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1. Introduction

The Steiner problem is given in [5], page 360: "Given n points A; As...A, to find a
connected system of straight line segments of shortest total length such that any
two of the given points can be joined by a polygon consisting of segments of the
system."

A fundamental result which was proved in [7] (see also [2], page 328-329) states
that:

A solution of the Steiner problem is a Steiner tree with at most n — 2 Fermat-
Torricelli (or Steiner) points which are vertices of the polygonal tree which do not
belong in {A;A,...A,,}, where each Fermat-Torricelli point has valency 3, and the
angle between any two edges incident with a Fermat-Torricelli point is of 120°.

A study of the definition of topologies of Steiner trees and variants of Steiner
problem which are uniquely determined on the two dimensional Euclidean Space
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is given in [7]. Some other classical studies on Steiner trees and generalizations (see
also references therein) are given in [5], [3], [4], [9], [10] and a classical study for a

distorted Steiner minimal tree (Fermat-Torricelli problem) is given in Chapter II
of [2].

An evolutionary structure of convex quadrilaterals on surfaces of constant Gaus-
sian curvature has been studied in [19] by introducing the notion of plasticity of
weighted quadrilaterals on surfaces of constant Gaussian curvature.

Let M be a complete C? surface, a subset of R? with variable Gaussian curvature
K such that:

1. If Kj, < K, for a positive constant number K then the shortest path (geodesic
arc) of length not greater than ﬁ is unique and an estimate of the injectivity

radius r; = inf(r;(P) : P € M) of M is given by the inequality (see [13], [14,
Theorem 3.5.2, Theorem 3.5.3]):

s
T S .

Ky
2. If M is simply connected and K < 0, then r; = co and every two points on M

can be joined by a shortest path which is a geodesic (see [14, Theorem 3.7.2, 3.7.3,
3.7.4]).

We give the following three definitions which refer to the degree of plasticity
(Degplasticity{ A1 A2 A3 A4 A5 }) of weighted Steiner trees that correspond to a con-
vex pentagon A;AsA3AsAs on M : (see for a general definition of degree of plas-
ticity for the case of R? in [21]):

Definition 1.1. The degree of plasticity (Degplasticity{ A1 AsA3A,As}) of the
weighted (full) Steiner minimal tree of a convex pentagon on M which consists of
exactly three weighted Fermat-Torricelli points at the interior of the pentagon is
zZero.

Definition 1.2. The degree of plasticity (Degplasticity{ A1 AsA3A4A5}) of the
weighted Steiner minimal tree of a convex pentagon on M which consists of exactly
two weighted Fermat-Torricelli points at the interior of the pentagon is one.

Definition 1.3. The degree of plasticity (Degplasticity{ A1 AsA3A4A5}) of the
weighted Steiner minimal tree of a convex pentagon on M which consists of exactly
one weighted Fermat-Torricelli point at the interior of the pentagon is two.

In this paper, we derive some new evolutionary structures of convex pentagons on
a O? surface M in the three dimensional Euclidean Space and prove a creation
principle for weighted dendrites of order three.

First, we give a concise study of the weighted Fermat-Torricelli problem for convex
pentagons on M (Problem 2.1, Propositions 2.2, 2.3, 2.5, Section 2).

Second, we solve the problem of evolution of convex pentagons on M with respect
to the 5-inverse weighted Fermat-Torricelli problem (Problem 3.1, Section 3) by
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applying the plasticity principle of weighted pentagons (Theorem 3.2, Corollary
3.3, Theorem 3.4).

Third, we study a weighted distorted Steiner tree for convex pentagons on M by
assuming that two points with valency 3 and 4, respectively, are located at the
interior of the convex pentagon on M with equal positive weights (Theorem 4.1,
Section 4). A specific case is the derivation of a weighted (full) Steiner minimal
tree for convex quadrilaterals on M (Proposition 4.3, Corollary 4.4, Section 4)
which is a generalization of the study given in [23] for a weighted (full) steiner tree
for convex quadrilaterals on the two dimensional K-plane.

Fourth, we introduce the 5-inverse distorted weighted Steiner tree for convex
pentagons on M, (Problem 5.1, Section 5) which is a generalization of the 5-
inverse weighted Fermat-Torricelli problem on M. The plasticity equations of the
5 weighted distorted Steiner tree on M (Theorem 5.2, Corollary 5.3, Section 5)
provide a dynamic plasticity which is derived by reducing the degree of plasticity
of convex pentagons from 2 to 1.

This reduction creates a weighted dendrite of order 3 on M (Definition 5.6, Section
5).

A creation principle of weighted dendrites of order three states that (Theorem 5.7,
Subsection 5.1):

Consider the 3-inverse weighted Fermat-Torricelli problem for AA; As A3 on M. At
time t = 0, two geodesic arcs AgAy AgAs grow simultaneously from Ag and move
via parallel translation along the geodesic arc AgAy. This evolutionary process
creates a weighted dendrite of order three which corresponds to AA4Aqy As, such
that a 5-inverse weighted distorted Steiner tree occurs and the points Ay and Ay
remain the same.

The creation principle of weighted dendrites of order three and the generalized
plasticity which has been introduced in [20, Proposition 6, Corollary 4, Subsec-
tion 5.2] characterize the process of creation of various leaf tree types on surfaces
(Propositions 5.10, 5.11, Corollary 5.12, Subsection 5.2). We note that our ap-
proach on the creation of leaf tree types on surfaces is different than the approach
given in [16] which deals with the formation of tree leaves on the two dimensional
Euclidean Space.

Finally, we mention the definition of an exponential mapping and the normal
geodesic coordinate system on M at the appendix (see also [1], pages 117-119 and
a detailed appendix in [17], [18]).

2. A plasticity principle of convex pentagons on a C? complete surface.
We state the weighted Fermat-Torricelli problem on M for pentagons.

Problem 2.1. Let AjAsA3AL A5 C M be a convex pentagon whose perimeter is
less than \/2—1% for K > K. Suppose that a positive number (weight) B;, corresponds
to the vertex A;, fori=1,2,3,4,5. Find the weighted Fermat-Torricelli point Ag
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Figure 2.1.

such that
f(Ao) = Biaig + Baasy + Bsasp + Baas + Bsasp — min (1)

where a;y is the length of the geodesic (shortest) arc from the weighted Fermat-
Torricelli point Aqg to the vertex A;, for i =1,2,3,4,5 (Fig. 2.1).

We extend the results given in [17, Proposition 1, page 45, Proposition 8, page 56],
[18] for the case of a AABC on a C? surface M for a convex pentagon A; Ay A3 A4 As
on M.

Proposition 2.2. The weighted Fermat-Torricelli point (Problem 2.1) Aq exists
and is unique.

