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We extend to the case of W 1,1

loc
functions a formula, known for C1 functions, for the computa-

tion of the shape derivative of an integral cost functional with respect to a class of admissible
convex domains. The convexity context allows one to use the support functions of the do-
mains to express the shape derivative. We shall also illustrate the formula by applying it to
the computation of the shape derivative for a shape optimization problem and by giving an
algorithm.

1. Introduction

This paper is devoted essentially to the proof of a formula for the computation
of the shape derivative for an integral cost functional with respect to a class
of admissible convex domains, using what is called support functions in convex
analysis to express such a derivative. Originally, this was motivated by numerical
considerations. Indeed, we needed such a formula when we considered some
free boundary problems of Bernoulli type in [8] from a numerical point of view.
However, this work is still in preparation. Here, to illustrate the result, we shall
only apply the formula to the computation of the shape derivative of a simple
shape optimization problem and we shall give an algorithm.

In order to be more precise, let us define the set of admissible domains by

U =
{
Ω ⊂ R

n ; Ω is non empty, open, bounded, convex and of class C2
}
,

and let us consider the functional J defined on U by

J(Ω) =

∫

Ω

f dx,

where f is a fixed function defined in R
n. The starting point of our work is

the reference [1] where A. Niftiyev and Y. Gasimov proved a formula giving the
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derivative of J with respect to Ω ∈ U by means of the support functions of the
domains. Their result says the following:

Theorem 1.1 (A. Niftiyev, Y. Gasimov). If Ω0,Ω ∈ U and the function f
is of class C1, then, the limit

lim
ε→0+

J((1− ε)Ω0 + εΩ)− J(Ω0)

ε

exists and is equal to
∫

∂Ω0

f(x) (PΩ(ν0(x))− PΩ0
(ν0(x))) dσ(x), (1)

where ν0(x) denotes the exterior unit normal vector to ∂Ω0 at x, and PΩ0
, PΩ are

the support functions of the domains Ω0, Ω, respectively.

Recall that the support function of a bounded convex set A in R
n is given by

PA (x) = sup
y∈A

n∑

k=1

xkyk.

See Section 2 for more details.

Note in the above statement the unusual deformation (1− ε)Ω0 + εΩ of Ω0. This
is suggested by the convexity context and the applications considered in [1]. Note
also that this is only a semi-derivative. See the remarks in Section 5 for more
details.

We also refer to the papers [11] and [12] where the above formula is used without
proof and applied to some problems of partial differential equations.

Our objective here is to generalize such a result to the case where f is in the
Sobolev space W 1,1

loc (R
n), that is, f is a locally integrable function whose distri-

butional (or weak) partial derivatives are also locally integrable in R
n. It goes

without saying that such a generalization is natural and can be of interest else-
where in applications, the Sobolev spaces being nowadays widely used.

As said above, our interest in such a formula came first from a numerical study
undertaken in [8]. In fact, we believe that, in the context of convexity and
numerical implementation, the use of support functions is more advantageous
than that of vectors fields. We refer, for example, to [9], page 155, for explanations
about the difficulties that arise when implementing numerically the minimization
of domain integral functionals, via some gradient method, by using the usual
expression of the shape derivative by vector fields. Very briefly, the reason is
that, when using vector fields, at each iteration we have to extend the vector
field (obtained only on the boundary) to all the domain or to re-mesh, and both
approaches are expensive, while when using support functions, at each iteration
we get not only a set of boundary points but also a support function which, by
taking its subdifferential at the origin, gives the next domain.
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We also discovered afterwards that a formula similar to that in the above theorem
was known in the classical theory of convex sets since a long time for f = 1 and
when one uses the usual deformation Ω0 + εΩ of Ω0. It says that, if f = 1,

lim
ε→0+

J(Ω0 + εΩ)− J(Ω0)

ε
=

∫

∂Ω0

PΩ ◦ ν0 dσ.

See [7], [4] or [10], for example. Hence, the result of Niftiyev-Gasimov and our
result below (Theorem 1.1) look like extensions of such a classical formula. See
the remarks of Section 5.

Even if we have followed the same plan as [1], the proof of such a generalization
turned out to be not straightforward and required a number of geometrical and
analytical lemmas. In a first step, one assumes that Ω is strongly convex. The
strong convexity and the C2 regularity of the domains allow one to do some
geometric constructions which show that the variable domain (1− ε)Ω0 + εΩ can
be viewed as the image of Ω0 by some diffeomorphism. The general case is then
treated by approximating Ω by a sequence of strongly convex domains via some
arguments using compactness in L1 and the Brunn-Minkowski theory.

The outline of the paper is as follows. In Section 2, we recall few facts about
convex sets. In Section 3, we state the main result of the paper and prove a
corollary which is also a generalization. Section 4 is devoted to the proof of the
main result via a number of lemmas. In Section 5, we make remarks and add
complements to the main result. In Section 6, in order to illustrate the result of
this paper, we give a simple application of it to a problem of shape optimization
via some partial differential equation.

The main result of this paper was announced in [13] where a sketch of its proof
was given.

2. Preliminaries

Let us recall briefly some notions and facts about convex sets that we shall use
in the sequel. For more details or proofs, we refer for example to [7], [2], [4], or
[6].

We shall denote by C the set of closed convex bounded subsets of Rn.

Let us start by recalling the operations of addition and multiplication by non-
negative numbers in C. If A and B are in C and λ ≥ 0, then,

A+B = {x+ y; x ∈ A, y ∈ B}

and λA = {λx; x ∈ A}

are also in C. However, C is not a linear space. Note that it can be realized as a
subset of some linear space, but we shall not use this fact here.

If A ∈ C, we shall mainly use its support function PA defined in R
n by

PA (x) = sup
y∈A

x.y ,
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where x.y = xy denotes the standard scalar product in R
n. One can easily see

that the support function PA is continuous, convex and positively homogeneous,
that is, PA (λx) = λPA (x) , λ > 0. Conversely, for each continuous convex
positively homogeneous function P on R

n, there exists a unique closed convex
bounded set A, such that P = PA. In fact, the set A ∈ C is reconstructed as a
subdifferential of the function P at the origin x = 0, that is,

A = ∂P (0) = {y ∈ R
n : P (x) ≥ x.y, ∀x ∈ R

n} .

Thus, we have a one-one correspondance between C and the set of all continuous
convex positively homogeneous functions P on R

n. The interest in using the
support functions is that instead of working with a set of subsets of Rn, one
works with functions defined on R

n, which allows one of course to use all the
means of functional analysis.

