Journal of Convex Analysis
Volume 21 (2014), No. 1, 147-166

A-Points in Orlicz Spaces

Adam Bohonos

School of Mathematics, West Pomeranian University of Technology,
Al. Piastéw 48/49, 70-310 Szczecin, Poland
abohonos@zut.edu.pl

Ryszard Pluciennik*

Institute of Mathematics, Poznan University of Technology,
Piotrowo 8A, 60-965 Poznan, Poland
ryszard.pluciennik @put.poznan.pl

Received: August 2, 2012
Accepted: April 4, 2013

A criterion for A-points of the unit ball in Orlicz spaces generated by arbitrary Orlicz functions
(that is Orlicz functions which vanish outside zero and which attain infinite values to the right
of some point u > 0 are not excluded) and equipped with the Orlicz norm is given. Moreover,
Orlicz spaces with the A-property are characterized. In contrast to results in [19], Orlicz spaces
considered by us need not always have the A-property.
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1. Introduction

Let (X, |-||x) be a real Banach space and B(X) (S(X)) be the closed unit ball
(the unit sphere) of X, respectively. Denote by N the set of positive integers and
by R the set of reals. For any A C R denote A, = {u € A:u>0}.

Before starting with our results, we need to recall some notions.

A point x € S(X) is said to be an extreme point of B(X) if x cannot be written
as the arithmetic mean 3(y + z) of two distinct points y, z € S(X). The set of
all extreme points of B (X) is denoted by ext B (X).

A Banach space X is said to be rotund (R for short) if every point of S(X) is
an extreme point of B (X).

For any = € B(X) we define the number
A(z) =sup{A€[0,1]:x=Xe+(1—N)y, ecextB(X), ye B(X)}.

In the case when ext B (X) = @, we assume that A\(z) = 0 for any z € B(X).
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If A(z) > 0, then z is called a A-point of B(X). The set of all A-points of B (X)
is denoted by A [B (X)]. If every point of B(X) is a A-point, then X is said to
have the A-property. Moreover, if

Ax =inf{\(x): 2z € S(X)} >0,

then X is said to have the uniform A\-property.
The following result gives a lower estimation of the function A.

Lemma 1.1 (Proposition 2.12 in [4]). If X is a Banach space such that
ext B(X) # @, then

@) 2w {5 (1= ol A (5 ) el

1l x

Remark 1.2. By Lemma 1.1, any interior point of B(X) is a A-point whenever
ext B(X) # @. Therefore it is sensible to consider only A-points lying on the
unit sphere S(X). Hence we can say that X has the A-property if and only if
ext B(X) # @ and A(x) > 0 for any x € S(X).

The A-property was introduced by Aron and Lohman [1]. The A-property is im-
portant because for Banach spaces with the A-property we have that o (ext B(X))
= B(X). Moreover, Aron, Lohman and Granero proved in [2| that a Banach
space X has the A\-property if and only if it has the convex series representation
property, i.e. for each x € B (X), there is a sequence (ej) of extreme points of
B (X)) and a sequence of non-negative real numbers (\;) such that >~ A\, =1
and = > 7, Agey. It has been also shown in [2] that the uniform A-property
for a Banach space X is equivalent to the uniform convex series representation
property for X, i.e. convex series representation property in which the sequence
(A\x) does not depend on z.

Let (T, 3, ) be a measure space with a o-finite non-atomic and complete measure
pand Ly = Lo(T, %, 1u) be the set of all p-equivalence classes of real and %-
measurable functions defined on T.

By a Kdthe space (E, ||| ;) we mean a subspace of Ly (T, X, 1) which is an ideal
in Lo (T,%, ), that is, if € Lo (1,2, u), y € E and |z (t)] < |y (t)| p-a.e. T,
then z € E and ||z||; < ||y||z as well as there exists z € E such that x () > 0
for any t € T.

The set £, = {x € E : x > 0} is called the positive cone of E. For any subset
A C E define Ay = ANE,.

A map ® : R — [0,00] is said to be an Orlicz function if it is even, convex,
left continuous on the whole R,, ®(0) = 0 and & is not identically equal to
zero. Since P is even, without loss of generality we often consider ® with the
domain restricted to the interval [0, 00). It follows that every Orlicz function ®
is non-decreasing on R .
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We say a point w is a point of strict convexity of ® (we write w € SC(®)) if
1
O (w) < 5 (®(u) + ®(v))

for every u,v € R such that u # v and w = 1 (u+v). The set AF(®) :=
R\ SC(®) is called the set of all structural affine intervals of .

For any Orlicz function ® we let
ag :=sup{u >0: Pd(u) =0},
be :=sup{u>0:P(u) < oo}
and
Ugp :=sup{u > ag : u € SC(P)}.
Any Orlicz function @ is strictly increasing on the interval [ag, be].

Denote by p the right hand side derivative of ® with the domain restricted to the
interval [0, 00). The function ¥ defined by the formula

U (u) =sup {|u|v — @ (v) : v > 0}

is called complementary to ® in the sense of Young. Denoting by ¢ the right
hand side derivative of W.

