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We study multilinear operators from quasi-Banach lattices to quasi-Banach spaces. We prove
that certain vector valued norm inequalities for these operators are equivalent to domination
theorems. As an application we show that under some mild assumptions these domination
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multilinear functionals on C(K)-spaces we recover a multilinear variant of the Grothendieck
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1. Introduction

Domination theorems have proved to be relevant tools in the theory of opera-
tors between Banach spaces. For instance, they play a fundamental role in the
theory of summability in Banach spaces thanks to the Pietsch Domination Theo-
rem for absolutely p-summing operators (see [14]). Several well-known theorems
that provide dominations involving weighted LP-spaces allow to prove factorization
theorems, which have powerful applications in Banach space theory as well as in
harmonic analysis; recall the Maurey-Rosenthal factorizations through LP-spaces
(see, e.g., [2, 4, 5]). Grothendieck’s fundamental theorem should be also mentioned
here. It states (see [15, Theorem 5.5]) that every bounded bilinear functional on

*The first named author was supported by the National Science Centre (NCN), Poland, grant
no. 2011/01/B/ST1/06243.

fThe second named author was supported by the Ministerio de Economia y Competitividad
under grant #MTM2012-36740-C02-02.

ISSN 0944-6532 / $ 2.50 (© Heldermann Verlag



1000 M. Mastyto, E. A. Sinchez Pérez / Domination and Factorization of ...

C(K;) x C(Ks) is canonically extendable to a bounded bilinear functional on
L?(uy) x L*(po), where py and psy are probability Borel measures on K; and Ko,
respectively.

This paper was inspired by the mentioned results and our recent joint work [12],
where domination of linear operators has been studied. It is natural to wonder if
similar results might hold for multilinear operators. As we will see some of the
main results on factorization of linear operators between quasi-Banach lattices to
quasi-Banach spaces extend to multilinear operators. Actually, we prove some
domination theorems for bilinear operators in which Orlicz quasi-norms appear
in a natural way. As a consequence, we prove “square” factorizations for linear
operators through Orlicz spaces. Our technique has its roots in a fundamental
separation argument based on Ky Fan’s Lemma.

We remark that our main results (Theorems 3.2 and 3.4) work also for the mul-
tilinear case, since their proofs can be adapted in a straightforward manner. It
should be noticed here that some of the well-known domination theorems that
hold for bilinear operators cannot be extended to multilinear ones. For instance,
a multilinear variant of Grothendieck’s theorem fails in higher dimensions (see [1,
p. 530]), although some results in this direction are available (see [1]).

The paper is organized as follows. We collect some preliminaries in Sections 1 and
2. In Section 3 we show our main domination results for multilinear operators. We
present examples and discuss new inequalities involving p-convex norms that can
be analyzed by using our tools. In the last section we show how our results can be
stated in terms of factorizations when the bilinear operator is given by a particular
linear operator.

2. Preliminaries

In this section we present some preliminary material needed later on. A quasi-
normed space is a vector space X with a quasi-norm | - ||x. If it is complete,
we say that it is a quasi-Banach space. The Mackey semi-norm || - [|% on such a
space X is the Minkowski functional of the convex hull conv(By) of the unit ball
Bx ={x € X; ||z||x <1},

|z]|% = inf {\ > 0; z € A conv(Bx)}, =€ X.
For a quasi-Banach space, the topological dual X* of X is always defined, but it

can be the trivial space {0}. However, if it separates the points of X, then it is
a Banach space under the norm

[2" ]| x+ = sup [a"(z)].
rEBx
Therefore, it can be seen that X* = (X, || - ||$%)* with equality of norms. The
completion of (X, || - ||S) is called the Banach envelope of X and is denoted by
X. Using the formulas above, we obtain that for k: X — X™* being the canonical
embedding defined by kz(z*) = x*(x) for all x € X and z* € X*,

l5zllx- = sup |a"(2)] = [lz]% -
|2+ || x+ <1
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Let (2, 1) :== (2, %, 1) be a complete o-finite nontrivial measure space. A quasi-
normed function lattice X on a measure space (£2, i) is a quasi-normed space of
(classes of p-almost everywhere equal) measurable functions such that there exists
a strictly positive u € X and X is an ideal in Lo(p), i.e., if |z| < |y|, where
r € L%u) and y € X, then x € X and [|z]|x < ||y||x. If in addition (X, || - ||x) is
complete then it is called a quasi-Banach function lattice (on (€2, u)).

