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The existence of at least one nontrivial periodic solution for a class of second order Hamiltonian
systems depending on a parameter is obtained, under an algebraic condition on the nonlinearity
G and without requiring any asymptotic behavior neither at zero nor at infinity. The existence
is still deduced in the particular case when G is subquadratic at zero. Finally, two multiplicity
results are proved if G, in addition, is required to fulfill some different Ambrosetti-Rabinowitz
type superquadratic conditions at infinity. The approach is fully variational.
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1. Introduction

This paper is devoted to the study of the existence and the multiplicity of periodic
solutions of a differential problem that is included in the following class of second
order Hamiltonian system

—i=VF(t,u) a.e. in [0,T], (1)

where T'> 0, N > 1 is an integer and F' : [0,7] x RY — R is a function smooth
enough.

There is a large number of authors that treated problem (1), see for instance
[19-27]. In particular, in [7], via min-max methods, the existence of at least
two nontrivial periodic solutions is proved when F'(¢,-), in addition to a coercive
condition, satisfies at zero a suitable behavior that, indeed, implies that zero is a
local maximum, namely
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There exist p € N and r > 0 such that, for every |£| < r and a.e. in [0,T], put
w=27/T,

2+ DPIEP < F(t,6) — F(t,0) < —zp w?lél? )

Some other more general coercive conditions are exploited in [14, 20, 21, 26, 27|
in order to still assure meaningful existence results. While, the multiplicity of
periodic solutions is obtained again in [20, 21, 26] requiring (2).

On the other hand, starting from the Rabinowitz’s paper ([17]), the well known
Ambrosetti-Rabinowitz condition, namely

There exist p > 2, r > 0 such that, for every || > r and for every t € [0,T]

has been fruitfully exploited in order to establish the existence of at least one
nontrivial and non constant periodic solution (among the others, see also [9, 12,
22]). In particular, different types of superquadratic conditions, that are inspired
from (3), play a crucial role in proving the existence theorems contained in [11,
19, 24, 25, 29].

Our aim is to consider problem (1) when

F(1,€) = SAME €~ NDG(E),

where A : [0,7] — R (N > 1) is a suitable matrix-valued function, b €

LY[0,T],R), G € C*(RY) and X is a positive real parameter, so that (1) reduces
to

—i 4+ A(t)u = Ab(t)VG(u) a.e. in [0, T

(Py)

w(T) — u(0) = 4(T) — u(0) = 0.

More precisely, making use of an abstract critical point theorem obtained in [6],
in Section 3, we first assure the existence of a precise interval of parameters A for
which problem (P,) admits at least one nontrivial periodic solution (see Theorems
3.1 and 3.3), without any asymptotic condition, neither at zero nor at infinity, on G.
As a special case, an existence result is obtained simply requiring a subquadratic
behavior at zero of the nonlinearity G (see Theorem 3.6). In Section 4, two different
multiplicity theorems are proved (Theorems 4.1 and 4.5) when coercivity assump-
tions as well as (2) are avoided, while some conditions of Ambosetti-Rabinowitz
type are required (see assumptions (39) and (46)). Finally, some examples are
given. Precisely, an example (Example 3.9) where the nonlinearity has a com-
pletely arbitrary behavior at infinity and the corresponding problem, owing to
Theorem 3.6, admits at least one nontrivial solution, is pointed out. Moreover,
some examples (Examples 4.3, 4.4, 4.6) where the nonlinearity is superquadratic at
infinity are presented, so that the corresponding problems, owing to Theorems 4.1
and 4.5, admit at least two nontrivial solutions, while the results of the literature
cannot be applied (see Remarks 4.2 and 4.7).
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For the notation adopted we refer to [15] that represents an excellent monograph
on this topic. Further papers where the multiplicity of solutions to problem (P,)
is studied, are [3, 4, 10].