Proof of Proposition 2.2 (Existence). Let W be a compact subset of R?, the
convex pentagon A;AsA3A4As is a subset of W and f : W — R is a continuous
function. Then by applying Weirsstrass theorem f attains its minimum on W. [

Proof of Proposition 2.2 (Uniqueness). It is proved in [17, Proposition 1,
pages 45-47|, [18], by applying results from comparison geometry of A. D. Alek-
sandrov that the length of a geodesic (shortest) arc ag; is a strictly convex function.
Thus, the objective function f(Ag) which is the weighted sum of five strictly convex
functions ag;, for © = 1,2,3,4,5 is a strictly convex function and has at most one
minimum point on W ([15, page 60, Corollary 7.4, page 91], [12], page 263). [

We note that the characterization of the weighted Fermat-Torricelli point for tri-
angles on a C? surface M is given by Proposition 6, page 53 (floating case) and
Proposition 7, page 55 (absorbed case) in [17], [18] and for quadrilaterals is given
in [22]. An extension of the characterization of the weighted Fermat-Torricelli
point for convex pentagons on M are given by the following two Propositions 2.3
(Floating Case) and 2.5 (Absorbed case).
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Proposition 2.3 (Floating Case). If Uns is the unit tangent vector of the geo-
desic arc RS at R and D is the domain of a C? surface M bounded by Ay Ay Az A4As,
fOT R, S e {Al, AQ, Ag, A4, A5} and

Urs = (¢:)7" (%):(%); Hi—z : (2)

(see Appendiz for the definition of the mapping (go*)]}l and the exponential map-

ping) then the following (I), (I1), (I1I) conditions are equivalent:

(I) All the following inequalities are satisfied simultaneously:

BQUAlAQ + B3UA1A3 + B4ﬁA1A4 + BBUA1A5 > By, (3)
B1ﬁA2A1 + B3ﬁA2A3 + B4ﬁA2A4 + B5[jA2A5 > By, (4)
BlﬁAgAl + BzﬁAg,AQ + B4[7A3A4 + BSﬁA3A5 > Bs, (5)
BlﬁA4A1 + B2UA4A2 + B3ﬁA4A3 + BSUA4A5 > By, (6)
BlﬁA5A1 + BQﬁAsAz + BSﬁA5A3 + B4ﬁA5A4 > Bs, (7)

(I1) The weighted Fermat-Torricelli point Ag is an interior point of A1 Ay A3A4As
and does not belong to the geodesic arcs AyAs, AsAsz, AsAy, AsAs and AsA;.

(I11) BﬂjAoAl + B2[7A0A2 + B3[7A0A3 + B4[jA0A4 + B5[7A0A5 =0.

Proof. (I1) — (I11I). By applying the same method of differentiation of a length
of geodesic arc with respect to an unknown length of a geodesic arc that was used in
[17] [18] we will prove that BlUAoAl—|—BQUA0A2+BgUA0A5+B4UA0A4+B5UAOA5 = 0

We assume that, the point A;, the parameterized curve ¢(s) and the point Ay that
belongs in ¢(s) are given in the neighborhood Wy, and the orientation of the angles
with respect to Ay taken counterclockwise (see Fig. 2.1). We join the two points
A; and Ay by the geodesic 7y4,(s,t) = Ya,4,(t) where t is a canonical parameter,
counting from the point A; such that for t = 0, y4,4,(0) = A; and for ¢t = 1,
Ya,4,(1) = Ag. The function a;p = aio(Ao) = aio(ya,4,(t)) = aio(y4,(8, 1)) = ai(s)
is differentiable with respect to s. We denote by a;(s) the angle between % and
leAl at Ay which is the same angle between the geodesic arcs A;A, and A; A, for

1,=1,2,3,4,5 and i # j.

We follow the same parametrization technique that was used in [17, Proof of
Proposition 2, Pages 48-50], [18]:

From [14, Lemma 3.5.1 and Remark 3.5.1], we get:
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We proceed by setting the parametrization:

° d’VAle (t) H /S d’YAl (37 t) H
al(s) = —————||dt = ————2|dt = s,
10(s) /0 ’ dt 0 dt
or
6L10(S) =dayjp = S. (9)

Suppose that asg, azg and asy and asy can be expressed as functions of aqq:

Q20 = a20(a10)7 azog = CL30(CL10), Qg0 = a4o(a10) and asy = &50(G10)- (10)
From (10) and (1), we have:

Bl&lo + BQClQo(alo) + Bgago(alo) + B4a40(a10) + B5a50(a10) = minimum. (11)

By differentiation of (11) with respect to the variable ajy and taking into account
(9), we get
dagg dasg dayg dasg

B By,— +B3;—— + B B =0 12
o 2dalojL 3dCLlo+ 4Olalo—i_ 5da10 7 ( )

Taking into account that the arc length parameter counts from A; to Ay and from
(9), (8), we obtain:

dCL20

Wlo = COS(aloz(S))a (13)
% = COS(04103(8)) (14)
dam ’
% = cos(a04(9)). (15)
dayg

and
da
WTZ = cos(a05(9)). (16)

By replacing (13), (14), (15), (16) and (9) in (12), we derive:

Bl + B2 COS(Oél()Q((llo)) + Bg COS(Oélog(alo)) (17)
—+ B4 COS(O&104<CL10)) -+ B5 COS(OZ105(Q10)) =0.

Similarly, by working cyclically and setting the parametrization

() = /0 )

d,}/AQ (Sla t)
dt

H dt = s,
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dyag(s”,t) o m s || dra, (87 8) _m mn o _

aso(s fo i dt = 8", a(s") = fo i dt = ", aso(s™) =
S d'YA ( // o d b dff t t 1 th t t f !

fo T = ¢ and by differentiating (1) with respect to ag, for s’ = agy,

"

asg, for s” = asg, asg, for " = ayg, aso, for 8" = asy, we get respectively:

Bl COS(O(Q[H(GQ())) + BQ + Bg COS(@QQg(ago))

18
+ By cos(avoa(ag)) + Bs cos(aaos(ag)) = 0, (18)
Bl COS(O&gOl ((130)) + BQ COS(Oégog(ago)) (19>
+ Bg -+ B4 COS(Q304(&30)) —+ B5 COS(O&305(CL30)) = 0
Bl COS(O[401 (a40>> + B2 COS(O[402((I40)) (2())
+ Bs cos(auos(aa0)) + By + Bs cos(auos(asn)) = 0.
and
By cos(as01(aso)) + Ba cos(asez(aso)) (21)
=+ B3 COS(O(503(CL50)) + B4 COS(OZ504(CL50)) + B5 = O
From the uniqueness of the weighted Fermat-Torricelli point Ag, we get:
O-’jOi(ajO) = 504,
fori,j =1,2,3,4,5 and j # 1.
By solving the linear system (17)—(18) with respect to By and Bs, we obtain:
B1 sin(agm) + Bg Sin(agog) + B4 sin( ) + B5 sin( ) = O (22)
BQ Sin(alog) + Bg Sin(Ozlog) + B4 sin( ) + B5 Sln( ) = 0. (23)

Similarly, by working cyclically and by solving the linear system (17) and (19)
with respect to By, Bs, (17) and (20) with respect to By, By and (
with respect to By, By, we get, correspondingly:

Bl Sin(a301) + BQ Sin(Oégog) + B4 Sin(Oé304) —I— B5 Sin(a305) = 0, (24)

Bl sin(a401) -+ BQ sin(a402) -+ B4 sin(a403) + B5 sin(a405) = 0, (25)
and

Bl sin(a501) + B2 Sin(Oé502) + Bg SiIl(Oé503) + B4 SiIl(Oé504) =0. (26)

We need the following relation of the tangent vector Ua,4, at Ay (see appendix):

(27)

Unpa, = (6:) a0 <—exp;;(Ai)>
0A; T */ Ag )

a;o

for i =1,2,3,4,5, where exp4,(0) = Ay.
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exp; (A1)

By defining the coordinates of Uy, 4, in R? to be (1,0) = , we derive that

ai1o0

the coordinates of U 404, (by taking a counterclockwise orientation of angles with
X -1 Al .

respect to Ag) are (cos(aqo;), sin(aqg;)) = “é—i)()()’ fori=1,2,3,4,5.