Given any Orlicz function ® we define on Ly the modular I3 by

Iola) = [ @ (a(t)

By the Orlicz function space Lg we mean the set of all z € Ly such that Ig(cz) <
oo for somec > 0. The space Lg is equipped with the so called Orlicz norm that
can be expressed by the following Amemiya formula

1
lzlle = inf - (1 + Lo (k)

(see [7] or [14]). The set of all k > 0 at which the infimum in the Amemiya formula
for ||z]|, is attained (for fixed x € Lg) will be denoted by K (x). Moreover, for
any « € Lo \ {0}, we define

k* () =inf{k > 0: Iy (poklz|) > 1},
E* (x) =sup{k >0: Iy (poklz|) <1}.

Obviously, k* (z) < k** (z) for any x € Lg \ {0}. It is well known that
%) if k* (z) = o0

K(z) =< [k (z), k™ ()] if & (2) < 0
[k* (), 00) if k* (z) < oo and k** (z) = 00
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(see [4]). Orlicz spaces are important examples of Kéthe spaces. For more details
on Orlicz spaces we refer to [4, 17, 18].

If the Orlicz space is generated by finitely valued and vanishing only at zero N-
functions (i.e. Orlicz functions satisfying lim, o ®(u) /u = 0 and lim,_,. ®(u) /u
= o0) in the case of both (the Luxemburg and the Orlicz) norms, then it has the
A-property [6, 11, 19]. A characterization of A-points in such kind of Orlicz spaces
does not make sense, because every point of B(Lg) is a A-point. The situation
becomes more interesting, when Orlicz spaces are generated by Orlicz functions.
Then the Orlicz space need not have the A-property. In the case of the Luxemburg
norm, the A\-property in Orlicz spaces generated by finitely valued Orlicz functions
has been characterized by Granero [11]. The Orlicz spaces with the A-property
equipped with the Orlicz norm and generated by arbitrary Orlicz functions, were
not considered till now. In this note we give a natural characterization of A\-points
of B(Lg), where Lg is an Orlicz space equipped with the Orlicz norm and it is
generated by an arbitrary Orlicz function. Moreover, we describe Orlicz spaces
with the A\-property.

We will use the following criterion for extreme points of the unit ball in Orlicz
spaces equipped with the Orlicz norm.

Proposition 1.3 (see [9], Theorem 1). Let (T,%, 1) be a non-atomic and
complete measure space and ® be an arbitrary Orlicz function. Then x € S (L)
is an extreme point of B (Lg) if and only if:

(a) the set K (x) is a singleton in (0,00),
(b) kx(t) € SC(P) for p-a.e. t € T, where {k} = K (x).

Moreover, we will use the following characterization of Orlicz function spaces Lg
without extreme points on its unit sphere.

Proposition 1.4 (see [10], Theorem 1). The set ext B(Lg) is empty if and
only if Iy (pousxr) < 1.

The above characterization works under convention oo - 0 = 0.

2. A-points

There are several elementary facts that we record for further use. The first one
concerns the fuction A defined on a Kothe space.

Proposition 2.1. Let E be a Kothe space. Then
(a)  A(z)=A(lz]) for any x € S(E);
(b) A(z) = Ay (x) for any z € S(F)

formula

., where Xy is defined on S(E), by the

A (z) =sup{Ae€0,1]:x=Xe+ (1 =Ny, ecext B(X),,y€ B(X)}.
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Proof. (a) is clear since || = (signz)z, (signz)e €ext B(X) and (signx)y €
S(X), whenever e € ext B(X) and y € S(X).

(b) Let x € S(X)4. By the definitions of A\(x) and A (z) it is obvious that
Az) > Ay(z). To prove the reverse inequality notice that if A (z) = 1, then
e = x € ext B(X),, whence A\ (x) = 1, i.e. Ay(x) = A(x) in this case. If
A(z) = 0, then Ay (z) = 0 by A(z) > A (x). Suppose now that A(z) € (0,1).
Take ¢ € (0, A(z)). Then there is A\g > A(x) — € such that = Ae + (1 — o)y
with e € ext B(X) and y € B (X). Since

L=zl < Xollellg + (1= Ao) lyllp < 1,

1 _ o N S
Tn? ~ 1ox T ¥

el. Obviously |y| > |y1|, whence ||y1] < |lyllz = 1. On the other hand
L=zl = [Aolel + (1 = Ao)mllg < Ao llellz + (1 = Ao) [l < 1,
whence [|y1||z = 1. Therefore, Ay (x) > Ao > A(x) — ¢, so Ay (x) > A(x), which
finishes the proof. O
Proposition 2.2. Let © € Le\{0}. The set K(x) = @ if and only if

lim, o ®(u)/u = A < 00, the function R(u) := A|u| — ®(u) is upper bounded
and one of the followmg conditions is satisfied:

we obtain that ||y||, = 1. Moreover, y = e. Define y; =

(a)  sup,.q R(u)

(b) p(suppz) < %,
(¢) p(suppz) = % and ug = oo,
(d) p(suppx) = =, up < 0o and infessicquppz |2(t)] =0,

where ¢ = Supu>0 R(u).

