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1. Introduction

In this paper, we consider a control system governed by a linear differential in-
clusion. Let F be a linear multifunction mappings points x in R™ to subsets
F(z) := Az +U of R", where A is an n x n matrix and U is a convex and compact
subset of R™ called the control set. Associated with F' the differential inclusion:

x(t) € F(x(t)) ae.te0,T], (0) = x. (1)

A solution to (1) is an absolutely continuous function x(-) defined on the interval
[0, 7] with initial value 2(0) = zo, in which case we say that z(-) is a trajectory
of F' originating from xy. For such trajectory, one can find a measurable function
u(-) : [0,T] — R™, called admissible control, such that u(t) € U a.e. t € [0,T]
and

t
z(t) = eMa + / eAy(r) dr for all t € [0, T].
0

The bilateral minimal time function T : R™ x R™ — [0, +-00] associated to (1) can
be defined as follows: For (o, 3) € R" x R, T'(«, 3) is the minimum time taken by
a trajectory to go from « to 4. When no such trajectory exists, T'(«, 3) is taken
to be +00. The effective domain of T'(+,-) is denoted by R, that is,

R :={(a,0) e R"" xR" : T'(ar, ) < +00}.
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The function 7'(+,-) was introduced in Clarke and Nour [7], see also [16], where
the Hamilton-Jacobi equation of the time-optimal control problem was studied in
a domain which contains the target set. These authors used T'(-,-) in order to
construct proximal solutions to this equation, and to the study the existence of
time-semigeodesic trajectories. For § € R™ fixed, the function T'(-,3) coincides
with the well-known wunilateral minimal time function associated to the target
S = {f}. The regularity of this function is a widely studied topic in control theory,
see e.g. [1, 3, 5, 10, 11, 14, 22, 23] and the references therein. On the other hand,
the regularity of T'(-, -) was studied by Nour in [15], where necessary and sufficient
conditions were provided for T'(+,-) to be continuous and to be locally Lipschitz in
R. More precisely, it was proven that R is open and T'(+, -) is continuous in R if and
only if T'(-, -) is continuous at («, ) for all @ € R™, which is in turn equivalent to F’
and —F to be small-time locally controllable at « for all a € R™. Since the small-
time controllability of F' and —F" at «, for all a € R", is a quite strong hypothesis,
in [15, Proposition 4.2] a sufficient condition for local continuity was provided as
well. In particular, for (a, 5) € R, if F and —F' are small-time locally controllable
at « or at [ then T'(-,+) is continuous at («, 3). For the Lipschitz continuity, Nour
proved in [15] that for (o, 3) € R, if —Aa € intU or —AfB € intU then T(-,-)
is Lipschitz near (a, 3). As a consequence, Nour deduced in [15, Proposition 4.6]
that R is open and T'(-,-) is locally Lipschitz in R if and only if —Aa € intU
for all & € R™. Another useful result in [15] is the following theorem, concerning
local semiconvezity of the bilateral minimal time function. It can be viewed as a
generalization of a semiconvexity result due to Cannarsa and Sinestrati [4] in the
unilateral setting.

Theorem 1.1 ([15, Corollary 4.8]). Assume that —Aa € int U or —AS € int U,
where (a, 3) € R with o # 3. Then T(-,-) is semiconvezr near (a, 3) (that is, on
an open set containing («, 3)).

We recall that a function f : U — R” is said to be semiconvex on U C R”
if for any convex C' CC U there exists Ko > 0 such that the function x —
f(x) + K¢||z||* is convex on C, where || - || denotes the euclidean norm. The
semiconvexity property can be seen as an intermediate property between Lipschitz
continuity and continuous differentiability. More precisely, semiconvex functions
are essentially a quadratic perturbation of convex functions and therefore inherit
several regularity properties from convexity such as local Lipschitzianity and a.e.
twice differentiability in the interior of their domain. Moreover, their epigraphs
satisfy an external sphere condition with locally uniform radius; this property, for
general sets, is often referred to positive reach [12], prozimal smoothness [8] and -
convezity [9]. Lower semicontinuous functions with p-convex epigraph are studied
in Colombo and Marigonda [9]. Such functions are semiconvex if and only if they
are locally Lipschitz and then are good candidate to extend Theorem 1.1 under a
weaker condition. In [9], Colombo and Marigonda proved that for a function with
p-convex epigraph, a.e. x admits a neighborhood where the function is semiconvex
and as a consequence it is also twice differentiable almost everywhere.

The main result of this paper is the following generalization of Theorem 1.1 which
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asserts that under weaker condition, mainly F' and —F' are small-time locally
controllable near « or 3, the epigraph of T'(+,-) is ¢g-convex near («, 3).

