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Many nonequilibrium rate independent processes arising in elastoplasticity, ferromagnetism and
phase transitions are described by an evolution variational inequality with a convex constraint in
a Hilbert space. The resulting solution operator is called play operator and acts on absolutely
continuous functions. For nonregular data two natural notions of BV solutions have been
proposed by the authors, giving rise to different extensions of the play operator to BV. We
prove that these extensions are equal if and only if the convex constraint is a non-obtuse
polyhedron.
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1. Introduction

Mathematical models of material memory are often based on the following evo-
lution variational inequality. Let H be a real Hilbert space with inner product
(-,-) and Z C H be a closed convex subset containing 0. Given 7" > 0 and
u:[0,7] — H, find £ : [0,7] — H such that

(u(t) = &(t) — 2,6’ (1)) >0 Vz€ 2, t €0,T, (1)

with a given initial condition

u(0) = £(0) = 20 € Z, (3)
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and RVO: 67985840.
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where &' denotes the time derivative of £. Variational inequalities of the form
(1)—(3) play an important role in (thermo)-plasticity, ferromagnetism, and phase
transitions. The references [6, 7, 8, 13] contain surveys of the physical models
described by (1)—(3). The special one-dimensional case H = R has been deeply
studied by several authors: we refer to the monographs [5, 20, 2].

Inequality (1)-(3) can be solved by using classical tools from the theory of
evolution equations governed by maximal monotone operators. In particular
it is well known that, keeping the initial condition zy, € Z fixed, for every
u € AC([0,T]; H), the space of H-valued absolutely continuous maps, there exists
a unique & € AC([0,T]; H) satisfying (1)—(3) almost everywhere. The resulting
solution operator P : AC([0,T]; H) — AC([0,T]; H) : u — & is usually called
(vector) play operator following [5]. The suggestive terms input and output are
used for u and & respectively. A relevant feature of P is rate independence, i.e.

P(uc¢)=Pu)oo (4)

whenever u € AC([0,T];H) and ¢ : [0,7] — [0,T] is an increasing surjective
absolutely continuous reparametrization of time. The play operator is also causal,
ie.

u=wv on [0,t] = P(u)(t) =P(v)(t)

for every u,v € AC([0,T];H) and ¢ € [0,7]. Rate independence together with
causality characterizes the so called hysteresis operators according to the classi-
fication of [20].

An important issue to be considered is the extension of the operator P to classes of
functions more general than AC([0,T]; H). The first answer to this question can
be found in [5] where the play operator is extended to BV([0, T]; H)NC([0, T]; H),
the space of continuous functions of bounded variation. In [7], it is shown that this
operator still admits a variational representation, where the variational inequality
(1) is replaced by the integral inequality

| = - 20.050) > 0 v € (.73 2), (5)

in the sense of Riemann-Stieltjes integral. The problem is first solved for step
functions, then a solution for continuous BV inputs is found by an a priori
estimates-limit procedure. In [7] it is also proved the continuity of P with re-
spect to the topology of uniform convergence. In the paper [9] the play operator
is further extended to the space of possibly discontinuous functions of bounded
variation. This extension is achieved by considering the variational integral in-
equality

[ Gt - gte) - 0.050) 2 0 Vs e g0 2, (0)

where the integral is understood in the sense of Young, and Reg([0, T]; Z) denotes
the space of regulated Z-valued functions. Later, in [10, 11], the Kurzweil integral
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(cf. [12]) was used instead in the framework of (6). In both Young and Kurzweil
setting, the continuity with respect to the topology of uniform convergence is
proved, and (6) allows to extend P even to the space of regulated functions
provided Z has nonempty interior. Let us call Px this extension of P defined
by means of the Kurzweil integral. In [11] it is proved that Pg is even locally
Lipschitz continuous with respect to strong BV norm

[ullsy = [Jufloo + V(u, [0,T]),

where ||u]|o is the supremum norm of u and V(u, [0,T]) is the (total) variation
of u, provided Z is a smooth domain.

In [18] another extension Pp is defined by means of reparametrizations in the

following way. For u € BV([0,T]; H) let ¢, : [0,T] — [0,T] be the arc length
(normalized by a multiplicative factor) defined by

T

L0 = 0.7

V(u, [0,1), (7)

and let us consider the unique Lipschitz map w : [0, 7] — H such that

u is affine on [¢,(t—), ¢, (t+)] for every jump point ¢ of .

In other words we are reparametrizing u by the (normalized) arc-length and we
fill in the jumps with segments. Then the extension of P is defined by setting

Pr(u) := P(w) o 4,

i.e. the classical play operator is applied to @, and then the jumps are reinserted
by composing with the arc length ¢,. We could also say that a generalized form
of rate independence is used in order to define Pg. In [18] it is also shown that
Pr can be defined as the extension by continuity with respect to the strict metric
of BV, which is defined by

ds(u,v) == |lu—v||pr + | V(u, [0,T]) — V(v, [0,T])]. (8)

Indeed if u € BV([0,T]; H) is approximated by a sequence u, € AC([0,T];H)
converging in the strict metric of BV then it is shown that

P(u,) — Pg(u) in L*([0,T]; H)

as n — oo. The continuity of P in BV([0,7]; H) N C([0, T]; H) with respect to
the strict metric is also proved but in general P is not continuous on the whole
space BV: in [18] it is proved that Pg is continuous in BV if and only if Z is a
vector subspace or

Z={reH : —a<{f,x) <0} (9)

for some f € H~{0} and «, € [0, 00]. It follows that when H is one-dimensional
then Pg is continuous with respect to the BV-norm. The one-dimensional case is
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examined in detail in [16, 15, 17]. In particular in [17] it is proved that Py and
Pr coincide when dim(H) = 1, whereas in [18] an example shows that in general
the two extensions Py and Pp are different for dim(#H) > 1. The aim of this
paper is to compare these two extensions by providing a simple condition that
describes when P and Py are equal. We limit ourselves to the finite dimensional
case and we prove the following characterization:

Px =Pr <= Z is a non-obtuse polyhedron, (10)

where a polyhedron is called non-obtuse if the inner angles formed by its faces
are less or equal than /2.

Now we give a brief plan of the paper. In the next section we recall the main def-
initions and notations about convex sets and vector valued functions of bounded
variation. In Section 3 we recall the precise definitions of play operator and we
state the main theorem of the paper. Sections 4 and 5 are devoted to the proof
of the two implications of (10). Finally in the last section we provide a more
explicit description of non-obtuse polyhedra.