Proof. Necessity. Suppose that © € L\ {0} and K(z) = &. By Theorem 4 in
[5] we conclude that lim, ., ®(u)/u = A < oo and the function R(u) is upper
bounded. Then either sup,., R(u) =0 (i.e. (a) is satisfied) or sup,. R(u) > 0.

Let ¢ = sup,-o R(u) > 0. If p(suppa) > 1, then there is a positive number 0
such that

1
p{Bs} =u{teT:|z(t) >} > -
Since R (u) is non-decreasing, we have

sup R(u) = lim R(u) = ¢ < 0.

u>0
Consequently,
U (A)=sup{Av— & (v)} =sup{Av— (Av — R(v))} =supR(v)=c (1)
v>0 v>0 v>0
and

U (u) = sup{uv — @ (v)} =sup{(u— A)v— R(v)}

v>0 v>0

> lim {(u—A)v—R((v)} =0

vV—00
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for any u > A. Further, by the fact that lim, . ®(u)/u = A < 0o, we conclude
that lim, ., p(u) = A. Hence, by the continuity of ¥ on [0, A],

Iy (pokla|) = Iy (po kx| xs;) > Lw (po kdxns) = ¥ (pokd) u(Bs) > 1
for k > 0 sufficiently large. Therefore

E*(z) =inf{k >0: Iy (poklz|) > 1} < 0.

oI

It implies that K(z) # &, a contradiction. Hence the case p(suppz) > = is

excluded.

Now suppose that in the case when p (suppx) = % and ug < oo there is v > 0
such that u{B,} = ¢. The condition ug < oo means that p(u) = A for u > ug.
Take kg such that kyy > ue. Then

Iy (pokolal) = Iy (po ko |z x5,) = Iv (p © kovxs,)

=V (pokoy)pu(B,) =V (A) 1

Z =1
&

Y

whence ky € K(x)i.e. K(x) cannot be empty, which finishes the proof of necessity.

Sufficiency. Assume that sup,.o R(u) = ¢. Let x € Le\{0}. If ¢ = 0, then
®(u) = Alu| and

1
lelle = juf 3 1+ fa(ke)) = juf 1 (144 [ bla)]an)

1
k
_ ,125( +A/T]a;(t)]du> :A/T\:c(t)\du,

so K(z) =@. Let ¢ > 0. If p(suppz) < 1, then

Ly (poklz]) < Iy (Axsuppa) = W(A)p(supp ) < 1

for any k£ > 0. Now, suppose that p (suppz) = 1 If up = 0o, then p(u) < A for

any u > 0. Hence, by (1),
Iy (poklz]) < ¥(A)u(suppz) =1

for any k > 0. If ug < oo and infess;cquppo [#(t)] = 0, then p{B,} < I for
any a > 0. Moreover p(u) = A for any u > ug and p(u) < A for u € (0, uq).
Consequently,

Iy (poklzl) = o (po (Kl Xp,, 0 + F12] Xoupparpu i ) )

e [\I/ (po (k |£C‘ XBuq)/k)) + [\I; (po (k |x’XsuppI\Bu¢./k>)

< U(A)p(Bug/k) + Y (A)pu(supp z \ Buy /i)

= W(A)u(Bug i) + U(A)p(supp ) — W(A)p(Bug i) = 1
for every k£ > 0. Since under each of assumptions (b), (¢) and (d), we obtain that
Iy (pok|x|) <1 for any k > 0, we have k* () = oo, whence K(x) = &, which
completes the proof of the preposition. Il
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Proposition 2.3. Let ® be an Orlicz function such that lim, ., ®(u)/u=A <

oo and let x € LoN\{0}. Then ||zl = A [, |x(t)|du if and only if either
sup,sq R(u) =0 or 0 < sup, R(u) = ¢ < oo and p(suppz) < I.

Proof. Suppose that lim, . ®(u)/u = A < co. Then

lell, = inf% (1+/T<I>(k:x(t))dp)

k>0

_ ,igﬁ% (1+/TAk|x(t)|du—/TR(k;x(t))du)
_ A/T\x(t)\dwggé (1—/TR(k9:(t))du).

Sufficiency. If sup,.o R(u) = 0, then ®(u) = A|u| and
el = A [ Joto) dpo+ inf = 4 [ Jato)]d
tlo=A | eOldu+ juf 3= A | 1o(0)| dp.

Suppose that 0 < sup,-o R(u) = ¢ < 0o and p (supp ) < L. Then

/T R (ka(t)) ds = / R (ka(t)) dyt < sup R(u)yu (supp ) = 1,

supp u>0
whence
o1
;?;EE (1 — /:FR(kx(t))du) =0,

e, flally = A fy l2(t)] du.
Necessity.  Let © € Le\{0} be such that |[z], = A [|z(t)|du, where
lim, 0o ®(u)/u = A < co. Hence

,123% (1 - [FR(kx(t))du) —0.