The support functions have other remarkable properties. For all A,B ∈ C and
λ ≥ 0, one can easily prove that

PA+B = PA + PB and PλA = λPA. (2)

3. Main results

Recall that U is the set of non empty bounded convex open subsets of Rn which
are of class C2. If Ω ∈ U , its closure Ω is in C and its support function PΩ is
well-defined. Since supy∈Ω xy = supy∈Ω xy, we shall use the notation PΩ instead
of PΩ. We can now state the main result of this paper. It concerns the functional

J(Ω) =

∫

Ω

f dx (3)

and reads as follows.

Theorem 3.1. For all f ∈W 1,1
loc (R

n) and Ω0,Ω ∈ U , we have the limit

lim
ε→0+

J((1− ε)Ω0 + εΩ)− J(Ω0)

ε
=

∫

∂Ω0

f(x) (PΩ(ν0(x))− PΩ0
(ν0(x))) dσ(x),

(4)
where ν0(x) denotes the exterior unit normal vector to ∂Ω0 at x.

The expression (4) will be called the shape derivative of J at Ω0 in the direction
Ω.

The proof of this statement will be given in the next section. Before, we give
and prove a corollary of this result, which is at the same time an extension of it.
Indeed, it concerns the case where the function f depends on the parameter ε, a
situation which is frequent in the applications.

Corollary 3.2. Let Ω0,Ω ∈ U and let Ωε stands for (1 − ε)Ω0 + εΩ where 0 ≤
ε ≤ 1. Let fε, 0 ≤ ε ≤ ε0 ≤ 1, be a family of functions in L1

loc(R
n) such that
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f0 ∈W 1,1
loc (R

n) and assume that the limit

g = lim
ε→0+

fε − f0
ε

exists in L1
loc(R

n) or, at least, in L1(D), where D is a bounded open set in R
n

which contains all the Ωε. Then, the (right) derivative at 0 of

I(ε) =

∫

Ωε

fε dx

exists and

I ′(0) =

∫

Ω0

g(x) dx+

∫

∂Ω0

f0(x) (PΩ(ν0(x))− PΩ0
(ν0(x))) dσ(x),

where ν0(x) denotes the exterior unit normal vector to ∂Ω0 at x.

Proof of Corollary 3.2. We can write

1

ε
(I(ε)− I(0)) = I1(ε) + I2(ε) + I3(ε)

where

I1(ε) =
1

ε

(∫

Ωε

f0 dx−

∫

Ω0

f0 dx

)
,

I2(ε) =

∫

Ωε

(
fε − f0
ε

− g

)
dx and I3(ε) =

∫

Ωε

g dx.

It follows from Theorem 1.1 that

lim
ε→0+

I1(ε) =

∫

∂Ω0

f0(x) (PΩ(ν0(x))− PΩ0
(ν0(x))) dσ(x),

and from the assumption, since

|I2(ε)| ≤

∫

D

∣∣∣∣
fε − f0
ε

− g

∣∣∣∣ dx,

that I2(ε) → 0 when ε → 0. At last, since the characteristic functions 1Ωε

converge almost everywhere to the characteristic function 1Ω0
as one can check

easily, it follows from the Lebesgue convergence theorem that I3(ε) →
∫
Ω0
g(x) dx

when ε→ 0, which achieves the proof of the corollary.

4. Proof of Theorem 3.1

Let f ∈ W 1,1
loc (R

n), Ω0,Ω ∈ U . The proof is fairly long and, in a first stage, we
shall prove the formula assuming that Ω is strongly convex, that is, near each
point of its boundary, the open set Ω is defined by {ϕ < 0} and its boundary ∂Ω
by {ϕ = 0}, with some C2 function ϕ whose Hessian matrix is strictly positive.
Recall that such an Ω is then strictly convex, in the sense that it contains the
(relative) interior of all intervals whose endpoints are on the boundary. Note also
that this strict convexity is not equivalent to the strong convexity.
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4.1. The case where Ω is strongly convex

The proof is based on some geometric construction which will show that the
set (1 − ε)Ω0 + εΩ is the deformation of Ω0 via some diffeomorphism (in fact,
a Lipschitz homeomorphism), which reduces the problem to a known situation.
We shall need several lemmas.

We start by constructing a map between Ω0 and Ω. In fact, the construction
begins with the boundaries Γ0 = ∂Ω0 and Γ = ∂Ω.

Lemma 4.1. Let Ω0,Ω ∈ U and assume that Ω is strongly convex. Then, there
exists a map a0 : Γ0 → Γ, such that

(i) For all x ∈ Γ0, PΩ(ν0(x)) = ν0(x).a0(x) .

(ii) For all x ∈ Γ0, ν(a0(x)) = ν0(x) where ν(y) denotes the exterior unit normal
vector to Γ at y.

(iii) The map a0 : Γ0 → Γ is of class C1.

Proof. (i) The continuous function Lx : y 7→ ν0(x).y reaches its maximum on
the compact set Ω at least at one point y1 ∈ Ω. It follows from the linearity of
this function that y1 ∈ ∂Ω = Γ, and from the strong convexity of Ω that y1 is
unique. By setting a0(x) = y1, we have, of course, PΩ(ν0(x)) = ν0(x).a0(x).

(ii) Since Lx(a0(x)) = maxΓ Lx , a0(x) is a critical point for Lx|Γ. Hence,

d(Lx|Γ)(a0(x)) = 0.

Using the linearity of Lx and the formula d(Lx|Γ)(y) = dLx(y)|TyΓ, we obtain that

Lx(v) = 0, ∀v ∈ Ta0(x)Γ,

and consequently that
ν(a0(x)) = λ(x) ν0(x),

where λ(x) = ±1. To show that λ(x) = 1, write

ν(a0(x)).a0(x) = λ(x) ν0(x).a0(x) = λ(x)PΩ(ν0(x)).

Assume first that 0 ∈ Ω. So, PΩ(ν0(x)) ≥ 0, and since Ω is open and convex,
we have ν(y).y > 0, for all y ∈ Γ. Hence, λ(x) = 1. If 0 /∈ Ω, we perform a

translation. Let c ∈ Ω and denote by Ω̃ = Ω − c, by ν̃ the exterior unit normal
vector field to ∂Ω̃ and by ã0 : Γ0 → ∂Ω̃ the map one obtains by the first part
when Ω is replaced by Ω̃. Clearly, we have

PΩ(ν0(x)) = PΩ̃(ν0(x)) + c.ν0(x) = ν0(x).ã0(x) + c.ν0(x),

so that, by uniqueness, ã0(x) = a0(x)− c. Since ν(a0(x)) = ν̃(ã0(x)), we have the

same λ(x) which is equal to 1 by the first case, since 0 ∈ Ω̃.