2. Preliminaries

In this section we recall the basic notions on convex analysis and on functions of
bounded variation. Throughout the paper N will denote the set of positive inte-
gers, and R, := [0,00[. The symbol £' indicates the one-dimensional Lebesgue
measure.

2.1. Convex analysis

In the sequel of the paper we assume that

‘H is a finite dimensional real Hilbert space
with inner product (x,y) — (z,y), (11)
lz|| := (z,2)?, = €™H.

We use the notation B,(xg) := {xr € H : |z — x|]| < r} for open balls in
H, and the general topological notions of interior, closure and boundary of a
subset S C 'H, will be respectively denoted by int(S), cl(S) and dS. We also set
dz,S) =inf{||lr—vy|| :yeS},S—z:={y—z:yeS},and \S:={\y : y €
S} for every z € H and A € R.

If C is a closed convex subset of H, then the projection on C is denoted by Proje,
i.e. for € H given, y = Proj,(z) is the unique point such that d(z,C) = ||z —y||,
and it is also characterized by the fact that y € C and satisfies the variational
inequality

(x —y,v—y) <0 Yvel.

When C is equal to an affine subspace A, then y = Proj 4(x) if and only if y € A
and (x —y,v—y) = 0 for every v € A; moreover if zy € A and V := A — 1, then
Proj4(y) = o + Projy,(y — o).
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We say that K C H is a cone if \IC C K for every A > 0. Here are two important
examples. If C is convex and = € C, the normal cone to C at x is the set Ne(z)

defined by

Ne(x):={yeH : (y,v—x) <0VveCl} (12)
and the tangent cone to C at x is the set Te(x) defined by
Te(x) :={yeH : (y,n) <0Vn e Ne(z)}. (13)

Observe that N¢(x) and Te(z) are closed convex cones. Moreover, as H is finite
dimensional, N¢(z) ~\ {0} # @ for every x € OC (see, e.g., [4, Lemma 4.2.1, p.
124)).

A relevant class of closed convex sets is given by polyhedra:

Definition 2.1. A set P C H is called a (closed convez) polyhedron if there exist
ni,...,n, € 0B1(0) and ¢4, ..., ¢, € R such that

P={zreH : (nj,z)<c¢, j=1,...,p} (14)
For x € P we set J(z) := {5 € {1,...,p} : (nj,z) = ¢;}, the set of active

constraints at x.

In particular we will deal with a special class of polyhedra which we call “non-
obtuse”. Here is the precise definition.

Definition 2.2. A polyhedron P of the form (14) is called non-obtuse if (n;, n;) <
0 whenever 1 <7< 7 <p.

A polyhedron P given by (14) is clearly a closed convex set, and OP = {x € P :
J(z) # @}. Note that 0 € P if and only if ¢; > 0 for all j € {1,...,p}.

The next proposition describes the normal and the tangent cones to a polyhedron
(see [4, p. 138]).

Proposition 2.3. Assume that ny,...,n, € 0B1(0), ¢1,...,¢, € R and P is
defined by (14). If x € OP then

Np(x) :{ Z an; oo > 0}

JEJ(2)
and
Tp(z) ={weH : (wn;) <OVje J(x)}
2.2. Functions of bounded variation

If DCRandu: D — H are given, then for every interval I C D the (pointwise)
variation of u on I is the real extended number V, (u, I) defined by

v, (u, I) := Sup{ZHu(tj) —u(t; )| cmeEN, el <...< tm}.
j=1
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We define the essential variation of u on an open interval by setting
V, (u,I) ;= inf{V, (v,I) : v=u L'-ae. in I}, I open.

Now we set D = [a,b] with a,b € R, a < b. We say that u : [a,b] — H is of
bounded (pointwise) variation (on [a,b])if V, (u, [a,b]) < oco. It is well known that
any function u of bounded variation belongs to the space of regulated functions
Reg([a, b]; H), i.e. it admits left and right limits u(t—), u(t+) in H at any point
t € |a,b], with the convention that u(a—) = u(a) and u(b+) = u(b); moreover its
derivative u/(t) exists at L'-a.e. point ¢ € [a,b]. Since we will primarily deal with
left continuous functions we define the vector space of functions

BVi([a,b];H) :=={u:[a,b] — H : V,(u,[a,b]) < oo, u is left continuous}.
(15)
Observe that we are not identifying functions which are equal £!'-almost every-
where, therefore for u : [a,b] — H it can happen that V,(u,[a,b]) = oo and
V, (u, [a,b]) < oo, where V, (u, [a,b]), the essential variation of u on [a,b], is de-
fined by
V. (u, [a,b]) := V, (T, R), (16)

the function u : R — H being the following extension of u:

u(t) ift € [a,b
u(t) =< u(a) ift<a
u(b) ift>b.

Notice that if V, (u, [a, b]) < oo then V, (u, [a,b]) = V., (u, Ja, b]) + |lu(a) —u(a+)|| +
||u(b) — u(b—)||, and we also have that

V. (u,[a,b]) =V, (u,]a,b]) + ||u(a) — u(a+)| =V, (u, [a,b]) Vu € BVi([a,b]; H).

Therefore when we consider left continuous functions we are essentially dealing
with Lebesgue equivalence class of functions with a special view on the initial
point a, allowing us to take into account Dirac masses at a. For the proofs of
the previous properties we refer the reader to [1, Appendix], [9, Section 1] and
[18, Section 2]. The use of left continuous functions is also justified by the fact
that the viscous regularizations of rate independent processes converge to a left
continuous function when the viscosity coefficient tends to zero (cf. [10, Theorem
2.4]).

For u € AC([a,b]; H) there exists g € L'([a,b];H) such that u(t) = u(a) +
fatg(s) ds for every t € [a,b], and u'(t) = g(¢) for L'-a.e. t € [a,b]. If Du denotes
the distributional derivative of u then it is well known that

AC([a,b]; H) = {u € BVy([a,b];H) : Du=u'L'}.

Notice also that Lip([0, T]; H) = {u € AC([a,b]; H) : «' € L*=(]0,T]; H)}, where
Lip([a, b]; H) is the space of Lipschitz functions on [a, b] (we refer to [1, Appendix]
for the proofs).
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If u € BVy([a,b]; H), we define ¢, : [a,b] — [a, b] by

b—a .
0t = 40T G ay e BN @) 20 e

a if V, (u, [a,b]) =0,
Indeed, 7, is a left continuous function.

The proof of the following proposition can be found in [18, Proposition 3.1] and
[19, Proposition 2.1] and it is based on [3, Section 2.5.16, p. 109].

