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1. Introduction

In the theory of Banach spaces various coefficients and moduli scaling geometric
properties are considered. Many of such properties and corresponding coefficients
have been successfully applied to metric fixed point theory (see [14]). Uniform
normal structure and uniform nonsquareness are among the basic ones. In par-
ticular, they guarantee existence of fixed points of nonexpansive mappings on
bounded closed convex sets. This was the motivation for many authors to look
for conditions which imply these properties. When dealing with a special class of
Banach spaces we can find specific conditions of this kind.

In this paper we deal with Banach lattices, in particular with Köthe spaces. In
this case we can use properties related to order, mainly uniform monotonicity
and order uniform smoothness. Moduli corresponding to these properties can
be found in the literature. Especially the modulus of monotonicity which corre-
sponds to the first of them was intensively studied (see for instance [10], [9] and
[5]). The coefficient related to this modulus is called the characteristic of mono-
tonicity and denoted by ε0,m(X). The modulus corresponding to order uniform
smoothness was defined by Kurc [18]. It is related to the Riesz angle α(X) which
was introduced by Borwein and Sims [3] who used it to establish a fixed point
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theorem for Banach lattices. Recently applications of uniform monotonicity and
the Riesz angle to metric fixed point theory were given in [2]. In this paper we
prove that if for a Banach lattice X the inequality 2ε0,m(X) + α(X) < 2 holds,
then X is uniformly nonsquare. In case of Köthe spaces we study the property of
orthogonal uniform convexity introduced by Kolwicz in [15]. We prove that it im-
plies uniform normal structure and uniform nonsquareness both in the space and
the dual space. As corollaries we obtain fixed point theorems for nonexpansive
mappings.

2. Preliminaries

In this paper we will consider only real Banach spaces with dimension at least
two. Let X be such space. By BX and SX we denote the closed unit ball and the
unit sphere of X, respectively.

The James constant, or the nonsquare constant of a Banach space X was defined
by Gao and Lau in [6] as

J(X) = sup{min{‖x+ y‖, ‖x− y‖} : x, y ∈ SX}.

In this definition SX can be replaced by BX . In [7] Gao and Lau showed that, in
general,

√
2 ≤ J(X) ≤ 2. A space X is uniformly nonsquare if J(X) < 2. The

dual space X∗ is uniformly nonsquare if and only if X is uniformly nonsquare (see
[12]). In [11] James proved that uniformly nonsquare spaces are superreflexive.
Roughly speaking, the coefficient J(X) shows how two dimensional subspaces of
X are close to being isometric to the plane with the maximum norm.

In [21] the coefficient G1(X) was introduced. It shows how two dimensional
subspaces of X are close to being isometric to the plane with a norm which
coincides with the maximum norm in two symmetric quadrants. Let us recall
that

G1(X) = inf{max{‖x− y‖, 3− ‖2x− y‖, 3− ‖x− 2y‖} : x, y ∈ SX}.

It is easy to see that 1 ≤ G1(X) ≤ 2 and in [21] it was shown that if G1(X) > 1,
then X is uniformly nonsquare.

The above coefficients are related to normal structure, which is one of the basic
concepts in metric fixed point theory. Let us recall the definition. Given a
nonempty bounded subset A of a Banach space X, we put

r(A) = inf

{

sup
y∈A

‖x− y‖ : x ∈ A

}

.

This number is called the Chebyshev radius of A (with respect to A). A Banach
space X has normal structure if

r(A) < diamA
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for every bounded convex subset A ofX with diamA > 0. If there exists c ∈ (0, 1)
such that

r(A) ≤ c diamA

for every bounded convex subset A of X, the space X is said to have uniform
normal structure. Uniformly nonsquare spaces need not have normal structure,
but in [4] it was shown that X has uniform normal structure if J(X) < 1+

√
5

2
.

Also, the condition G1(X) > 1 implies uniform normal structure (see [21]).