(iii) Let x0 be an arbitrary point in Γ0 and let us show that a0 is of class C
1 near

x0, that is, in a neighbourhood of x0 on Γ0. We can assume that Γ is defined by
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the equation ϕ = 0 near y0 = a0(x0), where ϕ is a C2 function in a neighbourhood
(in R

n) of y0 and such that ν = ∇ϕ/|∇ϕ| and, since Ω is strongly convex, ϕ′′ is
a strictly positive matrix at y0. Now, the differential of ν (as a map on R

n) at y0
can be written as

dν(y0) = ψ(y0)ϕ
′′(y0) +∇ϕ(y0)

t∇ψ(y0) where ψ(y) =
1

|∇ϕ(y)|
.

Let v ∈ R
n be tangent to Γ at y0 and such that dν(y0)v = 0. Thus, (dν(y0)v).v =

0, that is,
ψ(y0) (ϕ

′′(y0)v).v + (∇ϕ(y0).v) (
t∇ψ(y0) v) = 0,

which is equivalent to (ϕ′′(y0)v).v = 0 since ∇ϕ(y0).v = 0, and to v = 0 since
ϕ′′(y0) is a positive definite matrix. Hence, we have proved that dν(y0)|Ty0

Γ

is injective, or, more precisely, that d(ν|Γ)(y0) : Ty0Γ → Tν(y0)S is bijective,
where S is the unit sphere in R

n. It follows then from the local inverse function
theorem that ν is a C1 diffeomorphism from a neighborhood of y0 in Γ onto
a neighbourhood of ν(y0) in S. Since ν(a0(x)) = ν0(x), we can write a0(x) =
ν−1(ν0(x)) for all x near of x0, which proves that a0 is of class C1 near x0.

Now, we would like to extend a0 to a map from Ω0 to Ω and even from R
n

to R
n. To do this, we shall use what is called the distance function or gauge

function. This is another type of function which is associated to a convex set and
characterizes it.

Let U be an open convex bounded subset of Rn that contains 0. Then, its distance
function is defined by

FU(x) = inf
{
t > 0 ;

x

t
∈ U

}
= 1/ sup{λ > 0 ; λx ∈ U}.

The following lemma explains why FU is called the distance function associated
to U .

Lemma 4.2. If U is an open convex bounded neighbourhood of 0, then, FU is
a non negative continuous convex positively homogeneous function of degree 1.
More precisely, we have the following properties:

(i) FU(0) = 0, FU(x) > 0, ∀x 6= 0.

(ii) FU(λx) = λFU(x), ∀λ > 0, ∀x ∈ R
n.

(iii) FU(x+ y) ≤ FU(x) + FU(y), ∀x, y ∈ R
n.

(iv) U = {x ∈ R
n; FU(x) < 1}.

When U is symmetric with respect to 0, the distance function FU is just the norm
whose open unit ball is U . For a proof of this lemma, we refer for example to [4].

We also need the following

Lemma 4.3. If U is an open convex bounded neighbourhood of 0which is of class
Ck, k ≥ 1, then, the distance function FU is of class Ck in R

n \ {0}.



74 A. Boulkhemair, A. Chakib / On a Shape Derivative Formula with ...

Proof. Let x0 ∈ R
n \ {0} and set t0 = 1

FU (x0)
. Clearly, we have ∂U = {x ∈

R
n; FU(x) = 1}, so that, t0x0 ∈ ∂U . Since, we can locally write ∂U = {ϕ = 0}

with a function ϕ which is Ck near t0x0, we have ϕ(t0x0) = 0, and it follows from
the assumptions on U that ∇ϕ(t0x0).t0x0 6= 0. Consider now the Ck function Φ
defined by Φ(t, x) = ϕ(tx) near (t0, x0). We have

∂Φ

∂t
(t0, x0) = ∇ϕ(t0x0)x0 6= 0.

Hence, it follows from the implicit function theorem that the equation Φ(t, x) = 0
can be solved uniquely in t near (t0, x0) by a Ck function ψ(x), that is, Φ(t, x) =
0 ⇐⇒ t = ψ(x) near (t0, x0). Since ψ(x) =

1
FU (x)

near x0, we conclude that FU

is of class Ck near x0.

Now, let us extend the map a0 to R
n. We state the result as

Lemma 4.4. If Ω0,Ω ∈ U and Ω is strongly convex, then, there exists a map
a : Rn → R

n satisfying the following properties:

(i) a = a0 on Γ0.

(ii) a(Ω0) ⊂ Ω and a
(
R

n \ Ω0

)
⊂ R

n \ Ω.

(iii) a is of class C1 away from some point of Rn and is everywhere Lipschitz
continuous.

Proof. Let c0 ∈ Ω0 and c ∈ Ω be fixed points. Since the translated sets Ω0 − c0
and Ω − c are open convex neighbourhoods of 0, we can consider their distance
functions which we shall denote simply by F0 and F respectively. If x ∈ R

n\{c0},

then, x−c0
F0(x−c0)

+c0 is a point on Γ0 = ∂Ω0, so that a0

(
x−c0

F0(x−c0)
+ c0

)
is well defined

and belongs to Γ = ∂Ω. This suggests to set a(x) = c+b(x−c0) where b : R
n → R

n

is given by

b(x) =

{
0 if x = 0,

F0(x)
(
a0

(
x

F0(x)
+ c0

)
− c

)
if x ∈ R

n \ {0}.
(5)

Clearly, a = a0 on Γ0 and if x 6= c0, since F (a(x)− c) = F0(x − c0), we have
a(x) ∈ Ω if x ∈ Ω0, and a(x) ∈ R

n \ Ω if x ∈ R
n \Ω0. Finally, it follows from the

preceding lemmas that b is of class C1 in R
n \ {0} and positively homogeneous

of degree 1. Hence, a is of class C1 in R
n \ {c0} and is everywhere Lipschitz

continuous.

In the next lemma, we shall use basically the map a to parametrize the set
(1− ε)Ω0 + εΩ by another map which is almost a diffeomorphism.