A quasi-Banach function lattice X on (€2, ) is said to be a rearrangement invariant
(r.i. for short) space if for every f € L%(u) and g € X with uy = pu,, we have f € X
and || f||x = ||g||x. Here ps denotes the distribution function of f with respect to
w, ie, pp(s) = p({w € Q;|f(w)| > s}), s > 0. The decreasing rearrangement f*
of f with respect to p is defined by f*(¢t) = inf{s > 0; ps(s) <t}, ¢t > 0.

In the theory of r.i. spaces Marcinkiewicz and Lorentz spaces play an important role
(see [10]). Given a measure space (€2, 1) and a positive function ¢ on I = (0, u(2)),
the Marcinkiewicz space M, (on (€, 1)) consists of all f € L°(u) such that

tf* d
Wl = LG5 <o

If in addition ¢ is concave, then the Lorentz space Ay (on (€2, 1)) consists of all
f € L°(u) such that

()
1£lla, = / £4(5) do(s) < oo,

Both Marcinkiewicz and Lorentz spaces equipped with the norms ||- ||z, and |- ||a,
respectively, are r.i. spaces.

A quasi-normed function lattice X on (€2, ) is said to be order continuous provided
0 <z, {0 a.e. implies ||z,||x — 0. The Kéthe dual space (or associate space) X’
of a normed function lattice X on (€, i) is defined as the space of all x € L°(u)
such that [, |zy| dp < oo for every y € X. It is a Banach function lattice on (£, y)
when equipped with the norm

fellse = sup [ ayldi.
Q

lyllx <1

Notice that a normed function lattice X on (2, u) is order continuous if and only
if the map X' >y — z, € X* given by the definition of the elements of X’ as
elements of X*, i.e.,

z, () ::/xyd,u, reX,
Q

is an order isometrical isomorphism of X’ onto X* (see, e.g., [9]). Using these
facts, it can be proved that if (X, || - ||x) is a quasi-normed function lattice on
(€2, i) such that the topological dual X* separates the points of X, then (X, ||-||%)
is a normed function lattice on (€2, ), which is order continuous provided X is
order continuous.
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In what follows ® will denote the set of all increasing, continuous functions ¢: [0, co)
— [0, 00) such that ¢(0) = 0. A function ¢ € ® is said to satisfy the Ay-condition
(p € (Ay) for short) provided there exists C' > 0 such that ¢(2t) < Cp(t) for all
t>0.

Throughout the paper we will work with a special class of quasi-Banach lattices.
Let us give the definition of these spaces and collect some facts that will be needed
in the paper. For any quasi-normed lattice X on (2, 1) and ¢ € ®, we define an
order ideal in L°(u),

Xo=1{f e L) 3A>0,p(\[f]) € X},
and the functional | - ||x,: X, — [0,00) by

1fllx, = inf {A >0 flo(lfI/M)x <1}, fe X,

Clearly, || f]|x, = 0 if and only if f = 0 and |[Af||x, = |A|[|f]|x, for all A € R,
feX,.

Note that there is a large class of functions ¢ € @ for which || - [|x, is a quasi-
norm on X, (see [12]). In particular, if ¢ is a convex function and X is a Banach
function lattice, X, is a Banach function lattice. In the case when X = L;(u) and
¢ € ®, X, is the Orlicz space denoted as usual by L,(x). This fact motivates to
call X, the generalized Orlicz space provided X, is a quasi-Banach space.