It implies that [, R (kx(t))du <1 for any k > 0. Consequently, by the fact that
p(suppz) > 0, R(u) is upper bounded. Notice that, by the convexity of ®, R(u)
is nondecreasing. Hence

sup R(u) = lim R(u) = ¢ < 00

u>0 Uu—00

Take € > 0. Then there is a. > 0 such that

H(Ba) = pit €T [a(t)] > a} > p(suppa) - =.
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Hence

12/TR(kx(t))du2/B R (ka.) dp = R (ka:) i (Ba.)

ag

> R (ka.) (M(Supp ) — E)

for any k& > 0. Now, passing with £ — oo, we get cu(suppz) — e < 1. Thus
p(suppz) < L for ¢ # 0 or p(suppa)is arbitrary for ¢ = 0. If ¢ = 0, then
®(u) = Alu|, which completes the proof of necessity. ]

Lemma 2.4. Let x € Lg.

(a) Ifue < o0, (ug,00) = AF(P), and p(suppx) > m, then K(x) is a
singleton.

(b) Ifae >0 and [0,a9) = AF(®)y, then K(x) is a singleton.

Proof. (a) If ug < oo, then ®(u) = Au — ¢ for u > ug, where A, ¢ are posi-
tive constant. Hence p(u) = A for u > ug and V(A) = ¢. For x € Lg with
p(suppx) > %, by Proposition 2.2, K(x) # @. Suppose that K(x) has more
than one point and let ki, ko € (k* (z), k™ (x)) be such that k; < ky. First notice
that p({t € T : ky |2(t)| > us}) < L. If not, then denoting the considered set by
By /k, we have

Iy (pokulal) = I (po ki 2 xm,, 0, ) = #(Buasi )9 (plua)) > 1,

i.e. ky & K(x). Consequently, pu({t € T : ky |x(t)| < ug}) > 0. Since p is increas-
ing on [0, ug|, we have

1<Iy(pok|z|) <Ily(poks|z]) <1,

which is a contradiction.

(b) Suppose that ap > 0 and [0,ae) = AF(®),. Then p(u) = 0 for u € (0,aq),
p is increasing on (ag,bs) (be < o0) and ay = 0. By Proposition 2.2, K(z) #
@ for any © € Lg. Similarly as in (a), suppose that ki, ks € (k* (z),k* (x))
and k1 < ko. It follows, by the definition of numbers £* (x) and k** (x) that
Iy (poky|z|) = Iy (poky|x|) = 1. Hence ky |z(t)| < ko |x(t)| < bg for ae. t €T
and

M(Bacp//ﬂ) = N<{t eT: kl |I(t)| > (lq;}) > 0.

Consequently, ag < ki |2(t)| < kg |2(t)] for a.e. t € By, /k, , whence p (k1 |z(t)]) <
p (ka2 |z(t)|) for a.e. t € By, . Therefore Iy (poky|x]) < Iy (po ks |z]). The
obtained contradiction completes the proof. Il

Theorem 2.5. A point x € S(Lg) is a A-point of B(Le) if and only if
Iy (pousxr) > 1, K(z) # @ and either ag > 0 or apg =0 and k™ () < oco.
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Proof. Necessity. By Remark 1.2 and Proposition 2.1, without loss of generality,
we can assume that x € S(Lg);. Suppose that K(z) = & or Iy (pousxr) < 1.
If Iy (pougpxr) < 1, then, by Proposition 1.4, the set ext B(Lg) = & and conse-
quently A [B(Lg)] = @. In particular, x cannot be a A-point of S(Lg).

Assume now that K (z) = @. By Proposition 2.2, the Orlicz space Lg is generated
by an Orlicz function ® such that the function R(u) = Au — ®(u) is upper
bounded, where A = lim, o, ®(u)/u. It is shown in the proof of Proposition 2.2
that U (A) = lim, . R(u) = ¢, ¥ (u) = oo for any v > A and p(us) = A.
Moreover, one of the conditions (a), (b), (¢) or (d) of Proposition 2.2 is satisfied.
If sup,-o R(u) = 0 (i.e. (a) is satisfied), then ®(u) = A|u| and consequently
Ly = L' equipped with the norm A||-||,.. It is well known that ext B(L') = @.
Thus x cannot be a A-point.

Assume that 0 < sup,,., R(u) = c¢. Notice that under this condition ext B(Lg) #
@ if and only if u(T) > 1. Really, if u(T) < 1, then

Io (po uaxr) = / W (plus)) djt = B(A(T) < 1,

T

whence, by Proposition 1.4, ext B(Lg) = @. Conversely, for u(T') > % we have

Iy (pousxr) = V(A)u(T) > 1.

By Proposition 1.4 we conclude that ext B(Lg) # &. Therefore it makes sense to
consider only the case when one of the conditions (b), (¢) or (d) in Proposition 2.2
is satisfied and p(T) > 2.

Let e € ext B(Lg) N B(Lg),. By Proposition 1.3 the set K (e) = {ko} and
koe (t) € SC(®) for p-a.e. t € T. By the definition of K (e), we conclude that
Iy (poke) > 1 for any k > ko. Hence

1 1 1
wsupp e) = u(supp ke) = —U(A)u(supp ke) = — Iy (pokle]) > .