Lemma 4.5. Let Ω0,Ω ∈ U , Ω being strongly convex, and let a : Rn → R
n be

the map constructed in the preceding lemma and set

Φε(x) = (1− ε)x+ εa(x), x ∈ R
n, ε ∈ [0, 1].

Then, for sufficiently small ε,
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(i) Φε is a Lipschitz homeomorphism from R
n onto itself.

(ii) Φε is a C1 diffeomorphism from the complement of a point (of Ω0) in R
n

onto the complement of a point in R
n.

(iii) Φε(Ω0) = (1− ε)Ω0 + εΩ.

Proof. (i) Since Φε(x) = x+ε(a(x)−x), this part follows from a classical lemma
which says that we obtain a Lipschitz homeomorphism from R

n onto itself if we
perturb the identity map by a Lipschitz map whose Lipschitz constant is less than
1.

(ii) We already know that a is of class C1 in R
n \{c0}. Since a

′ ∈ L∞(Rn), Φ′
ε(x)

is invertible for all x ∈ R
n \ {c0} for sufficiently small ε. Thus, the result follows

from the inverse function theorem and the first part.

(iii) Let us denote by Ωε the set (1− ε)Ω0 + εΩ. Clearly, we have the inclusion
Φε(Ω0) ⊂ Ωε. Since Ωε is connected (because it is convex), we shall obtain the
equality if we can show that Φε(Ω0) is open and closed in Ωε. The fact that it is
open being obvious, let us show that it is also closed. Let (yk) = (Φε(xk)) be a
sequence in Φε(Ω0) such that yk → y in Ωε. It suffices to prove that y ∈ Φε(Ω0).
Of course, (xk) is a sequence in Ω0, and, since Ω0 is bounded, we can assume that
xk → x with x ∈ Ω0. If x ∈ Ω0, the proof is finished. Assume that x ∈ Γ0 = ∂Ω0.
It follows from Lemma 4.1 that a(x) ∈ Γ = ∂Ω and that ν(a(x)) = ν0(x).
By homothety (with positive ratio), we have the same situation with the points
(1− ε)x and εa(x): They are boundary points of (1− ε)Ω0 and εΩ respectively,
with normals equal to ν0(x). This implies that the convex sets (1 − ε)Ω0 and
εΩ have the same tangent space at these boundary points and, moreover, they
are both on the same side with respect to this tangent space. It follows then
from the lemma below that (1 − ε)x + εa(x) is a boundary point of Ωε, that
is, that y = Φε(x) ∈ ∂Ωε, which is a contradiction. Thus, the case x ∈ Γ0 is
impossible.

Lemma 4.6. Let A, B be subsets of Rn, a ∈ ∂A and b ∈ ∂B. Assume that there
exists a hyperplane H such that both A− a and B− b are in the same closed half
space defined by H. Then, a+ b ∈ ∂(A+B).

Proof. Let ϕ be a linear form on R
n such that H = Ker(ϕ),

ϕ(x) ≥ ϕ(a), ∀x ∈ A and ϕ(y) ≥ ϕ(b), ∀y ∈ B.

Then, by summing the two inequalities, we obtain

ϕ(z) ≥ ϕ(a+ b), ∀z ∈ A+B.

Take v ∈ R
n such that ϕ(v) = 1 and set zk = a + b− 1

k
v, k ≥ 1. Clearly, (zk) is

a sequence such that ϕ(zk) < ϕ(a + b), for all k, that is, zk /∈ A+B, for all k.
However, zk → a+ b as k → ∞. Hence, a+ b ∈ ∂(A+B).

We can now finish the proof of Theorem 3.1 in the case where Ω is strongly
convex. In fact, since Φε(Ω0) = (1− ε)Ω0 + εΩ by Lemma 4.5, we have reduced
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the problem to the case of a deformation of Ω0 by a diffeomorphism or, more
precisely, a Lipschitz homeomorphism. Even if Φε is not a C

1 diffeomorphism in
R

n, it is possible to use the known argument which combines a change of variables
(see for example [5] for Lipschitz changes of variables) and an approximation by
smooth functions (or vice-versa) to obtain that

lim
ε→0+

J(Φε(Ω0))− J(Ω0)

ε
=

∫

∂Ω0

f(x) ν0(x).(a(x)− x) dσ(x).

The details can be found, for example, in [3], Chapter 5. It remains to remark
that it follows from Lemma 4.1 that PΩ(ν0(x)) = ν0(x).a(x) and it is easy to check
that a(x) = x when Ω = Ω0. Hence, ν0(x).(a(x)− x) = PΩ(ν0(x))− PΩ0

(ν0(x)).

4.2. The general case

The convex domain Ω being now arbitrary in U , a natural idea is to approximate
it by a sequence of strongly convex ones. This is indeed what we shall do. So
let us recall the following approximation lemma. Even if it is a classical result,
we shall give a proof since we need a particular approximation in the proof of
Theorem 3.1.

Lemma 4.7. Let Ω ∈ U . Then, there exists a sequence (Ωk)k≥1 of strongly
convex open subsets of Ω such that

(i) Ω
k
−→ Ω for the Hausdorff topology as k −→ ∞.

(ii) meas(Ωk) −→ meas(Ω) as k −→ ∞.

Proof. We can describe Ω and its boundary as

Ω = {x ∈ R
n ; ϕ(x) < 0} and ∂Ω = {x ∈ R

n ; ϕ(x) = 0},

where ϕ is a continuous convex function in R
n which is of class C2 in a neigh-

bourhood V of ∂Ω. Let us define, for k ≥ 1,

ϕk(x) = ϕ(x) +
1

k
(x− c)2 and Ωk = {x ∈ R

n ; ϕk(x) < 0}, (6)

where c ∈ Ω is fixed. Clearly, Ωk is non empty, open, convex and Ωk ⊂ Ω, for all
k. Moreover, since ϕk is convex, we also have ∂Ω

k = {x ∈ R
n ; ϕk(x) = 0}; hence,

V is also a neighbourhood of ∂Ωk for large enough k, say for k ≥ k0, and, at least
for such k, ϕk is of class C2 in a neighbourhood of ∂Ωk with ϕ′′

k = ϕ′′ + 2
k
I > 0

there. Thus, Ωk is strongly convex for k ≥ k0. Let us now check the convergences
stated in the lemma for the sequence (Ωk).