2. Preliminaries

Let H}. the Sobolev space of functions v € L?([0,T], R") having a weak derivative
w € L*([0,T],RY). Let us recall that, in this framework, the weak derivative of
u e LY([0,T],RY) is a function w € L*([0,T], R") such that

Aqmymw@:—lzmywwﬁ, (@)

for every v € CF°, being C2° the space of indefinitely differentiable 7T-periodic
functions from R into RY. Moreover, whenever u € L*([0,T], RY) admits a weak
derivative % one has that

u(t) = /0 u(s) ds+c¢ and u(0)=u(T). (5)

It is easy to verify that, if we consider H} endowed with the usual norm

iy = ([ uto v+ [ jaco o) - (©

then H% is a reflexive Banach space which is compactly embedded in C°([0, T, RY)
and C' C Hr. Moreover, it is well known that

Hp=X"©X", (7)

where X is the subspace of function with mean value zero in H} and X~ is the
subspace of constant functions in Hy. (for more details see [15, Chapter 1] and [1]).
Let A:[0,7] — RN be a matrix-valued function such that

(A); A(t) = (aij(t)) is a symmetric matriz with a;; € L>([0,T]) for every t €
0, 7).
(A)y There ezists a positive constant v such that
At - € > vgf?
for every € € RN and a.e. in [0,T).

A simple computation shows that

N
V|£|2 < A(t)g ’ g < Z Hainoo |§|2’ (8)

1,7=1

for every t € [0,T] and & € RY. Hence, if we put

ww:lzmm@m@ﬁ+lu@m@ﬁ, 9)
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for every u,v € Hx, in view of (A)y, (-,-) is an inner product on H} inducing the
following norm

1/2

T T
|ul| := (/ A(t)u(t) - u(t) dt—i—/ |a(t)|? dt) : (10)
0 0
Obviously, by (8), we conclude
vmllull gy < llull < VMllullg, (11)

where m = min{1, v} and M = max {1, Zgjzl HaUHOO}, namely || - || is equivalent

to || - ||y Hence, (HL, || - ||) is still compactly embedded in C°([0,T], RY) and, if

o k= \/%max {\/T %} , (12)

S 1

ue H:\{0} [Jul

it can be shown that

<k (13)

An esaustive computation of (13) is given in [10].

In order to point out the variational structure of problem (P,), we introduce the
following two functionals ®, ¥ : H}. — R by putting

(u) ::%Huﬂz, U(u) ::/0 b(t)G (u(t)) dt, (14)

for every uw € Hi. Tt is easy to verify that ® is a sequentially weakly lower
semicontinuous, coercive and continuously Gateaux differentiable functional, being

T T
Q' (u)(v) = / u(t) - o(t) dt —i—/ A(t)u(t) - v(t) dt, (15)
0 0
for every u,v € H}.. Moreover, from (13) we can derive that for every r > 0 one
has that
27 () —o0,1]) € {u e C°(O,TLRY): flulleo < kv ). (16)

Since H} — C° compactly, ¥ turns out well-defined, sequentially weakly semicon-
tinuous and continuously Gateaux differentiable, with

U (u)(v) = /0 b(t) VG (u(t)) - v(t) dt, (17)

for every u,v € Hi, being ¥’ a compact operator. By (16) we can observe that,
for every r > 0

sup  W(u) <[bfy max G(¢). (18)
ued—1]—oo,r] €| <kv2r
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At this point, if we recall that a solution of problem (P)) is any function uy €
CL([0,T], RY) such that 1 is absolutely continuous

—io(t) + A(t)ug = Ab(t)VG(up) a.e. in [0, 7], (19)
and
uo(T') — ug(0) = uo(T') — ue(0) =0, (20)

we can claim that
a critical point of the functional I, := ® — AW is a solution of (Py). (21)

In fact, if ug € Hy is such that I} (ug) = 0, taking in mind (15) and (17), one has

/0 ao(t) - 0(t) dit = /O A uo(t) = MOV G (uo(t))] - v(t) dt

for every v € H1, namely, in view of (4), 11y admits a weak derivative iig satisfying
(19). Moreover, since C5° C Hj. and reading (5) with ug or g in place of u, we
conclude that (20) holds true.

In order to assure the multiplicity results, we will use the notion of Palais-Smale
condition and as well of the more general Cerami condition, namely:

If X is a Banach space and I : X — R is a Gateaux differentiable function, we
say that I satisfies the Palais-Smale condition (briefly (PS)) if

(PS) every sequence {x,} in X such that {I(z,)} is bounded and I'(z,) — 0 in
X* admits a strongly convergent subsequence.