One of the main applications of normal structure to metric fixed point theory is
Kirk’s theorem (see [13]) which assures that every reflexive space X with normal
structure has the fixed point property for nonexpansive mappings, i.e., for every
nonempty bounded closed convex subset C of X and every mapping T : C → C

such that
‖T (x)− T (y)‖ ≤ ‖x− y‖

for all x, y ∈ C there exists x ∈ C for which T (x) = x. In [8] it was proved that if
X is uniformly nonsquare, then X has the fixed point property for nonexpansive
mappings.

In this paper we deal with Banach lattices. For the definition and properties of
such spaces the reader can consult [19] or [20]. A very useful property is that if
an inequality involves lattice and algebraic operations, then it is enough to check
its validity for real numbers to be sure that it holds for vectors in an arbitrary
Banach lattice (see [19, p. 1]).

In the literature concerning Banach lattices specific coefficients and moduli re-
lated to order are considered. One of the basic moduli is the (lower) modulus of
monotonicity δm,X . Given a Banach lattice X and ε ∈ [0, 1], we have

δm,X(ε) = inf{1− ‖x− y‖ : x, y ∈ X, 0 ≤ y ≤ x, ‖x‖ ≤ 1, ‖y‖ ≥ ε}.

We say that X is uniformly monotone if δm,X(ε) > 0 for all ε ∈ (0, 1]. The
coefficient

ε0,m(X) = sup{ε ∈ [0, 1] : δm,X(ε) = 0}
is called the characteristic of monotonicity of X. Clearly, X is uniformly mono-
tone if and only if ε0,m(X) = 0. Moreover, the condition ε0,m(X) < 1 is equivalent
to limε→1 δm,X(ε) > 0.

In [18] the modulus of order smoothness of a Banach lattice X was introduced as
follows

ρm,X(t) = sup{‖x ∨ ty‖ − 1 : x, y ∈ BX , x, y ≥ 0}
where t ∈ [0, 1]. A lattice X is called order uniformly smooth if

lim
t→0

ρm,X(t)

t
= 0.

Both functions δm,X and ρm,X are nondecreasing, convex and have value 0 at 0.
Kurc [18] proved that δm,X∗∗ = δm,X , ρm,X∗∗ = ρm,X and the following duality
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formulae hold:

δm,X(ε) = sup
0≤t≤1

(εt− ρm,X∗(t)), (1)

ρm,X∗(t) = sup
0≤ε≤1

(εt− δm,X(ε))

for all ε, t ∈ [0, 1]. This shows that X is uniformly monotone (resp. order uni-
formly smooth) if and only if the dual lattice X∗ is order uniformly smooth (resp.
uniformly monotone).

The number

ρm,X(1) + 1 = sup{‖x ∨ y‖ : x, y ∈ BX , x, y ≥ 0}
is called the Riesz angle of X and denoted by α(X) (see [3]). The formula
ρm,X∗∗ = ρm,X shows in particular that α(X∗∗) = α(X). Clearly, 1 ≤ α(X) ≤ 2
and in metric fixed point theory lattices with α(X) < 2 are considered (see [3]
and [2]). This condition is equivalent to the following one

lim
t→0

ρm,X(t)

t
< 1.

Indeed, ρm,X is convex, so
ρm,X(t)

t
≤ ρm,X(1) if t∈ (0,1]. Consequently, limt→0

ρm,X(t)

t

≤ α(X)− 1. On the other hand, x ∨ y ≤ x ∨ ty + (1− t)y for all x, y ∈ BX and
every t ∈ (0, 1). Hence ‖x ∨ y‖ ≤ ‖x ∨ ty‖+ 1− t which shows that

α(X) ≤ ρm,X(t) + 2− t = 2− t

(

1− ρm,X(t)

t

)

.

From this inequality it is easy to see that if limt→0
ρm,X(t)

t
< 1, then α(X) <

2. Observe also that from the duality formula (1) it follows that ε0,m(X) =

limt→0
ρm,X∗ (t)

t
. Hence α(X∗) < 2 if and only if ε0,m(X) < 1.