Observe that for 0 < p < 0o and ¢(t) = t* for all t > 0, the space X, is known as
the p-convexification X, of X whose quasi-norm is given by

1
1flx, = NFPIES, fe X,

A general construction of the p-convexification for abstract Banach lattices is also
available (see p. 53 in [11, Section I1.d]).

For a given function ¢ € ® and a quasi-Banach function lattice X, X is said
to be y-admissible provided that || - [[x, is a quasi-norm on X,. If in addition
the topological dual (X,)* separates the points of X, then X is called strongly
p-admissible. For the case p(t) = t*, we simply say that the space X is strongly
p-admissible. Notice that if X is a p-admissible r.i. space on (€2, u), then X, is
also an r.i. space on (£, u).

Under the adequate requirements, order continuity of X, is often inherited from
X; if an order continuous Banach function lattice X is ¢-admissible and ¢ satisfies
the As-condition, then ||f,||x, — 0 if and only if ||¢(|f.])||x — 0. This implies
that X, is order continuous if and only if X is order continuous.

3. Domination of bilinear operators

We start this section by proving our main domination theorem for bilinear oper-
ators by means of a Hahn-Banach separation argument. The multilinear variants
can be obtained by extending the same arguments outlined below. For the proof
of the theorem below we will need Ky-Fan’s Lemma (see, e.g., [6, Lemma 9.10])
that we include for the sake of completeness.
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Lemma 3.1. Let E be a Hausdorff topological vector space, and let K be a compact
convez subset of E. Let U be a set of functions on K with values in (—oo, oo] having
the following properties:

(a) each f € W is convex and lower semicontinuous,

(b) W is concave, i.e., if g € conv(V), there is an f € U with g(x) < f(x), for
every x € K,

(¢) thereis anr € R such that each f € VU has a value not greater than r.

Then there is an xg € K such that f(xo) < r for all f € V.

Before stating and proving the main theorem of this section, let us mention that
we will use the most important feature of the weak* topology, the compactness
property of the closed ball of the dual space, which was discovered by Banach
in 1932 for separable spaces and was extended to the general case by Alaoglu in
1940: if X is a normed linear space then the closed unit ball By« is compact for
the weak* topology o(X*, X)) on X* (see, e.g., [16, p. 29]).

Theorem 3.2. Let ¢, p1,p2 € ® and let X, Y be quasi-Banach function lattices
on (Q, 1) and (Q, p2), respectively, such that X is strongly oy *-admissible and
Y is strongly @5 '-admissible. Suppose that T is a bilinear operator from X x 'Y
into a quasi-Banach space E. Assume 0 < C1,Cy < o0 and that AC X, BCY
are non-empty sets. Consider the following statements:

(i) For any finite set of positive scalars {ag}p_y with Y ,_, ax =1 and any finite
sets {fu}r_, in A and {gr}}_, in B, n € N, the following inequality holds:

> arpa(|gil)

[

Zam 1T (frr 95l 6) +Cy

—1 Y —1
“’1 2

(i) There eist positive functionals x* € (X -1)" and y* € (Y,-1)" such that

o(IT(f,9)lle) < Cra*(eu(If]) + Cay(pa(lgl), (f,9) € Ax B,

191) There exist 0 <wu € Bix .,y and 0 <wv & By .y such that
( 1) ( 1)
1 2

mwmmm§a/

1951

o1 fudp + 02/ oa(lg))vdpa, (f,g) € AX B.

Q2

Then (i) is equivalent to (ii). If X -1 and Y -1 are order continuous, then all three
statements are equivalent.