Theorem 1.2. Assume that F' and —F are small-time locally controllable near o
or 3, where (a, 3) € R with « # 3. Then the epigraph of T(-,-) is @o-convex near

(@, B).

To prove the preceding theorem, we first find a representation formula for the prox-
imal subdifferential of the function 7'(-,-). This formula will help us to overpass
the lack of Lipschitz continuity which can cause the emptiness of both the proximal
subdifferential and superdifferential. Based on this formula and using an analytic
characterization of the ypg-convexity property, we prove that the epigraph of T'(-,-)
is locally ¢p-convex. Some of our techniques can be seen as a generalization, to
the bilateral case, of the techniques used in Colombo, Marigonda and Wolenski
[10] where the unilateral case was studied. What is different here is that in our
time-optimal control problem, both initial and end points are variables which will
make the problem more difficult to be handled.

The outline of the paper is the following. In Section 2, we introduce our notations
and some basic definitions and results from nonsmooth analysis and control theory.
A formula for the proximal subdifferential of the bilateral minimal time function
is given in Section 3. Section 4 is devoted to the proof of Theorem 1.2.

2. Preliminaries

Throughout the paper, concepts and basic results from nonsmooth analysis and
control theory will be used. Although most definitions and results are classical, we
list them in details, in order to fix the notations. The first subsection is devoted to
our general notations, while the second and the third one to nonsmooth analysis
and control theory, respectively.

2.1. General notations

We denote by || - ||, {-,-), B and B, the Euclidean norm, the usual inner product,
the open unit ball and the closed unit ball, respectively. For p > 0 and z € R", we
set B(x;p) := x + pB and B(x;p) := x + pB. For aset S C R", 5¢ int S, bdry S
and cl S are the complement (with respect to R™), the interior, the boundary and
the closure of S, respectively. The distance from a point x to a set S is denoted
by ds(x). We also denote by proj s(z) the set of closest points in S to x, that is,
the set of points s € S which satisfy dg(x) = ||s — z||. If S is compact and convex,
then we recall that the lower support function hg(-) of S is defined by

hs(¢) := min{((, s) : s € S}.
The graph and epigraph of a function f : U — R are denoted respectively by

grf:={(z,f(x):x€U} and epif:={(z,r):x€UrecRand f(zx) <r}.
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2.2. Nonsmooth analysis

Now we provide certain definitions from proximal analysis. Our general reference
for these constructs is Clarke, Ledyaev, Stern and Wolenski [6]; see also Rockafellar
and Wets [20]. Let S be a nonempty closed subset of R". For z € S, a vector ¢ € R”
is said to be prozimal normal to S at x provided that there exists 0 = o(x,() >0
such that

(¢(,s—z)<o|s—z|* Vs€S. (2)
The relation (2) is commonly referred to as the prozimal normal inequality. This
proximal normal inequality can be taken to be a local one, that is, only for s near
x in S as proved in [6, Proposition 1.5]. We note that no nonzero ¢ satisfying (2)
exists if z € int .S, but this may also occur for x € bdry .S, as is the case when S is
the epigraph of the function f(z) = —|z| and = (0,0). For such points, the only
proximal normal is ( = 0. In view of (2), the set of all proximal normals to S at
r is a convex cone, and we denote it by N¥(z). Now let z € bdry S, and suppose
that 0 # ¢ € R™ and r > 0 are such that

B ( < ) _
r+r—r|NS=40. (3)
19l

Then ( is a proximal normal to S at x and we say that ( is realized by an r-sphere.
Note that ¢ is then also realized by an 7’-sphere for any 0 < 7/ < r. One can
show that ( being realized by an r-sphere is equivalent to the proximal normal
inequality holding with o = 2—1T; that is,

1
<ﬁ,s—x> §—r||s—x||2 Vs e S. (4)

If S is convex and x € bdry .S, then we can easily see that a vector 0 # ( € R"
belongs in NZ'(S) if and only if it is realized by an r-sphere for all r > 0. Therefore,
the proximal normal inequality (2) becomes

((,s—z) <0 VseS.

This proves that in the convex case, the proximal normal cone to S at x coincides
with the well known convex normal cone to S at x, denoted here by Ng(z). Now
we recall from [6] that for a function f : U — R, a vector ¢ € R™ is a prozimal
subgradient of a lower semicontinuous function f at x provided that

(C? _1> € Nefp)if(‘rv f(x))a
and this is equivalent to the existence of o = o(x,{) > 0 and ¢ > 0 such that the
following proximal subgradient inequality holds:

fly) = f@) +olly -2l > (Cy — ) Vy€ Blz;0)NU.