Proposition 2.4. Let u € BVy([a,b];H) be given, and let ¢, : [a,b] — [a,b]
be its “normalized” arc length defined by (17). Then there exists a unique u €
Lip([a, b]; H) such that

=uol,, (18)
u s affine on [ u(t), Lu(t+)] Vit € [a,b], (19)
Lip(a) < wb _[ - D, (20)

Lip(w) being the Lipschitz constant of .

The function w in Proposition 2.4 is nothing but the reparametrization of u by
the arc length, normalized by a constant factor allowing us to define @ on [a, b].
When u jumps at a time ¢ € [a, b], then u is obtained by filling in the jump with
a segment, i.e. we define u to be affine on [(,(t), ¢,(t+)]. Thus the variations of
uw and u are the same.

We will consider two topologies on BV ([a,b]; H). The first one is the topology

of uniform convergence on bounded sets in BV, the natural topology of BV as a

subset of the space of bounded functions. It is induced by the supremum norm
[ulloo := sup [[u(t)]|, u e BVL([a,b);H).

te(a,b]
The second is the topology induced by the strict metric
d(u,v) := [lu = vl 1 apir + [V, (u, [0, 0]) =V, (v, [0, )], w, v € BVy([a, b]; H).

The strict metric is very natural because any BV function can be approximated
in the strict metric by a sequence in C*°([a,b];’H) (cf. [18, Proposition A.2]).
Since we are dealing with left continuous functions, the two topologies possess the
Hausdorff property. It is easy to see that the strict metric induces a topology that
is not linear. The following approximation result also holds (cf. [19, Proposition
3.1]).

Proposition 2.5. For every u € BV ([a,b]; H) there exists a sequence of left
continuous step functions uy, : [a,b] — H of the form

un(t) = ul ift=a
up ifte ot k=1,...,m
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withm € N, a = th < ... <th =b and {ul,... ,ul} C H, such that up — u
uniformly and V, (uy, [a,b]) — V, (u, [a,b]) as h — oc.

3. Review of the play operator and main result

In this section we recall the definition of the play operator in the classical frame-
work of absolutely continuous functions and its extensions to the space of func-
tions of bounded variation. We will assume that

Z is a closed convex subset of H, (21)
0eZ. (22)
We also fix
20 € Z (23)
and
T > 0. (24)

Let us start with the following result, whose proof can be found, e.g., in [1,
Proposition 3.4, Remark 3.7]).

Theorem 3.1. For every u € AC([0,T];H) there exists a unique & € AC([0, T|;H)
such that

u(t) —&(t) e 2 vt e [0,T] (25)
(ut) —€@t) — 2,8 (t)) >0 Vz € Z, for L'-a.e. t €[0,T], (26)
u(0) = £(0) = 2. (27)

If w € AC([0,T];H) and ¢ is the unique solution of (25)—(27), by setting P(u) :=
P(u; zo) := & we define an operator

P=P(,z2): AC([0, T]); H) — AC([0, T]; H).

As mentioned in the introduction, P is called the (vector) play operator, and the
set Z is called the characteristic of the operator P. The notation P(u, o) is used
in order to emphasize the dependence on zy and will often be omitted in the
sequel. Apart from the rate independence (4), the play operator also enjoys of
the semigroup property: if u € AC([0,T]; H) then

P(U, Zo)(tz) = P(U( + tl), P(u, Zo)(tl))(tg — tl) th,tg € [O, T], tl < tg, (28)

where the play operator P(-,P(u, z)(¢1)) in the right hand side is acting on the
space AC([0,T — t1];’H). Both rate independence and semigroup property are
well known and easy to check.

Now we recall the first extension of P to the space of functions with bounded
variation obtained in [9, Theorem 2.3].
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Theorem 3.2. For every uw € BV([0,T];H) there exists a unique & €
BVL([0,T];H) such that

u(t) —€(t) € Z Wt e [0,T], (29)
/0 (u(s+) — &(s+) — 2(s),d&(s)) > 0 Vz € Reg([0,T]; H), 2([0,T]) € Z, (30)

u(0) — £(0) = =0, (31)

where the integral in (30) is meant in the sense of Kurzweil (Young) or in the
sense of the differential measure DE (see [12], [10, Section 2], [9, Section 3| and
[18, Section Ad4]). Moreover if u € AC([0,T]; H) then £ = P(u).

We do not go into detail about the Kurzweil integral here because we will not need
the inequality (30) in its full form, but only one of its consequences stated in the
next Theorem 3.4. The previous Theorem 3.2 allows us to define the “Kurzweil”
extension Py of the play operator

Px : BVL([0,T];H) — BVL(]0,T]; H) (32)

assigning to every u € BVp([0,T];H) the unique function Pgx(u) := & €
BV.(]0,T]; H) satisfying (29)—(31). Finally we describe the extension Pg which
is instead based on “Reparametrizations”:

Theorem 3.3. Let us define the operator Pr : BVL(][0,T]; H) — BVL([0,T]; H)
by setting
Pr(u) :=P(@) oy, ueBVL(0,T};H), (33)

where {,, is the arc length defined in (17), u is reparametrization by the arc length
given by Proposition 2.4 (with a =0, b="T ), and P is the classical play operator.
Then Pr(u) = P(u) foru € AC([0,T];H) and Pg is the unique continuous exten-
sion of P in the following sense: if u, — w strictly in BV then Pr(up) — Pgr(u)
pointwise and in L' ([0, T]; H).

The proof of the previous result is given in [18, Proposition 3.3, Theorem 3.7]
and [19, Theorem 4.1].