Proof. (i) = (ii). It follows from the Banach-Alaoglu theorem that if the topo-
logical dual of a quasi-normed space F separates the points then the closed unit
ball of the dual space E*, Bg~, is compact for the weak* topology o(E*, F) on E*.
Put

K= {x* € Bix _,); z* > 0}, Ky = {y* € By _,); yr > O}.
1 2
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Then our hypotheses in combination with the basic facts shown in Section 2 imply
that the inequality given in the statement (i) is equivalent to

Zam(HT(fk,gk)HE)
B ()
< Cy sup Zockx (e1([fx])) + Co sup Z(%ky (2(lgxl))-

LA yreRy

Let Sgn be the unit sphere of the n-dimensional £}-space. Consider the family W
of convex functions ¢45,4: K1 x Ky = R with 0 < a = {ax} € S, f = {fi} €
[1i_; A, 9 ={gx} € [[i_, B defined for every (z*,y*) € K; x K by

wa,f,g(x*ay*>
Zam 1T (fs 90)ll ) 0120%1’ (pr(Ifx)) = Co > any(a(|gl)).

k=1 k=1

It may be easily verified that ¥ is a concave family. Our hypotheses yield that
the unit ball By e is a compact convex subset for the weak*-topology w} =

0((X<p;
0,1). Clearly, every function in ¥ is continuous in K; x K for the product

topology wj x wj. Thus the Hahn-Banach theorem together with the inequality
(x) imply that for every ¢ € W there exists (z*,y*) € Bx _,)» X Bx _,)- such
1 2

that ¥ (x*,y*) < 0. Then Ky-Fan’s lemma applies and we deduce that there exists
(x*,y*) € K7 x K3 such that ¢(x*,y*) < 0 for all ©» € ¥, and so

o(IT(f, 9)lle) < Crz™ (1| f]) + Coy™(pa(lgl)), (f,9) € Ax B.

This completes the proof of (i) = (i7). The implication (i) = (i) is obvious.

1)*,X 1) (j = 0,1). Since the set Kj is w;-closed, it is w}-compact (j =

It X -1 is order continuous, then the topological dual (X wﬂ)* can be isometrically
identified with the Kéthe dual (X -1)". This proves the equivalence between (i)
and (7i) and completes the proof. O

Notice that in order to apply the theorem above we require to identify the Mackey
completion of the generalized Orlicz spaces as well as their topological duals. The
problems related to descriptions of the Mackey completion of the generalized Orlicz
space X, as well as their duals are interesting on their own. It is not our aim here to
discuss these problems in general. We only wish to present some examples, which

*

show that under some mild assumptions we are able to identify )/(; and (X,)*
In order to do this we will need some definitions. Let (€2, 3, 1) be a nonatomic
measure space. An r.i. space X on (€2, i) is said to be generated by a quasi-Banach
lattice £ on I = (0, 1(€2)) equipped with the Lebesgue measure provided that the
following conditions are satisfied: f € X if and only if f* € E and || f||x = || f*||&-

In [8, Theorem 2.3] it is proved that if X is an r.i. quasi-Banach space on a non-
atomic measure space (€2, ) := (€2, X, u) generated by an r.i. quasi-Banach space
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E on I which is 1-concave on the cone () of decreasing simple functions, i.e., there
exists C' > 0 such that for fi,..., f, € Q,

Clfi+--+ fulle > 1fille + -+ I fulle,

and ¥(t) = Yp(t) .= ||x©lle for all t € I denotes the fundamental function of £,
then

(i) X'= My and X' # {0} if and only if @(t) >0 for allt € I, where

~

P(t) =tinf{y(s)/s;0 < s <t}, tel.

(ii) If E is order continuous and z//;(t) > 0 for allt € I, then the Banach envelope
X of X coincides up to equivalence of norms with the Lorentz space A@‘

Observe that if X is a ¢-admissible r.i. space on (€2, ) generated by an r.i. space
F on I, then X, is an r.i. space generated by F, and the fundamental function
Y of E := X, is given by ¢(t) = 1/¢ ' (1/¢p(t)) for all ¢t € I, where ¢ is the
fundamental function of F. Thus if E is 1-concave on a cone (), then the above
result applies. We refer to [8], where examples of 1-concave r.i. spaces are shown.