(i) Let dH denote the Hausdorff distance for compact sets in R
n. Let us also

denote by ν(x) (resp. νk(x)) the exterior unit normal vector to ∂Ω (resp. ∂Ωk) at
x. Since Ωk ⊂ Ω, we have dH(Ωk,Ω) = supx∈Ω d(x,Ωk). Let us start by taking
xk ∈ Ω such that dH(Ωk,Ω) = d(xk,Ωk). In fact, since Ωk ⊂ Ω and Ωk is convex,
we have more precisely xk ∈ ∂Ω. We can also write d(xk,Ωk) = |xk − yk| with



A. Boulkhemair, A. Chakib / On a Shape Derivative Formula with ... 77

some yk ∈ ∂Ωk. In fact, yk is the normal projection of xk on the convex domain
Ωk, that is,

xk − yk = λk νk(yk) (7)

with λk = |xk − yk|. Now, (xk) and (yk) being bounded sequences, we can
extract convergent subsequences (xkj) and (ykj) with a = limxkj ∈ ∂Ω and

b = lim ykj ∈ Ω. In fact, we have 0 = ϕkj(ykj) = ϕ(ykj)+
1
kj
(ykj−c)

2 −→ ϕ(b) = 0.

Hence, b ∈ ∂Ω. Using the expression

νk(x) =
∇ϕk(x)

|∇ϕk(x)|
=

∇ϕ(x) + 2
k
(x− c)

|∇ϕ(x) + 2
k
(x− c)|

,

which holds at least in V , we can pass to the limit in (7) with k = kj to obtain

a− b = |a− b| ν(b),

which implies that a = b. Therefore, dH(Ωkj ,Ω) = |xkj − ykj | → 0. Since we have
at the same time proved that 0 is the unique accumulation value of the numerical
bounded sequence (dH(Ωk,Ω)), we can conclude that dH(Ωk,Ω) → 0 as k → ∞.

(ii) This follows from (i) and the continuity of the Lebesgue measure with respect
to the Hausdorff distance. See for example [7].

The next and last lemma contains the crucial argument in the proof of the theo-
rem.

Lemma 4.8. Let Ω0,Ω ∈ U . Then, there exists a sequence (Ωk)k≥1 of strongly
convex open subsets of Ω satisfying the conclusions of Lemma 4.7 and such that:

(i) For all ε ∈ [0, 1], limk→∞meas(Ωk
ε) = meas(Ωε), where Ωk

ε = (1−ε)Ω0+εΩ
k

and Ωε = (1− ε)Ω0 + εΩ.

(ii) More precisely, there exists a non negative sequence (γk) such that γk → 0
and, for all k ≥ 1 and all ε ∈ [0, 1],

meas(Ωε)−meas(Ωk
ε) ≤ ε γk.

(iii) For all f ∈ L1
loc(R

n) and all δ > 0, there exists k1 ∈ N such that, for all
k ≥ k1 and all ε ∈ [0, 1],

∣∣∣∣
∫

Ωk
ε

f(x) dx−

∫

Ωε

f(x) dx

∣∣∣∣ ≤ ε δ.

Proof. Let (Ωk) be as given by Lemma 4.7.

(i) Let us use the formula

sup
|x|=1

|PK(x)− PL(x)| = dH(K,L), K, L ∈ C, (8)
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where dH denotes the Hausdorff distance for compact sets in R
n. See, for example,

[2], [7] or [6]. Using (8), we can write

dH(Ωε,Ω
k

ε) = sup
|x|=1

|PΩε
(x)− PΩk

ε
(x)|

= ε sup
|x|=1

|PΩ(x)− PΩk(x)| = ε dH(Ω,Ω
k
) −→ 0,

as k −→ ∞, as it follows from Lemma 4.7. The result is then the consequence of
the continuity of the Lebesgue measure with respect to the Hausdorff distance.

(ii) According to the Brunn-Minkowski theory on mixed volumes, we can write

meas(Ωε) = meas(Ωε) = meas[(1− ε)Ω0 + εΩ] =
n∑

j=0

Cj(Ω0,Ω) (1− ε)n−j εj,

where the non negative constants Cj(Ω0,Ω), the so called mixed volumes, depend
only on Ω0 and Ω. In particular, C0(Ω0,Ω) = meas(Ω0). We refer for this to [4],
[6] or [7]. Similarly,

meas(Ωk
ε) = meas(Ω

k

ε) =
n∑

j=0

Cj(Ω0,Ω
k) (1− ε)n−j εj.

Therefore, meas(Ωε\Ω
k
ε) =

∑n

j=0 α
k
j (1−ε)

n−j εj with αk
j = Cj(Ω0,Ω)−Cj(Ω0,Ω

k).

An obvious and, at the same time, important remark is that αk
0 = meas(Ω0) −

meas(Ω0) = 0. Another remark which is not less important is that αk
j ≥ 0 for all

j and k, thanks to the fact that the mixed volumes are monotone with respect
to each factor. We deduce from (i) and these remarks that, for all j, αk

j → 0 as
k → ∞ and, consequently, that

meas(Ωε \ Ω
k
ε) = ε

n∑

j=1

αk
j (1− ε)n−j εj−1 ≤ ε

n∑

j=1

αk
j = εγk,

where γk =
∑n

j=1 α
k
j is independent of ε and γk → 0 as k → ∞, which proves the

second part of the lemma.

(iii) Let δ > 0. We can write

1

ε

(∫

Ωε

f(x) dx−

∫

Ωk
ε

f(x) dx

)
=

1

ε

∫

Ωε\Ωk
ε

f(x) dx =

∫

Ak
ε

f̃(x, t) dx dt,

where Ak
ε = (Ωε \ Ωk

ε) × [0, 1
ε
] and f̃(x, t) = f(x), (x, t) ∈ R

n × R. Since f̃ ∈
L1
loc(R

n×R), it follows from the absolute continuity property with respect to the
Lebesgue measure that there exists η > 0 such that, for all measurable subsets A
of Rn+1,

meas(A) ≤ η =⇒

∫

A

|f̃ |dxdt ≤ δ.
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Now, we have

meas(Ak
ε) =

1

ε
meas(Ωε \ Ω

k
ε) ≤

1

ε
ε γk = γk −→ 0,

as it follows from (ii). Hence, since the sequence (γk) does not depend on ε, there
exists k1 ∈ N such that, for all ε ∈ [0, 1] and all k ≥ k1, meas(Ak

ε) ≤ η, and
therefore,

∣∣∣∣
∫

Ωε

f(x) dx−

∫

Ωk
ε

f(x) dx

∣∣∣∣ ≤ ε

∫

Ak
ε

|f̃(x, t)| dx dt ≤ ε δ,

for all k ≥ k1 and all ε ∈ [0, 1], which achieves the proof.

