2,(|a,, =1
for all n € N, limy, oo || X4, [|As., = 1 and

X > 12
”ZII XAnHAcb,w - ’U((I),u)) +e ( )

for all n € N. Let us define for any n € N the set B,, C [0,7), according to the
case, in the following way. If 27 (t) > x} (7o) for every t < g, then we define

B, ={t€0,7): zu(t) >z, ()}

In case when z(t) = x} (7o) for some t < vy and 27 (s) < 2 () for any s > 7o,
we put
By ={t€0,7): za(t) = 27,(70)} -

Finally, if there exist ¢t < 7y < s such that 27 (t) = 27 (s), then denoting
A ={t € Az z(t) = 2, (%)},

we decompose
B, = B} U B2,

whete BL = {t: |sa(t)] > 23 (00)}, B2 = {t: [sa(t)] = 23(0)}, m(B2) = 7 —
m(B}) and if m(A},) < v — m(B}) then A} C B2 and B2 C A}, in the opposite
case. It is easy to see that m(B,) = 7 and z(t) = (z,xB,)*(t) for t € [0,7).
Let us assume, passing to a subsequence if necessary, that ||2,x 1,5, [|As., — 1 as
n — 00. Since

TpXa! < TpXBu\An T TnXAl\B,>

from inequality (12) and the triangle inequality for the norm, we get that
|znXB\A llAg,, > € for any n € N. Let 0, (n € N) be a measure preserving
transformation from [0,70) to B, (see Theorem 17, page 410 in [39]). Defining
Yn = zp 00, and C, = 0, (A, N B,) (n € N) we have that y, € A ([0,7%))
and m(Cy,) = m(A, 0 By). Since y(t) = x7,(t), (ynxc,) (t) = (Znxa.nz,)" (1)
and (YnX[o~00\cn) () = (TnxB\4,)"(t) for all t € [0,7) and n € N, we have that
lynll = 1, [[YnXor00c, || = € for all n € N and |lynxc,|| — 1 as n — oo, where
|| - || denotes the norm in the Orlicz-Lorentz space Ag ., ([0,70)), which contradicts
uniform monotonicity of the space Ag ., ([0,70)).

Now let us assume that there exists § € (0,1) such that [|2,x4,nB,[As., < 1—0
for all n € N. Then Ip, (nxa,05,) < 1—0 and, by Lemma 1.3, Ig,, (znXx4,) — 1
as n — 00. Since, by the definition of the sets B,,, for any n € N we obtain

z(t) > x*(y) for m—a.e. t € B,

13
and z(t) < z*(y) for m—a.e. t € A,\B,, (13)



P. Foralewski et al. / On the Moduli and Characteristic of Monotonicity ... 965

denoting b, = m(A, N B,), we have

> @ ((@axmon,)” () w(b)dt + / & ((nxans,)’ (¢ — b)) wlt)dt
bn

/

> b/nfb ((TnXBana,)" (1) w(t)dt + /‘I’ (#axB,) (E = ba)) w(t)dt
bn
/

Y0

_ /cp (x )’ (B) w(t)dt — 1

0

as n — 0o. Therefore

Yo

/CI) ((anAn\Bn)* (t = b)) w(t)dt >

(15)

N S

for all n € N starting from some n; € N. Hence, by the inequality x,xa,\5, (t) <
z*(v) < u(P,w) for m-a.e. t € A,\B, and any n € N (see (13) and (9)), we have
b, < b for n > ny, where

Yo 5
/Cb(u(fb,w))w(t)dt =3

b

We have [|u(®,w)X[0,(y=o)) [lAs. = Zgzg Simultaneously, by the order continuity

b
2

of Ag, (see [19]) one can find a¢ € (0, min(y— 3, 3)) such that |[u(®, w)X[O,ao)HA@M

< §. Finally, by the triangle inequality and homogeneity of the norm || - ||a,_,, We
obtain that there exists a € (0, ag] such that the inequality
u(P,w) €
1 o —no)ta < - 16
||( +CL>U( 7w)X[07(’Y Y0)+ )||A<I>,w = U((I),W) + 92 ( )

is satisfied. Let ug € (0,u(®,w)) be such that

Y0

/ B(ug)w()dt <

0

N >

We will show that z(y9) > wo for any n > n;. Indeed, in the opposite case
(passing to a subsequence if necessary) we would have (see (13))