We provide examples of Orlicz spaces for which any bilinear mapping on the prod-
uct of these spaces satisfies an inequality (iii) (and so also each of the two equiv-
alent inequalities in (i) and (é7)) of Theorem 3.2. At first we observe that if X is
a Banach function lattice on (£2,3, u) and ¢ € ®, then X C (X,),1 and

I llxo),— < fllx, feX.

If in addition there exists C' > 0 such that ¢(s)p(t) < Cp(st) for all s, > 0, then
it is easy to see that (X,),-1 C X. Moreover, there exists a constant C such that

Ifllx < Cill fllxg),-in fE (Xp)pmr

Thus in the case when (X,),-1 is a quasi-normed space, we have (X,),-1 = X up
to equivalence of quasi-norms. In particular this implies that the Banach envelope
of (X,),-1 coincides with X up to equivalence of norms. For the special case
X =Ly, (Ly)p-1 = L.

We state and prove a lemma which provides the mentioned examples. In order to
do this we define an operation for pairs of functions from ® as follows: if ¢, @
in ® the function ¢ @ ¢y: [0,00) — [0, 00) is given by

(o1 @ 2)(t) := Inf (p1(s) + p2(t/s)), €20

Lemma 3.3. Forj =0,1let L,, = (L,,(1;),-|lp;) be Orlicz spaces on a measure
space (82, ;) generated by ¢; € © satisfying ¢;(s)e;(t) < Cip;(st) for some
C; > 0 and all s,t > 0. If T is a bilinear operator from L, X L, into a quasi-
Banach space E with | T|| < 1, then for ¢ = p1 & ps we have

o(IT(f,9)le) SCH/Q sol(lfl)dulJrCQ/ ©a(lgl) dpa,  (f,9) € Ly, X Li,.

Qo
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Proof. First observe that our hypothesis implies that 1,2 € (Ag). Thus for
every 0 # f; € Ly, with j = 0,1 we have

i)
o (i) dus = C
[ eishn, ]z;%OWWwLm]d“

J J

WLMJ/ (ﬁﬁl)@%Z%WEMJ

It follows from the definition of @1 @ 9 that ¢(st) < p1(s) + a(t) for all s, > 0.
We now combine the inequalities shown above with ||T|| <1 to get

ST D) < 61 F o lglon) < 21(1F o) + 22(1lgler)
SQL@&W%+@LwWWM

and this completes the proof. 0

We remark that under some mild conditions on ¢, and s it is possible to estimate
or even calculate ¢ = 1 & ,. To see this suppose that ¢ € ® is such that

() Z e (e (1), 20,
We have that ¢(st) < ¢1(s) + @a(t) for all s,¢ > 0, which implies ¢ < 1 & ps.

For the next examples assume that ¢ € & is subadditive (i.e., p(u+v) < p(u)+p(v)
for all u,v > 0). This yields ¢(2y/uv) < p(u 4+ v) < p(u) + p(v), u,v > 0.
In consequence p(2vt) < (¢ @ @)(t) for all t > 0. If ¢ € ® is convex, then
p(vuw) < o((u+v)/2) < (p(u) + ¢(v))/2 implies that 20(v) < (» @ ¢)(t) and
s0 (o @ ©)(t) = 2¢(\/t) for all t > 0.

Notice that if X is a quasi-Banach lattice which contains no copy of ¢y and has
a weak unit then a standard representation theorem can be applied to represent X
as an order continuous quasi-Banach function lattice on a measure space (€2, 3, i)
where () is a compact Hausdorff space and ¥ is the o-algebra of Borel sets of €2
(for details see [7]).

We state now a theorem in which the domain spaces are abstract quasi-Banach
lattices. The proof is similar to the one given above.

Theorem 3.4. Let 0 < p,q < 0o and let X and Y be quasi-Banach lattices such
that both duals (X1/,)* and (Y1,4)* separates the points of Xy, and Yy,,, respec-
tively. Assume ¢ € @, 0 < C1,Cy < 00 and that A C X, B C Y are non-empty
sets. The following are equivalent statements about a bilinear operator T from
X XY to a quasi-Banach space E.