Strictly related to the play operator is the stop operator which is defined in any
of the previous cases in the following way:

S(u) :=u—P(u), ueAC([0,T];H),
Sk(u) :=u—Pg(u), Sg(u):=u—Pgr(u), ueBV(0,T];H).
Observe that in the absolutely continuous case we have
(P(uw)'(t),S(u)(t)) =0 for L'-a.e. t € [a,b], (34)

as one easily deduce putting z = S(u)(t £ h) in (26) and taking the limit as
h — 0+.
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The classical play operator P has a useful geometric interpretation (cf. [14, p.
347]): in fact let us rewrite (25)—(27) as

g'(t) € Neyrz(u(t)) for L'-ae. t €[0,7], (35)
£(0) = & = u(0) — 2o, (36)

and let us interpret the point u(t) as the motion of a pivot that at the initial time
t = 0 is inserted in the convex set yy + Z. The pivot starts to move according
the law of motion w(t). If initially u(0) lies in the interior of £(0) + Z then
Ne,+z(u(t)) = {0}, thus £(t) = & solves the inclusion as long as u(t) does not
touch the boundary of £, + Z . When u(t) touches the boundary of {, + Z then
&(t) starts to move in such a way that '(t) € Newyz(u(t)). We interpret this
solution by saying that the convex set {,+ Z moves in the direction of the outward
normal in u(t) € £(t) + Z. This interpretation is maybe easier to visualize if we
assume that zp = u(0) = 0 € Z. Accordingly, the stop operator S can also be
interpreted in this way: if z(t) = S(u)(t) = u(t) — £(t) then z(t) € Z for every
t €10,7) and

2'(t) —u'(t) € Nz(x(t)) for L'-ae. t €[0,T), (37)
z(0) = 2. (38)
Hence x(t) = u(t) — & as long as u(t) lies in the interior of {, + Z; when w(t)

touches the boundary of {, + Z pointing outward of Z, then z(¢) moves on 0Z
in the tangent direction 2'(t) € Tz(x(t)), because of (34).

The geometric interpretation of Pg is clear: we consider the Lipschitz reparametri-
zation u of u(t) by filling in the jumps, we apply the classical operator obtaining
P(u), and we get Pr(u) = P(u) o £, by reinserting the jumps.

Instead P is based on projections and its geometrical meaning is clear from the
action on step functions, as the following Theorem shows (cf. [9, Theorem 2.3,
Proposition 4.3]).

Theorem 3.4. The operator Px : BVL([0,T];H) — BV([0,T]; H) is contin-
uous with respect to uniform convergence. Moreover if m € N, 0 =ty < -+ <
tm =T, ug, ..., U € H and u € BVL([0,T];H) is the step function defined by

_ Juo ift=0,
u(lf) o {Uk the ]tk717tk‘]7 k= 1,...,m7 (39)
then

Sk (u; 20)(t)
) {IO v yr=0 (40)

)= Projz(zp_1 + up —ugp_q) ift € Jtp_1,te], k=1,...,m.

The previous Theorem 3.4 also shows that the solution x = Sk (u) (equivalently
¢ = Pk(u)) is the time discrete approximation of (37)—(38) obtained by using an
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implicit Euler scheme. It follows that the solution £ = P (u) coincides with the
solution, as defined in [14], of the sweeping process

—¢'(t) € New (£(1))

in the particular case C(t) = u(t) — 2.
Concerning the action of P on the step function v € BV ([0, T]; H) defined in
(39), if s := €, (tx), then we have that

u(sg) =ux VkE=0,...,m, (41)

w is affine on [sg_1,sx] VE=1,...,m (42)
and, using also the semigroup property (28),

SR(“? ZO)

_ {S(a, 20)(0) = 2 if t =0 (43)
S(ﬂ, Zo)(Sk) = S(ﬁ( + Skfl), S(EL/, ZO)<Sk71))(3k — Skfl) ift e ]tkfl, tk]

for k=1,...,m.
Let us also observe that if u € BV ([0, T]; H) and vy € H, then

v(t) == u(t) —vo = Pr(v) = Pix(u) — vy, Pgr(v) =Pgr(u)— v, (44)
as it is easily seen on step functions and then on any wu, thanks to the continuity

of the operators.

In [18, Section 5.3] is proved that
Pr(u) = Pr(u) Yu e BVL([0,T]:H) N C([0,T];H)

and it is shown by means of an example that in general, the operators Py and Py
are different on BV ([0, T]; H) unless H is one-dimensional (see also [17]). In the
next two sections we prove the following geometric characterization of the cases
where the two operators coincide.

Theorem 3.5. Let dim(H) < oco. Then Px = Pg if and only if Z is a non-obtuse
polyhedron.

4. If Px =Pk then Z is a non-obtuse polyhedron

In this section we prove that a necessary condition for Px and Py to be equal is
that Z is a non-obtuse polyhedron. Let us recall that H is a finite dimensional
real Hilbert space and let us start with the following

Lemma 4.1. Let Z be a closed convex subset of H and let z € Z and p > 0 be
such that B,(z) C Z. Ify € 02N 0B,(z), then Nz(y) = Ry (y — z).
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Proof. It is enough to prove that if n € Nz(y) N 9B;(0) then

(n,y = 2) = Inlllly = =l = p. (45)

Observe that z+pn € Z, therefore, by definition of normal cone, (n,y—z—pn) >
0,1i.e. (n,y —z) > (n,pn) = ||n||p = p. On the other hand (n,y — z) < ||n|lp=p

by the Cauchy-Schwarz inequality, hence (45) is proved. O
Lemma 4.2. If Z and W are closed convex sets in H such that int(Z) # @,
Z CW and 0Z C OW, then Z =IWV.

Proof. Let us start by observing that in a general topological space we have
A, B nonempty connected open sets, AC B, 0ACJB — A= B. (46)

In order to see this fact observe first A is relatively open in B, as A = AN B;
on the other hand cl(A)N B = (AUJA)NB=(ANB)U(OANB)=AU®
because 0A C 0B, hence A = cl(A) N B and A is relatively closed in B. From
the connectedness of B it follows that A = B. We can conclude by applying (46)
with A = int(Z), B = int(W), because int(Z) C int(W) and for any convex set
C with nonempty interior we have 9C = 9 int(C). O

Proposition 4.3. Assume that Z is a closed convex subset of H and that int(Z)
# @. Then Z is a polyhedron if and only if the set

A={n€ 0B (0) : Jx €02, Nz(z)=Ryn}
is finite.

Proof. If Z is a polyhedron then the finiteness of A is a straightforward conse-

quence of Proposition 2.3. Now let us assume that A = {n;,...,n,} for some
p € N, thus there are points x4, ...,z, € 0Z such that Nz(z;) = Ryn; for every
j=1,...,p. Let us set ¢; := (n;,x;) for every j = 1,...,p and consider the

polyhedron Z, :={z € H : (n;,z) <c¢; j=1,...,p}. We have that
Z C Zy, (47)

because if z € Z then (n;,z —z;) < 0 for every j = 1,....p, hence (n;,z) <
(nj,z;) < c;. Now we prove that actually Z4 = Z. By virtue of Lemma 4.2 it is
enough to show that

02 C 9Z,4. (48)

To this aim let us take z € 02 and let z;, € int(Z) be a sequence such that z, — z.
We set py, := d(2,0Z), thus B, (z;) € Z and there exists y, € 0Z N IB,, (z).
Thanks to Lemma 4.1 Nz(yx) = Ry (yr — 2) hence Nz(y;) = Ryn;j, for some

Je €{1,...,p}, ie.
(N, w—yr) <0 Ywe Z. (49)

On the other hand we also have that

(nj,,w—u;) <0 Ywe Z, (50)
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hence taking w = z;, in (49) and w = y;, in (50) we obtain

<njk7‘rjk - yk> =0, (51)

1.e.