Let X be a σ-order complete Banach lattice, i.e., every sequence bounded from
above has a least upper bound in X. Given y ∈ X we can therefore consider the
band projection given by the formula

Py(x) =
∞
∨

n=1

[

(n|y|) ∧ x+
]

−
∞
∨

n=1

[

(n|y|) ∧ x−]

for every x ∈ X. We also put Qy = I −Py, where I is the identity operator. The
maps Py and Qy are positive linear projections with the following properties (see
[20], [23]):

(i) Py(y) = y, Qy(y) = 0,

(ii) Py(z) = 0 for every z ∈ X such that |y| ∧ |z| = 0,

(iii) Py(|x|) = |Py(x)| and Qy(|x|) = |Qy(x)| for every x ∈ X,

(iv) |Py(x)| ∧ |Qy(z)| = 0 for all x, z ∈ X,

(v) Py + Pz = Py+z for all y, z ∈ X such that |y| ∧ |z| = 0,

(vi) ‖Py‖ = 1 = ‖Qy‖.
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3. Results

The following result is essentially known, its partial case was established in [24].

Proposition 3.1. If a Banach lattice X is σ-order complete, then

α(X) = sup{‖x ∨ y‖ : x, y ∈ BX , x, y ≥ 0, x ∧ y = 0}.

Proof. Let

c = sup{‖x ∨ y‖ : x, y ∈ BX , x, y ≥ 0, x ∧ y = 0}.

Clearly, c ≤ α(X). To show the opposite inequality we take arbitrary x, y ∈ BX

with x, y ≥ 0 and put u = x− x ∧ y. Then Pu(x), Qu(y) ≥ 0, Pu(x), Qu(y) ∈ BX

and Pu(x) ∧ Qu(y) = 0. Moreover, u ∧ (y − x ∧ y) = 0, so Pu(y) − Pu(x ∧ y) =
Pu(y − x ∧ y) = 0. Hence Pu(y) = Pu(x ∧ y) and

Pu(x) ∨Qu(y) = Pu(x) +Qu(y) = Pu(x) + y − Pu(y) = Pu(x) + y − Pu(x ∧ y)

= Pu(u) + y = u+ y = x ∨ y.

Consequently, ‖x ∨ y‖ = ‖Pu(x) ∨Qu(y)‖ ≤ c. This shows that α(X) ≤ c.

Observe that if |x| ∧ |y| = 0, then ‖|x| ∨ |y|‖ = ‖|x| + |y|‖ = ‖|x| − |y|‖. From
Proposition 3.1 it therefore follows that α(X) ≤ J(X) if X is σ-order complete.
Actually, the assumption of σ-order completeness is superfluous. Indeed, the dual
lattice is σ-order complete (see [19]), so given an arbitrary Banach lattice X we
have α(X) = α(X∗∗) ≤ J(X∗∗) = J(X). We therefore see that if X is uniformly
nonsquare, then α(X) < 2. By duality we also conclude that if X is uniformly
nonsquare, then ε0,m(X) < 1.

Notice that ε0,m(l1) = 0, α(l1) = 2 and ε0,m(c0) = 1, α(c0) = 1 while l1 and
c0 are not uniformly nonsquare. On the other hand, in [2] it was shown that if
max{2ε0,m(X), α(X)} < 2, then X is superreflexive. Our first result gives us an
analogous sufficient condition for uniform nonsquareness.

Theorem 3.2. Let X be a Banach lattice. If 2ε0,m(X) + α(X) < 2, then X is

uniformly nonsquare.

Proof. Assume that 2ε0,m(X) + α(X) < 2 and X is not uniformly nonsquare.

Then for every γ ∈
(

0, 1− α(X)
2

)

there exist x, y ∈ SX such that

‖x− y‖ > 2(1− γ), ‖x+ y‖ > 2(1− γ).

