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Some geometric properties of the Cesaro function spaces Cp ., 1 < p < o0, induced by an
arbitrary positive weight function w on an interval (0,1) where 0 < I < oo are studied in
this paper. It is showed that all non-empty relatively weakly open sets in the unit ball of
Cpw have diameter 2. Also C), ,, 1 < p < oo is strictly convex but no point of its unit ball
is strongly extreme. Moreover, some connections between uniformly non-square points and
various geometric properties in general Banach spaces are presented.
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1. Introduction

The Cesaro function spaces were studied for the first time in 1970 [16] and then,
for a long time they did not attract a lot of attention. Only recently, in a series
of papers [4, 6, 5], Astashkin and Maligranda started to study thoroughly the
structure of the Cesaro function spaces Cesy, 1 < p < oo with standard weight
w(z) = xz~'. They showed, among others, that Ces, is not reflexive, is not
isomorphic to any L,, 1 < ¢ < 0o, does not have Dunford-Pettis Property but
has the weak Banach-Saks property. They also investigated the dual space of
Ces, [5]. They found a Banach space equipped with a norm equivalent to the
dual norm, which is an isomorphic representation of the dual space of Ces,. In [13]
the dual norm of the Cesaro function space C,,, on (0,1), 0 < [ < oo, generated
by 1 < p < oo and an arbitrary positive weight function w has been found. In
the same paper authors also show that the space C,,, has all slices of the unit
ball of diameter 2 and hence C),,, does not have the Radon-Nikodym property.
Moreover, C),,, is not locally uniformly convex and is not a dual space.

In this paper we continue the study of geometric properties of the Cesaro function
space Cp .
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We start our presentation with results in general Banach spaces. In Section 2,
we show, among others, that if there are no locally uniformly non-square points
in the unit sphere then all slices of the unit ball have diameter 2.

Sections 3 to 5 are devoted to geometric properties of the Cesaro function space
Cpw- In Section 3, using results from Section 2, we show that all non-empty
relatively weakly open sets of the unit ball of C,, ,, have diameter 2 and that C,, ,,
is not uniformly rotund in every direction. It is also showed that there are no
strongly extreme points in the unit ball while in Section 4 we show that C, ., is
strictly convex.

In the final Section 5 we show that there is an asymptotically isometric copy of
¢y in Cp,,. It follows that C),,, does not have the fixed point property.

We will use the standard notation. For a Banach space (X, | - ||) by Bx and Sx
we denote the unit ball and the unit sphere of X, and by X* the dual space of
X. By A we denote the Lebesgue measure on the real line R. For an interval
I € R by Lo(I) we denote the set of all (equivalence classes of) real valued
Lebesgue measurable (finite almost everywhere) functions on I. Any Banach
space £ = E(I) C Lo(I) with norm || - || satisfying the condition that f € E
and || f]] < ||g|| whenever 0 < f < g ae., f € Lo(I) and g € E, is called a
Banach function lattice. An element f in a Banach function lattice E is called
order continuous if for every 0 < f, < |f| a.e. such that f, | 0 a.e. it holds
lfall L 0. We say that E is order continuous if every element in F is order
continuous. A Banach function lattice (E, || - ||) has the Fatou property if for any
sequence (f,) C E and any f € Lo(I) such that 0 < f, < f a.e., f, T f a.e. and
sup,, || fal] < oo it holds f € E and | f|| = lim, ||f.||. Definition of the Cesaro
function space C,,,, and related notion are provided in Section 3.

2. Some results in general Banach spaces

Let (X,| -|) be a (real) Banach space. For any z* € Sy« and € > 0 the set
S(x*;e) = {x € Bx : z*x > 1 — ¢} is called a slice determined by z* and e.

A finite convex combination of slices is a set of the form
n n
S:Z)\ZS(.T;k,EZ>, Z)\Z:L >\z>07
i=1 i=1

where z7 € Sx- and¢; > 0,7=1,2,...n.
We say that a Banach space (X, || - ||) has the

a) local diameter 2 property if every slice of Bx has diameter 2.
b) diameter 2 property if every non-empty relatively weakly open subset of By
has diameter 2.

c) strong diameter 2 property if every finite convex combination of slices of By
has diameter 2.
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Examples of spaces with diameter 2 properties are ¢o, L1]0,1] and C[0,1]. For
other examples and history of these properties we refer to [2]. It is known that
the following implications hold true between diameter 2 properties

c = b = a.