Moreover, we say that [ satisfies the Cerami condition (briefly (C)) if

(C); every bounded sequence {x, } in X such that {I(x,)} is bounded and I'(x,) —
0 in X™* admits a strongly convergent subsequence;

(C)g for every d € R there exist constants §, R, v > 0 such that, for every
x € [7Y([d— d,d + 0]) with ||z|]| > R one has

1 ()]

x+[z|| > .

Finally, we recall an abstract critical point theorem obtained in [6], that is inspired
by the Ricceri Variational Principle (see [18]) and which represents our main tool
in order to assure the existence of at least one nontrivial solution to problem (P,).

Theorem 2.1. Let X be a reflexive real Banach space, ® : X — R be a sequen-
tially weakly lower semicontinuous, coercive and continuously Gateauz differen-
tiable function, ¥ : X — R be a sequentially weakly upper semicontinuous and
continuously Gateaux differentiable functional. Put Iy = ® — AV and assume that
there are r,ry € R, with v < r9, such that

B(ri,re) < p(ri,r2), (22)

where

. SUPyued-1(jr1,ra2[) \Ij(u) - \II(U)
r1,T) = inf
ﬁ( ! 2) ve®1(]r1,ra|) To — @(U)



1080 G. Bonanno, R. Livrea / Hamiltonian Systems...

and
p(ri,re) ==  sup ) = SWPuce-1g-corsp V()
1,72) -— .
ve®1(]r1,r2|) (I)(U) |

Then, for each \ € ] o)’ B(ml,rg) there is ugx € ®~1(Jr1,72[) such that Ix(ug ) <
I(u) for allu € &~ (]7"1,7“2[) and I} (ugx) = 0.

Some others papers related to Theorem 2.1 are [2, 5].

3. Existence results

Here is our first main result.

Theorem 3.1. Let A : [0,T] — RN be satisfying (A); — (A)y, G € C'(RV)
and assume that there exist c1,co € R, with 0 < ¢; < ¢a, and € € RY such that

C2

< gl < (23)
Wit TSN sl
and - -
— D G(E) —GE) _ G - maX|g|<c1 G _
T LT e I A@mE - édt B TAME-Edt— > 24

where k is deﬁned in (12).
Then, for every b € L*([0,T],R) \ {0} a.e. nonnegative and for every A € A :=

N
2k2[[b]l1

2 < flua] < 2.

} L . [ there exists at least one solution uy € H}. of problem (Py) such that

Proof. Let us begin observing that, putting together (8) and assumption (23),
one has

T N
& < KuTIEP < K / AME-Edt <T Y laglllé? < (25)
0

1,j=1

Moreover, since

k| T Z ais]lse > KVVT > V2,

1,j=1
in view of (23), one has || < ¢, so that

max G(§) > G(¢). (26)

|€]<ca
By (25) and (26) it follows that v > 7, > 0, as well as

G(&) > max G(§). (27)

|€]<c
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Fix now b € L'([0,T],R)\ {0} which is a.e. nonnegative and A € A. We will apply
Theorem 2.1 where X = Hf., while ® and U are as defined in (14). In Section 2 we
already observed that the functionals ® and ¥ satisfy all the regularity assumptions
required in Theorem 2.1. Let u € X be a function defined by

u(t) =¢,
for every t € [0, 7], and put
2 2
_ 4 _ 9
r = ﬁ’ To = ﬁ
Since ®(u) = f A(t)E - € dt, from condition (25) it follows that
r < ®(u) < ry. (28)

Hence, in view of (18) one has

maX|§|<k\/27 G(S) - G(f)
~5Jy AWE-€ at

On the other hand, arguing as in the previous inequality, one has

B(ry,r2) < [|bll1 = 2k?|[b][171.- (29)

G(&) — maX\gKkﬁ G(§)
5 fO g dt — 1
From (29) and (30) it follows that ( ) holds. Finally, if we observe that A C

p(ri,m2) > [|bll1 = 2k?(|b]| 172 (30)