End of proof of Theorem 3.1. Using the notations of the preceding lemma,
we can write

1

ε

(∫

Ωε

f(x) dx−

∫

Ω0

f(x) dx

)
−

∫

∂Ω0

f(x) (PΩ − PΩ0
) (ν0(x)) dσ

=
1

ε

(∫

Ωε

f(x) dx−

∫

Ωk
ε

f(x) dx

)

+
1

ε

(∫

Ωk
ε

f(x) dx−

∫

Ω0

f(x) dx

)
−

∫

∂Ω0

f(x) (PΩk − PΩ0
) (ν0(x)) dσ

+

∫

∂Ω0

f(x) (PΩk − PΩ) (ν0(x)) dσ.

Let δ > 0 be arbitrary. It follows from Lemma 4.8 that there exists k1 ∈ N such
that, for all k ≥ k1 and all ε ∈]0, 1],

1

ε

∣∣∣∣
∫

Ωε

f(x) dx−

∫

Ωk
ε

f(x) dx

∣∣∣∣ ≤ δ.

Furthermore, we have

∣∣∣∣
∫

∂Ω0

f (PΩk − PΩ) ◦ ν0 dσ

∣∣∣∣ ≤
∫

∂Ω0

|f | dσ sup
|y|=1

|PΩk(y)− PΩ(y)|

=

∫

∂Ω0

|f | dσ dH(Ω
k
,Ω)

which tends to 0 as k → ∞ by Lemma 4.7. Hence, there exists k2 ∈ N such that,
for all k ≥ k2, ∣∣∣∣

∫

∂Ω0

f (PΩk − PΩ) ◦ ν0 dσ

∣∣∣∣ ≤ δ.
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Now, let k0 stand for max{k1, k2}. The set Ωk0 being strongly convex, it follows
from the study of this case done above that there exists εδ > 0 such that, for all
ε ≤ εδ,

∣∣∣∣
1

ε

(∫

Ω
k0
ε

f(x) dx−

∫

Ω0

f(x) dx

)
−

∫

∂Ω0

f(x) (PΩk0 − PΩ0
) (ν0(x)) dσ

∣∣∣∣ ≤ δ.

Summing up, we have
∣∣∣∣
1

ε

(∫

Ωε

f(x) dx−

∫

Ω0

f(x) dx

)
−

∫

∂Ω0

f(x) (PΩ − PΩ0
) (ν0(x)) dσ

∣∣∣∣ ≤ 3δ,

for all ε ≤ εδ, and this achieves the proof of Theorem 1.1.

5. Remarks and complements

Remark 5.1. One can wonder why we do not use the classical and simpler de-
formation Ω̃ε = Ω0 + εΩ of Ω0. As it is said before, we have followed [1], and
for the applications given there, the deformation Ωε = (1 − ε)Ω0 + εΩ seems to
be more appropriate in the context of convexity. Essentially, it allows sets of
admissible domains like

{Ω;Ω ⊂ D}, D being a fixed convex subset of Rn,

or {Ω;E ⊂ Ω}, E being a fixed subset of Rn,

or {Ω;E ⊂ Ω ⊂ D},

to be stable under such a deformation for all ε ∈ [0, 1].

Anyhow, one can show that the two deformations give rise to equivalent results.
Assume for example that the limit

lim
ε→0+

J(Ωε)− J(Ω0)

ε

exists and is equal to ∫

∂Ω0

f (PΩ − PΩ0
) ◦ ν0 dσ,

and let us consider the limit

lim
ε→0+

J(Ω̃ε)− J(Ω0)

ε
.

We can write ε = δ/(1− δ) with δ = ε/(1 + ε), so that Ω̃ε =
1

1−δ
Ωδ, and

J(Ω̃ε)− J(Ω0)

ε
=

1− δ

δ

(∫

Ωδ

fδ dx−

∫

Ω0

f dx

)

where fδ(x) = f

(
x

1− δ

)(
1

1− δ

)n

.
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Now, we have
fδ − f

δ
−→ nf(x) + f ′(x)x in L1

loc,

as δ → 0. Indeed, this is easy if f is of class C1 with a compact support, and
the general case is obtained by using the density of the space of test functions in
W 1,1

loc . Then, applying Corollary 3.2 (or rather its proof) yields the formula

lim
ε→0+

J(Ω̃ε)− J(Ω0)

ε
=

∫

Ω0

(nf(x) + f ′(x)x) dx+

∫

∂Ω0

f (PΩ − PΩ0
) ◦ ν0 dσ

=

∫

∂Ω0

f PΩ ◦ ν0 dσ,

where the last equality is obtained by integration by parts.

Conversely, using almost the same argument by writing Ωε = (1 − ε)Ω̃δ with
δ = ε/(1− ε), one can easily show that the last formula implies that of Theorem
3.1. Hence the following

Theorem 5.2. Under the assumptions of Theorem 3.1, we have

lim
ε→0+

J(Ω0 + εΩ)− J(Ω0)

ε
=

∫

∂Ω0

f PΩ ◦ ν0 dσ. (9)

Remark 5.3. The formula of Theorem 5.2 is an extension of a well known for-
mula in the Brunn-Minkowski theory which says that, if K and L are convex
bodies in R

n,

lim
ε→0+

meas(K + εL)−meas(K)

ε
=

∫

∂K

PL(ν(x)) dσ(x), (10)

where ν(x) denotes the exterior unit normal vector to ∂K at x. See [7], [4] or [10].
Thus, this is the case f = 1 of Theorem 5.2. However, (10) holds without any
regularity on the convex sets. Of course, convex bodies have Lipschitz boundaries
and this makes the boundary integral in (10) meaningful. Note that the boundary
integrals (4) and (9) are also well defined if Ω0 and Ω are only convex open
bounded subsets of Rn. This is why we believe that, even if the C2 regularity
of Ω0 and Ω is crucially needed in the geometric construction used in the proof,
Theorems 1.1 and 3.1 should hold without any regularity assumption on the
domains. Unfortunately, we have not been able to produce a proof of Theorem
1.1 (or Theorem 3.1) based on the formula (10) or its (classical) proof. However,
using arguments similar to that used in the proof of Theorem 3.1, we can at least
treat the case where Ω is an arbitrary convex open bounded subset of Rn. The
case of an arbitrary convex open bounded Ω0 seems to be more delicate. Anyhow,
we shall return to this problem in a future work. Thus, we have

Theorem 5.4. Let Ω be an arbitrary convex open bounded subset of Rn. For all
f ∈W 1,1

loc (R
n) and Ω0 ∈ U , we have

lim
ε→0+

J((1− ε)Ω0 + εΩ)− J(Ω0)

ε
=

∫

∂Ω0

f (PΩ − PΩ0
) ◦ ν0 dσ. (11)
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and

lim
ε→0+

J(Ω0 + εΩ)− J(Ω0)

ε
=

∫

∂Ω0

f PΩ ◦ ν0 dσ. (12)

Proof. We give here only the proof of (11), that of (12) being similar.