The prozimal subdifferential of f at x, denoted Jp f (), is the set of all the proximal
subgradients at x. It is an exercise using the proximal normal inequality to show
that every proximal normal (¢, %) to epi f at (z, f(x)) has t < 0.

We proceed to define the pg-convexity property. A detailed analysis of this prop-
erty may be found in [9].
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Definition 2.1. Let S C R” be a nonempty closed set. We say that S is ¢p-convex
if there exists a constant ¢y > 0 such that for all x € bdry S we have:

<ﬁ7$ —;E> < olls —z|* forall s € S and0+# (e Ni(x).

Using the equivalence between (3) and (4), we can easily see that S is pp-convex
if and only if there exists a constant ¢y > 0 such that for all x € bdry S and
0 # ¢ € NE(z), we have:

e (isrealized by a ﬁ—sphere, if o # 0,
e ( is realized by an r-sphere for all r > 0, if ¢y = 0.

Therefore, pg-convexity coincides with the positive reach property and the proxi-
mal smoothness property defined in [12] and [8], respectively. More precisely, a set
S is pp-convex if and only if it is ﬁ—proximal smooth (or has positive reach with

radius ﬁ) For other related properties, we refer the reader to [2, 17, 18, 19, 20, 21]
and the references therein.

Now let f : R" — R U {400} be a lower semicontinuous function. In view of
Definition 2.1, the epigraph of f is pg-convex if there exits a constant g > 0 such
that for all x € dom f, we have:

(C’S) — \Z X — (x T 2
<H(C,T)H’(y’p) (, f( ))> < ¢oll(y,p) = (=, f (@))%, (5)

for all y € dom f, p > f(y) and 0 # (¢,s) € NE ,(, f(z)). On the other hand,
the epigraph of f is said to be ¢p-convex near a given point a € dom f, if there
exists an open neighborhood O of « such that the epigraph of the restriction of f
to O, denoted by f|o, is po-convex. The following lemma will play an important
role in the proof of our main result. It proves that to get the ¢y-convexity of the
epigraph of a continuous function, only points of the form (y, p), where p = f(y),

need to satisfy the inequality (5).

Lemma 2.2. Let O C R" be an open and convex set and let f : O — R be a
continuous function. The epigraph of f is @o-convex if and only if there exists a
constant ¢y > 0 such that for all x € O, we have:

(st) — (T T — (x T 2
(A 0 £0) - D)) < )~ @ @I (©

forally € O and 0 # (¢, s) € NE (z, f(x)).

Proof. Since the necessary condition is trivial, we will only prove the sufficient
one. Due to the equivalence between (3) and (4), we have that:

o The inequality (5) is equivalent to

1 (¢s) 1
200 [1(¢, )| 20

B (z, f(x)) + Nepi f = 0. (7)
( )
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o The inequality (6) is equivalent to

1 (C,s)‘l cF
B(“j@”+mum»wv%>“gf ‘ ®)

Therefore, we only need to prove that:

For every x € O and 0 # (¢, s) € N (z, f(x)), if (8) holds then (7) holds too.

epi f

Let € O and let 0 # ((,s) € NE, ,(«, f(z)), and assume that (8) holds. We

epi f
proceed via contradiction. Assume that (7) does not hold, that is,

1 (Gs
20 [I(C, s

Then there exists a point (y, p) such that y € O, p > f(y) and

1 (¢s) 1 >
20 [1(C; 8)I1" 2000 )

Since (¢,s) € NE. @, f(z)), there exists 0 < r < ﬁ such that

epi f

B (050 + 5 i) i £

(%meB(@J®D+

(¢ ) o epi f =
B(@J@»+WKJW’>ﬂpf b

Now let (2/,7') € B((z, f(z ))—H‘H @ 83”; r) such that 2’ € O. Due to the convexity of

O, the continuity of f and since (z/,r’) & epi f, we have that the segment joining
(y,p) to (z',r") contains a point on gr f, that is, a point of the form (v, f(v'))

where ¢ € O. But B((z, f()) 2;0 IIEE z;\l’ 2; ) is convex, then

1 (¢ s) 1
200 (1S, 8)II” 200

WJ@weB(@Jm»+ )ﬂgf

This contradicts (8) and then terminates the proof of the lemma. O

2.3. Control theory

As we mentioned in the introduction, the bilateral minimal time function 7°(-, ) :
R™ x R" — [0, +0o0] associated to (1) is defined as follows:

T(c, B) :=1inf{T > 0 : some trajectory z(-) of F" has z(0) = « and x(T) = }.

