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We present two sufficient conditions in order that a real function on a finite-dimensional normed
space be convex (Theorems 1.1 and 1.2) and show some consequences of them. In particular,
it comes out that a real function f on a finite-dimensional Hilbert space X is convex, provided
that f has the property that for each point y € X and each A > 0 the real function

X 52— A(z) + |z — y?

has a unique global minimum.

1. Introduction and results

This paper deals with the following problem: “Let a real function f on a Hilbert
space X have the property that for each point ¥y € X and each A > 0 the real
function

X 22— A(2) + ||z -yl (1)

has a unique global minimum. Must f be convex?" Our understanding is that
there is no complete solution to it. Actually, we know from X. Wang [5], Corollary
3.8, that if X is finite-dimensional a partial answer is “Yes, provided that f is lower
semicontinuous". For a general Hilbert space there is a positive partial answer too
(see [1], Corollary 5.2), but strong assumptions are made use of, apart from lower
semicontinuity of f, concerning the map (y, A) — ,,\, the unique global minimum
of function (1). On the other hand, it has been showed by B. Ricceri [3] that, for
an infinite-dimensional, separable Hilbert spaces X, a qualified negative answer to
the above stated question would yield the existence of some non-convex Chebyshev
subset of the space L?([0, 1], X). Thus, the problem appears to be of some interest
in the best approximation theory.

Here, we will focus on the finite-dimensional case. Moreover, we will consider an
equivalent form of the initially stated problem, namely: “Let a real function f on
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a real Hilbert space X have the property that for each o > 0 and each point z € X
the real function

X2z — f(z) +alzl + (z,2) (2)
has a unique global minimum. Must f be convex?"

In this connection we present two general sufficient conditions in order that a real
function on a finite-dimensional normed space be convex (Theorems 1.1 and 1.2 are
our main results here). Both of them are generalizations of the above-mentioned
result by X. Wang [5]. In fact the wider setting of normed spaces, rather than of
Hilbert spaces, is considered. Moreover, the role of the higher-order “perturbation"
||z||? is played by a more general function satisfying the condition to tend to +oo
as ||z]| — 400, that is, either any strictly convex function (Theorem 1.1), or even
any lower semicontinuous function (Theorem 1.2). Last but not least, in Theorem
1.1 the lower semicontinuity assumption on f is dropped. Thus, in the finite
dimensional case the initial problem is completely solved in positive.

Henceforth, (X, || ||) will be a real normed space of finite dimension n, with dual
space (X', [ [I).

Theorem 1.1. Let f: X — R be a function satisfying the following assumption.:

(a) There exist a strictly convex function H : X — R, with

lim H(x)= +oo,
llz[|—+o00

and a non-empty set A C10,+oo[, with inf A = 0, such that for each o € A
and each ¢ € X' the real function

X3z — f(z)+aH(z)+ (p, x) (3)
has a unique global minimum.

Then f is a convex function.

Theorem 1.2. Let f: X — R be a lower semicontinuous function satisfying the
following assumption:

(b)  There exist a lower semicontinuous function K : X — R, with

lim K(z)= +o0,
l|#]|—+o0

and a non-empty set A C 10, +oo[, with inf A = 0, such that for each a € A
and each p € X' the real function

X3z — f(z)+aK(x)+ (o) (4)

has a unique global minimum.

Then f is a convex function.
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The proofs of the previous theorems are postponed to Section 3. However, we
would like to point out here that our arguments will involve only basic facts of
Convex Analysis.

In the subsequent Section 2 we give Theorems 1.1 and 1.2 a more complete form,
stating them as necessary and sufficient conditions. Also, we will show there some
consequences of them.

2. Remarks and corollaries

An obvious question to ask about Theorems 1.1 and 1.2 is whether conditions (a)
and (b) are also necessary in order that f be convex.

We consider first condition (a). After a short reflection, one realizes that if f :
X — Ris a convex function, then it is sufficient to take any strictly convex function
H : X — R such that
H{(x)
— too,

lzl—+oo ||z]|

in order that function (3) have a a unique global minimum for every choice of
a > 0 and ¢ € X'. Indeed, function (3) is strictly convex and tends to +oo as
|z|| — 400, thanks to the inequality

f(@) + aH(z) + (p,x) = S(x) + aH(x) + (¢, )
> c— Y +ollllzll + aH(z) Vo e X,

where
X2z — Sx)=c+ (Y, z),

c € R, ¢ € X’ is any support function of f (see [4], Theorem B on p. 108). Thus,
we see that (a) is a necessary condition in order that f be convex. More precisely,
we have the following theorem.