<njk7 yk> = Cjy,- (52)
Observe that y — 2, indeed ||y, — z|| < [|lyx — z&ll + [z — 2l = px + [[2x — 2| <
2||zr — z||. Moreover, passing to a subsequence of k, which we do not relabel, we

can find h € {1,...,p} such that n; — n, and ¢;, — ¢, as k — oo. Therefore
taking the limit in (52) we get

(np, xp, — z) =0, (53)

hence z € 024 and (48) is proved. O

Lemma 4.4. Assume that Z is a closed convez subset of H and that int(Z) # .
If Z is not a polyhedron then there exist x1,x9 € 0Z and ny,ny € dB1(0) such
that x1 # x9, Nz(z1) = Ryny, Nz(z3) = Ring, and 0 < (ny,ny) < 1.

Proof. Since Z is not a polyhedron, by Proposition 4.3 there exist two infinite
sets {n* € 9B,(0) : k € N} and {z* € dZ : k € N} such that Nz(z*) = R, n"
for every k € N. We have that, at least for a subsequence which we do not
relabel, there exists n® € 9B;(0) such that n* — n® as k — oo. Observe that
limy oo (nf, nft1) = (n% n® = 1, therefore if ¢ > 0 is arbitrarily fixed, then
1 — e < (nkF,nk*1) for all k sufficiently large; on the other hand (n* n*1) < 1,
thus the lemma is proved with n; = n", ny = n"*! and 2, = 2", 2, = 2" for
some h € N sufficiently large. Note that x; # x5 since 2% # 2" for k # h. m

Lemma 4.5. Assume that Z is a closed conver subset of H, int(Z) # &, and Z
is not a non-obtuse polyhedron. Then there erist xy, x1,x2 € 0Z, ny,ne € 0B1(0),
ri,mo > 0, and A > 0 such that

T1 F# T, 0 < (n1,n2) <1, (54)
NZ(SUk) = R+nk7 k= 17 27 (55)
and putting
Uy = a1+ TNy, Up = T+ Tang, (56)
then
Uy = To + AMug — uq), uy = 2o + (A + 1) (u2 — u1), (57)
<U2 — U1, 7’Ll> > 0. (58)

Proof. The situation is illustrated on Figure 4.1. If Z is a not a polyhedron then
Lemma 4.4 yields the existence of z1, xo € 0Z and ny,ny € 9B;(0) satisfying (54)—
(55). This fact is trivial if instead Z is a polyhedron which is not non-obtuse.
Now observe that

(xg — 1 +TN9,M1) = (T — T1,N1) + 1{n1,n0) Vr > 0. (59)
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hence, taking ro > 0 sufficiently large and putting

Ug 1= Tg + ToN2, (60)
Wy ‘== Uy — X1 = (1’2 + 7’2712) — T, (61)

then
(wo,ny) > 0. (62)

Now we claim that there exists dp > 0 such that
Yo := x1 — dowy = (1 4 o)1 — doug € int(2). (63)

In order to prove (63) we assume by contradiction that z; — dwy ¢ int(Z) for
every 0 > 0, therefore

x5 := Projz(z1 — dwy) € 0Z Vo > 0. (64)

Now let us consider a sequence 0y, N\, 0 and pick a unit vector nj, € Nz (z1 — drwp)
for every k € N; thus

(Ng, 2z — 1 + 0pwp) <0 Vz e Z. (65)

Passing, if needed, to a subsequence, we can take the limit as £k — oo and find
n* € 0B1(0) such that n — n* as k — oo and (n*,z — x1) < 0 for every z € Z,
ie. n* € Nz(z1). It follows that n* = ny, since Nz(z1) = Ryn;. Now taking
z =z in (65) we obtain that (ng,wq) < 0 for every k, and letting &k go to infinity
yields (ny,wp) < 0, contradicting (62). Hence we have proved the existence of
dp > 0 satisfying (63). Now we set

Yp ==y +rny, 1 ER, (66)

and prove that there exist rog > 0 such that y,, € 0Z. Indeed, the function
f(r) == (n1,x1 — yr) = 0p(n1,us — x1) — r is continuous, f(0) > 0 by (62),
f(r) <0 for r large. We have the implication y, € Z = f(r) > 0. Hence, y, ¢ Z
for r > do(ny,us — x1), and some

0<ry < 50<n1,u2 — l‘1> (67)

with the desired property necessarily exists. We now check that (57) holds pro-
vided we choose xg = Y., A = o, 71 = 10/(1 + &), ug = x1 + ring. Indeed,
then

(L4 Nur = Aug = (1 + 6o)ar + (L4 do)rina — douz = Yo + rony = o,
and (57) follows. To prove (58), we easily compute

To 1

— > , U — >0
1+0, = 1+50<”1 Uz = 1)

(711,“2 - U1> = <n1,U2 - $1>

by virtue of (67) and (62), and the proof is complete. O
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Figure 4.1: Ilustration to Lemma 4.5.

Theorem 4.6. Assume that (21)—(24) hold, int(Z) # &, and Z is not a non-
obtuse polyhedron. Let xg, 1,79 € OZ, ny,ng € 0B1(0) and uy,us be given by
Lemma 4.5. For 0 < t; <ty <T define u,v € BVL([0,T]; H) by

f0<t<t
alty = 70 WO<tsh (68)
U1 Zf t1 <t <ty

and
20 ift=0
v(t):=qx f0<t<t (69)
uy ifty <t <T.

Then Sk (u; 20)(T) # Sk (v; 20)(T).

Proof. Here again, Figure 4.1 shows the situation. Observe that u; # us, hence
u # v. Since xp = Projz(ug), k = 1,2, thanks to Theorem 3.4 we have

x if0<t<t
Skc(u;20)(t) =< . - (70)
PI‘OJZ(U1) =1 if t1 <t <ty
Projz(x1+u2—u1) lftg <t<T
and
,ZO lf t == 0
SK<U; ZO)(t) = q Ty fo<t< 3] (71)

Projz(ug) = xo ifty <t <T.
If we assume by contradiction that Sk (u; 20)(T) = Sk (v; 20)(T"), then

xo = Projz(zq + us — uq), (72)
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ie.
T1+ U — UL — T € NZ<:U2>.