We follow the same idea as that in the second part of the proof of Theorem 1.1,
that is, we use the approximation technique, and in fact we have just to precise
Lemma 4.7 by

Lemma 5.5. Let Ω be a convex bounded open subset of Rn. Then, there exists a
sequence (Ωk)k≥1 of C∞ convex bounded open subsets of Ω such that

(i) Ω
k
−→ Ω for the Hausdorff topology as k −→ ∞.

(ii) meas(Ωk) −→ meas(Ω) as k −→ ∞.

Proof. The result on approximation of a convex body by regular ones using the
Hausdorff metric is classical. Here, we just indicate how to obtain a sequence of
such smooth Ωk which are subsets of Ω, which is needed further. One can assume
that 0 ∈ Ω, that is, the closure A = Ω is a neighbourhood of 0.

We first apply, for example, the regularization process of [7], Theorem 3.3.1, to
the polar (or dual) set A⋆ of A. We obtain a sequence (A⋆

k) of convex bodies
whose support functions are C∞ (away from 0) and such that dH(A⋆

k, A
⋆) → 0

as k → ∞, where dH denotes the Hausdorff distance for compact sets in R
n. In

fact, we even have the precise estimate

dH(A⋆
k, A

⋆) ≤
R

k
, k ≥ 1,

if A⋆ ⊂ B(0, R). Now, it follows from the definition of the Hausdorff distance
that, if we set

Ck = A⋆
k +B

(
0,
R

k

)
, k ≥ 1,

we have the inclusion A⋆ ⊂ Ck, for all k ≥ 1, and we remark here that one can
even obtain the fact that Ck is a neighbourhood of A⋆ just by replacing the R by
some R′ > R. Clearly, the support functions of the Ck are also C∞ and it follows
from the classical formula

sup
|x|=1

|PK(x)− PL(x)| = dH(K,L), K, L ∈ C, (13)

that dH(Ck, A
⋆) → 0 as k → ∞ also.

Finally, if we set Ak = C⋆
k , that is, Ak is the polar set of Ck, one can easily check

that:

• Ak ⊂ (A⋆)⋆ = A, ∀k ≥ 1.

• The Ak are C∞ since their distance functions are the support functions of
the Ck.
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• dH(Ak, A) → 0 as k → ∞, since A⋆ is a neighbourhood of 0.

It remains to take Ωk to be the interior of Ak to get the first part of the lemma.

Note that we even have Ω
k
= Ak ⊂ Å = Ω, k ≥ 1, since one can take Ck to be a

neighbourhood of A⋆ as remarked above.

The second part follows from (i) and the continuity of the Lebesgue measure with
respect to the Hausdorff distance. See for example [7].

Now, the lemma which is similar to Lemma 4.8 also holds with exactly the same
proof (using of course the approximating sequence obtained in Lemma 5.5):

Lemma 5.6. Let Ω be a convex bounded open subset of Rn and Ω0 ∈ U . Then,
there exists a sequence (Ωk)k≥1 of smooth convex open subsets of Ω satisfying the
conclusions of Lemma 5.5 and such that:

(i) For all ε ∈ [0, 1], limk→∞meas(Ωk
ε) = meas(Ωε), where Ω

k
ε = (1−ε)Ω0+εΩ

k

and Ωε = (1− ε)Ω0 + εΩ.

(ii) More precisely, there exists a non negative sequence (γk) such that γk → 0
and, for all k ≥ 1 and all ε ∈ [0, 1],

meas(Ωε)−meas(Ωk
ε) ≤ ε γk.

(iii) For all f ∈ L1
loc(R

n) and all δ > 0, there exists k1 ∈ N such that, for all
k ≥ k1 and all ε ∈ [0, 1],

∣∣∣∣
∫

Ωk
ε

f(x) dx−

∫

Ωε

f(x) dx

∣∣∣∣ ≤ ε δ.

Finally, one can finish the proof of Theorem 5.2 exactly as that of Theorem 3.1
by applying Lemma 5.6 and, of course, the result of Theorem 3.1.

Of course, one can also extend Corollary 3.2 to the case of an arbitrary Ω, the
proof being exactly the same.

Remark 5.7. Another relevant question is: What happens when ε → 0− ? Let
us consider the following limit

lim
ε→0+

J((1 + ε)Ω0 − εΩ)− J(Ω0)

−ε
. (14)

As before, we can write (1 + ε)Ω0 − εΩ = 1
1−2δ

((1 − δ)Ω0 + δ(−Ω)) with δ =
ε/(1 + 2ε). Then, by arguing as in Remark 5.1, one can show that, under the
assumptions of Theorem 3.1 (or that of Theorem 5.2), the limit (14) exists and
is equal to ∫

∂Ω0

f (−P−Ω − PΩ0
) ◦ ν0 dσ,

since −Ω = {−x;x ∈ Ω} is also in U . Obviously, this limit is equal to the limit
from the right (4) if and only if

−

∫

∂Ω0

f P−Ω ◦ ν0 dσ =

∫

∂Ω0

f PΩ ◦ ν0 dσ,
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that is, if and only if ∫

∂Ω0

f PΩ−Ω ◦ ν0 dσ = 0. (15)

This condition is obviously satisfied if f = 0 on ∂Ω0. But, in general, given
Ω0 and if

∫
∂Ω0

f dσ 6= 0, it is not satisfied for all Ω, for if Ω is the unit ball,
PΩ−Ω(x) = 2|x|. Moreover, if f = 1 (or a function that do not change sign on
∂Ω0), it is not satisfied at all. Indeed, since Ω−Ω is a symmetric neighbourhood of
0, PΩ−Ω is a norm and so PΩ−Ω◦ν0 > 0 on ∂Ω0. This is to say that, even in natural
cases, condition (15) is rarely satisfied, that is, the right and left derivatives are
not equal.