Now, we will show that if one of conditions (b) or (¢) in Proposition 2.2 is satisfied,
then [|exsupp el < 1. Suppose that the condition (b) is satisfied, i.e. yu (supp z) < L.
Then

1
M(Supp (€Xsuppx)) S H (Sllpp .’JJ) < Ev
whence, by Proposition 2.2, K (exsuppz) = 2.

Let us assume (c), i.e. p(suppz) = % and ug = oo. Then p(supp (€xsuppa)) < =
By Proposition 2.2, K (exsuppz) = &. Consequently, for both cases, we have

1
(1+ LI’(/{?(JeXsuppx))

o1
”eXsuppwH@ = égg% (1+ Lb(keXsuppw)) < k?_o

1
< k’_o (1+ [é(kOGXsuppw) + I<I>(k0€Xsuppe\suppx>> = ||€||¢ =1
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We will prove that if (d) from Proposition 2.2 is satisfied, then either ||exsupp |/ < 1
OI EXT\suppz — (]IC_Z)XT\Suppa: > 0.

Suppose that u (supp z) = %, ugp < 0o and infess;cqupps () = 0. Then

M(Ba)zu({tET:x(t)>a})<%

for any a > 0. Since

1 1
1= ||6||<I> - k_O (1 + I‘P(k()e)) - k_O [1 + I‘D(kOQXSuppa:) + I@(kOGXsuppe\suppx)] y

by the definition of Orlicz norm, we have

1
HGXsuppx”@ = égg E (1 + [@(keXsuppx))
1

1
7 LT To(koexsuppa)) = 1= Lo (KoeXsupp e suppz)- (2)

IN

Since p (suppe) >

Q=

we have p (supp e\ supp z) > 0. Obviously, if ag = 0, then

Iy (kOQXsupp e\ Suppx) > 0.

Hence, by the inequality (2), ||eXsuppz|le < 1. Suppose for the moment that ag > 0.
Then koe(t) > ap = inf SC(P) for p-a.e. t € T. Consequently, T = suppe. If
there exists a set D C T\ supp z of positive measure such that kpe(t) > aq for
p-a.e. t € D, then Ig(koeXsuppen suppz) > 0. Therefore again [|exsuppzlle < 1.
The case when koe(t) = ag for p-a.e. t € T\ suppx we will consider separately
in the last part of the proof of necessity.

Now, suppose that K(z) # &, ag = 0 and k™ (x) = co. Then k* (z) < oo and it
follows that Iy (po kx) = 1 for any k > k* (x). Hence infess;esuppo () > 0 and
p(u) is constant for every u > k*(x) infessesupp (t). Consequently,

up = sup {u > ag : u € SC(P)} = k*(2) tiénfess x(t)
supp

and ®(u) = Au — ¢ for u > ug, where A and ¢ are positive. Obviously, R(u) = ¢
for u > ug and for any k > k*(z) we have

1= Iy (po k) = W(A)u(supp ) = cu(supp z),

whence p(suppz) = £. Since p(suppe) > 1 for any e € ext B(X) and the space
Lg is strictly monotone whenever ag = 0, we have again that

||6XSupp$||q) < ||6||¢, =1.

Let y € B(Lg) be such that = Ae 4+ (1 — A)y for A € (0,1). Then

T — e A A
Y= 1—\ = 1— )\ (.1' - eXSUpr) +T— HGXsuppe\suppx' (3)




A. Bohonos, R. Ptuciennik / A\-Points in Orlicz Spaces 157

Hence, in all considered cases, except the one when ex\gupp = %XT\suppm > 0,
we get

Il = |72 ( )
Yy = T — €Xsuppx T — < €Xsuppe\ suppz
(] 1=\ pPp 1=\ 19 PP o
A
> I_A(I_€Xsuppz>+x o
1 A
I (S I R
1 A
Z 1 2]l — T leXsuppalo
1 A
>— -2 =
1= 1-—-2AX ’

which contradicts to the fact that y € B (Lg). Thus = cannot be a A-point.

Finally, suppose that u(suppzx) = %, up < 00, infessiequpps 2(t) = 0 and e is
an extreme point of B(Lg) such that koe(t) = ap > 0 for p-a.e. t € T\ supp z.
Then ;1 {B,} < % for any a > 0. Choose a measurable set

A
Dy C supp 2\ Brag /iy = {t €suppz: |z(t)| < ﬁ}

such that 0 < p(D,) < u(T) — 2. Let Ex C T\ suppz be such that u(E,) =
wu(Dy). By Proposition 2.3, we have

1= ||zlly = /Tx(t)dt:/ . x(t)dt+/D w(t)dt
supp A A

A\a
</ r(0)dt + 2 (D, =y
supp z\ Dy 0

Take y as above. Then

Il ! 4 Aaa
- T — EXsuppr — T N supp &
) [ 1_)\ 1_)\ X pp (1_)\>k0XT\ PP o
—1 )\ )\CL@
2 || T Xoupp Dy = T3 CXsuppa\Dy m)@A .
> 1 )\CL@ A
x su x A — —e su z
- 1 o )\ X PP \D/\ (1 _ )\) kOXEA ® 1 _ )\ X PP \D>\ o
1 )\a,q;. )\
= tdt + —u(E _ - ona
T /Suppx\DA:c( )dt + W ( A)) 5 lexsuppanylg
A -
2 )\ . . [N S 1’

1—X 1—=X 1-=2\
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ie. y & B(Lg), so x is not a A-point of S(Lg).