Since Nz(x2) = Riny we infer that there exists ;1 > 0 such that
T1+ Uy — U — Tg = UNa.

On the other hand by (56) of Lemma 4.5 there exist 7, > 0, k = 1,2, such that
T1+ Uy — UL — Ty = ToNo — TNy, hence

ToMg — TN = UNg
and we have found a contradiction because n; # ns. O

The previous result allows us to infer one implication of Theorem 3.5.

Corollary 4.7. Assume that (21)—(24) hold and that Z is not a non-obtuse poly-
hedron. Then Py # Pg.

Proof. Let us start with the case int(Z) # @. If u and v are defined as in
Theorem 4.6 then, thanks to (57), w = v so that Sg(u; 20)(T") = Sr(v; 20)(T") and
we are done. When int(Z) = &, let V be the affine hull containing Z. Then
V is a closed vector subspace of H and it is a Hilbert space endowed with the
inner product induced by H. If PY : AC([0,T]; V) — AC([0,T]; V) denotes the
play operator in the space V with characteristic Z, then P(u) = PY(u) for every
u € AC(]0,T); H) such that u(t) € V for every ¢t € [0,T], since u'(t) € V for
£lae. t € [0,T]. Tt follows that Pr(u) = P%(u) whenever u € BV ([0,T]; H)
and u([0,T]) C V. Moreover Theorem 3.4 yields P (u) = P¥-(u) for any V-valued
functions u. Therefore, since Z, as a subset of ), has nonempty interior and is
not a non-obtuse polyhedron, we can conclude by applying to PV the result in
the case int(2) # . O

5. If Z is a non-obtuse polyhedron, then Py = Py

In this section we prove that the two extensions Px and Py coincide if Z is a
non-obtuse polyhedron. We fix

p €N, ni,...,n, € 0B1(0), c1,...,¢ € Ry, (73)

and we consider the polyhedron

Z={reH : (nj,z)<c¢;, j=1,...,p} (74)
We assume that Z is non-obtuse, therefore n;,...,n, can be chosen in such a
way that

The following lemma allows to reduce to a very particular case and it holds for
any Z.
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Lemma 5.1. Assume that (21)—(24) hold. If Pk (v, z0) = Pr(v, xq) for any zo €
0Z and any v : [0,T] — H of the form

oty =47 V=0 ceH,
ro+e if t€1]0,7T],

with
Tot+te g Z Vit >0,
then Py (u, z0) = Pr(u, 2z0) for any u € BVL([0,T]; H) and any z, € Z.

Proof. By Proposition 2.5 any v € BV([0,7];’H) can be approximated by a
sequence of left continuous step functions converging both in the strict topology
and in the uniform convergence topology. Therefore from the continuity prop-
erties stated in Theorem 3.3 and Theorem 3.4 it follows that Px = Pg if they
coincide on the set of left continuous step functions. From (44) we infer that it is
not restrictive to prove that they coincide on the set of step functions u such that
u(0) = z9. We will prove that Sk (u, z9) = Sgr(u, 29). Let us start by considering
the special step function

zo ift=0
ult) = {ul it ¢ € ]0,7). (76)

In this case u(s) = zo + (s/T")(u1 — 2o) for every s € [0,7] and

Sk (u;20)(t) = {PrOjZ(Ul) if t € 10,77,

Sr(u, 20) = {S(ﬂ, 20)(T) ift €]0,T).

If uy € Z then S(u, z9) = w, hence Sk (u, z9) = Sg(u, z0). Thus we assume that
u € Z. Let ty € [0,T] be such that zy := 29 + (to/T)(u1 — 20) € 9Z and
20+ (t/T)(uy — 20) € Z for any t > tg, and define

.

w(t) .= xg ift €0,
Uq ift e ]to,T]

\

Then w = w and

/

20 ift=20
SK<UJ, Zo)(t) = Zo ift e ]O,to]
(Projz(ui) if ¢ € Jto, T,

SR(U}, Zo)(t) == Zo if ¢ < ]O,to]
S(ﬂ, ZD)(T) ift e ]to, T]
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Therefore Sk (u, 290) = Sr(u, 2z0) if and only if Sg(w, 20)(T") = Sgr(w, 20)(T). On
the other hand

SK<UJ, Zo)(T) = Projz(ul) = SK(w( —I— to), 1'0)(T — to) (77)

—_—

and, since u(- + tg) = w(- + ty), by the semigroup property,

Sr(w, 20)(T) = ST, 20)(T) = S(@(- + to), ) (T — to)

= S(w(- +tg),x0)(T —to) = Sr(w(- + to), o) (T — to). (78)

Thanks to the assumption and to a time reparametrization we know that Sg (w(-+

to), xo)(T — to) = S(W(——\'—/to),l'g)(T — to), hence from (77)—(78) we infer that
Sk (u, z0) = Sr(u, z9). The general case of a step function of the form (39) with
up = 2o can be reduced to the previous case (76) thanks to formulas (40)-(43). O

Lemma 5.2. Let Z be a non-obtuse polyhedron defined by (73)—(75). Let us
consider jo € {1,...,p} and assume that

Zjo = {l’ €z <nj07x> - Cjo}

is nonempty with an element x;, € Z;,. Then Z;,—x;, is a non-obtuse polyhedron

in Hj, :={x e H : (nj,,z) =0}.

Proof. Forie {1,...,p} set

i = n; — (ng, njo)nj, € My,

and denote N

J:={ie{l,...,p} : n; #0}.
Therefore B

Jo & J

and, since n; = (n;, n;,)n;, for j & J,

J¢J = n; € {njm _njo}'
Furthermore if {1,...,p} ~ (J U {jo}) # @, then

J€J, J#Jj = Cj 2 —Cjo,

indeed ¢;, = (nj,, zj,) = —(—nj,, j,) = —(nj,xj,) > —c;. Notice that we have
(n;,n;) <0 for every i,j € J with i # j. Indeed jo € J, hence a straightforward

calculation provides

(ns,n5) = (i, ) — (g, o) (n, nj,) < 0.
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For i € J put ¢? := (n;, z;,) < ¢;. The proof of Lemma 5.2 will be complete if we
check that

Zjy — wjp = Zjy = {w € Hyy ¢ (w,0u/|I7uill) < (i — )/ |17l Wi € T},

The inclusion Z;, — z;, C éjo is obvious. Let now z € Zvjo be arbitrary. In
particular Z € H,,, thus
(Z+ Lo nj0> = Cjo- (79)

Moreover, for i € J we have, as Z;, C H;,,

=G+ < (i -+ < Viel. (80)

Finally if there exists an index j € {1,...,p} with j & (JU{jo}), then n; = —n,,
and
(2 4 wjo, ) = — (2 + jp, jo) = —¢jp < ¢ (81)

From (79)—(81) we infer that Z 4 x;, € Z;

70

Lemma 5.3. Let Z be a non-obtuse polyhedron defined by (73)—~(75). Let us
consider J C {1,...,p} and assume that

which we wanted to prove. O

Zy={x€Z: (njx)y=c;VjeJ}

s nonempty with an element xy; € Z;. Then Z; — x; is a non-obtuse polyhedron
inHy ={xeH: (nj,z)=0Vje J}.