We put
u = |x− y| − ||x| − |y||, v = |x+ y| − ||x| − |y||.

The vectors u, v are nonnegative and

u ∧ v = |x− y| ∧ |x+ y| − ||x| − |y|| = 0.
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Therefore,

u+ v = v ∨ v = |x− y| ∨ |x+ y| − ||x| − |y||
= |x|+ |y| − ||x| − |y|| = 2(|x| ∧ |y|).

By our assumption X is superreflexive and we can consider the projections Pu,
Pv, Qu, Qv. We have Qu(u) = 0, so

Qu(|x− y|) = Qu(||x| − |y||) = Qu(|x|+ |y| − 2(|x| ∧ |y|))
= |Qu(x)|+ |Qu(y)| − 2Qu(|x| ∧ |y|).

Clearly,
Pu(|x− y|) = |Pu(x)− Pu(y)| ≤ |Pu(x)|+ |Pu(y)|

which shows that

|x− y| = Pu(|x− y|) +Qu(|x− y|)
≤ |Pu(x)|+ |Pu(y)|+ |Qu(x)|+ |Qu(y)| − 2Qu(|x| ∧ |y|)
= |x|+ |y| − 2Qu(|x| ∧ |y|).

Similarly,
|x+ y| ≤ |x|+ |y| − 2Qv(|x| ∧ |y|).

Hence

1− γ < min

{
∥

∥

∥

∥

1

2
(x− y)

∥

∥

∥

∥

,

∥

∥

∥

∥

1

2
(x+ y)

∥

∥

∥

∥

}

≤ min

{
∥

∥

∥

∥

1

2
(|x|+ |y|)−Qu(|x| ∧ |y|)

∥

∥

∥

∥

,

∥

∥

∥

∥

1

2
(|x|+ |y|)−Qv(|x| ∧ |y|)

∥

∥

∥

∥

}

≤ 1− δm,X(ε)

where ε = max{‖Qu(|x| ∧ |y|)‖, ‖Qv(|x| ∧ |y|)‖}. This gives us the inequality

δm,X(ε) < γ. (2)

But

Pu(|x| ∧ |y|) + Pv(|x| ∧ |y|) = Pu+v

(

1

2
(u+ v)

)

=
1

2
(u+ v) = |x| ∧ |y|

and consequently,

Qu(|x| ∧ |y|) +Qv(|x| ∧ |y|) = |x| ∧ |y|.

Therefore,

2(1− γ) < ‖x+ y‖ ≤ ‖|x| ∨ |y|‖+ ‖|x| ∧ |y|‖
≤ α(X) + ‖Qu(|x| ∧ |y|)‖+ ‖Qv(|x| ∧ |y|)‖
≤ α(X) + 2ε
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which shows that ε > 1− γ − α(X)
2

. From this inequality and (2) we obtain

δm,X

(

1− γ − α(X)

2

)

< γ

and passing to the limit with γ → 0 we see that

δm,X

(

1− α(X)

2

)

= 0.

This gives us the inequality 1− α(X)
2

≤ ε0,m(X) which contradicts our assumption.

If a Banach lattice X is uniformly monotone and l1 is not finitely representable
in X, then X has the fixed point property for nonexpansive mappings (see [1]).
The same conclusion holds if α(X) < 2 and X is weakly orthogonal (see [2]).
Theorem 3.2 gives us another condition sufficient for the fixed point property for
nonexpansive mappings.

Corollary 3.3. Let X be a Banach lattice. If 2ε0,m(X)+α(X) < 2, then X has

the fixed point property for nonexpansive mappings.

In our next result we deal with Köthe spaces, so let us recall the definition of
these spaces. Let (T,Σ, µ) be a measure space with a σ-finite, complete measure
µ. By L0 we denote the space of all equivalence classes of real-valued measurable
functions on T with respect to the relation of equality µ-almost everywhere. A
Banach space X is said to be a Köthe space if X is a linear subspace of L0 and
the following conditions hold.