If no trajectory between « and [ exists, then T'(a, 3) = +oo. Clearly we have
T(o,a) =0 for all & € R™. We define:

RI(t) :={a e R": T(B,a) <t}, t>0,

the set of points reachable from ( in time less than ¢. Similarly, we introduce:
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o RUMt)={aecR":T(5,a) <t}
o R} :=U,oRit)={aeR":T(,a) < +oo},
o RI(t):={aeR":T(a,p) <t}
RP() = {a e R": T(a, ) < t},

o R’.= Ui=0 RO () ={a e R": T(a, f) < +o0},

o R(t):={(e,p) eR" xR": T(a, 3) <1},

o R(t):={(a,f) eR"xR": T(a,5) < t},

o R:=UoR({) ={(a,3) e R" xR": T(ax, 3) < +00}.

We also define:
A7 (t) == {x(t) : 2(-) is a trajectory of F on [0, ] satisfying z(0) = 8}, ¢ >0,
the attainable set from ( at time t. As above, we then introduce:
¢ Ai = Utzo Ai(t),
A% (1) := {x(0) : z(-) is a trajectory of F on [0, t] satisfying z(t) = 3},

A? = Upg A2 (1),
A(t) := {(x(0),z(t)) : z(-) is a trajectory of F' on [0, t]}.

The following are basic and known facts:

o We have A7 (t) C RY(t).

We have A7 (t) = eMa + A%(t) and the set A7 (t) is compact and convex.
The set A(t) is compact and convex.

We have bdry R(t) C {(a,8) € R® x R" : T'(av, 3) = t}.

T(-,-) and T'(-, 3) are lower semicontinuous.

We have T'(«, ) = 0 if and only if a = 3. Moreover, If T(«, 3) < +00 then
the infimum defining T'(«v, ) is attained.

e For all (o, 3,7) we have the following triangle inequality:

T(a,B) <T(a,y) +T(v, ).

We proceed to recall some definitions and results related to the regularity of the
bilateral minimal function. For more information about these results, we invite
the reader to see [15].

Definition 2.3. Let 3 € R". We say that F' is -STLC, (-small-time locally
controllable, if 3 € int R’ (¢) Vt > 0.

Remark 2.4. It is well known that the small-time local controllability of F' at a
point [ is equivalent to the openness of R’ and the continuity of the unilateral

minimal time function 7'(-, ) on RP. 1t also implies that (AB,C) + hy(¢) <0 for
any unit vector ¢, which is in turn equivalent to —AS € U (that is, 0 € F(3)).

The following proposition gives a local and a global continuity result for T'(-, -).

Proposition 2.5. Let (a, ) € R" x R". Then we have:
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(a) T(-,-) is continuous at (o, ) <= F and —F are a-STLC.
(b)  Assume that (o, ) € R and that one of the following conditions holds:
(1) Fisa-STLC and —F is -STLC.
(i) F and —F are a-STLC.
(1ii) F and —F are 3-STLC.
Then T(-,-) is continuous at («, [3).
(¢)  The following assertions are equivalent:
(1) R is open, T(-,-) is continuous in R and for any (o, By) € OR we have

lim T(a, 3) = +o0.
(e,8)—(c0,060) ( ﬁ)

(13) T(-,-) is continuous at (a, a) for all a € R™.
(i7i) F and —F are B-STLC for all § € R™.

For the Lipschitz continuity of 7'(-,-) we have the following.
Proposition 2.6. Let (a,3) € R" x R". Then we have:
(a) If (o, 0) € R then

[—Aa €U or —AB € U] = T(-,-) is Lipschitz near (c, ().

(b)) —Aae€U < T(.,-) is Lipschitz near (o, ).

(¢)  The following assertions are equivalent:
(1) R is open and T(-,-) is locally Lipschitz in R.
(13) T(,-) is Lipschitz near (o, ) for all o € R".
(1ii) —AB € U for all 5 € R™.

3. Proximal subdifferential formula

The main result of this section is the following theorem which gives a formula for
the proximal subdifferential of 7'(, -) under the same assumptions of Theorem 1.2.

Theorem 3.1. Assume that F' and —F are small-time locally controllable near o
or 3, where (o, 3) € R with T(c,3) = r > 0. Then a vector (¢,0) in R™ x R™
belongs to OpT (v, B) if and only if the following assertions are satisfied:

(1) (Aa, Q) + hy(Q) = (AB, =0) + hy(=0) = —1.
(i) ¢=—e"""0 and e Nz r)(8)-

Before giving the proof of the preceding theorem, we provide some technical lem-
mas. We note that a version of Lemma 3.4 already appeared in [15, Section 4.2].
We will repeat the proof here, in order to make the paper more self-contained.