1 1
p(r1,r2)? B(r1,r2)

mind claim (21). O

we can conclude the proof applying Theorem 2.1 and taking in

Remark 3.2. When assumption (23) is replaced by the more restrictive condition

Co

<[¢] < : (31)
T BTN lagl
assumption (24) is verified provided
max G (&) + max G(§) < 2G(§). 32
max G() + max G(¢) (&) (32)
In fact, by (31), reasoning as in (25), it follows that
2 T 2 2, 2
G F oz G 1 +6
— Alt 2 <
2< [ awg-garsE <R
namely
T o T o
O<k2/ A(t)g-gdt—cfgcg—ﬁ/ A(D)E - € dt. (33)
0 0
At this point, since (32) implies that
max G(§) — G(&) < G(&) — max G(§), (34)
|§]<c2 l€]<ca

putting together (26), (27), (33) and (34) we achive (24).
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Theorem 3.3. Let A : [0,T] — R"*N be satisfying (A)1 — (A)y, G € CY(RY),
with G(0) = 0, and assume that there exist a positive number ¢ € R and £ €
RN\ {0} such that

€l < < (23"

BTSN s

and : ) -
maxjej<. G(§) 1 G(8) "
02 kQ fo té édt (2 )

where k is defined in (12).
Then, for every b € L'([0,T],R) \ {0} which is a.e. nonnegative and for every

| K2 [ AEE dt c?
AeN = 2k2]b]1 G(&) ? max¢| <. G(§)

lution uy € Hi of problem (Py) such that |ux(t)| < ¢ for every t € [0,T].

[ there exists at least one nontrivial so-

Proof. Since (24’) produces

we obtain

maX‘ch ( )

G() _ maxigec G(O) — K fy A(1)E - € di™™570
— k2 [TA@®)E-E dt @ — k2 [T A()E- € dt
_ maXje<c G(g)
= e
1 G(6)
E [ A)E-€ at

and (24) is satisfied, where ¢; = 0, ¢o = ¢ and G(0) = 0 is used. Fix b €
LY([0,T],R) \ {0} which is a.e. nonnegative and A € A’. We can apply Theorem
3.1 and, because A’ C A, there exists a solution uy € HZ of (P)) such that
0 < [Jux|l < {, namely uy is nontrivial and, taking in mind (13), the proof is
complete. 0
Remark 3.4. We explicitly observe that if ¢ is a positive real number such that
max¢<. G(§) > 0, applying Theorem 2.1 in the case 71 < 0 or Theorem 2.5 of
[18], it is possible to assure the existence of a solution uy of problem (P,) for every

A€ 2k? |b||1 ]0’ max|¢|<e G(§)
that |lux|| < 7 so that uy could be trivial.

2

. Anyway, following this way, one can simply conclude

Remark 3.5. We point out that the assumptions of the previous Theorem 3.3
are satisfied whenever G is not identically zero and such that

o e C(E)

c—+00 02

— 0. (36)
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In particular, if (36) holds, a simple computation shows that the interval A* be-
comes |\*, +oo[, where

©O2lIbll eerMoy G(E)

Theorem 3.6. Let A : [0,T] — RY*N be satisfying (A)1—(A)y, G € CHRY),
with G(0) =0, and assume that

lir?jélp C|;€(|€) = +o00. (37)

Then, for every b € L'([0,T],R) \ {0} which is a.e. nonnegative and for every
1

solution uy.

]O, SUD.sg WQCG(&) [ problem (Py) admits at least one nontrivial

Proof. First of all, it is simple to verify that, in view of (37) one has that

SUD. WQCG(@ > 0. Fix b € LY([0,T],R) \ {0} which is a.e. nonnegative and

1 2
AE ST ]0, SUP>0 frax ¢ <. G [ Put

iy T30 ] o
2A[[b]]1

1 2
2k2(|b]|1 max¢j<. G(&)"

Assumption (37) assure that there exists £ € RN \ {0}, with |[£] < k\/TzNC —

and pick ¢ > 0 such that A <

such that -
G(&)

= > M
€17

Hence, by the choice of ¢, taking in mind (8), one has

maxmch(ﬁ) < 1 _ M
c? 2ARZ(IBll k2T Ml oo
1 G _ 1 G(€)
< N F2 S 3T F oo
k2TZi,j:1 @il €] k fo A(t)E - € dt

that is all the assumptions of Theorem 3.3 are satisfied and A € A’. This completes
the proof. O