Sufficiency. Suppose that x € B(Le), K () # @ and Iy (pousxr) > 1. By
Proposition 1.4, ext B(Lg) # @. If v € ext B(Lg), then A(z) = 1, so x is
a A-point of B(Lg). Hence, without loss of generality, we may assume that
x € S(Lg) \ ext B(Lg) and z(t) > 0 for all t € T. We have

T

AF(@)_,_ = [0, (lq>) U (U (Cli, bl)) U <U<1>, OO) s

i=1

where r € N or r = 0o and a;,b; € SC(P). If ag = 0 (ue = c0), then we assume
that [0,ae) = @ ((ug,0) = @), respectively. Consider two possible cases.

Case 1. Suppose that K(x) is a singleton, i.e. K(z) = {ko}. Since z is not an
extreme point of B(Lg), by Proposition 1.3, p{t € T : kox(t) € AF(®);} > 0.
Obviously, koz(t) < bg for p-a.e. t € T. For any 1 <1 < r denote

. i+ b;
Tf:{teT:ai</€oI(t)§ a;_ },

Q; +bl

T;‘:{teT:

Divide the set T into five disjoint subsets T, T», T3, Ty, T5 such that Ty = (J,_, 17,
T2 = UZ:l T217

< kox(t) < bl} .

T = {t eT: k’QZE(t) < CL.:I)},
T, = {t eT: l{?ox(t) > ’Lch}

and T5 =T\ Uj'=1 T;. If ag =0 (up = 00), then T3 = & (T = @), respectively.
Basing on the function z, we will construct € € ext B (X),. To this end define

(Lo, ifteTiandl<i<r
+b; ifteTjand1<i<r,
0
B(t) = éaq; ift e T3,
%ucp if t € Ty,
kl‘(t) ift e T5.

The first claim is that p(suppe) > 0. Notice that if y(suppe) = 0, then ag > 0
and 0 < koz(t) < %mb for p-a.e. t € T. Take k; = %ko. Since 0 < kyx(t) < %Gq;,
by the linearity of ® on (0, ag), we have

1

1 1 1
— (1 + ]@(k’ll‘)) = — 4+ [<I>($) < — —+ ]q;(l’) = — (1 + ]q;(k’ol’) ,
kq kq ko ko

whence ko ¢ K(z). A contradiction.

The next claim is that K(e) # @. To show this, suppose that K(e) = @. By
Proposition 2.2, it is enough to consider an Orlicz function such that
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lim, 0o (u)/u = A < 00, and sup,,.( R(u) = ¢ < co. Since K (z) is a singleton,

we conclude that p(suppz) > L. If ag > 0 or ap = 0 and (0,6) N SC(P) # & for

any 0 > 0, then suppz C suppe. Hence p(suppe) > % and, by Proposition 2.2,

K(e) # @. Therefore, the set K(e) can be empty only in the case when ag = 0
and there exists b; > 0 such that (0,b;] N SC(®) = {b;}. Then there is B < A
such that

®(u) = Bu for u € [0,b],

p(u) = B for u € [0,b1), p(u)> B for u> by, lim p(u)=A4,

U(u) =0foruel0,B], V(A)=c and ¥(u)=o0 foru> A.

To get a contradiction, we will show that p(suppe) > % By the definition of e,
it is easy to see that
supp e = supp T ~ Tll,

where T} = {t € T: 0 < koz(t) < 1b1}. Let ky = 2ko. Then

p (koz(t)) = p (k1z(t)) = B

for any t € T}'. Since K(z) = {ko}, by the definitions of k*(z) and k**(x), it
follows that Iy (p o ki) > 1. Therefore

cu(suppe) = W(A)u(suppx ~ T}) + U(B)u(T})
> / T (p(hy () da > 1,

so u(suppe) > % Hence, again by Proposition 2.2, K(z) # &, as required for

the claim.

Choose € € (0,1). Clearly, if t € T'\x (17 U T}), then e(t) > z(t) and consequently

Iy [p((1 +¢€) koe) xr(rumy)] = Ty [p ((1 + Z) /fOOC) XT\(T1UT4)] : (4)

If t € Ty, then
€
I [p((1+€) koe) xn,) = T [p ((1+5) kor) ] (5)
Now, consider ¢t € T7. For any fixed ¢, either
(1-}-5)&1‘ < bz or (1—}—5)@1 > bz

If the first inequality is satisfied, then

<1+Z> koxz(t) < <1+2> ai‘;—bi

<1(1+5)( b +bi> _UxeCxe),

2 4/ \1+¢ 8(1+¢)
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Suppose that (14 ¢)a; > b;. We have