Lemma 3.2. Assume that F' is small-time locally controllable near o or [3, where
(a, ) € R with T(a,3) = r > 0. Then R(r) is convex near (a,3) and hence

(¢,0) e Ng(r)(oz, B) if and only if

((¢,0), (o, 3) = (a, 8)) <0 forall (¢/,3) € R(r) and near (o, 3).
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Proof. Let (a,) € R such that T'(«, 3) = r > 0 and assume that F' is small-
time locally controllable near « (the case F' is small-time locally controllable near
3 follows by a similar argument, we only need to interchange the roles of @ and [3).
Then there exists p > 0 such that F is small-time locally controllable at o' for all
o € B(a;p). Now let A € [0,1] and let (o, 3') and (o, 3") in R(r) N B((c, B); p)
and. We claim that

Mo, B)+ (1 =N (", 8") =\ + (1 =Na", A3 + (1 = N)B") € R(r).

Indeed, since (o/, 3') and (o, 3”) in R(r) there exist two trajectories ' and 2" of
F such that

x/(o) — O/, l’/(T(O/,ﬁ/)) — 6/7 x//(o) — O/ and ZE”(T(O//,ﬁH)) — ﬁ//‘

Let T := max{T(/,3),T(a”,3")} <r. Since F is small-time locally controllable
at o and o, we get from Remark 2.4 that 0 € F(/) and 0 € F(«). Therefore,
we can extend the two trajectories 2’ and 2” to [0, 7] and obtain two trajectories
' and 7" of F satisfying

70)=d, T(T)=p0, 2'(0)=d and 2'(T)=p".

The convexity of U gives that y := A%’ + (1 — \)z” is a trajectory of F over [0, T
which satisfies

y(0) =X/ + (1= N)a" and y(T)= X3+ (1-N)p3".

Hence T(Aa/ + (1 — AN)a”, A3 + (1 — X\)B") < T < r. This proves the claim and
then the convexity of R(r) N B((a, 8); p). Now to prove the hence part of Lemma
3.2, it is sufficient to use the convexity of R(r) N B((a, 8); p) combined with the
proximal normal inequality. The details are left to the reader. [

Lemma 3.3. Assume that F is small-time locally controllable near o or (3, where

(a, B) € R with T(av, 3) =7 > 0. Then
Ng(r)<a75) - {(_GATT.‘gug) 10 € NAi(r)(6>}

Proof. We begin by the inclusion {(—e?"6,6) : 6 € Nas(B)} C Ng(r)(a,ﬁ).
Let 6 € Naa((B). Then we have
0,8 —B) <0 forall g € A% (r). 9)

Now let p be as in the proof of Lemma 3.2 and let (o/, 3') € R(r) N B((«, B); p).
Since T'(o/, ") < r, T(a,5) = r and 0 € F(a/), we get the existence of two
admissible controls u(-) and () such that

ﬁ:eATowF/ eAry(r)dr and [ :eA”o/—i—/ A=/ (1) dr.
0 0
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We have

(=e*70,0), (/. 8) — (o, ) = (" 0,0/ — @)

= (=0,¢" (o' — a))

(0, (8~ ”’)(ﬂ e o))

(0
= < u' (T )dT—/ eA(T_T)u(T) d7'>
_ 9’ Ar A(r—r) ") dr — >_ ’

< e a—l—/o u'(7) f)<0

where the last inequality holds by (9) and since eA"a+ [ e~/ () dr € A% (r).
This completes, due to Lemma 3.2, the proof of the desired inclusion. We pro-
ceed to prove the opposite inclusion, that is, Ng(r)(a,ﬁ) C {(—eATTQ,Q) S
Naz ) (B)}- Let (C,0) € N,y (a, 3). Then by Lemma 3.2, there exists p > 0 such
that

(6,5 = B)
{

+
+ (0,5 = 3)

((€.0), (o), 8) = (e, 8)) <0 forall (/, ) € R(r) N B((a, B);p).  (10)
Since {a} x A% (r) C R(r), we get that
(0,8"—B) <0 forall ' € AL(r) N B(B; p),

which proves that § € N, (T)(ﬁ) = Nag()(3). Now we prove that ¢ = —eA" 9.

Let 0 <e < B AT” and let o € B(a;¢). Since T'(«, ) = r, we get the existence

1]
of an admissible control u(-) such that

B =eMa+ / e =y(7) dr.
0

We define
ﬁ, — GATO/—f-/ 6A(’/‘—7’)u(7_) dr.
0
Clearly (o, ') € R(r). Moreover,
I('.8) ~ (@, )] < o’ —all +]15~ 7
< (L+ [l D’ = ol

< (1+[le™)e
< p.