(i)  For any set of positive scalars {og}p_, with Y 7 _,ar = 1 and any sets
{fe}i_; in A and {gr}}_, in B, n € N,

Zak\fk\p

Z(Mdb 1T (fx, g) ) < + O

Xi1/p

n
> anlgil
k=1

Yi/q
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(1)  There exist positive functionals x* € B(x,, )« and y* € By, )« such that
o (IT(f, 9)lle) < Cra*(|f17) + C2y*(lgl"), (fr9) € AXB.

Recall that Grothendieck’s Theorem states that if K, Ky are compact Hausdorff
spaces and U is a bilinear functional on C'(K;) x C'(K3), then there are probability

Borel measures py, p2, on Kj, Kj, respectively, such that for every (fi, f2) €
C(Kl) X C(KQ),

1/2 1/2
|wmﬁNSKMw(LUW@Q (Ajmwm).

where K is an absolute constant (the smallest value of the constant K is usually
called the Grothendieck’s constant and is denoted by K¢). Notice that the above
estimate is equivalent to

Uil < gKIOT( [ 0P+ [ 1)

Therefore the Grothendieck’s theorem gives in fact an example of the inequalities
that appear in Theorem 3.4.

We show now some applications of our results. Recall that a quasi-Banach lattice
X is p-convex, where 0 < p < 00, if there is a constant C' > 0 so that x4, ..., z, € X,

n 1/p n 1/p
() | <o(Sr)  anex
¥ k=1

k=1

The smallest value of the constant C' is denoted by M®)(X). We notice the well-
known easily verified fact that X is p-convex if and only if X/, is normable.

By using techniques similar to those of Theorem 3.4 we prove the following more
general result which extend Defant’s theorem [2, Theorem 1] for bilinear functionals
on Banach function lattices defined on measure spaces.

We point out that the proof of the multilinear variant of the result stated can be
obtained by using a minor modification of the arguments outlined below.

Theorem 3.5. Let 0 < p,q < oo and let 1/r =1/p+1/q. Assume that X and Y
are quasi-Banach lattices such that X is strongly 1/p-admissible and Y is strongly
1/q-admissible. Assume 0 < C' < oo. The following are equivalent statements
about a bilinear operator T' from X XY to a quasi-Banach space E.

(i)  For each couple of finite sets { fi}r_, and {gr}}i_, of elements of X and Y,

respectively,
|| (Sr)|
X1/p

1/q

n 1/r n
(Z 1T (2, yk)l!’};) <C || (Z \xk\p>

Yi/q
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(it)  There are positive functionals * € B(x, )« and y* € By, )~ such that
IT(@,9)le < C (2" (JaP) 7 (@ (g, (2,y) € X x Y,

Proof. (i) = (i). We apply Theorem 3.4. Consider the spaces (Xy/,)* and
(Yisq)", 1e, (Xajp, || - 19" and (Yiyg, || - [|°)*, respectively, and the corresponding
unit balls. They are normed spaces by the strong admissibility of both spaces.
Using Young’s inequality @ < %p + %, a, B > 0, we conclude that for any finite
collection of positive scalars o, ..., a, with > | = 1 and any finite collection
of elements x1,...,z, € X and yy,...,y, € Y the estimate shown in the statement
(i) is equivalent to the following one with C} := rC"/p and Cy :=rC"/q

n n
>l > lul?
k=1 k=1

c c

+ s

Xi/p

)

> T (@, i) 1" < Cy
k=1

Yi/q
which is equivalent to
n n n
S IT@eulr <G s St () +Co sup Sy ().
k=1 TEBX )" =1 VB k=1

To see this it is enough to observe that for every 2* € B(x, )+ and y* € By, ,)-
the inequality

> |yl < C1 > aga (Jael”) + Co > apa™ ([yel?)
k=1

k=1 k=1

is equivalent to

DTyl < CrYa(laal) + Co Yy (Junl),
k=1 k=1 k=1

by | T(@r o)l = [T( or @ )|, arlzl? = JayParlP and aglyelt =
1/q q
|O‘k yk‘ .