Remark 3.7. An alternative proof of Theorem 3.6 goes on as follows. As observed
in Remark 3.4, it is possible to claim that, fixed A € I” and chosen ¢ > 0 with

2

A€ 2k2|1|b”1 ]O, max‘g‘; eG) [, there exists a solution uy, possibly equal to zero, with

lurll < ¢/k. More precisely, a carefully reading shows that u, is obtained as
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a particular critical point of the functional I, = ® — AW, namely u, is a local
minimum of 7. This fact provides a non zero solution of (P,) if we verify that
assumption (37) does not allow 0 to be a local minimum of 7. In fact, if we put

N
Tzz',j=1 llaij]l
Aol

by (37) we obtain the existence of a sequence {&,} € RY \ {0} such that &, — 0
and

M =

G(&) > MI&.|°
for every n € N. At this point, let us define
un(t) := &,

for every t € [0, 7] and n € N. Hence, since the sequence {u, } C H3 converges to
0 and, for every n € N one has

T N
O(un) = AV (un) < 5 > llagllooléanl® = AllolL G (6n)

ij=1
T N
~ 7 X Il <0= 00) - 2000)

we conclude.

Remark 3.8. From the proof of Theorem 3.6 it follows that, considering an inter-

2

? max|¢<. G(§)

val possibly smaller than I, namely the interval 2k2|1|b”1 ]0 , for some

¢ > 0 such that > 0, the nontrivial solution obtained can be esti-

2
max|¢|<. G(§)
mated in norm, uniformly with respect to A, by the inequality |u,(t)| < ¢ for every
t€0,7].

In force of the previous Remark, it is possible to point out the following

Example 3.9. Let H : RY — R be a function and ¢ be a positive real number.

Put

~ EP2if gl < e

Gl =1 el =

H(¢) otherwise.
Then, for every A : [0,1] — RM*V satisfying (A);—(A)y with v > 1, for every
b e L'([0,1],R) that is a.e. nonnegative and for every \ € }O, 4||b|| [ the following
problem
—ii + A(t)u = Ab(t)VG(u) a.e. in [0, 1] (38)
u(1) —u(0) = a(1l) — u(0) = 0.

admits at least a nontrivial solution. Indeed, we can apply Theorem 3.6 to the

function G(¢) = [£]3/? for every & € RN, when T = 1, taking in mind Remark 3.8,
namely ||uy]/oc < ¢ and observing that G = G on B(0,¢), as well as k = /2.
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4. Multiplicity results

This section is devoted to show how the previous results can be employed in order
to pass from the existence of at least one nontrivial solution to the existence of
at lest two nontrivial solutions. This goal will be achieved making use of the
particular nature of the first solution found, namely it is a local minimum. In
particular, in a natural way, this information will be used to assure the existence
of a second solution as a critical point of Mountain Pass type. In this direction,
we begin with the following theorem, where the classical Ambrosetti-Rabinowitz
condition is required.

Theorem 4.1. Let A : [0,T] — RY*N be satisfying (A); — (A)s, G € CH(RY),
with G(0) = 0 and VG(0) # 0, in addition to (37). Moreover, assume that there
are two positive constants p > 2 and r, such that, for every |£| > r one has

0 < puG(E) < VG(E) - (39)
Then, for every A € I := %%T } 0, sup.- WQCG(@ [ problem

{—u + A(t)u = A\VG(u) a.e. in [0, 7]
w(T) = u(0) = u(T) — u(0) =0,

admits at least two nontrivial solutions.

Proof. First of all, we can observe that, since VG(0) # 0, problem (40) does
not admits the trivial solution. Fix A € I” and pick ¢ > 0 such that A <

1 2 . . _ o . . .
HT maxye <. GO Applying Theorem 3.6, with b = 1, it is possible to assure the exis-

tence of a nontrivial solution u; that, in particular, is obtained as a local minimum
of the functional I, defined in (21). In view of assumption (39), reasoning in a
standard way, it is possible to verify that every Palais-Smale sequence is bounded.
This, leads to the fact that I, satisfies the classical Palais-Smale condition by the
fact that @' is a linear isomorphism, while ¥ is compact (see [12, Proposition
3.8]). Moreover, it is well known that, again by (39), there exist suitable positive
constants C7, Cy with

G(&) > Oy¢)* — Oy VE € RYN. (41)