(1) If x ∈ X, y ∈ L0 and |y| ≤ |x| µ-a.e., then y ∈ X and ‖y‖ ≤ ‖x‖.
(2) There exists a function x ∈ X which is strictly positive µ-a.e. in T .

For simplicity we usually consider elements of the Köthe space as functions on T .

Let X be a Köthe space. For x, y ∈ X we put Axy = suppx÷ supp y = (suppx \
supp y)∪(supp y\suppx). The modulus of orthogonal convexity ofX was defined
by Kolwicz [15] in the following way

δ⊥X(ε) = inf

{

1−
∥

∥

∥

∥

1

2
(x+ y)

∥

∥

∥

∥

: x, y ∈ SX , max{‖xχAxy
‖, ‖yχAxy

‖} ≥ ε

}

where ε ∈ [0, 1]. It is easy to see that SX can be replaced by BX in this
formula and δ⊥X(ε) ≤ ε

2
for every ε ∈ [0, 1]. The space X is said to be or-

thogonally uniformly convex if δ⊥X(ε) > 0 for every ε ∈ (0, 1]. In [15] it was
shown that if X is orthogonally uniformly convex, then X is uniformly mono-
tone. Observe that if x, y are disjoint norm-one vectors in a Köthe space X, then
max{‖xχAxy

‖, ‖yχAxy
‖} = max{‖x‖, ‖y‖} = 1 and consequently,

‖x ∨ y‖ = ‖x+ y‖ ≤ 2(1− δ⊥X(1)).
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Since every Köthe space is σ-order complete (see [19]), from Proposition 3.1 it
follows that

α(X) ≤ 2(1− δ⊥X(1)).

In view of Theorem 3.2 this shows that if X is orthogonally uniformly convex,
then X is uniformly nonsquare. However, our next theorem gives a stronger
conclusion.

Theorem 3.4. Let X be a Köthe space. If X is orthogonally uniformly convex,

then G1(X) > 1.

Proof. Assume that X is orthogonally uniformly convex and G1(X) = 1. We
take an arbitrary η ∈ (0, 1

8
). Our assumption guarantees that δm,X and δ⊥X are

increasing positive functions in (0, 1] and we can choose γ > 0 such that γ +
δ−1
m,X(γ) < δ⊥X(η).

Since G1(X) = 1, there exist x1, x2 ∈ SX such that

‖x1 − x2‖ < 1 + γ, ‖2x1 − x2‖ > 2(1− γ2), ‖x1 − 2x2‖ > 2(1− γ2).

We put u1 =
1

1+γ
x1, u2 =

1
1+γ

x2 and u = u2 − u1. Then u1, u2, u ∈ BX ,

‖u1 − u‖ > 2
1− γ2

1 + γ
= 2(1− γ)

and similarly, ‖u+ u2‖ > 2(1− γ).

We consider elements of the space X as functions defined on a set T . We put

A1 = {t ∈ T : signu1(t) = signu(t)}, A2 = {t ∈ T : signu2(t) 6= signu(t)}

and Bi = T \ Ai for i = 1, 2.

Then

|ui(t) + (−1)iu(t)| = ||ui(t)| − |u(t)|| = |ui(t)|+ |u(t)| − 2(|ui(t)| ∧ |u(t)|)

for every t ∈ Ai. Clearly, |ui(t)+ (−1)iu(t)| ≤ |ui(t)|+ |u(t)| for t ∈ Bi, so we see
that

1

2
|ui(t) + (−1)iu(t)| ≤ 1

2
(|ui(t)|+ |u(t)|)− (|ui(t)| ∧ |u(t)|)χAi

(t)

for every t ∈ T . Hence

1− γ <

∥

∥

∥

∥

1

2
(ui + (−1)iu)

∥

∥

∥

∥

≤
∥

∥

∥

∥

1

2
(|ui|+ |u|)− (|ui| ∧ |u|)χAi

∥

∥

∥

∥

≤ 1− δm,X(‖(|ui| ∧ |u|)χAi
‖)

which gives us the inequality δm,X(maxi=1,2 ‖(|ui| ∧ |u|)χAi
‖) < γ. Consequently,

max
i=1,2

‖(|ui| ∧ |u|)χAi
‖ < γ1
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where γ1 = δ−1
m,X(γ). We put

wi = |ui| − (|ui| ∧ |u|)χAi
, vi = |u| − (|ui| ∧ |u|)χAi

.