Theorem 2.1. For any real function f on X the following statements are equiv-
alent.

(¢) f is a convex function.
(a)  There exist a strictly convez function H : X — R, with

lim H(x) = +o0,

l|z]|—+o0

and a non-empty set A C 10, +oo[, with inf A = 0, such that for each a € A
and each ¢ € X' the real function

Xz — f(z)+aH(z)+ (p,2) (3)

has a unique global minimum.
(a1) For every strictly convez function Hy : X — R, with
Hy(x)

lim = 400, )
zl|—+oo || z]] (5)
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and every ¢ € X' the real function
X2z — f(z)+ Hi(z) + (p,z) (6)

has a unique global minimum.

Proof. The implication (¢) = (a;) has just been proved before, the one (a;) =
(a) is trivial and the remaining one, (a) = (c), is precisely Theorem 1.1.

Since the composition x — Hy(x) = M(||z||) of any strictly convex, increasing
function M : [0, +o0[ — R with any strictly convex norm (see [2], p. 342) || || on
X is a strictly convex function on X, we get the following corollary.

Corollary 2.2. Let || || be a strictly convex norm on X. For any function f :
X — R the following statements are equivalent.

(¢) f is a convex function.
(n)  There exist an exponent p > 1 and and a non-empty set A C|0,+oo], with
inf A =0, such that for each o € A and each o € X' the real function

X3z — f(z) +alzl’ + (p,2) (7)

has a unique global minimum.
(ny) For every choice of p > 1, a > 0 and ¢ € X' the real function (7) has a
unique global minimum.

Remark 2.3. In particular (taking || || to be any Hilbertian norm on X and
p = 2), we see from the above corollary that for a finite dimensional Hilbert space
the answer to the initially asked question is “Yes. Unconditionally."

Remark 2.4. The implication (¢) = (a1) can also be read in a slightly different
way. Denote by H the class of all functions H; : X — R such that function (6) has
a unique global minimum for every convex function f : X — R and every ¢ € X'.
Then, the above mentioned implication says that H includes all strictly convex
functions H; : X — R that satisfy growth condition (5). It is another interesting
consequence of Theorem 1.1 that the class H actually coincide with the class of
all strictly convex functions H; : X — R that satisfy (5).

Corollary 2.5. A function H; : X — R belongs to the class H if and only if it is
strictly convezr and satisfy condition (5).

Proof. We have to prove just the “only if" part. Let H; € H be given. Fix
any strictly convex function f : X — R such that limj;—4c f(z) = +00. Then
Bf: X =R, >0, is a convex function too, so the real function

X3z — (f(x) + Hi(z) + (p,7)

has a unique global minimum for each 3 > 0 and each ¢ € X’. Thus, by Theorem
1.1, H, is a convex function. Now we observe that the assumption H; € H, taking
the convex function f = 0, in particular says that

X 32— Hi(z)+ (p, )
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has a unique global minimum for each ¢ € X’. From this we readily see that H; is
in fact a strictly convex function. Moreover, as a consequence of Proposition 2.6
below, we have that H; satisfies (5). This accomplishes the proof.

Proposition 2.6. Let a function g : X — R have the property that for each
Y € X' the real function
X3r—yg@)+ (Y )

has a finite lower bound. Then

M = +00.
lzl|—+oo |||

Proof. We proceed by contradiction. We assume the existence of some sequence
{z,,} in X such that lim,_, ||z,|| = 400 and that

lim _g(a:n)

n=oe [z,

=/ < 4o0.
We can also suppose, passing to a subsequence, if necessary, that

e,

converges to some z € X, ||z|| = 1. Then, taking any ¢» € X’ such that
(1, 2z) < —L,

we have

o) + () = Nl [+ (5,770} = =0,

22| [

but this is a contradiction.

Now we consider condition (b). Since (a) = (b), we have that also (b) is a neces-
sary condition in order that f be convex. On the other hand, it is apparent from
Corollary 2.5 that it is not possible to give condition (b) an equivalent “strong"
formulation, as we did in Theorem 2.1 for condition (a) by means of (a;). Thus,
we must limit ourselves to restate Theorem 1.2 in the following form.

Theorem 2.7. In order that a real function f on X be convex, it is necessary and
sufficient that f be lower semicontinuous and satisfy condition (b).

Finally, it is worth to point out that Theorem 1.2 implies the following corollary.

Corollary 2.8. Let f: X — R be a lower semicontinuous function satisfying the
following assumption.:

(d)  For each v € X' the real function
X 3w — f(z) + ()

has a unique global minimum.
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Then f is a strictly convex function.