Therefore, by using (17) and (23), we get:

B1ﬁA0A1 + BQﬁAoAQ + B3ﬁA0A3 + B4(7A0A4 + B5ﬁA0A5

5
= Z Bi<¢:1)A0 (cos a4, 8in ag;)
i—1

5 5
= (¢:1)A0 (Z Bl COS (104, Z Bl sin a10i> = (¢:1>A0 (0, 0) = 6 O
i=1 i=1

Remark 2.4. The system of equations (17), (18), (19), (20), (21) may also be
written in a unified form:

5
E Bz COS Q50 = 0,
=1

for j = 1,2,3,4,5.

From the 5-inverse weighted Fermat-Torricelli problem (see the definition in Sec-
tion 3), we could also derive the system of equations (22), (23), (24), (25), (26):

5
E Bz sin Qj0; = 0,
i=1

for j =1,2,3,4,5.

By combining the unified equations of "cosine" and "sine", we have:

5
Z BZ exp(ajol-) = 0,
i=1

for y =1,2,3,4,5.

Proposition 2.5 (Absorbed Case). The following (I), (II) conditions are
equivalent.

(I) One of the following inequalities is satisfied:

ByUa, 4, + 33(7A1A3 + ByUpaya, + BsﬁAlAs < By, (28)
or ) B B B

BiUgya, + B3Uaya, + BaUsya, + BsUpya,|| < Ba, (29)
or . N . .

BiUgza, + BoUaga, + BaUsga, + BsUaga,|| < Bs, (30)
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or

H& Uaony + Bollayn, + ByUapny, + BsUn,us|| < Bu, (31)
or . . . .

HBIUA5A1 + BoUaza, + BsUaa, + BaUaga, || < Bs, (32)

(II) The weighted Fermat-Torricelli point Ay is attained at Ay or Ay or As or Ay
or As, respectively.

Remark 2.6. By following the proof of Proposition 6, page 53 (floating case) and
Proposition 7, page 55 (absorbed case) in [17], [18] for triangles AABC on a C?
surface line by line, we could easily extend these proofs to convex pentagons on a
C? surface.

Remark 2.7. We note that the existence, uniqueness of the weighted Fermat-
Torricelli point is also proved in [6] on positively curved manifolds. Furthermore,
P. Fletcher, S. Venkatasubramanian and S. Joshi have also succeeded in calcu-
lating the weighted Fermat-Torricelli point by generalizing the famous Weiszfeld
algorithm on Riemannian manifolds (see [6]).

3. The 5-inverse weighted Fermat-Torricelli problem on a complete
surface M with variable Gaussian Curvature

Problem 3.1. Given a point Ay which belongs to the interior of A1 AsA3A4As on
M whose perimeter is less than 2—% for K > K, does there exist a unique set of
positive weights B;, such that

Bl+Bg—|—Bg+B4—|—B5:C: COTLSt,
for which Ay minimizes
f(Ao) = Biayo + Baag + Bsaso + Byasg + Bsasg
where a; is the length of the geodesic arc (shortest arc) from Ay to the vertexr A;
fori=1,2,3,4,5.
This is the 5-inverse weighted Fermat-Torricelli problem on M (Fig. 2.1).

For Bs = 0, we derive the 4-inverse weighted Fermat-Torricelli problem. A negative
answer to this problem is given in [22] and a positive answer is given in [17], [18]
for the 3-inverse weighted Fermat-Torricelli problem on a C? complete surface M.

A negative answer is also given for the 5-inverse weighted Fermat-Torricelli prob-
lem, because three weights depend on two variable weights (Theorem 3.2 and
Corollary 3.3).

The evolution of convex pentagons on M is given by the invariance of the weighted
Fermat-Torricelli point for given convex pentagons (geometric plasticity) and the
plasticity of convex pentagons which are convex pentagons which satisfy Theo-
rem 3.2 (dynamic plasticity).



1052 A. N. Zachos / An Evolutionary Structure of Convex Pentagons

Theorem 3.2. Consider the 5-inverse weighted Fermat-Torricelli problem on M
in R3. The plasticity of convex pentagons on M is given by the following three
equations:

and

(B1)12345 + (B2)12345 + (Bs)12345 + (Ba)12345 + (Bs)12345 = const. (35)

Proof of Theorem 3.2. Considering the 5-inverse weighted Fermat-Torricelli
problem, the variable weights (B;)12345 for i = 1,2,3,4, 5, satisfy equations (17)—
(21) and (22)—(26).

From (24), we have:

BQ . sin(a301) B4 sin(a304) B5 sin(a305)
. =i+ (=) ()
B/ 19345 sin(asoz) Bi /19345 sin(ason) Bi ) 19345 sin(ason)

By replacing (By)12345 = (B5)12345 = 0, in (22), (23) and (24), we obtain a solution

of the 3-inverse weighted Fermat-Torricelli problem (see [17], for a solution of this
problem on a C*-complete surface).

_sin(ago) _ (%)m. (36)

SiIl(Oégog)

Specifically, we have:

Similarly, by replacing (Bs)12345 = (Bs)12345 = 0, in (22)—(24), we obtain a solution
of the 3-inverse weighted Fermat-Torricelli problem for the triangle AA; A3Ay«,
where (Aj is the symmetric point of A, with respect to Ag. Hence, we have:

B (&) _ sin(azo4+) _ _ sin(azos) _ (&) (37)
B4 134* Sin(agol) Sin(a{gol) B4 134 ’

Similarly, by replacing (Bs)12345 = (Ba)12345 = 0, in (22)—(24), we obtain a solution
of the 3-inverse weighted Fermat-Torricelli problem for the triangle AA; A3As-«,
where (A} is the symmetric point of A5 with respect to Ag. Hence, we have:

B (&) _ sin( 305+ ) _ _sin(a305) _ (&) (38)
B5 135+ Sin(06301) Sin(a301) B5 135’

(36), (37) and (38) yield (33).

By working cyclically and exchanging the indices 2 — 3 and 3 — 2, we derive
(34). O
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A direct consequence of Theorem 3.2 is given by the following Corollary which is
an extension of Corollary 4.5 in [19], page 418.

Corollary 3.3. Set) y,: B (31)12345(1—1‘32+B‘3+B4+Bs)12345 If> 19345 B

dmB=21uB=>13B= 2125 B =33 B then
(Bi)12345 = SUz'(B4)12345 + yi(B5)12345 +2z, 1=1,23:

(1,01, 21) = <(Bl)134(32)123+ (B1)124(B3)123 1
. + (3 )123 (3 )123 7

( )135( )123 (1)125(Bf)123 17(31)123>

]'—I—( )123_’_(2?)123

o= ().~ (3. ()
X2,Y2,22) = | 1|\ /5 e
By 123 By By 123
7). (7). ()
A1 (— —\ 5 ey ,(32)123
By 123 By 135 B, 123
= (= (5) - (5),.(5)
T3,Y3,23) = | T1 | 5~ —\ 5 o )
By 123 By 124 By 123
7)o (3)..(5)
— | = — , (B .
(Bl Bs 125 B, 123 ( 3)123

Proof. Taking into account that

32 By By  Bs
> B 1+ —= =Y B
15 ¥ 7= (Brhizass ( 2B "B B B ) s j

ijk

fori, 5,k € {1,2,3,4,5, } and by solving with respect to (B;)12345 we derive the plas-
ticity equations for ¢ = 1,2,3 which depend on 2 independent variables (Bj)12345
and (B5)12345. D

Consider the 3-inverse weighted Fermat-Torricelli problem on M. We assume at
time ¢t = 0 that two geodesic arcs (fourth and fifth branch) grow simultaneously
from the weighted Fermat-Torricelli point Ag which is located at the interior of the
triangle AA; A As. We derive the following plasticity principle of weighted convex
pentagons on M which generalizes the result given in [19] for weighted convex
quadrilaterals on surfaces of constant Gaussian curvature and the result given in
[22] regarding weighted convex quadrilaterals on a complete convex surface.