Combining the above remarks, we conclude that the statement (i) implies the
statement (7) in Theorem 3.2 with shown above constants C; and Cy. However,
it follows by Theorem 3.4 that the last statement is equivalent to the following:

there are positive functionals z* € Bx, o) and y* € By, 1o such that for all
(z,y) € X XY,

1T (2, )|l < Cra”(|z]”) + Cay™(Jyl?),
and so

1 cr cr

2T T ok (P =y ().

T ()l < P (J=|”) + .Y (Jy?) ()
We now observe that inequality (x) is equivalent to

IT(x,y) ]| < C (@*(J2|?) P (a*(J2|) ", (z,y) € X x Y.
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In fact, it is enough to verify the mentioned equivalence for all (z,y) € X x Y
such that « := a*(|z|’) > 0 and 5 := y*(|y|?) > 0. Clearly, (%) yields

T (2 y) | = ™25 | T(a= Pz, B~Hy)|

C cr
<t (Tt + Loy

= C"a*(|z[?)" Py (Jyl 7).

The implication (i7) = (i) follows by a direct calculation using duality with the
norms || - ||§(1/p and || - ||§,1/q. O

Notice that if we assume that X is p-convex and Y is g-convex with M®)(X) =
M@(Y) = 1, then both X, and Y7/, are Banach spaces and so (Xj/,)¢ = X1/,
and (Y7,q)¢ = Y1/, with equality of norms. As a consequence we obtain the result
due to Defant [2, Theorem 1].

The following variant of Grothendieck’s theorem was proved by Blei [1, Theorem
3.2] and is a consequence of the multilinear version of Theorem 3.5 in combination
with the Riesz Representation Theorem and the fact that C(K)-spaces are p-
convex for every 0 < p < oo. Note that Grothendieck’s theorem in the form
presented after 3.4 fails in higher dimensions (see [1, p. 530]).

Corollary 3.6. Suppose that K1,...,K,, are compact Hausdorff spaces and let 1 <
pj < oo, forj=1,...,n. Let 0 < C < 0o and Z?Zl 1/p; = 1. The following are
equivalent statements about an n-linear functional U on C(K7) X ... x C(K,):

(i)  For any set {f](k)}m in C(Kg) with k=1,....,n

j=1

1/pn

m m 1/p1 m
Slou®, . f™|<c <Z|f}”|pl> <Z|f;n>|pn>
j:l j:1 ]71

C(Ky) = C(Kn)

(ii) There exist probability Borel measures piy, ..., i, on Ky, ..., K,, respectively,
so that

1/p 1/pn
|U<f17---,fn>\é0(/K \fl\’“dm) (/K \fnlp"dun>

forall fi € C(Ky),...,fn € C(K,).

To show the next application we recall that a Banach lattice E if p-concave for
1 < p < oo if there is a constant C' > 0 so that

n 1/p n 1/p
(Z kaH%> <C (Z |xk|p> 21,1, € F.
k=1 k=1

E
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Corollary 3.7. Let 1 < p < oo, 1 <p; < oo fori=1,...n be such that 1/p =
1/p1+ ...+ 1/p,. Assume that Xy is a py-conver Banach lattice for each k =
1,...,n, and let E be a p-concave Banach lattice. For any n-linear positive operator
T: Xqy x...x X, — E there exist a constant C' > 0 and positive functionals
Ty € B(Xl/pk)* so that for all x1 € Xy, ...,z, € X,,,