It has also been reported that strong diameter 2 property is not equivalent to
diameter 2 property [1]. However, it is not known whether local diameter 2
property implies diameter 2 property.

We show that there are connections between uniformly non-square points and
diameter 2 properties.

We say that a point x € X is uniformly non-square if there exists p > 1 such
that

pmin{|[z]], lyll} < max{||z +yll, [z —y[]} forallye X.

If all points x € X are uniformly non-square then the space (X, || - ||) is called
locally uniformly non-square. Uniformly non-square points were introduced by
Schiffer in 1976 [15, p. 131].

It should be noted that in the literature there is another geometric property, also

called local uniform non-squareness, which is not equivalent to one stated above
(cf. [11] and references therein and [7, p. 127]).

The following lemma is easy to show.
Lemma 2.1. Let (X, || -||) be a Banach space.

(i) Ifx € X is a uniformly non-square point then so is A\x for any A € R.
(i)  The space X is locally uniformly non-square if and only if all points x € Sx
are uniformly non-square.

Now we give equivalent conditions under which a point x € Sy is not uniformly
non-square. Some of them are known. We deliver a proof for the sake of com-
pleteness.

Proposition 2.2. Let (X, ||-||) be a Banach space, and let x € Sx. The following
are equivalent.

(i) The point x is not uniformly non-square.

(i1)  There exists a sequence (y,) C X such that ||y,|| — 1 and ||z £y,|| — 1 as
n — oo.

(#i) There exists a sequence (y,) C Bx such that ||y,|| — 1 and ||z £ y,|| — 1
as n — oo.

(i) There ezists a sequence (y,) C Sx such that ||x £ y,|| — 1 as n — 0.

(v)  There ezists a sequence (y,) C Bx such that |A\x £y,|| — 1 asn — oo for
all X € 0, 1].
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Proof. (i) = (ii) First observe that, for any z,y € X,

rT—y T4y 1 1
= < = N — vyl
ol = |52+ 22 H SNz gl + Sl =yl
Hence
Iz +yll + llz =yl = 2= (1)

Changing the roles of z and y we can infer that ||z+y||+|z—y| = 2 max(||z|], [|y]])-
Hence
max(||z + y|, |z —yl|) = max([|lz], [y[l), for all z,y € X. (2)

It follows that

max(||lz + |, [l — yl)
min({|z|[, [ly[])

>1, forall z,y € X. (3)

Let x € Sx be a point which is not uniformly non-square. By inequality (3), we
get that there exists sequence (y,) C X such that

max(||z + yul|, [|7 — yall)
min(1, [|y,||)

— 1 asn — oo. (4)

It follows that |ly,|| — 1 as n — oo. Indeed, if there is a subsequence y,,, such
that g, || <7 < 1for all k € N then max(|2+yn, |, [ )/ min(L, gm [} >
1/n > 1. Similarly, if ||lyn, || = n > 1 for all k € N then by (2) max(||z+yn, |, ||z —
Y, ||)/ min(1, ||yn,l|) = n/1 > 1. In both cases we have a contradiction with (4).
Now it follows from (4) that max(||z + yn|, ||z — yu|]) — 1 as n — oo. Since
|z]| = 1, by (1) we get that ||z £ y,|| — 1 as n — oc.

(11) = (iv) By (ii) we can find a subsequence of (y,), again called (y,), such
that ||ys|| — 1, ||lx £ yn|| — 1 as n — oo and either (y,) C Bx or (y,) C X \ Bx.

Suppose first that (y,) C Bx. Let 7,7, = 0 be such that v, — v as n — oo. We
have

(14 )y = 2| = [|(2 4 ¥)yn — (g0 T 2)]
Z |2+l =y F2lll =2+ -1=1+7.

Hence lim,__||(1-+7 )y > 1+7. But |17l < Al + g —
147 whence lim,, oo || (1470 ) yn || < 147 and so lim,, o0 || (147, )ynEz|| = 1+7.
Equivalently

+7

lim "N+ ) e £yl = 1.
Jim T )

Since (1+7,)/(1+7) — 1 as n — oo we get that lim, o ||(14+7,) "tz Ly, || = 1.
Now taking 7, = 1/|lys]| — 1 we obtain that ~,, — 0 and

Hynllz £ yall = (L +7) 11 +70) "2 £yl — 1.

/]|

‘ 1
lynl
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In case when (y,) C X \ Bx we proceed similarly. Let 0 < v, < 1, n € N be such
that v, — 0 as n — co. We have

(1 = v)yn £zl = (2 = )yn — (yn F @)l
> 2= v)llwnll = lyn F 2l = 2-1=1.