Theorem 3.4. Given five geodesic (shortest) arcs which meet at the weighted
Fermat-Torricelli point Ag and their endpoints form a convex pentagon on M and
the weighted Fermat-Torricelli point belongs to the interior of this convex pentagon,
an increase of the weight that corresponds to the fourth and fifth shortest arc causes
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Figure 3.1.

a decrease to the two weights that correspond to the first and third shortest arc and
an increase to the weight that corresponds to the second shortest arc.

Proof of Theorem 3.4: We need the following fundamental result which has
been introduced in [19] on surfaces of constant Gaussian curvature and has been
proved in [22, Theorem 2] on a complete convex surface of bounded specific cur-
vature:

Given four shortest arcs which meet at the weighted Fermat-Torricelli point Ay
and their endpoints form a convex quadrilateral on M and the weighted Fermat-
Torricelli point belongs to the interior of this convex quadrilateral, an increase
of the weight that corresponds to a shortest arc causes a decrease to the two
weights that correspond to the two neighboring shortest arcs and an increase to
the weight that corresponds to the opposite shortest arc (plasticity principle of
convex quadrilaterals).

By assuming that at time t = 0 two geodesic arcs (fourth and fifth branch) grow
simultaneously from the weighted Fermat-Torricelli point Ay which is located at the
interior of the triangle A A; Ay A3 and applying the plasticity principle of weighted
convex quadrilaterals, we obtain the desired result. Il

Remark. Theorem 3.2, Corollary 3.3 and Theorem 3.4 have recently been derived
in [24] as a limiting case of the dynamic plasticity of closed hexahedra in the three-
dimensional Euclidean space.

Example 3.5. Consider the 5-inverse weighted Fermat-Torricelli problem for a
convex pentagon in the two dimensional Euclidean Space as an extension of Ex-
amples 4.7 and 4.10 given in [19], pages 418-421.
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Figure 3.2.

Specifically, given the angles ajge = 120°, aggz = 90°, ages = 50°, ayes = 10°,
(501 is calculated from the four given angles) ajp = 2.1, asp = 2.5, azgy = 2.3,
ag = 2.1, aso = 1.9, the positive weight (Bj)123 = 1 and the assumption that

Doioas B =210 B =221 B =210 B =2 "134B =3 155 B =) 135 B =2.366
from the plasticity equations of Theorem 3.2 and Corollary 3.3 we derive the

following relations:

A123(A1A2A3) . (81)123 - 1, (BQ>123 = 050, (33)123 = 0.866

Z B = 2.366

123

A124(A1A2A4) : (31)124 == 0609, (32)124 == 0934, (84)124 = 0.82

Z B = 2.366

124

A134(A1A3A4) : (31)134 = 1449, (B3>134 = 1862, (B4)134 = —0.945

Z B = 2.366

134

A125(A1A2A5) . (31)125 = 05, (32)125 = 1, (B5)125 = 0866

Z B = 2.366

125

A135(A1A3A5) . (31)135 = 15, (B3>135 = 1732, (B5)135 = —0.866

> B =2.366,

135
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(81)12345 - (31)123 = _0-475(84)12345 - 0-577(85)123457 (39)
(82)12345 - (B2)123 = 0-53(34)12345 + 0-577(85)123457 <4O>
(B3)12345 - (83)123 = _1-054(34)12345 - (85)12345 (41>

and ) 15,5 B = 2.366. The inequalities that correspond to the plasticity of convex
pentagon in the R? are:

0 < (By)12345 < 0.82
0 < (Bs)12345 < 0.866

1> (Bi)iaaas = 0.11
0.5 < (Ba)1aas < 1.434

0.866 > (Bs)12345 = 0.

The weighted inequalities of the floating case must also be satisfied simultaneously
such that the weighted Fermat-Torricelli point Ay remains an interior point of

Ay Ay A3 Ay As.

By replacing (By)12345 = 0.4, (Bs)12345 = 0.25 in (39), (40) and (41), we obtain:
(B1)12345 = 0.666, (B2)12345 = 0.856, (B3)12345 = 0.194 (see Figure 3.1)

By replacing (By)12345 = 0.5, (Bs)12345 = 0.3 in (39), (40) and (41), we obtain:
(B1)12345 = 0.589, (Bs)12345 = 0.938, B3 = 0.039 (see Figure 3.2).

Therefore, an increase of (By)19345 from 0.4 — 0.5 and (Bj)i9345 from 0.25 — 0.3,
causes a decrease to (Bj)12345 from 0.666 — 0.589, (B3)12345 from 0.194 — 0.039
and an increase of the value of (B3)19345 from 0.856 — 0.938, such that the weighted
Fermat-Torricelli point Ag of the convex pentagon A; Ay A3 A4 A5 of Figures 3.1 and
3.2 remains invariant (plasticity principle of convex pentagons).

4. A distorted weighted Steiner tree for convex pentagons on a (C?
surface.

Let A;AyAsA, A5 be a convex pentagon on M whose perimeter is less than —2Z

E

for K > K, and two points Ay Ay are located at the interior convex domain on
M.

Suppose that a positive number B;(weight) corresponds to each vertex A;, for
i€{0,0,1,2,3,4,5}, and By = By. We denote by a;; the length of the geodesic
arc that connects A; with A;, and «;jx, the angle that is formulated between the
geodesic arcs A;A; and A;Ay, for i,75,k € {0,0,1,2,3,4,5} and i # j # k (see
Figure 4.1).

We assume the existence and uniqueness of a distorted weighted Steiner tree with
boundary A;A; A3A4As and we may consider as an open question to find a unique-
ness condition for distorted weighted Steiner trees on surfaces in the spirit of Ivanov
and Tuzhilin given in [8].

We mention the following theorem which is a generalization of Theorem 1 given
in [23].
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Figure 4.1.

Theorem 4.1. A weighted distorted Steiner minimal tree of A1A3A3A4As con-
sists of two (weighted) Fermat-Torricelli points Ay with valency three and Aj with
valency four which are located at the interior conver domain with corresponding
weights By = By = Bg and minimizes the objective function:

Biaqg + Bsagg + Bsasg + Baasy + Bsasy + Bgagy = minimum, (42)

such that:
HB]-(?AZ.AJ. ‘l‘BkUAiAk > B;, (43)
HBmﬁAlAm + BsUya, + B4[7A1AqH > By, (44)

fori,j, k€ {0,4,5}, I,m,n,q e {0,1,2,3} andi#j#k, l#£m#n#q.

Proof of Theorem 4.1. We assume that, the point A;, the parameterized curve
c(s) and the point A that belongs in ¢(s) are given in a neighborhood Wy, , for k €
{0,0'} and the orientation of the angles with respect to Ay taken counterclockwise
(see Fig. 4.1). We join the two points A; and Ay by the geodesic v4,(s,t) = 4,4, (t)
where t is a canonical parameter, counting from the point A; such that for ¢t = 0,
Ya,4,(0) = A; and for t = 1, y4,4,(1) = Ai. The function a;, = au(Ax) =
@ik (74;4, () = air(74,(s,t)) = a;(s) is differentiable with respect to s. We denote

dc dA/Ai

by ajii(s) the angle between 9¢ and —~* at A, which is the same angle between

the geodesic arcs A; Ay and A;Ay, for i,=1,2,3,4,5 and @ # j.