Proof. We already know from Proposition 2.6 that assumption (d) implies that

x

lzl|—+oo |||
Hence, taking K = f : X — R, we have that K is a lower semicontinuous function
such that

lim K(z) = +o0.

[|f| =00
Moreover, by assumption (d), we have that for each a > 0 and each ¢ € X’ the
real function

X oz — f(z)+aK(@)+ (p,z) = (1+a) [f(z) + (%, 7)]

has a unique global minimum. Thus, by Theorem 1.2, f is a convex function. At
this point, assumption (d) guarantees that f actually is a strictly convex function.

Remark 2.9. The following example shows that in Corollary 2.8 the lower semi-
continuity assumption on f cannot be erased.

Example 2.10. (A non convex function f satisfying condition (d)). Let f: R —
R be defined as follows:

x? if z € R\ {0,1,2},
fl)=q22+1 ifze{0,2},
0 if v =1.

It is apparent that f is not convex and it follows by elementary calculations that,
for each m € R, the function z — f(z) + ma has a unique global minimum z,,,
namely:

1 if m € [—4,0],
Ty =
-5 if x € R\ [—4,0].
3. Proofs

The terminology we will use is quite standard. An affine functional on X is a real
function ¢ on X of the form

((x) =c+(p,x) VreX,

where p € X’ and ¢ € R. An affine subspace W of X is the translation of some
vector subspace L of X, that is

W=y+1L

for some y € X (in fact y € W). The vector subspace L is uniquely identified by
W and we put, by definition, dimW = dim L. If W is an affine subspace of X,
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with dim W = m > 1, we say that two subsets W, W~ of W constitute a couple
of closed complementary halfspaces of W provided that they can be written as

Wt ={weW: (p,w) >k}, W-={weW: (p,w) <k}

for some ¢ € X', ¢ not constant on W, and some k € R. In the sequel, for
brevity, we will say “couple of complementary halfspaces" instead of “couple of
closed complementary halfspaces". Clearly, the intersection W+t N W™ is an affine
subspace of dimension m — 1 and, conversely, given any affine subspace V' C W
of dimension m — 1, there is a unique couple of complementary halfspaces of W,
whose intersection is just V.

We need two lemmas.

Lemma 3.1. In order that a function g : X — R be convez, it is necessary and
sufficient that the following condition (¢;) be satisfied.

(c1) For each point T € X, each one-dimensional affine subspace Wy of X, that
contains T, and each affine functional ¢ on X such that

9(7) +¢(T) = 0,
the inequality

max { inflg + ¢ inflg + (]} >0

holds true, where W, W is the couple of complementary halfspaces of W,
such that Wi "W, = {z}.

Proof. We show that g fails to be convex if and only if the negation of (¢;) occurs
to be true, that is:

(—c1) There exist a one-dimensional affine subspace Wy of X, a couple W, W of
complementary halfspaces of Wy and an affine functional ¢ on X such that

9(z) +¢(@) =0, (8)
where {T} = WF N W, and that

ggf[g +¢ <0, inflg+ (] <0 (9)

1

(As a matter of fact, in the sequel of the paper we will use only the implication
“f not convexr = (—cy)”.)

If g is not convex, there are a,b € X and ¢ €0, 1] such that, denoting
T=(1—1t)a+1b,
one has the strict inequality

g(@) >T :=(1—1)g(a) +tg(b).
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Then, considering the one-dimensional linear subspace
Ly ={s(b—a) : s € R},

we see that condition (—¢;) is satisfied by taking the one dimensional affine sub-
space W := T + Ly, the couple of complementary halfspaces

Wit={Z+s(b—a):s>0} Wy ={Z+s(b—a):s<0}
and the affine functional ¢ given by
() = —g(T) = (,x —T) VreX,
where 1) is any linear extension to the whole X of the linear functional
Li>s(b—a) — s(g(b) —g(a)) € R.

Indeed, condition (8) is trivially satisfied and, as far as (9) is concerned, we notice
that
a=7—t(b—a), b=+ (1-1%)(b—a),

so that a € W, , b € W;"; moreover, we have
(,a=7)=—tlg(b) —g(a)l, (¥, 0-7) =(1=1)[g(b) — g(a)],

whence it follows

g(a) +¢(a) = g(b) +¢(b) =T = g(7) <0
and therefore inequalities (9) hold true.

Conversely, if condition (—¢) is satisfied, then by virtue of (9) we can take a € Wi~
and b € W, in such a way that

¢(a) +g(a) <0,  ¢(b)+9(b) <0.