Hence lim,, o [|(1=n)yn T2 = 1. But [|(1=n)yn £ (| < [[mynll +[lyn £l — 1
whence lim,, o|[(1 — v)yn £ 2| < 1 and so lim, .o ||(1 — )y £ 2| = 1.
Equivalently

Jim (1= ) [I(L =) £ = 1

Now taking 7, = 1 — 1/||y,|| we obtain that 7,, — 0 and

Yn _
Hxi Mgl £ gl = (1 = 3)1(1 = 30) "2 £ gl — L.

[y

‘ 1
[y

Implications (iv) = (i4i) and (#i) = (i) are obvious. Hence conditions
(1)-(iv) are equivalent.

The implication (v) = (dit) is clear. While (ii) = (v) can be proved in
the same way as the first part of (i1) = (iv) by taking 7, = 1/ — 1 to be a
constant sequence and v = 1/XA — 1 in case when A € (0,1]. For A = 0 the claim
is clear. O

Observe that x € Sx is uniformly non-square if and only if there exists § > 0
such that
max{|[z +y|, ||z —yl[} 2 1+0 forally e Sx. (5)

Indeed, if x € Sy is uniformly non-square then (5) is satisfied. If z € Sy is
not uniformly non-square then by Proposition 2.2 (iv) there exists a sequence
(yn) C Sx such that ||z £ y,|| — 1. Hence (5) is not satisfied.

A point x € Sy is called strongly extreme or midpoint locally uniformly rotund,
if for every sequence (x,) C By the condition ||z £+ x,|| — 1 as n — oo implies
that x,, — 0 as n — oo. If all points of the unit sphere Sx are strongly extreme
points then the space (X, | - ||) is called midpoint locally uniformly rotund. A
Banach space (X, || - ||) is called uniformly rotund in every direction if y,,z € X,
lynll = 1, ||z + yn|] — 1 and ||z + 2y,|| — 2 implies that x = 0.

The following fact is clear.

Proposition 2.3. If x € Sx is a strongly extreme point then it is a uniformly
non-square point.

It follows that a midpoint locally uniformly rotund space is necessarily locally
uniformly non-square. Similar claim holds true for uniformly rotund in every
direction space.

Proposition 2.4. If a Banach space (X, || - ||) is uniformly rotund in every di-
rection then it 1s locally uniformly non-square.
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Proof. Let (X, -||) be an uniformly rotund in every direction space. Suppose
that © € Sx is not an uniformly non-square point. By Proposition 2.2 (v) there
exists a sequence (y,) C By such that ||y,|| — 1, [[z+y.|| — 1 and ||z +2y,| — 2
as n — 0o. From the assumption on X we get that x = 0 which is a contradiction
with z € Sx. O

On the other hand, the following interesting fact holds true.

Proposition 2.5. Let (X, | - ||) be a Banach space. If there are no uniformly
non-square points in the unit sphere Sx then X has the local diameter 2 property.

Proof. Let z* € Sx- and € > 0 be arbitrary. Let § < ¢/4 be positive and choose
x € Sx such that z*x > 1 —4. In particular x € S(z*;¢). By assumption x is not
a uniformly non-square point, so by Proposition 2.2 (iii) there exists a sequence
(yn) C By such that ||z +y,| — 1 and ||y,|| — 1 as n — oco. Since

vz £ yn) < |27 (z £ yn)| < |27

we get that z*(x £ y,) < 1+ 0, whence |z*y,| < 2J for all n sufficiently large.
Now, since ||z + y,|| — 1 as n — oo, for all n large enough

X*

rEtuy,| — 1,

T £ Y,
1496

~

Moreover

[T EYn 1 . . 1 o - -
x(1+5> 1Jr5(fc:ciacyn)>Hé(l 6—20)>1—40>1—¢,

hence (x £ y,)/(1+9) € S(z*;¢) for all n large enough. We also get that
T+ Yn T — Yy

1+0 1+96

2
1+5H Yn|l — T as n — oo.

Since § can be taken arbitrarily small we get that diameter of S(z*;¢€) is equal
2. O

The following result is a part of the proof of Theorem 3.5 in [3]. We provide it
here for reader’s convenience.

Proposition 2.6. Let (X, | - ||) be an infinite dimensional Banach space. If for
every v € Sx there is a sequence (y,) C Bx such that ||z £ y,| — 1, |lyn]] — 1
and y, — 0 weakly in X as n — oo then X has the diameter 2 property.