Let {&,} be a sequence in RY such that |§,| — +oo and consider the related
sequence wy,(t) := &, for every ¢ € [0, T] which belongs to H7.. Obviously, in view
of (41), one has

1

Biw) =3 [ AW, €t = NTG(E)

N
TZi,jzl @il o0 |énl Y
2

IN

(CiT[&n]" = C3),
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that is
liminf I, (u) = —o0,
fiminf £ (u)

and there exists some uy € H. such that

I(ug) < I(uy). (42)

At this point, we can assume that u; is a strict local minimum of I, otherwise
there exist infinitely many nontrivial critical points of I,. Hence, we can apply the
classical Mountain Pass Theorem (briefly MPT) and obtain a second critical point
ug € HY such that Iy(ug) > I,(up), that is u; # uy and the proof is complete. [

Remark 4.2. In [7] it is studied a more general Hamiltonian system
i =VF(t,u) ae. in [0,T], u(0) —u(T) = u(0) —a(T) = 0,

that gives back our problem (40) when

F(t,€) = ZAME - €~ AG(E). (13)

In particular, in [7] it is proved the existence of at least two nontrivial solutions
under a set of assumptions which implies the coercivity of F(¢,-), uniformly with
respect to t, as well as that F(t,-)/| - |* is negative and bounded near to zero (see
also (2)). Both these conditions are completely independent from those required
in our Theorem 4.1. Indeed, as pointed out in the proof, assumption (39) forces
the function F(t,-) defined in (43) to be anti coercive, as well as condition (37)
leads to

Ft8

=0 [€]? ’

uniformly with respect to ¢t. It is also worth noticing that in [12, Theorem 5.16]
it is reported a personal communication of Nirenberg, where the following general
system is treated

i+ VV (t,u) =0, (44)

which reduces to our (40) if V (¢, u) = AG(u) — $A(t)u - u. In particular, V' is con-
sidered to be a nonnegative smooth function satisfying the Ambrosetti-Rabinowitz
condition, but the existence of at least only one nonconstant periodic solution is
proved.

Example 4.3. Let a € RY \ {0} be a vector and let A : [0,1] — RY*Y be a
function satisfying (A);—(A)q, with v > 1. Then, for every A\ € ]O, Zl\a—hl[ the
following Hamiltonian system

{—ii + A(t)u = Aa + ulul?) a.e. in [0, 1]
u(0) — u(1l) = u(0) — (1) = 0,
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admits at least two nontrivial solutions.
Indeed, it is possible to apply Theorem 4.1, with 7" =1 and

G(&) '—a-§+ﬁ ve e RN
= 1 .
Hence, VG(0) = a, while,

VG(E) = a+ &g’
and

Ve ¢ - 36 =

so that (37) and (39) hold with p = 3. Moreover, since for every ¢ > 0

—2a-¢

A
max G(§) < cla| + 1

€]<c

clearly
c? 4c

>
maxe e G(€) ~ dal + &

Hence,

c? S 4
su
o maxej<. G(§) ~ 4lal +1

as well as k = v/2 and

1 c? - 1
su :
2k2T C>Io) maxe<. G(§) = 4lal +1

1087

Example 4.4. Let a € RY \ {0} be a vector and let A : [0,1] — RV be a

function satisfying (A);—(A)q2, with v > 1. Then, for every A € ]O,

following Hamiltonian system

{—il + A(t)u = A a + ue‘“'Q) a.e. in [0, 1]
u(0) —u(l) = u(0) —u(1) =0,

admits at least two nontrivial solutions.

Indeed, also in this case, it is possible to apply Theorem 4.1, with 7" =1 and

1 0
G(é):=a-&+ §e|€| —1
for every € € R2. Hence, VG(0) = a, while,

VG(E) = a+ gelé’

1
2(lal+e)

[ the
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and

V6(E) - - 36(0) = (I = 3 ) o 20643

so that (37) and (39) hold with p = 3. Moreover, since for every ¢ > 0

1 -
max G(&) < clal + =¢€°
nax () < clal +

clearly

c? 2¢

>
maxe <. G(§) ~ 2|a| + e

Hence,

2 S 2
su )
oy maxje|<. G(§) — 2la| +e

as well as k = /2 and

1 c? - 1
Ssu .
2K2T oot maxe <. G(€) ~ 2(|a] + €)

As usual, condition (39) plays a crucial role in proving that every Palais-Smale
sequence is bounded, as well as that the so called ‘mountain pass geometry’ is
satisfied. However, even dealing with different problems than ours, several authors
studied more general or different assumptions that still allow to apply min-max
methods in order to assure the existence of critical points ([13, 11, 28, 16]). Here
we show a result that moves in this direction.