Then w1, w2, v1, v2 ∈ BX , ‖wi − |ui|‖ < γ1, ‖vi − |u|‖ < γ1 and wiχAi
∧ viχAi

= 0
for i = 1, 2. The last equality shows that Ci ∩Di = ∅, where Ci = suppwi ∩ Ai

and Di = supp vi∩Ai. It follows that Si = suppwi÷ supp vi ⊃ Ci÷Di = Ci∪Di

and therefore, ‖wiχSi
‖ ≥ ‖wiχAi

‖, ‖wχSi
‖ ≥ ‖viχAi

‖.
Hence

1− δ⊥X(max{‖wiχAi
‖, ‖viχAi

‖}) ≥
∥

∥

∥

wi + vi

2

∥

∥

∥
≥

∥

∥

∥

∥

|ui|+ |u|
2

∥

∥

∥

∥

− γ1 > 1− γ − γ1

which shows that δ⊥X(max{‖wiχAi
‖, ‖viχAi

‖}) < γ + γ1 < δ⊥X(η). Consequently,

max{‖wiχAi
‖, ‖viχAi

‖} < η.

Let us consider the case where i = 1. We have

‖u1χA1
‖ ≤ ‖w1χA1

‖+ ‖|u1|χA1
− w1χA1

‖ < η + γ1 < η + δ⊥X(η) < 2η

and

‖u2χA1
‖ ≤ ‖u1χA1

‖+ ‖uχA1
‖ < 2η + ‖v1χA1

‖+ γ1 < 3η + γ1 < 4η.

Similarly, ‖uiχA2
‖ < 4η for i = 1, 2. Let A = A1 ∪A2 and B = T \A = B1 ∩B2.

Then ‖uiχA‖ < 8η for i = 1, 2.

We put zi = uiχB where i = 1, 2. Then z1, z2, z1 − z2 ∈ BX and ‖zi − ui‖ =
‖uiχA‖ < 8η. Hence

‖zi‖ ≥ ‖ui‖ − 8η =
1

1 + γ
− 8η >

1− 9η

1 + η
.

Moreover, if t ∈ B, then signu1(t) 6= signu(t) = signu2(t). Consequently,
signu1(t) 6= signu2(t) which gives us the equality |u1(t)−u2(t)| = |u1(t)|+ |u2(t)|.
Therefore, |z1 − z2| = |z1|+ |z2| ≥ |z1| and |z1 − z2| − |z1| = |z2|. It follows that

δm,X

(

1− 9η

1 + η

)

≤ 1− ‖z2‖ ≤ 1− 1− 9η

1 + η

and passing to the limit with η → 0, we see that δm,X(1) = 0, which contradicts
our assumption.

Observe that if a Köthe space X is orthogonally uniformly convex, then the dual
space X∗ has uniform normal structure. Indeed, in [16] it was proved that or-
thogonally uniformly convex Köthe spaces are P-convex, so the conclusion follows
from a result proved in [22]. This and Theorem 3.4 give us the following corollary.

Corollary 3.5. Let X be a Köthe space. If X is orthogonally uniformly convex,

then both X and X∗ are uniformly nonsquare and have uniform normal structure.

From Corollary 3.5 it follows that if a Köthe space X is orthogonally uniformly
convex, then X and X∗ have the fixed point property for nonexpansive mappings.
This result for the space X has been already proved in [17].
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