We generalize the parametrization technique that was used in [17, Proof of Propo-
sition 2, Pages 48-50], [18]:

From [14, Lemma 3.5.1 and Remark 3.5.1], we get:

= cos(jri(s)). (45)
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We set the parametrization:

3 d’YAle/ (t) H /S d’YAl (37 t) H
a(s) = ———Cldt = ————2|dt = s,
10(s) /0 dt o dt
or
&10/(8) = ayg = S. (46)

The length of the geodesic arcs a4y, agy can be expressed as functions of asgy :
Qa0 = a40/(a50/), Qoo = Qoo (G50'), (47)
From (47) and (42), we have:

Blalo + BQCLQO + B3(I30 + B4CL4(]/ + B5CL50/ + BGCLO()/ = minimum. (48)

By differentiation of (48) with respect to a5y and taking into account (46), we get

dayg dagg dayg dayy dagy
B B Bs—— + B B B =0 49
1da50/ * 201@50/ * Sd%o' * 4da50/ s 6d&50/ ’ ( )
or p p
Q40! Qoo
B B B =0 50
4 dany + D5 + Dg sy ) (50)
because
dayg —0,
dasy
dagg -0
dasy
and
da30 _ 0
da50/

Taking into account that the arc length parameter counts from A5 to Ay and from
(46), (45), we obtain:

daag
da:Z/ = cos(asa(s)), (51)
dagy _ cos(agos(s)). (52)
dasy

By replacing (51), (52) in (50), we get:
BO COS(CK50/0<0J50/)) + B4 COS(O&50/4(CL50/)) = —B5. (53)

or
By cos(asog) + By cos(asys) = —Bs, (54)
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because from the assumption on the uniqueness of the distorted weighted Steiner
tree of A1 Ay A3 A4 A5, we have:

Q015 (ak()') = Q0/5,
for i,j,k € {0,4,5}, i # j # k.

By following the same process with respect to the parameters agy (s') = agy = &’
and a4y (") = ago = s” we derive the following two equations, respectively:

B5 COS(O[00/5) + B4 COS(O{00/4) = _BO (55)
and

Bs cos(auys) + By cos(auyo) = —Ba. (56)

By solving (54), (55) and (56) with respect to cos s, COS s and cos g, We
obtain:

B - B! B

COS Q500 = 2B5B0 5 (57)
B2 - B?—B

COS Q\gpr4 — %_BOO, (58)
B2 — B — B}

COS (¥g50714 = 0 2BSSB4 4 (59)

The relations (57), (58) and (59) show that Ay is the weighted Fermat-Torricelli
point of AAyA4As which minimizes the function f; = Boagy + Biasy + Bsasy .

Similarly, by following the same process with respect to the parameters ajo(s1) =
ajp = S1, CL20<82) = Q99 = Sa2, CL30(83) = Q39 = S3, CLOIQ(S4) = Qgrg = S4, WE derive the
following four equations, respectively:

By + By cos(aqpa(arn)) + Bs cos(aios(aig)) + Bo cos(aroe (ao))

(cr00/( 0.
By cos(ag1(asg)) + By + Bs cos(ages(asg)) + Bo cos(ange (ag)) = 0,
Bl COS(O[301 (agg)) + BQ Cos(a302(a30)) + B3 + Bgl COS(O&300/(CL3 )) O

By cos(apo1(ao)) + Bz cos(agoz(apo)) + Bs cos(agos(apo)) + By = 0.
From the assumption on the uniqueness of the distorted weighted Steiner tree of
A1A2A3A4A5, we have:

Oémj(ako) = oy,

fori,j,k € {0/,1,2,3}, i # j # k.

Therefore, we have:

By + By cos(aqog) + Bs cos(aiog) + By cos(aigy) = 0. (64)
By cos(az01) + Ba + Bs cos(agos) + By cos(aag) = 0, (65)
By cos(ase1) + Bg cos(aseg) + Bs + By cos(asey ) = 0. (66)
By cos(ao1) + Ba cos(aggz) + Bs cos(agos) + By = 0. (67)
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The equations (64), (65), (66) and (67) show that Ay is the weighted Fermat-
Torricelli point of Ay A1 A3 A3 which minimizes the function fo = Byagy + Biao +
B2a20 + Bgago. ]

Remark 4.2. From (64), (65), (66) and (67) and taking into account the 4-inverse
weighted Fermat-Torricelli problem on M (see [22, Proof of Theorem 1]) we obtain
the corresponding equations at a sine form:

By sin(ayg2) + Bssin(aggs) + By sin(aigy) = 0, (68)

Bl sin(ozg(n) + Bg Sin(ngg) + B()/ Sin(agool) O, (69)

Bl Sin(agol) + BQ sin( ) -+ B(]/ SlIl(Oégoor) =0 (70)
and

By sin(gro1) + Ba sin(agg2) + Bs sin(aggz) = 0. (71)

From (64)—(67) and (68)—(71) (see also the proof of Proposmon 2.3,(I1) — (III))
the follovvlng balancmg condition is satisfied: BlU AoA, T BQU ApAy T BgU ApAs T

B4UA0A4 +B5UA0A5 = (. Thus, from Proposition 2 in [22] (floating case), we derive
that Ay is the corresponding weighted Fermat-Torricelli point of Ay A AsAs.

A weighted full Steiner tree for convex quadrilaterals on M, is deduced from
a weighted distorted Steiner tree for convex pentagons, because two weighted
Fermat-Torricelli points are located at the interior convex domain.

Proposition 4.3. A weighted (full) Steiner minimal tree of Ay Ay A3 Ay on M con-
sists of two (weighted) Fermat-Torricelli points Ay, A of valency three which are
located at the interior convex domain with corresponding weights Bo=By =Byy and
minimizes the objective function:

Biaiy + Baagy + Bsasg + Byasy + Boyagy = minimum, (72)

such that:
HB]-U*AiAj + Byl | > B, (73)
HBmU'AlAm + ByUaa | > B, (74)

fori,j k€ {0,1,4}, I,m,n € {0/,2,3} andi # j # k, | # m # n, where [inAj is

a unit tangent vector of the geodesic arc A;A; at A,.

Proof of Proposition 4.3. Consider, a distorted weighted Steiner tree of a con-
vex pentagon A;A; A3A4As on M. By setting By = 0, we have two points Ay, Ay
which exist at the interior convex domain of valency 3.

By setting Byy = By = By, the objective function takes the form:

Bsasg + Bsasg + Baaay + Bsasy + Boy gy = minimuim.
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By changing the index 5 — 1, in (54), (55) and (56), we obtain:

BQ COS(OQQ/()) + B4 COS(Q10/4) = —Bl. (75)

By cos(aig0) + By cos(apea) = —By (76)
and

Bl COS(0510/4) + Bo COS(O(OO/4) = —B4. (77)

By solving (75), (76) and (77) with respect to cos ayg, cos agys and cos aygq, we
get:

B? — B} — B?

COS X190 = 1 QBllBO ¢ 5 (78)
B? - B? - B?