Theorem 4.5. Let G € CY(RY), with G(0) = 0 and VG(0) # 0, in addition to

(37). Moreover, assume that

G(§)

€lo+oo [€]2

= 400 (45)

and that there exist 1 < a < 3, r, ¢1, ca > 0 such that, for every |£] > r one has
VG(E) - € -2G(E) > alg)”, (46)

and

VG| < e2lgl®, or [G(E)] < calé]**. (47)

62
Then, for every A € I := %IQT } 0, sup.- e < G [ problem

{—il +u=AVG(u) a.e. in [0,T]
u(T) —u(0) = u(T) — u(0) = 0,

admits at least two nontrivial solutions.
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Proof. Fix A € [" and argue as in the proof of Theorem 4.1 when A(t) = Iyxn, in
order to assure the existence of a first nontrivial solution u;. We explicitly observe
that, in this case, || || = || - [| g

In view of assumption (45), it is possible to verify that

liminf 7, (u) = —oo. (49)

llul| =00

Indeed, for n > % there exists R > 0 such that G(&) > nl&|* for every £ €
RN\ B(0, R). Hence, if {£,} is a sequence in RY with |£,| — 400 and we consider
the sequence in H1 defined by putting w,(t) = &, for every ¢ € [0, T] one has that

) = 316 = ATGE) < (5 =T ) e

for every n € N large enough and (49) follows from the choice of 7. Hence, there
exists ug € H} such that (42) is true.

To complete the proof, we will verify that I satisfies the (C) condition and apply
the version of the MPT where (PS) is replaced by (C) (see [8]).

Let {v, } be a bounded sequence in Hj}. such that {I,(v,)} is bounded and I} (v,) —
0. Since @’ is a linear isomorphism and ¥’ is compact, passing to a subsequence if
necessary, {v,} is strongly convergent (see [12, Proposition 3.8]), and (C); holds.

Finally, by contradiction, assume that (C)y does not hold, namely there exists
d € R and a sequence {v,} in H} such that

Iz (o) gz [lonll = 0, In(va) = d and  [lon|| = +o0. (50)

Let us verify that {v,} is bounded in L?([0, T], RY). From (46) there exists c3 > 0
such that
VG(E) € —2G(€) = alé)’ — e (51)

for every &€ € R". Hence, a simple computation shows that for all n € N one has

1 r TC3
feally = = [ (bl = e+ 22
0
1 T

“ . (52)
< = | (VG(a(t)) - va(t) — 2G (v, (1))t + —2.
C1 0 C1
Moreover, from (50) there exists M > 0 such that
T
Jonll? =X [ 2Gwn(e)dt = 213(0n) < M (53)
0
as well as
T
—[vn? +>\/O VG (0n(1)) - vn(t)dt = =1} (va)(vn) < I3 (Wa)lgp=llvall < M (54)



1090 G. Bonanno, R. Livrea / Hamiltonian Systems...

for every n € N. At this point (53) and (54) imply that

A / T(VG(vn(t)) Con(t) — 2G(va(t)))dt < 2M

and taking in mind (52) we achieve the boundness of {v,} in L. Since 1 < a < 3,
we conclude that {v,} is bounded in L too, as well as in L. In particular we can
emphasize that

—= — 0 asn — +oo. (55)
Condition (47) assures the existence of some ¢4 > 0 such that
VGO < el + s, or |G| < calg]™™ +cu, (56)

for every ¢ € RY. From (7), it possible to write v, = o, + v, with 7, =
(1/7) fo vp(t)dt and (0,,7,) = 0, so that

[l = 115a]* + 15| (57)
for every n € N. Hence, there exists L; > 0 such that, for every n € N,

ﬁn||2 < HI;\(UTL) :

||H%* vn||2 < L%.