Hence by (10) we get that
((¢,0), (e, 8) = (a, B)) =
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Since the last inequality holds for all o € B(a; €), we get that ¢ +e?" @ = 0. This
completes the proof of the opposite inclusion, and then the proof of the lemma. [J
Lemma 3.4. We have the following:

(a) Let a € R™. Then a vector ((,0) in R™ x R™ belongs to 0pT (v, 3) if and
only if the following assertions are satisfied:
(1) 0=—C.
(17) (Aa,C) + hy(¢) > —1.

(b) Let (a,3) € R such that T(c, 3) = r > 0. Then a vector ((,6) in R" x R™
belongs to OpT(«, 3) if and only if the following assertions are satisfied:

(i) (Ao, C)+ ho(C) = (AB, —6) + hy(—0) = —1.
(i) (¢,0) € Ng(T)(Oé,ﬂ)-

Proof. (a) Suppose a € R" and ((,0) € 0pT (o, ). Then there exist o,v > 0
such that for all (o/, #') € B((«a, «);v) we have

T(,8) = =oll(a/ = o, 8" = )" + (¢, 0), (&' = o, B — ).
We take o/ = ' and we get that for all o/ € B(o;v)
0> —oll(a' —a,a’ = a)|* +(((,0), (¢ — a,0 = a)).

Let v € R" and «a,, = a + 7 for all n € N*. There exists ng such that for n > ng
we have

0> | v)]* +{(¢.0). (v.0).

Since v is an arbitrary vector in R", we get that § = —(.
It is well-known, see [23, Theorem 3.2], that for { € 9pT'(-, a)(cr) we have

(Aa, Q) + hy(€) = —1.
But one can easily prove that
0pT (o, ) C OpT (-, ) () x OpT'(cx, ) ().

Hence h(a,() > —1. This terminates the proof of the first implication. For the
converse one, suppose now that ¢ € R" and (A, () + hy(¢) > —1. We will show
that (¢, —() € 0pT(a,a). Suppose the contrary, then there exists a sequence
(atn, Bn) in R™ x R™ such that for all n € N* we have

(o, Bn) # (o, @), (tn,y Bn) — (a, )  and
T, = T(an, Bn) < —nll(an — a, B, — O‘)”Z +{(¢, —=C), (an —, By — ). (11)

Then we have
0 < T, < 2[[¢[[[(avn — v, By — ). (12)

Since T,, < 400 there exists a trajectory z,, of F' on [0, +oo[ such that x,(0) = «,
and x,(7T,) = §,. Therefore

B — ap = /0 " (t) dt. (13)



1106 C. Nour / Prozimal Subdifferential and Regularity

Let pn(t) := projp(a)(&n(t)), then since (Aa, () + hy(¢) > —1 we have

/0 o)) dt > —T. (14)

Since T,, is bounded, there exists M > 0 such that for all n € N* and for all
t € [0,7,] we have

[2a(t) = all < [zn(t) = anll + lan =l < MT, + [lon — ),

and then
|zn(t) — |l < MT, + [[(a, — @, Bn — )] (15)

Moreover, the linearity of F' gives that

<C,/O n(fbn(t)—pn(t))dt> 2 —HAHHCH/O lea(t) — aflde. (16)

Using (12), (15) and (16) we can prove the existence of K > 0 such that

(6. [ )= ptepat) =~ a0 — ., - I a7

Then by (13) and (14) we get that
Tn - <C704n - ﬁn> > _KH(an - aaﬂn - O‘)HQa

and this contradicts (11) since (((, —(), (@, — @, B, — «)) = ((,,, — B). This
finishes the proof of (a).

(b) Let (o, B) € R™ x R™, with T'(a, 3) = r > 0, and let (¢, 0) € 0pT (v, 3). Then
there exists o > 0 and ¢ > 0 such that for all (¢, 5) € B((a, 3);d) we have

T(O/,ﬂ,) 2T = O-H(O/ - auﬁ, - ﬁ)”2 + <(C’ 6))7 (O/ - Q‘vﬁ, - 6))
Hence by taking (o/, 8') € R(r) U B((«, 3); §) we get that
0> —0oll(¢/ —a, 8 = B)I* +((C.0), (&' —a, 8" = B)),

which gives ((,0) € Ng(r)(a,ﬁ). On the other hand, it is well-known, see [23,

Theorem 3.2], that for ¢ € 9pT'(-, 5)() and o # 3, we have (A«, () +hy(¢) = —1.
Then the fact that 0pT(a, ) C 9pT (-, B)(a) x OpT (c,-)(B), gives that

(Aa, ¢) + hy(¢) = (Af, =0) + hy(=0) = -1,

which finishes the proof of the first implication. For the converse one, we proceed
exactly as in (a). The details are left for the reader. O

Now we give the proof of Theorem 3.1.