COS Q\gpr4 — ! 2B4i180 0 s (79)
B2 - B? - B2

COS (X104 = 0 231134 4 (80)

From (78), (79) and (80), we derive that Ay is the weighted Fermat-Torricelli point
of ANAyAgA, which minimizes the function f; = Biaiy + Boagy + Biaag -

Similarly, by following the same process we obtain:

B2 — B2 — B2

COS Qrprp3 = ! 233?30/ . ) (81)
B2 - B2/ - B2

COS Qiyrpe = 3 QBOE)B2 2 , (82)
B2 — B} — B}

COS (Y903 = 0 232233 3 (83)

From (81), (82) and (83) we derive that Ay is the weighted Fermat-Torricelli point
of ANAy Ay Az which minimizes the function fy = Bgagy + Baasy + Bsaso. O

Corollary 4.4. If B; = 0.25, fori1=1,2,3,4 and Byy = 0.5, then
Q10 = Qora = Qs = Qe = Qroz = Quapz = 120°

(Unweighted full Steiner tree for convex quadrilaterals on M)

5. An inverse distorted weighted Steiner minimal tree for convex pen-
tagons on a C? surface

Problem 5.1. Given two points Ay and Ay which belongs to the interior of
A1AsA3ALAs on M, does there exist a unique set of positive weights B;, By, By
such that

Bi 4+ By + B3 + By = ¢ = const,

BO = BO/a
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for which Ay and Ay minimizes
f(Ao, Ay) = Brary + Baag + Bsaso + Byasg + Bsasy + Boaoy

where a;, is the length of the geodesic arc (shortest arc) from Ay to the vertex A;
fori=1,2,3,4,5, and k € {0,0'}. This is the 5-inverse weighted distorted Steiner
problem on M. (Fig. 4.1).

Theorem 5.2. The plasticity of the 5 distorted weighted Steiner minimal tree on
M is given by the following equations:

By sin(as0r0)

(B1)oas = Sin(ass) (84)
_ Bysin(agors)
(Bs)oss = “ein(asyy) (85)

By

(Bl>1230/
Bs

(Bl>1230/

(5)ul- (5 (@)L
5)ul- @) @), @

(Bo)oas = (Bo)1230r (88)

and
(B1)1230r + (B2)1230r + (B3)12300 + (Bo )12300 = €1 = const, (89)

The weight (B;)1230 corresponds to the vertex A; that lie on the geodesic arc AgA;,
for i € {1,2,3,0'} and the weight (B;);jx corresponds to the vertex A; that lie on
the geodesic arc AgA; regarding the triangle ANA;A; Ay, fori,j,k € {1,2,3,0'} and
i #J# k.

Proof of Theorem 5.2. We choose two counterclockwise orientations for angles
with respect to the vertices Ay and Ay on M at the corresponding tangent planes
TAO (M) and TAO/ (M)

From the 5 inverse distorted weighted Steiner tree on M and taking into account
Theorem 4.1, we obtain the system of equations (with respect to the orientation

at AOI)

By solving (54) and (55) with respect to By = (By)oss and Bs = (Bs)oss and by
setting By = (Bo)oss, we obtain (84) and (85).

From the 5 inverse distorted weighted Steiner tree on M and taking into account
Theorem 4.1, we obtain the system of equations (64), (65), (66) and (67) (with
respect to the orientation at Ap).

By setting (Bs)12345 = 0 at the plasticity equations of Theorem 3.2 with respect to
the 5 inverse weighted Fermat-Torricelli problem ,we derive the plasticity equations
with respect to the 4 inverse weighted Fermat-Torricelli problem on M (see also
Proposition 4.4 in [19] for surfaces of constant Gaussian curvature).
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Then by setting B; = (B;)1230 at the plasticity equations of Theorem 3.2 and by
changing the index 4 — 0" and by eliminating the index 5, we obtain (86) and
(87). From the 5 inverse distorted Steiner tree problem, we get (88) and (89). [

2 B/ J—
Corollary 5.3. Set Y1530 B = (Bi)isso (1 + 82 + 52 4+ 5 )aoso- I Do jps0 B =
>3 B =2 100 B=72 130 B, then
(Bi)i2sor = @i(B))12s0 + v 1=1,2,3:
B Bs B1 B
(3_6)130'(3_1)123 + (3_6)120’(3_?)123 —1
) - ) (B1)123 )

1 + (%)123 + (%)123

B2 Bl BQ
(1‘27?/2) = (1‘1 (—> - (—> (—) 7(32)123) )
By 123 B(,) 130/ B, 123
1\ 5 I ey 5 7(33)123 .
( (Bl 123 B(/) 120/ By 123

Proof of Corollary 5.3. By setting (Bs)12315 = 0 and by changing the index
4 — 0/ in Corollary 3.3, we derive the three equations (B;)1230 for i = 1,2, 3 which
depend on By. O]

Remark 5.4. We need 3 angles «;o; and 2 angles oy for 4,5 € {1,2,3,0'} and
k,l € {0,4,5} to calculate the plasticity equations of Theorem 5.2 and Corol-
lary 5.3. The other two angles are calculated by the condition:

Qo + o + oy + Qo = 27
and
Qporg + Qq0/r + Qs = 27T7
for i,7,k,l,m € {1,2,3,0'} and p,q,r,s € {0,4,5}

We mention an important application which connects the plasticity equations de-
rived by the 5-inverse weighted Fermat-Torricelli problem with the plasticity equa-
tions derived by the 5-inverse distorted weighted Steiner tree in R?.

Proposition 5.5. By performing a parallel translation of AA Ay As to AjAGAL,
(see Fig. 5.1, Al A is parallel to AyAy and AL Ay is parallel to A5 Ay ), the following
equations are satisfied:

Bl Sil’l(27’(’ — 06102) + B3 SiIl(Oé203) + B4 SiIl(Oé204l>

90
+B5sin (21 — a2 — agror + aspr0 — ) = 0, (0)
BQ Sin(alog) + Bg Sin(alog) + B4 sin(a103 + Q'300/ + o’ — 7T) (91)
+B5 sin(37r — Qo1 — 0550/0) =0.
B SiIl(OégOl) + By Sin(Oég()g) + By Sin(a300/ + Qgor4 — 7T) (92>
+Bs sin( oo + s — T+ augs) = 0,
By sin(auos + o1 + aseo — ) + By sin(auos + a1 + aseo0 — T+ Qaoz) (93)

+ By sin(3m — asoor — qroa) + Bs sin(aus) = 0,
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Q300/ +X0074-T0

Figure 5.1.

and

B sin(agfm + Q500 — 7T) + By Sin(Oéolo;[ + asp0 — T+ 04102) (94)
+ Bg sin(a0/01 + aspg — T + alog) + B4 SiH(Q?T — 01405) =0.

Proof of Proposition 5.5. By performing a parallel translation of A A4 Ay As to
Al ApAs, the length of the line segment agy — 0. By setting agy = 0, for Ay = Ay
in (42) we obtain:

Biayg + Baagy + Bsasg + Byayy + Bsasy

or

Biayg + Baagy + Bsasg + Byasyo + Bsasg = minimum. (95)

By changing the indices 4 — 4’ and 5 — 5" in (1, we get (95).

Therefore, by changing the indices 4 — 4’ and 5 — 5 in (22), (23), (24), (25) and
(26), we get correspondingly:

Bl Sin(OéQ()l) + B3 Sin(Oé203)

+Bysin(agoz + azoo + qoors — ) + Bs sin(ages) = 0, (96)
By sin(aqg2) + Bssin(aigs) + Basin(aqoy ) + Bssin(aggs ) = 0. (97)
Bj sin(agp1) + Ba sin(agen) + By sin(ases ) + Bs sin(ases ) = 0, (98)
B sin(auyo1) + B sin(augz) + Basin(augs) + Bssin(aggs ) = 0, (99)

and

By sin(aso1) + Basin(asigz) + Bssin(asigz) + By sin(asy) = 0. (100)
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Figure 5.2.

where

Qg5 = Qig0'5,
Q3047 = Q300 + Qoora — T,
Q501 = Qo1 + Q5000 — T
Q304 + Qo3 = Qoo + Q30 + Qoerz — T,
Qo047 = Qi203 + Q3007 + Qoora — T,

Qoo = 2T — (g2 — Qo1 + Qg — T [

5.1. The genesis of a weighted dendrite of order three on a C? surface.
We start with the definition of a weighted dendrite of order three on M.