Yo Yo

/‘1’ ((zaxans,)" (¢ = b)) w(t)dt < /@(ug)w(t)dt < g

bn 0



966 P. Foralewski et al. / On the Moduli and Characteristic of Monotonicity ...
for any n € N, which is a contradiction to (15). Now, we claim that

m(supp(Tnxa,\p,)) > m(Bp\An) —a = (70 = bn) —a (17)

for all n € N, beginning from some ny, > n;. Indeed, otherwise passing to a
subsequence if necessary, we would get

/ ® ((znxBaa,) (= by))w(t)dt > / D (ug)w(t)dt

Yo

. / & ((2axans,)’ (t— b)) w(t)dt =0,

Yo—a

which is a contradiction to (14). Since m(supp(znxa,\5,)) < ¥ — 0, by inequality
(17), we have m(B,\A,) <y — 7 + a and, in consequence,

bn>270—7—a>70—%>0 (18)

for all n > ny. Simultaneously,

m(supp(TnXp,\a,)) + M(SUPP(TnX 47\ 5,)) (19)
< m(Bp\An) + (v — %) — m(supp(znxa,\B,))

< m(supp(enXa,\B,)) +a+ (v =) — m(supp(Tnxa,\B.))
(v =) +a,

m(supp(znX 4’))

for the same n.

Observe that if for some n > ny we have |z,(t)] < (1 4+ a)u(P,w) for m-a.e.
t € B,\A,, then by inequality (16), we get

lznxag llae.. < -

for the same n, which gives a contradiction to (12). Therefore, for all n > ny, we

have
mA{t € B,\A,: |z,(t)] > (1 + a)u(®,w)} > 0. (20)

Let us denote
¢ =sup {t > by (Toxpoa,) (E—by) > (1 + a)u(®,w)}

for all n > ny. By virtue of (20), we have that ¢, > b, for all n > ny. If there
exists 7 > 0 such that for any n > ny (passing to a subsequence if necessary), we
have

Cn

[ (@ (@m0 = b)) — (u@.)) wlo)ds >,

bn
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which would be a contradiction to (14) (see (13) and (9)). Therefore

Cn

/ ( ((2axman,) (F — b)) — B(u(®, ) w(t)di — 0

bn

as n — 00, whence by virtue of the definition of ¢, we conclude that ¢, — b, — 0.
Since b, > v9 — 3 > 0 for all n > ny (see (18)), we have

Cn

/@ ((anBn\An)* (t = by)) w(t)dt — 0. (21)

bn

Now we will show in particular that [[{t € B,\An: |z,(t)] > (1 + a)u(®,w)}|a,.,
is less then § for all n € N starting from some n3 > ny, which consequently will
gives that

nXA <
||I XAnHA@,w U(CI),(U) +e

for all n > ns (see (19) and (16)) and which finally will lead to a contradiction to
(12). Let us assume (passing to a subsequence if necessary) that

€
1t € B\Aw: lan(t)] > (14 a)u(®, @)} g, > 5
for any n > ns, and let us define

) (@axBana,) " (t) for t € [0, b,),
zp(t) = .
(anBn\An) (t — bn) fort € [bn, ’Y(]),

Up = ZnX[O,bn)U[cn,’yo)v

Wy = ZnX[bn,cn)-

Then we have ||zu|ap, = 1, 20 — V0 = Wy, |[wn|a,, > 5 for all n > ny and
from (14) and (21) we get that ||v,|[a,, — 1 as n — oo. But this contradicts the
uniform monotonicity of the space Ag,([0,7)).

Finally, assume that a(®) > 0 and there exist an ¢ > 0, a sequence (z,) of
elements from the positive cone X, and a sequence (A,,) of measurable subsets of
the interval [0,v) such that [|z,|a,, = 1 for all n € N, lim,, oo [|[ZnX 4, [[2s., =1

and ‘ > (ua(cb) u(@,w)) te (22)

(P, w) v(P,w)
for all n € N. If there exists a subsequence (z,,) of (z,) such that z (t) >
a(®) for any t < 79 and k € N, then proceeding analogously as above, we get a
contradiction. In the opposite case, for any n € N there exists ¢,, < 7y such that
x}(t,) < a(®). Then proceeding analogously as in the case (i), we get again a
contradiction.

anA/n
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(i73). If & ¢ Ay(oc0), then Ag, contains an order linearly isometric copy of £*
(see [24]), s0 €om (Apw) = 1. Now assume that & € Ay(oco) and w is not regular.
If 79 < /2, then by Theorem 2.3(iii), we have ¢¢,, (Ao) = 1. In the opposite
case, proceeding analogously as in Theorem 2.1, we get again €y, (Ag,,) = 1. O
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