Since a € W, b € Wi, we have T = (1 — t)a + tb for some £ € [0, 1]. It follows by
(8) that ¢ + g is not a convex function, hence g is not convex too.

Lemma 3.2. Let a function h : X — R satisfy
infh > —o0 (10)
X

and
lim [h(z) + (p,z)] = +00 Vp e X' (11)

[|[|—+o00

Then for any two affine subspaces V,W of X, withV C W and dim W = (dim V')+
1, there is an affine functional x on X such that

x(v) =0 Yv eV,
and
inflh+x] = inf[h+x) | =inflh+ ],

where W+, W~ s the couple of complementary halfspaces of W such that W+ N
W-=V.
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Proof. As a matter of fact, we will prove that the conclusion of the lemma is
fulfilled by a suitable multiple ¥ = #( of any affine functional ¢ on X such that
C(v) = 0 for every v € V and ((w) # 0 for some w € W, that is any affine
functional ¢ for which the equality

V={weW : ((w)=0}
holds true, so that we can assume, with no loss of generality,

Wt ={weW : {(w) >0}, W~ ={weW : {(w) <0}. (12)

We have to prove that the following functions p and g:

R3¢ —p(t):= inf [h(z)+t{(z)], R>t—q(t) ;= inf [h(z)+ t{(2)],

zeW+ zeW—

take the same value at some point ¢ € R. We first notice that these two functions
are real-valued. Indeed, if (11) is true, then assumption (10) actually is equivalent
to

inf [h(z) + (p,x)] > —c0 Vp € X' (10")

zeX

Next, having in mind (12), we easily see that p is an increasing function, ¢ is
decreasing and we have

lim p(t) = lim ¢(t) = —oc.

t——00 t—-+o0

Therefore, the proof will be accomplished once we show that p and ¢ are continuous
functions. In fact, we have that p and ¢ are concave functions on R (this is plainly
seen: given any t1,t, € R and any 6 € [0, 1], we have, for each 2z € W,

h(z) +[(1 = 0)t: + 0tz ((x) = (1 = 0) [h(z) + ta1¢(x)] + O [h(z) + t2( ()]
(1= 0)p(t1) + Op(ts)

v

and consequently

Proof of Theorem 1.1. In order to expedite the proof, we introduce the follow-
ing notation.

Notation. Given any function v : X — R, we denote by Xy(v) the set of all
numbers ¢ € R such that the real function

X3z —v(x)+oH(z)+ (p, )

has a unique global minimum for each ¢ € X".

Remark 3.3. It is an obvious remark that we have Yy (v) = Xg(vy + () for every
affine functional ¢ on X.
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Remark 3.4. Having in mind that limg_4 H(2) = +00, and hence infx H >
—00, it is easy to see that assumptions (10) and (11) of Lemma 3.2 are fulfilled by
any function v, whose set ¥y (7) contains some negative number.

Now, we come back to the proof of Theorem 1.1. Proceeding by contradiction, we
assume that f is not a convex function and fix, as it is possible, a sufficiently small
number @ € A, with @ < sup A, in such a way that the function g := f + aH is
not convex either. It readily follows from assumption (a) that for this function g

we have

hence g satisfies the following condition:
The set Xy (g) contains some o™ > 0, some 0~ < 0 and zero as well.  (13)

Since ¢ is not convex, we know after Lemma 3.1 that there exist an affine subspace
W, of X of dimension one, a couple W, W, of complementary halfspaces of
Wy, with Wy := {Z} = W;" N W, and an affine functional ¢ on X, for which
conditions (8) and (9) hold. We put h := g + ¢ and, having in mind the above
remarks, observe that Xy (h) = X g (g), thus also the function h satisfies condition
(13) and, consequently, it satisfies assumptions (10) and (11) of Lemma 3.2 as well.
Thus, we can apply Lemma 3.2 to the function h, taking V' = Wy and W = W7y,
and get the existence of an affine functional x; on X such that

x1(T) =0, (14)
inf[h + x1] = inf[h + x1] =: by. (15)
wir Wi

Taking into account (14), it is not difficult to deduce from (9) that b; < 0.

Since also h+ x; satisfies condition (13), we can apply Lemma 3.2 to this function,
taking V = Wy and W = W, where W5 is any affine subspace of dimension 2
containing Wi, and so get the existence of an affine functional x5 on X such that

x2(v) =0 Yv € Wy, (16)
inf[h + x1 4 xa] = inf[h + x1 + x2] =: by, (17)
wat Wy

where W,", W, is the couple of complementary halfspaces of Wy such that W,F N
Wy = W;. Having in mind (16), we easily see from (15) that by < b;. Next, it
is possible to apply Lemma 3.2 to h + x1 + x2 and get the existence of an affine
functional x3, and so on.