Definition 5.6. A weighted dendrite of order three on M is a distorted weighted
Steiner tree of a geodesic triangle which consists of exactly one weighted
Fermat-Torricelli point at the interior of the triangle and the degree of plastic-
ity (Degplasticity /\) is zero.

We mention an evolutionary scheme of a weighted dendrite of order three with
respect to the 5-inverse weighted distorted Steiner tree problem on M which we
call a creation principle of weighted dendrites of order three on M :

Theorem 5.7. Consider the 3-inverse weighted Fermat-Torricelli problem for
NA1AA3 on M. At time t = 0, two geodesic arcs AgAy AgAs grow simulta-
neously from Ay and move via parallel translation along the geodesic arc AgAgy.
This evolutionary process creates a weighted dendrite of order three which corre-
sponds to NALAy As, such that a 5-inverse weighted distorted Steiner tree occurs
and the points Ay and Ay remain the same.

Proof of Theorem 5.7: From the 3-inverse weighted Fermat-Torricelli problem
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on M and by taking into account that AqgAy AgAs grow simultaneously from A,
we obtain the plasticity principle of A; A3 A3 Ay As by changing the indices 4 — 4/
and 5 — 5’ (see Theorem 3.4) which states that:

Given five geodesic (shortest) arcs which meet at the weighted Fermat-Torricelli
point Ay and their endpoints form a convex pentagon on M and the weighted
Fermat-Torricelli point Ay belongs to the interior of this convex pentagon, an
increase of the weight that corresponds to the fourth and fifth shortest arc causes
a decrease to the two weights that correspond to the first and third shortest arc
and an increase to the weight that corresponds to the second shortest arc.

Therefore, an increase of By and By creates a decrease of By and Bz and an
increase in B, such that the corresponding weighted Fermat-Torricelli point Ay
remains the same.

Let U 404, be the unit tangent vector of the geodesic arc ApA; at Ay for ¢ €
{0/,1,2,3,4,5}.

We have:

ByUsya, = ByUaga, + ByUaga,- (101)

(101) yields a plasticity principle of the convex quadrilateral A;AsAzAy on M
which states that: an increase of By creates a decrease of By and Bz and an
increase in B, such that the corresponding weighted Fermat-Torricelli point Ay
remains the same.

By moving via parallel translation along the geodesic arc AgAy (see Section 3.3,
3.4.4 and Example 3.4.4 in [14] pages 153-161) the geodesic curves AgAy — AgAy
and AgAs — ApAs (see Figure 5.2), the plasticity equations of the 5-inverse
distorted Steiner tree (see Theorem 5.2) are satisfied by assuming that By = By.
By setting By = By and Bs = By, (84)-(89) are satisfied and the angles op; and
agor remain the same for 4,5 € {1,2,3,0'} and k,l € {0,4’,5'}. Furthermore, (84)
and (85) shows that an increase in By = By creates an increase in By and Bs.

Thus, we derive the consistency of the plasticity of the 5-inverse weighted distorted
Steiner tree which corresponds to A1 A; A3A4As on M with the plasticity principle
of A1A2A3A4/A5/ . ]

5.2. The creation of a weighted leaf tree type on a C? surface M.

We start with the notion of generalized plasticity for convex pentagons on M
whose perimeter is less than \/2_% for K > K3, which has been introduced in [20,
Proposition 4.1] for pentahedra in the three dimensional Euclidean Space.

Proposition 5.8. Let A; Ay A3A4 A5 be a convex pentagon on M with non-negative
weights B; that correspond to each vertex A;, respectively, which satisfy the weighted
inequalities of the floating case (see Proposition 2.3) and Ag is the corresponding
weighted Fermat-Torricelli point. Assume that every non-negative weight B; is



A. N. Zachos / An Evolutionary Structure of Convexr Pentagons 1067

split into n; non-negative weights By :

i Bix = B;,
k=1

fori=1,2,3,4,5. The weight B, corresponds to every vertex A; which belongs
to the line segment AgA;, for every k # n,; and the weight B, ,,, corresponds to the
verter A; = A;n,. Then the weighted Fermat-Torricelli point of {A;r} coincides
with the generalized Fermat-Torricelli point of { A1 AsAsA4As}, fori=1,2,3,4,5.

Proof of Proposition 5.8. Let g(X) be the objective function

g(X) = Z > Biktira (102)

where a;, , is the length of a geodesic arc from A;; to X on M. We prove that the
minimum of g(X) is attained at X = Ay.

We recall from Proposition 2.3 the following two conditions are equivalent:

(I1) The weighted Fermat-Torricelli point Ay is an interior point of A; Ay A3A4As
and does not belong to the geodesic arcs A; A, for i,7 =1,2,3,4,5 1 # j.
(ITT) ByUaga, + BaUnaga, + BsUngay + BalUaga, + BsUaga, = 0.

By following the same process given in the proof from (I7) — (I11) at Proposi-

tion 2.3, we obtain:
5 n;

grad(g(z)) = > > BixUx.a,,. (103)

i=1 k=1
By applying Proposition 2.3, we derive the following two equivalent conditions:

(II) The weighted Fermat-Torricelli point X is an interior point of {4;x} and does
not belong to the geodesic arcs A; Ay, AyAsz, AzAy, AyAs and AsA;.

(I11) 327 305, BialUxoa,, = 0.
By replacing X = A in (103) we have:

5 n;g 5
E E BirUnpa,, = E BiUay.4, = 0.
=1

i=1 k=1

This result follows from the parallel translation of the unit vectors U Ao,A;,, along
the geodesic curve AgA; to Ag, the uniqueness of the weighted Fermat-Torricelli
point Ag of {A; A2 A3 A4 A5}, which is derived by the strict convexity of the length
of a geodesic arc on M (see Proposition 2.2, [17, Proposition 1], [18]). O

From Proposition 5.8 and Theorem 3.2, we obtain the generalized plasticity equa-
tions for convex pentagons on M.
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Figure 5.3.

Corollary 5.9.

( 22:1 BZk:)
Zklzl By 12345
(&), - (825, (&), - (525),. (3).]
B, 123 221:1Blk 12345 By 134 Zzllelk 12345 Bs 135
(2231 B3k)

221:1 B 12345

(%) [1_(224134k) (i) _<ZZS—1B5k) (5) }
By 123 lelBlk 12345 By 124 Zzllelk 12345 Bs 125

5
Z(Bi)12345 = c = const. (104)

i=1

and

The plasticity of a weighted distorted Steiner tree with respect to the 5-inverse
weighted distorted Steiner tree on M yield a generalized plasticity of a weighted
leaf tree type by splitting Ay to Agg; with corresponding weights Byg; such that
> v Boyi = By = By and the geodesic arcs Ay Ay are derived via parallel
translation of Ay Agy and Ay;Agg along the geodesic curve AgAgy (see Figure 5.3).

Let Sa,4,45404,4, 45 be a weighted distorted Steiner minimal tree of A; Ay A3A4As
which consists of two (weighted) Fermat-Torricelli points Ay with valency three
and Aj with valency four which are located at the interior convex domain with
corresponding weights By = By.