Proof of Theorem 3.1. The proof follows directly from the part (b) of Lemma
3.4 combined with Lemma 3.3. O
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4. Proof of our main result

The goal of this section is to prove the main result of this paper, that is, Theorem
1.2. Our proof relies on the characterization of the proximal subgradient of T'(-, -)
given in Section 3, the Pontryagin’s maximum principle and some techniques from
nonsmooth analysis.

Proof of Theorem 1.2. Let (o, $) € R such that T'(«, 3) = r > 0 and assume
that F' and —F' are small-time locally controllable near . We need to prove the
existence of an open neighborhood O of («, 3) and a constant ¢ > 0 such that the
epigraph of Tjp is gg-convex. Since F' and —F' are small-time locally controllable
near «, we have the existence of § > 0 such that F' and —F are o/-STLC for all
o' € B(a,d). Then by Remark 2.4 and Proposition 2.5, we get that:

e R xRY is open.

e T(,-)is continuous at (a/, 8) for all o’ € B(a;d) and 3 € RY.

But (a,3) € R* x RY, then there exists 0 < v < § such that B((e; 5);7) C R.
We define O := B((«, 3);7). We claim that T'(,-) is continuous in O. Indeed,
for (o/, 8') € O, we have o/ € B(a;v) C B(a;8) and f € RY. Hence, T(-,-) is
continuous at (o/,3") and therefore continuous in O. Since T'(a, ) = r > 0, we
can assume that 7'(-, ) is bounded and does not vanish in O. Therefore, we have
the following:

e Fand —F are o/-STLC for all («/, ') € O.
e There exists M > 0 such that 0 < T'(«/, 5') < M for all (o/, ') € O.
e T(-,-)is continuous in O.

Now by Lemma 2.2, we deduce that to prove the py-convexity of the epigraph of
Tio it is sufficient to prove the existence of a constant ¢y > 0 such that for (o, 3')
and (o, ") in O we have, for ' :=T(</, f') and 7" := T'(a", 5"), that
< ((¢,9),5)
1((¢, 0), s)|I”

for all 0 # ((¢,0),s) € NL . ((o/, 3),1").
Let (o, 3), (&, 8") € O and let 0 # ((¢,0),s) € NE (o, 5),7").

T
Lemma 4.1. ( = —e* "0 and 0 € NAg{(r')(ﬁ,)-

(", 5"),r") = ((a’aﬁ’),'f”)> < @oll((e”,8"),7") = (!, B), 7)1,

Proof. To prove the lemma, we consider the following two cases:
Case 1: s < 0. Then the vector @ € 0pT(d/, 7). By Theorem 3.1, we get that
ol S —eATT/(_?e) and _?‘9 € NA‘j_’(r/)(ﬁ/)' Therefore,

S

(=—e""0 and 0€ N (3).

Case 2: s = 0. By the proximal normal inequality, there exists o > 0 such that

<(C79)7 (a”/’ﬁ”/) - (a/>ﬁ,)> < UH((O/H,ﬁ”/),p) - ((Ogl,ﬂl),T/)HQ,
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for all (o, 3") € O and p > T(a",3"). Taking (o”, ") € ONR(r") and p =1’
we get that

(ga 0) € Ng(w) (0/7 B/)

Now using Lemma 3.3, we get that ( = e 9 and 0 € NAﬁ‘_/(r’)(ﬁl)' H

We proceed with the proof of Theorem 3.1 and we invoke Pontryagin’s maximum
principle, see [13], to get that for u/(-) an admissible control steering o/ to " we
have

O(t),u'(t)) = m&:;c(é’(t),u) a.e. t, (18)
where 0(t) = e*"("~99. By Lemma 2.2, we have ¢ = —6(0). Then we have:
9)7 S)a ((a”’ ﬁﬂ)? 7"”) - ((ala ﬁ/)7 7"’))
) a// _ O/,ﬂ” . /8/)> _"_ S(T// _ T/)
=0(0),0(r")), (" =o', 8" = ) + (" — 1)
—0(0),a” — 'y +(0(r"), 8" — 3)) + s(r" —1"). (19)

Lemma 4.2. Assume that r” < r', then there exists o > 0 such that

(((€,0),9), ((@", 5),7") = (o, 5),7))
< wollfll(lle” = &' I* + [l = '[I*) + (r' = ") (hw (=0(0)) + (Ad/, =6(0)) — 5).

Proof. By (19) we have:

<((C7 9)7 S)? ((O‘”? 5”>7 TU) - ((O/’ 6/)7 Tl))
= (=0(0)," = o) +(0(r), 8" = B)) + s(r" = 1').