What can we conclude from this ? In fact, this remark highlights some phe-
nomenon: The deformation Ω0 7→ Ωε = (1 − ε)Ω0 + εΩ (or Ω̃ε = Ω0 + εΩ) for
ε > 0 and that for ε < 0 are not of the same geometric nature. This can be
understood by going back to the argument used in the first part of the proof
of Theorem 3.1: When Ω is strongly convex and of class C2, the deformation
Ω0 7→ Ωε is equivalent for ε > 0 to that obtained by using the C1 vector field
V (x) = a(x)− x, that is, Ω0 7→ (Id+ εV )(Ω0). With respect to the latter defor-
mation, it is well known that the functional J is left and right differentiable, with
equal derivatives, at any Ω0 ∈ U and for all f ∈W 1,1

loc (R
n), whereas, with respect

to the former deformation, J is left and right differentiable at any Ω0 ∈ U , with
distinct derivatives for f = 1 (for example).

6. Application

To illustrate the formula of Theorem 3.1, we give an example of application to a
shape optimization problem and compute the shape derivative of some functional
related to the solution of a partial differential equation.

Let D be an open bounded (convex) non empty subset of Rn and UD = {Ω ∈
U ; Ω ⊂ D}. If Ω ∈ UD, ud ∈ H1(D) and f ∈ L2(D), we consider the problem





Minimize J(Ω) = J1(Ω, uΩ) =

∫

Ω

(uΩ(x)− ud(x))
2dx

where uΩ is the solution of

(P)

{
−∆u = f in Ω,

u = 0 on ∂Ω

(16)

Let u0 be the solution of (P) on Ω0 ∈ UD and uε be the solution of (P) on
Ωε = (1 − ε) Ω0 + εΩ, 0 ≤ ε ≤ 1. Assuming Ω strongly convex, we know from
Lemma 4.5 that Ωε can be considered as a deformation of the domain Ω0 by the
vector field V (x) = a(x) − x, that is Ωε = Φε(Ω0). Therefore, at least when
f ∈ H1(D), we can write

ũε = ũ0 + ε u′0 + ε vε where vε → 0 in L2(D),
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and u′0 is the shape derivative of ũ0 with respect to the vector field V . See, for
example, [3], Chapter 5. It follows from that result that

1

ε
[(ũε − ud)

2 − (ũ0 − ud)
2]− 2u′0(ũ0 − ud) −→ 0

in L1(D) as ε→ 0, which allows one to apply Corollary 3.2 to obtain

lim
ε→0+

J(Ωε)− J(Ω0)

ε
=

∫

Ω0

2u′0(ũ0 − ud) dx+

∫

∂Ω0

(ũ0 − ud)
2 (PΩ − PΩ0

) ◦ ν0 dσ.

Now, in this expression of the shape derivative of J , even the domain integral can
be written as a boundary integral. Indeed, by following, for example, the same
method as [3], one can show that u′0 satisfies the boundary value problem

{
−∆u′0 = 0 in Ω0,

u′0 = −∂u0

∂ν0
V · ν0 on ∂Ω0.

(17)

Note here that, since Ω0 is of class C2, u0 is in fact in H2(Ω0), so that the
derivative ∂u0

∂ν0
is well defined on ∂Ω0. Since Ω is strongly convex, it follows from

Lemma 4.1 that V · ν0 = (PΩ − PΩ0
) ◦ ν0, so that

{
−∆u′0 = 0 in Ω0,

u′0 = −∂u0

∂ν0
(PΩ − PΩ0

) ◦ ν0 on ∂Ω0.
(18)

Now, using the solution of the following adjoint state boundary value problem

{
−∆ψ = 2 (u0 − ud) in Ω0,

ψ = 0 on ∂Ω0,
(19)

and the Green’s formula, we can write

∫

Ω0

u′0 2 (u0 − ud) dx =

∫

Ω0

u′0 (−∆ψ) dx

=

∫

∂Ω0

∂ψ

∂ν0

∂u0
∂ν0

(PΩ − PΩ0
) ◦ ν0 dσ.

Finally, we obtain the following expression of the shape derivative

lim
ε→0+

J(Ωε)− J(Ω0)

ε
=

∫

∂Ω0

(
∂ψ

∂ν0

∂u0
∂ν0

+ (u0 − ud)
2

)
(PΩ − PΩ0

) ◦ ν0 dσ.

The last thing we propose is an algorithm to solve the shape optimization prob-
lem (16):

1. Choose Ω0, ρ ∈]0, 1[ and a precision Eps.
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2. Compute p0 = PΩ0
.

3. Solve the state equation:

{
−∆u0 = f in Ω0,

u0 = 0 on ∂Ω0.
(20)

4. Solve the adjoint state equation:

{
−∆ψ0 = 2 (u0 − ud) in Ω0,

ψ0 = 0 on ∂Ω0.
(21)

5. Compute

j0(p) =

∫

∂Ω0

(
∂ψ0

∂ν0

∂u0
∂ν0

+ (u0 − ud)
2

)
(p− p0)◦ν0 dσ

6. Compute p̄0 the solution of

argmin
p∈E

j(p) (22)

where E = {Ψ ∈ C(R2); Ψ is convex and homogeneous of degree 1 and Ψ ≤
PD}.

7. At step k,

if ‖uk − ud‖L2(Ωk) ≤ Eps, Go to 9

where uk is the solution of the state equation in Ωk (the domain at step k).

8. Compute

pk+1 = pk + ρ (p̄k − pk) and

Ωk+1 = ∂pk+1(0) = {y ∈ R
n; pk+1 (x) ≥ x.y, ∀x ∈ R

n}

and Go to 3.

9. End.

Remark 6.1. In the above algorithm, at the kth iteration, we take (p̄k−pk) as a
direction of deformation, a choice justified by the fact that this quantity defined
a descent direction.

We also have to say that currently we are successfully implementing such an
algorithm for some free boundary problems using the same idea, that is, a shape
optimization approach. Of course, the shape functional and its derivative are
different from the above ones. This is done in [8].

Acknowledgements. Thanks are due to Professor Rolf Schneider for indicating us

an inequality relating the Hausdorff distance between two convex bodies to the differ-

ence of their gauge functions.
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