* 1 * n 1/ n
T (21, ey 20) || < C (@i ([P )P0 (i (] o)) P

Proof. The key fact which we use is the inequality from [3, Theorem 6.2] which
says that, for every choice of finitely many sequences {xgk) Vi in X, 1<k <,

r 1/p
1 n
(Sorrepr)
j=1

r 1/m r 1/pn
1 n
< ||| (Z ! ’|p1> <Z ! ’|pn> ,
j=1 '

X, 7=1 X,

E

and so our hypothesis on p-concavity yields that for an absolute constant C,

r , 1/p
(W, ™
<;H @)

r 1/p r 1/pn
1 n
< C|T| (Z|a:§-’|m> <Z|a:§-’|pn)
j=1 X4 j=1

Using the multilinear version of Theorem 3.5 we obtain the required statement. [

Xn

4. Factorization of bilinear operators

In this section we present our results when they are applied to bilinear forms in
terms of factorization theorems for linear operators. As usual for a given o-algebra
of subsets of a set 2 and A € 3, ¥4 = {FNA; FF € ¥} denotes a o-algebra of
subsets of A.

Theorem 4.1. Let @1, ps € O with @1, s € (Az), and let X, Y be order continu-
ous Banach function lattices on (€, p1) and (Qso, po), respectively, such that X is
strongly o) ' -admissible and Y is strongly p, ' -admissible. Suppose 0 < Oy, Cy < 00
and consider an operator S: X — Y', where Y' is the Kéthe dual of Y. Con-
sider the following statements about the bilinear form T: X xY — R defined by
T(f.9) = Jo,9S(f)dusz for all (f,g) € X x Y

(1)  For every finite sequence of positive scalars {oy}p_, with Y ,_ oy, =1 and
every finite sequences { fr}r_; in X and {gk}zzl inY,

Zak% | fxl) > arpa(lgel)

1 k=1 Y 1
“’1 2

C

Z%|T (fr> 9] + O
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(7)  There exist functions 0 <w € Bix _,y and 0 <v € Bix _,y such that
® ©5

1

rral=a( ] | il ) +C2 ([ | eallabodia ). (£.9) € X x .

(i) There exist 0 < u € (X 1) and 0 < v € (X,1)" such that S admits the
following factorization:

X S Y’
: A

i1 | “ig
v .

Ly, (1) e S (Lw@))/

where Ly, (v1) and Ly, (v2) are Orlicz spaces on (Ay,¥4,,11) with Ay =
suppu, dvy = udpy and on (Ag,Xa,,ve) with Ay = suppv, dve = vdus
and iy: X — Ly, (1), 21 Ly, (v2) are operators given by i1(f) = fxa, for
all f € X andiz(g) = gxa, forallge Y.

Then (i) is equivalent to (ii) and both of them imply (iii).

Proof. The equivalence between (i) and (i) is a consequence of Theorem 3.2.

For (ii) = (ii1), first notice that the last computations in the proof of Theorem
3.5 can also be done for the general case of a couple of Orlicz functions ¢; and
o: for a bilinear functional and positive constants a,b and ¢(t) =t for all t > 0,
condition (#4i) in Theorem 3.2 can be written as

T (f,g)| = ab|T(f/a,g/b)| < ab (/Q e1([fl/a)ud +/Q @z(\g|/b)'vduz) :

Let us define the measures dv; = udp; and dvy = vdus. Consider now the Orlicz
spaces L, (11) and Ly, (v2) for adequate functions w and v. Then for the case
a = |fllz, @) and b = |lg[,,(.) we obtain that the Orlicz space version of the
computations in the proof of Theorem 3.5 gives

T ) < 20 N 2gy ) 19120, 002)-

This means that the equivalent conditions in Theorem 3.2 imply continuity of the
bilinear map when defined on the corresponding Orlicz spaces. Clearly, for f € X
we have that ¢:(|f]) € X -1 and then [ e1(]fl)dn < oo, and the same holds for
g, 2 and Y. This implies that fxa, € Ly, (1) and gxa, € Ly, (2) and finishes
the proof. O
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