Proposition 5.10. By moving along the geodesic arc AqgAy via parallel transla-
tion of geodesic arcs AyAy — Ay Ago; and AsAy — As; Aoy, fori=1,2,3,..,n,
we obtain a weighted Steiner leaf tree type on M (see Figure 5.3) which minimizes
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the objective function

n
Biaig + Baagy + Bzaszg + Z Buiaaiy00)

=1
+ Z Bsiasi oo + Z Booriaooosy = minimum, (105)
=1 =1

such that:

HBjﬁAiAj + BkﬁAiAk

> B, (106)

”BmﬁAlAm + BSﬁAlAn + B4ﬁAlAq

> B, (107)

fori,j,k € {0r 4r,5r}, and r =1,2,3,..,n, ,m,n,q € {0',1,2,3} and i # j # k,
L#m#n#q,

d A =1, (108)
q=1

Z BOOIZ‘ - BO - Bol (109)
i=1
i=1

> Bsi =B (111)

i=1

A, Ay remains the same with Sa, 4,454,444, A5 where Agor; belongs to the geodesic
arc AgAy with corresponding weight Boy; = \;By and the vertex AjAoy; has a
corresponding weight Bj; = \;B; for j = 4,5 and 1 =1,2,3,..,n.

Proof of Proposition 5.10. From (108)—(111) and (105) and the parallel trans-
lation of geodesic arcs AyAy — Ay Aoyi (Gao = aaiyoos)) and AsAy — As; Aoy,
(aso = agsi(o0i)), We get:

Biaig + Baayy + Bzasg + Z Buyiaaiyooriy + Z Bsiasiy ooy + Z Booiao(oori)

i=1 i=1 i=1
= Biayo + Baayy + Bzazy + Z Ai(Baaiyoos) + Bsasiooiy + Boaoooiy)
i=1

= minimum.

By following the same parametrization technique that we used in Theorem 4.1,
we derive that Agy; is the corresponding weighted Fermat-Torricelli point of
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AAAAsi, for i = 1,2,3,...,n, where Bj; is the corresponding weight of the
vertex Aj;, for j = 4,5 and Byy; = \iBy = \i By is the corresponding weight of the
vertex Aogy;.

Similarly, by applying the parametrization technique of Theorem 4.1 and by setting
Bs = 0 in Proposition 5.8, we derive that Ag is the weighted Fermat-Torricelli point
of {AlAQAg{AOQIZ'}} for i = 1, 2, 37 .., n, Or

Ay is the weighted Fermat-Torricelli point of A;A3A3Ay} because Y . | Boyi =
>t NiBy = By. m

From Proposition 5.10 and by setting in Theorem 5.2 Byy = \; By, we obtain the
following plasticity equations of a weighted Steiner leaf tree type on M :

Proposition 5.11. The plasticity of the weighted Steiner leaf tree type on M (see
Figure 5.3) is given by the following equations:

)\i BO Sin(O{50/0)

Bai)oss =
( 4)045 Sin(a50/4)

(112)

)\i BO Sin(a00/4)

Sin(a50/0)

B B [ B! B 1
G M [ W
By 1230’ By 123 L B, 1230/ Bo 1307
B B [ B! B 1
G [ O R
By 1230’ By 123 L B, 1230/ Bo 1207

(Bo)oas = (Bo)1230r (116)

(Bsi)oss = (113)

and

(B1)1230r + (B2)1230r + (B3)1230 + (Bo )12300 = €1 = const, (117)

The weight (B;)1230 corresponds to the vertex A; that lie on the geodesic arc AgA;,
fori € {1,2,3,0'} and the weight (B;)ijx corresponds to the vertex A; that lie on
the geodesic arc AgA; regarding the triangle AA; Aj Ay, fori, 5,k € {1,2,3,0'} and
i #]F k.

Corollary 5.12. By splitting the knot A; fori=1,2,3 to A;) for k =1,2,..,n,,
such that A; i, belongs to the geodesic arc A; Ay with weights B;y = > -, Bix = B,
we obtain the generalized plasticity equations of a weighted Steiner leaf tree type
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on M :
)\iBO Sin(()é50/0>
Buoss = 2 118
( 4 )045 sm(oz50/4) ( )
)\iBO Sil’l(OéOO/4)
Bsoss = 2 119
(Bsi)oss sin(as00) (119)

"2 B B " N\ By B
(—7’211 2"“) = <—2) [1 - (—Z%f °> (—1) ] . (120)
Zk:l B 1230 B, 123 Zk:l B 1230 By 130’

(B),. (), ()L (3. o
Zzllel,k 1230/ By 123 lelBLk 1230’ B(l) 120/ 7

(Bo)oas = (B ) 12300 (122)

and
Bi + By + B3 + By = ¢1 = const, (123)

Proof of Corollary 5.12. By setting B5; = 0 and changing the index 4 — ('
in the generalized plasticity equations Corollary 5.9, we obtain the generalized
plasticity equations with respect to a 4-inverse weighted Fermat-Torricelli problem.

Then by using the plasticity equations taken from Proposition 5.11, we derive
(118)—(123). O

Remark 5.13. By extending the plasticity of weighted Steiner trees from convex
pentagons to polygons, we may derive various types of evolutionary structures of
convex polygons on a C? complete surface and we may ask for the optimal bounds
with respect to the evolution of the corresponding weighted Steiner Ratio which
is the ratio of the length of a weighted Steiner tree with respect to a full weighted
Steiner minimal tree. These optimal bounds will generalize the optimal bounds of
the classical Steiner ratio conjectured by Gilbert and Pollak.

We may consider as a future work to prove the uniqueness of weighted distorted
Steiner minimal trees for convex polygons on a surface M.

Finally, we may conclude with one question taking into consideration P. L. Mau-
pertois mathematical inspiration which is connected with the discovery of the least
action principle (see in [11]):

Do existing evolutionary structures behave randomly? How could we specify a
degree of randomness such that existing evolutionary structures behave?

A. Appendix

We proceed by giving the definition of an exponential mapping and two results
regarding the exponential mapping and the normal coordinate system (see in [1],
pages 117-119, [17], [18]).

Let Ay € M, (U, ¢) a local chart at Ay, such that ¢(Ag) = 0 which is connected

with a normal coordinate system {zi*} and we denote by X 4,4, a tangent vector
in Tay (M), for k =1,2.
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Let 74, (t) = 74, (t, X 4,.4,) be the geodesic arc from Ag to A; such that: v4,(0, X 4,4,)
= Ay, 7A0(17XA1') = A; and 7A0(t7XAi) = VAo(latXAoAi)'

We mention the following two results given in [1], Theorem 5.11 and Corollary
5.12, page 118, respectively:

1. The exponential mapping exp 4, (X4,4,), defined by
RZ>5 6> XAOAi — 'YAO(LXAOAZ-)‘?M;

is a diffeomorphism of # (a neighborhood of zero, where the mapping is defined)
onto a neighborhood €2 of Ay, where 2 = exp, (). By definition, exp, (0) = Ao
and the identification of R? with T4, M is made by means of (¢, )4, :

XAO = (¢*)X;XA0-

2. There exists a neighborhood 2 of A, such that every point ,Q4, € 2 can be
joined to Ap by a unique geodesic entirely included in €2, where

Qa;, = V4, (ta XAOA'L) = 7140(17 tXAOAi) = €XPy, tXa04, = {txzk}
(Q, expg;) is a local chart and the corresponding coordinate system {xi*} is called
a normal geodesic coordinate system.
Let ya,(t) = 4, (t) be the geodesic from Ay to A; lying in Q.
From the equality
YAo (17 tXAoAi) = VAo (t7 XAoAi)a
we obtain that ”yffxo (t) = tai®, where zil, 1i? are the components of X AgA; -

The arc length s = HXAoAth = || Xapa, |l t.

For t = 1, we derive that s = ag;. Thus, we have:

ag; = \/gkl<Ai)$ik$il = \/(513@'1)2 + (2i%)? = [| X a4
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