Proof. We proceed by induction. Let # denote the number of elements of a
finite set. Lemma 5.3 follows from Lemma 5.2 if #J = 1. For #J > 2 assume
that the statement is proved for all sets J' such that #J' < #.J, fix an element
jo € J, and set J' := J\ {jo}. By induction hypothesis, the set Z; — x; is a
non-obtuse polyhedron in Hy = {z € H : (nj,z) = 0Vj € J'}, and we apply
Lemma 5.2 with Z; — z; instead of Z and zj, = 0. O

Lemma 5.4. Assume that Z is a non-obtuse polyhedron defined by (73)—(75).
Let xg € 0Z, e & Tz(xo) be given and let us set

Jo:={j € J(xo) : (nj,e) >0},
Ay :={zeH : (nj,z)=c; Vj € Jp}.

Then Jy # <,
PI‘OjZ(SCl + 6) € .Ao VSC1 € .Ao, (82)
and

Projz(z1 +€) = Projzn 4, (Proj 4, (z1 + €))
= Projznag)—z (PT0j 4, (21 +€) — 70) + 79 Vo1 € 2N Ap. (83)
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Proof. It is obvious that Jy # @. Now let us set z := Projz(z; + €) and assume
by contradiction that (82) is not true. It follows that there exists jo € Jy such

that (nj,,z) < ¢;,. Hence nj, € Nz(z) and we can find o, ..., o, > 0 such that
rnte—zr= Z@jnj,
J#jo

thus, as Z is non-obtuse,

(w1 +e—zm;) =Y a;(n,n;) <0.
J#jo
On the other hand
(1 4+e— :E,nj0> = Cj, T <e7njo> - <x7nj0>

2 Cjp — <33‘,7”Lj0> > 0.

This is a contradiction proving that Jy C J(z), i.e. (82). Now we show the first
equality in (83). If v := Proj 4, (z1 +e), then (x; +e—v,y—v) = 0 for all y € Ay,
since Ay is an affine subspace. Hence, for every z € Z N Ay we have

w—z,z—x)= —(t1+e—v,z—x)+(r1+e—x,2—x)

IN

—(r1+e—v,z—1x)

= —(r1+e—v,z—v)+(t1+e—v,z—v)=0.

Therefore the equality is proved since x € ZN .Ay. The second equality in (83) is
obtained by translating in z. O]

Lemma 5.5. Under the same assumptions of Lemma 5.4, set
VO = .A() — Xy, Zo = (Z N Ao) — Xg-
Let

SO AC([0,T); Vo) — AC([0, T]; Vy), (
S(I]( : BVL([07 T]; VO) - BVL([OJ T]; V0)7 (
S% : BVL([0,T); Vo) — BVL([0,T]; Vo)

—~

o 00 o
S Ot
= T —

be the stop operator in the Hilbert space Vy, and its extensions to BV, with char-
acteristic Zy and initial data zg = 0. If

u(t) = {We e U0 =P )

then
Sk (u, 20) = o + S%(v,0), Sr(u, z0) = o + SK(v,0). (87)
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Proof. fmeN, 0=ty <---<t, =T, and u,, € BVL([0,T]; H) is defined by

Zm@%:{w) if t =0 (58)

ro+tre ift e ]tkfl,tk], k=1,...,m,
then we have

Tp 1= Projz($k_1 + (tk — tk_1)€> ift e ]tk—la tk]

Sk (U, x0)(t) = {

for any k =1,...,m, and from Lemma 5.4 it follows that
xk:SK(um,xo)(tk) GZQAO Vk = 1,...,m. (89)
Define v,, € BVL([0,T]; Vo) by

Um(2) i= Projy, (tn(t) — 36) = Proj 4, (um(t)) — g

:{o ift =0 (90)

ty Projy, (e) ift € Jtp_1, i), k=1,...,m.

For any k£ =1,..., m we have that

=0 ift=0
S (0, 0)(1) = { | | )
ny := Projz (k—1 + (tx — te—1) Projy,(e)) if t € Jtp_1, ti).

We prove by an iterative argument that S% (u.,, zo) = zo + S% (v, 0), ie. 2 =
2o + i for every k = 1,...,m. For k = 0 this is obvious. For k£ > 1 we assume
that xx_1 = x¢ + nr_1 and from (89) we get

Proj 4, (wx—1 + (tx — te—1)e) = Projy, (zx—1) + (tx — tr_1) Projy, (e)
= Tr_1+ (tk — tk—l) PI‘OjVO (6),

hence, thanks to (83) we obtain

Mk = Projz, (k-1 + (tx — ti—1) Projy, (e))
= Proj(4,nz)—ao (Pr0j 4y (41 + (tk — tr—1)e) — o)

= — X9+ PIOJZ(ZL‘k_l + (tk — tk_l)e) = —Zo + Tf.

Thus we have proved that S% (um, zo) = o + S% (v, 0). The case m = 1 yields
the first equality in (87). Now observe that for the reparametrizations of u and
v we have the formulas u(t) = 2o 4 (¢t/1)e and v(t) = (t/T) Projy, (e), t € [0,T],
thus u and v can be uniformly approximated by sequences u,,, and v,, of the form
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(88) and (90). Since SY% (um, o) = o + S% (v, 0) for every m, by the continuity
of the stop operators we get S(u, xg) = zo + S°(v, 0). It follows that

) o ift=20
Sr(v,0)(t) = {50(57 0)(T) = S(@,0)(T) — xo if t €]0,T]

= SR(U, Z’Q)(t)

for any ¢ € [0, 7] and (87) is completely proved. O

We are now in position to prove the missing implication of our main theorem.

Theorem 5.6. If Z is a non-obtuse polyhedron then Px = Pg.