We write

(—6(0),a" — o)
= 00" —r")—0(0),a" — )
+(=0(r" —=1"), " —x(r" = "))y + (=0 — "), x(r' —1") — '), (20)

where x(-) is a trajectory that realizes the minimum time between o’ and ', that
is,

¢
z(t) = e/ +/ eA(t_T)u'(T) dr.
0
We have:

(O —1") = 0(0),a” — o) = (" =)0, 0" — o) (21)

< kallOll(lle” = o' * + [Ir" = +]]%), (22)
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where k; is a positive constant that depends on A and M. On the other hand, we

have:

<

—0

(T’ _ 7,‘//)’ a// _ x(/’,_/ _ ,',,/l)>

ol —pl!
T .01 I I
_eA r 9,0// o eA(’I’ r )O/ _/ eA(T‘ r T)ul<7_) d7'>
0

/

/ 1"

r
T, A ’_
—€A r 9,05”—6 Ar 5/+/ 6A(r r ‘r)u/(T) d7'>
r

<
(
<_
(

-r

T'/

17

! 1

eATr”@7 e_Arll(ﬂll i ﬁ,) +/ A= —T)(u/(T) i UH(T — 4 T”)) dT>

'

-0, (ﬂ// B ﬁ,) X //T_ / 6A(r’—‘r)(u/(7_) i u//(,]_ 4+ 7"”)) dT>

/

0.0 =3+ [ @) = s

’

(—0(r"), 8" — ") + //7”_ ”(9(7), (W'(1) = (T ="+ ")) dr

<_

0(r'), 8" = 3'), (23)

where u”(-) is an admissible control steering o’ to 3" and where the last inequality
holds due to (18). We continue with the proof of the lemma and we remark that

/ 0’ — "), Az(t) + ' (t)) dt
[

—0(r" =", x(r —1") — )

T’—'r"

(Ax(t) + u'(t)) dt>

/ 1" ! 1

+/OT ~000) —9(t),u’(t))dt+/0r T 0(0), W (1)) dt.

One can easily prove the existence of a positive constant ko depending on A, «, 7,
M and U such that for ¢t € [0,7" — "] we have:

(O(t) = 00" — "), Ax(t) + ' (1)) < k|0 (r" —1"),

(=

(0(0) = 0(t), Ax(t)) < ka[0]| (" —1"),
A

0(0), A(x(t) — 2(0))) < ks[6][(+ — ") and
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o (0(0) —0(t), w'(t) < k2|0 (" —r").
Then
<_0(r/ _ T”),ZL’(T’ _ T”) _ a/)
< 4ky||0||(r" — 7"")2 + (r" = ") (hpy(—6(0)) + (Aa’, —6(0)).

Now if we take o := k1 + 4ky and we combine this inequality with (19), (20), (22)
and (23), then we obtain that:

(((€,0), ), (", 8"), ") = (e, 5),7"))
< wollfll(le” = /| + [l = 'II*) + (" = ") (hur (=0(0)) + (Ad’, =0(0)) — ).
This terminates the proof of Lemma 4.2. ]

Now we terminate the proof of Theorem 1.2. First we note that a similar version
of the preceding lemma also holds for " > 7/. Indeed, it is sufficient to apply the
following substitution technique on 6(-) and '(-) and then proceed as in the proof
of Lemma 4.2 (the details are left to the reader):

o Define A(t) := e "=9¢ for all t € [0,7"].

e  Define @(-) on [0,7”] by: B
e u/(t) realizes the maximum of max,cy (0(t),u) if t € [0,r" —r'],
oW (t)y=u'(t—(r"—7r"))ift €’ — 1", 1"].

We proceed and we consider the following two cases:

Case 1: s < 0. Then the vector @ € 0pT(d/, 7). By Theorem 3.1, we get that

<AO/, _—<> + hU (_—C) = —1.
S S

(Ad’, =0(0))) + hu(—0(0)) — s = 0,
and this gives with Lemma 4.2 that
(((€,0),5), (", 8"),7") = (o, F),7"))
< wollfll(le” = o/I* + [|r" = '||*)
< @oll((€,0), )1 (@, 8"),7") = (&', 8), 7).
Case 2: s =0. Then by Lemma 4.2 we get that
(((€,0), ), (", 8"),7") = (e, 5),7"))
< wollfll(le” = oI + [|r" = r'|]*) + (" = ") (hu(=6(0)) + (Aa’, =0(0))).

Since F'is o/-STLC we have, see Remark 2.4, that hy(—60(0)) + (Ao, —60(0)) < 0.
Hence

Hence

(((€,0),5), (", 8"),7") = ((, 3), 7))
< @ollfll(fla” = /I + [|r" = '[I*) + (" = r") (hir(—0(0)) + (A, —6(0)))
< ¢oll((€,0), s)lIlI((a", B"),7") = (', ), 7).

The proof of Theorem 1.2 is now completed. O]
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