By iterating the application of Lemma 3.2 we find the affine subspaces
WOCW1CW2C"'CWn,

of dimensions 0,1,2,...,n (hence W,, = X), and the affine functionals on X

X1, X25 «++-5 Xn
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such that the following two conditions are satisfied for every i = 1,2,... n:
xi(v) =0 Yve Wy, (18);
mﬁh‘i‘Xl-ir"'ﬂLXi]:inf[h+X1+"‘+Xi] =:b; (19);
W, -

= mflh +x1+ -+l

where W,", W,” is the couple of complementary halfspaces of W; such that W;" N

(2

W, = W;_1. By conditions (18); and the definitions of the b;’s we have
by < by < -2 < by <0 =:by.

Let m be the maximum of those indexes j € {1,...,n} for which the strict in-
equality b; < bj_; holds, that is the index m such that b, = b,, < b,—1. Then,
denoting

C=h+xi+-+Xn,
so that also ¢ satisfies (13), and taking into account, if m < n, conditions (18);,

m < ¢ < n, implying that

Xm+1(v) = =xu(v) =0 Yv € Wy,
we have

infl = by = by = inf[h+ X1+ + X

inf
W
inf[h +x14+ -+ xXm + -+ Xn] = Inf ¢
Wik Wik

and similarly
inf/ = inf /;
X Wi

moreover, again by (18);, m <i <mn,

lgl{fg = bn < bm—l = m}nf [h +x1+--+ Xm—l]

m—1

= uinf [ xa 4 X £ X+ xa] = nf L
By the previous inequality we are sure that x*, the unique global minimum point
of £, does not belong to W,,,_; = W, N W, . Assume, for instance, that =* ¢ W,F
and consider a sequence {&.} in Wt such that

lim £(6) = inf € = igf¢ = ().

This sequence is bounded because, owing to condition (13), ¢ satisfies assumption
(11), and in particular we have limy,|— 10 £(x) = 4+00. Hence, taking a subse-
quence if necessary, we can assume that

k—oo
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Since H is strictly convex, it has strict support at x**, that is there is an affine
functional 7" on X such that

and
H(z) >T(x) Ve X\ {z"}.

At this point we get a contradiction taking an element & of ¥y (¢), with @ > 0,
and considering the function p := ¢+7(H —T). This function has a unique global
minimum, since & € Xy (¢). On the other hand we have

u(x) > l(z*) Vo e X,
because
p(x) =0(x)+ 7 [H(x) —T(x)] > l(x) > l(x*) Ve X\ {z}

and

p(a™) = (™) > ((a").

Moreover we have
lim p(6) = lim (&) +7 Jim [H (&) — T(6)
=/l(x*)+T[H(x™) =T (x™)] = l(z").

Hence we conclude that p does not have global minimum and the proof is accom-
plished.

Proof of Theorem 1.2. We proceed again by contradiction. Just as in the above
proof of Theorem 1.1, we construct a real function ¢ on X, satisfying condition
(13") below:

The set Xk () contains some o > 0, some o~ < 0 and zero as well (13")

(the definition of Y is just like that of Xy, with K in place of H; moreover,
Remarks 3.3 and 3.4 still hold for Xk ), and two affine subspaces W,,,, W,,,_1 of X,
with W,,, D W,,_1 and dim W,,, = dim W,,_; 4+ 1, such that

inf/ = inf¢ = inf ¢ < inf /,
X Wi Wi Win—1

where W W is the couple of complementary halfspaces of W, such that Wt N
W, = W,,_1. Since ¢ is a lower semicontinous function (it is obtained by adding
a suitable affine functional on X to a function g = f 4+ @K, with @ > 0), such
that lim,— 400 £(x) = 400 (owing to condition (13')), and since W} is a closed

set, there exists a point 1 € W such that

{(z") = inf £ = inf /.

7% X
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Likewise, there is a point point x= € W, such that

((x7) = inf £ = inf /.
X

W

Moreover, since infy ¢ < infyy, _, £, neither of points * and 2~ can stay in W,,,_; =
WrNW. -~ so that 7 # x~, hence ¢ has two distinct global minimum points, but
this is a contradiction, because 0 € X (/).

Acknowledgements. We are grateful to the Referee for an important remark that
appreciably simplified our proof of Lemma 3.2.
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