|23 (vn) (Ba) * < 15 (va) .-

Exploiting the first condition of (56) and taking in mind (13) we obtain

Ly > L(02)(B) = (5 + ) — /VGvn a(t)dt

> Jloal* - AI!@nHOO/O (Calon(8)[* + ca)dt

T
> Jloal* - Akl!@nH/O (calon(t)|* + ca)dt (58)

Hence, thanks to (55) we conclude

[all® Sl (., Ter | I

ol = ol \= Toull * Toall) ¥ Tonl?

so that

— 0. (59)

Analogously, if the second condition in (56) holds, reasoning as in (58), there exists
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L3 > 0 such that

1 T

Ly > Iy(0a) = gl - )\/ Glon(t))dt
0

1 ~ 12 — 12 4

= 5 Uall” + [9a]1%) = A i G(v,(1))dt
1 ~ 112 4 a+1
> §||vn|| - (02|vn(t)| —l—c4) dt
0

1 _ B T
2 i”vn”Q - )\ (k”vn”/ CQ|/Un(t)‘adt+TC4) .
0

Hence, also in this case, condition (59) occurs.

On the other hand, since L? < L', from the Wirtinger’s inequality it follows that

\/_ VT

Iallz < 2 5l

2

19all < VT|[5all2 <

Observe that ||v,| = (fOT|17n|2dt)1/2 = \/T|17n| = (1/v/T)||T,||1. Hence, because
|Tn| < |0 (t)] + |0, (t)| for every t € [0, T], there exist Lo, c5, ¢g > 0 such that

T T T
/|vn(t)|dt2/ |vn|dt—/ 15 (1)
0 0 0

Z 05”@71” _CGHf)nHa (60)

L,

v

that is, for some c7, cg > 0

Il _ Il o

= Cr

for every n € IN. Passing to the limit in the previous condition and taking in mind
(59) one has that

19 ]2
ENE — 0. (61)
Let us consider wy, := p2p for every n € N. Putting together (57), (59) and (61)

one has

so that {w,} is a sequence in H} of functions of unit norm that strongly converges
to zero and we obtained a contradiction that concludes the proof. O

Example 4.6. Fix a € RV \ {0}. For every ) € }O

tonian system

, 4(|a‘+1) [ the following Hamil-

{—ii +u=A(a+2uln®|ul +2uln|u|) a.e.in [0,1]
u(0) —u(1l) = 4(0) —a(1) =0,
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admits at least two nontrivial solutions.
Indeed, we can apply Theorem 4.5 with T" = 1 if we consider the function

Gle) = a-&+[¢[*In* €] if € € RV {0}
~ o if € =0.

it is easy to verify that VG(0) = a, as well as, for £ # 0
VG(§) = a+2{In* |¢] + 26 In €]

Hence,
¢ VG(§) —2G(€) =2/ n¢| —a- €.
Therefore, (37), (45), (46) and (47) hold with v = 8 = 2. Moreover,

max G(£) < |a| + 72,
Kgl(@ |a|

so that, since k = /2,

1 c? S e?
Ssu
2K2T ot maxge<. G(€) = A(e2[al + 1)

and we achieve the conclusion.

Remark 4.7. Although assumptions (45)—(47) remind those introduced in [11],
it is worth noting that our Theorem 4.5 is independent from [11, Theorem 1.2]
where the nonlinearity is required to be superquadratic at zero.

Remark 4.8. Theorem 4.1 and Theorem 4.5 are mutually independent. In fact,
it is easy to verify that the function G introduced in Example 4.6 does not satisfy
condition (39) because, for every p > 2

VG(E) - €&~ pG(8)
= (1—p&- £+ (2—p)lEPm? g+ 212 In]¢] = —oo as [€] — +oc.

On the other hand, in view of (41), although it is simple to show that condition
(39) considered in Theorem 4.1 implies both (45) and (46) of Theorem 4.5, with
B = u, the nonlinearity considered in Example 4.4, namely G(£) = a- &+ %6‘5‘2 -1
for every € € RY, where a € RY \ {0}, represents an example of function that
satisfies all the assumptions of Theorem 4.1, where p > 2 can be chosen arbitrarily,
but, of course, there not exist 1 < a < f and r > 0 satisfying (47).
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