(4 iz (14922
(4+¢2)(2+4¢)
8

<

a; < (1+¢)a;,
Since p is constant on each (a;, b;), we conclude that
£
p((L+¢)koe) x, > p ((1 + 71) k0x> X7, -
in both considered cases. Combining (4) with (6) and (5), we get
5
> — .
Lo [p((1+ ) koe)) = o [p (14 5) how) | > 1

Hence, ko > k**(e).
Analogously, by e(t) < x(t) for t € T\ (T5 U T3), we have

€
b ((1 - 5) kfoe) XT~(ToUT3) <p ((1 - Z) k?090> XT~(ToUT3)-

Moreover, it is obvious that

€
p((1 —¢)koe) X, =D ((1 — Z) k:ox> X1, = 0.
Now, assume that t € T5. Then either
(1—5)bi>ai or (1—5)bl§az

If (]_ — 5) bz > ag, then

<1 a Z) kox(t) = (1 _ %) a; ~2F b

2 4 1—c¢

When the second inequality holds, we get

(15> (1-5) 25

b; > (1 —6) b;.

Therefore, taking into account both cases, we obtain

p((1 —¢)koe) xr, <p <<1 - Z) /fOSU) XTs-

3 (1-5) (12 ) - B S s

(10)
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The inequalities (8), (9) and (10) imply that

£
_ < _ =z
Lo [p((1 =) koe)) < o [p (1= ) hor) | < 1. (11)
whence kg < k*(e). Thus, by the definition of the set K(e), we conclude that
K(e) = {ko}. Define € = —5—. Then

llells *

e

||€||<1>

K@) =K = {llellg ko} = {ko}-
(57.)

Moreover, koé(t) = koe(t) € SC(®) for all ¢t € T. By Proposition 1.3, € is an
extreme point of B (Lg).

Let y=2x —eand y = ”?ﬁ‘q). Then

EXTs = YXTs = TXTs,
aixty, = koexri < koxxri < koyxr; < bixri, 1 =1,2,...r,
aixr, < koyxr, < koxxr, < koexr, = bixr,,
ko [yl xry < aexz, = koexm,,
and
uoXT, = koexr, < Koyxr,-
Since kge differs from koy only on AF(®), we have

o (k;oe(t) ;L koy(t)> _ %q) (koe(t)) + %@ (Koy(t))

for all t € T. Hence

1 1 e+y 1
gllells + 5 lulls > |57, = lella = - (14 Ta(hon))
1 e+y
=5, (1t (057))
1 1

= — 1+ 1Is(k — (14 1 (k
Qk‘o( + 1o ( 06))+2k0( + Is (koy))
1 1

=3 lells + T (1 + Is (koy))

and consequently
L (1 To (ko)) < llylly = inf = (1 + T (y)
k_o o (Kol _yq>—£oz o \RY)) -
Therefore .
Iylle = T (1+ I (koy)) ,
0
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and ko € K(y). Moreover,

1 1
L=zl = 5 llelle + 5 [1¥lle-
2 2

Taking \ = 1

5 llellg, we have

~ -1 e 1 Yy 1 1
AN+ (1-=N7== — 4+ (1-= T — o4y =
€+( )y 9 H€H<I> ”qu) + ( 9 H€H<1>) Hqu) 26+ 2y T

whence A(z) > 1 [lef 4 > 0.
Case 2. Suppose that K (x) contains more than one point.

Subcase 2.1. Assume that ap > 0, k*(z) = ko and k™ (z) = oo, i.e. K(x) =
[ko,00). Then, by the definitions of k*(x) and k**(x), we have Iy (pokz) = 1
for any k > kq. It implies that

p(u) =0 for u € [0,aq), 0<plu) <A forué€ (ap,ue)
and p(u) =A for u > ug,

where A > 0 and ug = ko infessicqupp o ©(t) > 0. Moreover, it is clear that there

is ¢ > 0 such that ®(u) = Au — ¢ for u > ug, p(suppz) = * and u(T) > 2.

Define
1
€= k (CL(I)XT\suppx + U X'supp x) .
0

Take € > 0. Since ag > 0 implies ay = 0, we have

Iy (po (1+¢)koe) = Ly (po (1+€)usXsuppe) + Lw (P o (1 +¢€) asXTsuppe)
> W(A)p (suppz) = 1

and

Iy (po (1 —¢)koe) = Iy (po (1 —¢e)usXsuppe) + Lo (Po (1 —€) aoXTsuppa)
= V(p((1 —¢e)us))p(suppx) < ¥(A)u (suppz) = 1.

Therefore K(e) = {ko}. It also follows that

1
k’o (1+ Iy (U<I>Xsupp:c))

(14 I (kow)) = [lz]le =1

1
lelle = T (14 Iy (koe)) =

<1

k

Hence, similarly as in the Case 1, ¢ = —— € ext B(Lg), K(¢€) = {%0}. Taking

llell e

y=2r—eandy= , notice that

y
ll]

o

1
YXT~suppz = _k_GCDXT\suppac and kostuppa: Z k’0$ Z UP Xsupp x-
0
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Hence

o (koe(t) —;— ko?J@)) _ %q) (koe(t)) + %@ (koy(t))

for all ¢ € T. Repeating the same arguments as in the Case 1, it implies that
ko € K(y) and
1

1
1= ol = 2 llelly + 2 ol
Taking A = 1 [le[|y, we get 2 = Ae+ (1 — \) g, i.e. z is a A-point.