Proof. We argue by induction on d = dim(H) € N, the dimension of H. If
d = 1 we know that the two operators are the same. If d > 1 we assume that the
theorem is true for any kK < d — 1 and we prove it for d. Thanks to Lemma 5.1 it

is enough to prove that S (u,xo) = Sgr(u,zo) with g € 02 and v : [0,T] — H
of the form

ift=0
u(t) = 0 1 e€H,
xo+e ifte]o,T],

with xo + te € H for every t > 0. Since Z is a polyhedron this is equivalent to
saying that e € Tz(zo). Hence if we set

Jo:={j € J(xo) : (n;,e) >0}, Ay ={z eH : (nj,x) =c¢; Vj € Jy},
V(] = .A() — Xy, Z() = (Z N .A()) — Xy,

if S% . BVL([O,T],V()) i BVL([O,T],V()) and S% . BVL<[0,T],V0) —
BVL([0,T];Vy) are the stop operators defined in Lemma 5.5, and if v €
BVL([0,T7; Vo) is defined by

v(t) := Projy, (u(t) — xo), te€ 0,77,
from Lemma 5.5 we get
Sk (u, 29) = 29 + S%(v,0), Sr(u, o) = w0 + SH(v,0). (91)
By Lemma 5.3 Z; is a non-obtuse polyhedron in Vy. As dim(V,) < d, by the in-

duction hypothesis we have that S%(v,0) = S%(v,0), hence Sg (u, z0) = Sg(u, o)
and the theorem is completely proved. Il

6. Description of non-obtuse polyhedra

In this section we provide a description of non-obtuse polyhedra in finite dimen-
sional spaces. Let Z be a non-obtuse polyhedron defined by (73)—(75).
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For a subset J C {1,...,p} we introduce the subspace L(.J) and the positive cone
C(J) generated by vectors n; with j € J, as well as the normal cone N(J) to
C(J), by the formulas

L(J):{xEH:x:Zami,aiERWGJ}, (92)
ieJ

C(J):{xEH:x:Zami,al-zO‘v’iEJ}, (93)

N(J)={ye L(J): (y,n;) <0Vie J}. (94)

We can assume that H, := L({1,...,p}) = H. Indeed, if this is not the case,
then H can be decomposed into the direct sum ‘H = H, ® Hj of H, and its
orthogonal complement Hi The set Z now turns out to be the “cylinder”
Z = (2NH,) +H,, and the analysis can be reduced to Z N H,,.

The case p = d = dim(H) is easy. We find zy such that (zp,n;) = ¢; for i =
1,...,d. Then Z is the cone
Z =2+ N({L,....d}). (95)

For p > d we assume, possibly after a permutation of indices, that the first d
vectors are linearly independent. For subspaces Vi, V, C 'H we denote

Vi LV, <— <1)1,1)2> =0 Vvl € Vl,va € Vs.

Proposition 6.1. Letp=d+r, r > 1, let dim L({1,...,d}) = d, and let (73)—
(75) hold. Set J = {d+1,...,d+r}. Then there exist nonempty subsets Jy, ..., J,
of {1,....d}, inJy =@ fori#k, U_,Ji = Jo € {1,...,d}, and numbers
a;; > 0 for j € J; such that

nd+i+2aijnj:0, fori=1,...,r, (96)
Jj€J;

L{d+i}uJ;) L LH{d+1}UJ,) fori#1, (97)

L(JUJy) L L({1,...,d} ~ Jy). (98)

Proof. For every i = 1,...,r there exist 7;; € R, j = 1,...,d, such that
d
Ndti = Z Vi - (99)
j=1

Set le{je{l,,d}’y”#()}, JZ_:{j€J17l]<O}, Jf:Ji\J[,and

T = Ny + Z Yijln; = Z VikNk =1 Y- (100)

jeJ; keJ;
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The scalar product (x,y) is non-positive by (75), hence x = y = 0. Since all
ni,...,nq are linearly independent, we necessarily have J;" = @, and (96) follows
with a;; = |yi;]. To prove that J; N J, = &, we proceed by contradiction. Assume

that the set JAZ}C = J; N Jj is nonempty. For an arbitrary 5 > 0 we have

Nd+i —+ Z aijnj = ﬁnd+k + Z ﬁakjnj + Z (ﬁakj — az-j)nj. (101)

JE€Ti~Ti JE€TR~Jik J€dk

We first choose 3 large such that Bax; — a;; > 0 for all j € jzk We are in the
situation of (100) of two vectors z =y, (z,y) < 0, hence x = y = 0. Hence

Nd+i + E aijng =0,

jeTiNJik

thus from (96) it follows that

Z Q;Ny; = 0

J€Jik

and we conclude from the linear independence of {ny,...,ns} that jlk =o. A
similar argument yields (97). Indeed, we have

0= <nd+i + Z i, Navi + Z alknk> <0,

jeJ; keJ;

hence (n;,n;) = 0 for all j € {d+i} U J;, k € {d+ 1} U J,. Statement (98) is
trivial. Indeed, for j € Jy, we find ¢ such that j € J;, and take the scalar product
of (96) with any ng, s € {1,...,d} ~ Jy. We obtain as before

0= <nd+i + Zaz’jnj ; ns> <0,

JE€J;
hence (ngii,ns) =0, (nj,ns) =0 for j € J;, and the proof is complete. ]

The interpretation of Proposition 6.1 is the following. As above, let # denote
the number of elements of a finite set. A polyhedron of the form (73)—(75) with
normal vectors satisfying (96) is a non-obtuse simplex in a space of dimension
#J;, that is, an interval if #.J; = 1, a triangle if #J; = 2, a tetrahedron if
#J; = 3, etc. The convex set Z with normal vectors from {1,...,d} ~\ Jy is a
cone as in (95).

From the condition
T

Y #Ji<d

i=1
we conclude that necessarily » < d. The case r = d is indeed special. Then
#J; = 1for all i = 1,...,d and, after a possible permutation, we obtain from
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(96) that ngy; = —n; for all i = 1,...,d. In other words, the only non-obtuse
polyhedron with p = 2d is a parallelepiped.

The general case considered in Proposition 6.1 can be summarized as follows:
Every non-obtuse polyhedron can be decomposed into an orthogonal combination
of simplices and at most one cone. In the three dimensional case, for example,
we have a parallelepiped for p = 6, a bounded “cylinder” with triangular basis
or a semi-infinite parallelepiped for p = 5, and a tetrahedron or a semi-infinite
“cake segment” for p = 4. If dim(H) = 4 there are many more alternatives, the
most special one being an orthogonal decomposition into two triangles for p = 6.
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