Subcase 2.2. Suppose that K (z) = [k* (x), k™ ()] with £* () < k** (z) < co. By
Lemma 2.4, without loss of generality, we can assume that if ug < 0o (agp > 0),
then AF(®); \ (ug,00) # & (AF(®)4 \ (0,as) # @), respectively. This means
that if K(z) is an interval of positive measure, then the set AF(®), \ (ug,00)
(resp. AF(®), \ (0,aq)) contains at least one interval. Now, for any k € K(x)
the set T' can be divided into five disjoint subsets T;(k) (j = 1,2,3,4,5) such
that T;(k) = U_, T;(k) (j = 1,2), where T}(k) (j = 1,2, = 1,2,...,7), T;(k)
(j = 3,4,5) are defined in the same way as sets T; G=12i=12,..7),T;
(7 = 3,4,5) in Case 1 by replacing ko with k. Now, choose ky € K (x) such that
neither 7' (ko) U Ty (ko) nor To(ko) U T5(ko) is a null set. Define e(t) in the same
way as in Case 1. Fix € > 0. By the definitions of £*(z) and k**(x), we have that

o (1) k) 21 and 1 [ (1= 5) )] < 1

In contrast to the situation in Case 1, the both inequalities need not be strict.
Repeating the same arguments as in the proof of Case 1, we can show that

p((L+e)koe) 2 p (14 7) ko)
and

p((1—¢)koe) <p ((1 — Z) k:ox> ,

where kq is chosen in such a way that at least one of the sets Ty(ko), T5(ko) is of
positive measure. If pu (To(kg)) > 0, then there exists iy such that e(t) = %bio for

te T§°(k0). It follows that for e small enough there is a set S2 C T3°(ko) with
1(S5°) > 0 such that

P((1+)biy) Xgio > P ((1 + Z) k?09€> Xgio-

Similarly, if p (T5(ko)) > 0, then
£
p((L+¢€)by) xs, > P ((1 + Z> k:ox> X555
where S3 C T3(ko) and p(Ss3) > 0. Consequently,

To [p (1 + ) koe)] > Iy [p ((1 + Z) koxﬂ > 1.
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Since u (11 (ko) U Ty(ko)) > 0, in a completely analogous way, we can show that

Iy [p (1 — €) koe)] < Iy [p ((1 - Z) koxﬂ <1

Therefore K (e) = {ko}. Repeating the same arguments as in Case 1, we conclude
that x is a A-point. O

3. Corollaries

Theorem 2.5 has several important consequences for the A-property in Orlicz
spaces

Corollary 3.1. The following are equivalent:
(a)  The space Lg has the A-property;

(b)  Either lim,_ . # =00 or lim, @ < 00 and sup, R(u) = oo;

(¢)  The space Lg does not contain an order isometric copy of I'.

Proof. The equivalence of (a) and (b) follows immediately from Theorem 2.5 and
the definition of the A-property. The equivalence of (b) and (c) is a consequence
of Theorem 2.5 and Theorem 5 in [5]. O

Now, we can apply Theorem 2.5 to the classical interpolation space L' + L™
equipped with the norm

2/l 1y e = inf{[lylly + |2l ¥ +2 =2, y €L}, z € L}

(see [3], [15]).

Corollary 3.2. A point x € S(L'+ L*>) is a A\-point if and only if u(T) > 1 and
either p(suppx) > 1 or p(suppx) = 1 and infessiesupp o |2(t)| > 0.

Proof. It is known (see [12]) that the space L' + L is an Orlicz space generated
by the Orlicz function ® defined by the formula ®(u) = max {0, |u| — 1}. Clearly
ag = ug = 1. Moreover, ||-|;1, e = [|'[|¢- It follows that R(u) = min {u,1} for
any u > 0.

Necessity. Suppose that z is a A-point. By Theorem 2.5, Iy (p o ugxr) > 1 and
K(z) # @. Since

f 1 fi —-1,1
p(u) = 0 foruel0,1) and W(u) — lu| for u € [—1,1]
1 foru>1 oo for |u| > 1,

we have

u(T) = [ W (1) di = T (po uar) > 1.

Moreover, by Proposition 2.2, it follows that either p(suppx) > 1 or u(suppz) =
1 and infess;equppz |2(t)] > 0.
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Sufficiency. Obviously, Iy (pousxr) > 1, whenever u(7') > 1. By Proposi-
tion 2.2, K(x) # @, so by Theorem 2.5, s is a A-point. ]

Consider the space L' N L™ equipped with the norm ||| ;1p00 = ||l ;12 + 1]l foc -
Corollary 3.3. The space L' N L™ has the A-property.

Proof. L' N L™ is the Orlicz space Lg with the equality of the norms, where

D) = {|u| for u € [—1,1]

oo for |u| >1

P(u)

(see [13]). Since lim, o —— = 00, by Corollary 3.1, we get the thesis. O
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