Proof. Let W # () be a relatively weakly open subset of By. Since X is infinite
dimensional there is x € W such that ||z| = 1. By assumption there exists a
sequence (yp) C BX such that ||z £ yn|| — 1, ||lyn|| — 1 and Yn — 0 weakly in X
asn — o0o. Let z, = v +y, and =, = 2 — y,. Clearly x, 2, — = weakly in X,
I, flell = 1 and |1, — 2| = 2llgn ]| — 2 as 0 — oo. Taking 2 = /|2,
and w, = z, /||x,||, we clearly have that z,,w, — x weakly in X, z,,w, € Bx
and ||z, — w,| — 2 as n — oc. O
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Recall that a point © € Sx is called an H-point of Bx if for every sequence
() C X such that ||z,| — ||z|| and z, — x weakly it follows that ||z —z,| — 0
as n — oo. If all points of the unit sphere are H-points then (X, || - ) is said to
have Kadec-Klee property or H property or Radon-Riesz property.

In connection with points which appear in the Proposition 2.6 we have the fol-
lowing result.

Proposition 2.7. If for x € Sx there is a sequence (y,) C Bx such that y, - 0,
Yn — 0 weakly in X and either ||z + y,|| — 1 or ||z —y,|| — 1 as n — oo then x
15 not an H-point of Bx.

Proof. It is enough to take =, = z + y, or &, = & — yp, if ||z + y,|| — 1 or
|x — ynl| — 1 as n — o0, respectively. By assumption ||x,| — 1 = ||z||, z, — z
weakly and ||z, — x| = |lya| = 0. O

3. Diameter 2 properties

Let I = (0,1) where 0 < [ < oo is fixed and w € Ly(I) be a positive a.e. function
called weight in the sequel. The weighted Cesaro function space on I is defined
as (1 < p<o0)

Cp,w = Cp,w(])

- {f e Lo(D): Il = ( [ (wto) [ olae)” as) " oo} .

Note that for f € C, (1),

1fllcyw = IHwfll, where M, f(z) = w(m)/o \F(t)|dt, =€,

and || - ||, is the norm in the space L,(I).

It is known that the space (Cp ., || - ||c,..,) is an order continuous Banach function
lattice with the Fatou property. Its Kothe dual (C,,,)" is isometrically isomorphic

to its Banach dual (C,,)*. Moreover C,,, # {0} if and only if fcl w(x)Pdr < oo
for some ¢ € I. For p =1, space C,,, is just a weighted Lebesgue space [13].

In the sequel we assume that C,,,, # {0} and 1 < p < oo, unless stated otherwise.

In this section, applying results from Section 2, we show that the Cesaro function
space has diameter 2 property.

Definition 3.1. Let (r,)>, be the sequence of Rademacher functions on [0, 1],
that is r,(t) = sign(sin(2"nt)), t € [0,1]. Let 7, (t) = rp(t —m) if t € [m,m + 1),
m € NU {0} for all n € N. We define the sequence of Rademacher functions
(pn)p; on an interval I by restricting 7, to the interval I, that is p, = 7,|;,
n € N.

Lemma 3.2. For any function f € Li(I), fI frn — 0 asn — oo.
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Proof. Suppose that f > 0. Let € > 0 be arbitrary. Since f € Li(I) and L;(I)
is order continuous, there exists a set A C I of finite positive measure such that
fl4 € Loo({) ande\A t)dt < e Let sets B; C A, i=1,2,...,N, be disjoint

and such that A = UL, B; and esssup, .. |f(t)— f(s)] < ¢/A(A ), i=1,2,...,N.
For each i = 1 ,2,...,N and each n € N we can find pairwise disjoint sets C’Z»("),

D™, and E™ such that B; = C™ U D™ U E™, A(C™) = A(D!™) and for all

n large enough p,(C™) = {1}, po(D™) = {1}, and A(E™) — 0 as n — oo.
Observe that

/N (n) (t) dt < ||f|A||oo)‘(Uz]\L1El(n)) —0 asn — 00,
@]

111

and for alli € {1,2,... N}

[ fOat it =
Bi\E;
< AC™Yesssup f(t) — A(D™) ess inf /(1) < eA(B:)/MA).

7
teB;

f(t) dt — f(t) dt

Now, for all n large enough,

/f pa(t dt‘ /f pa(t dt' / f(t)dt

:Z/f palt dt’+e
<iéwﬂ%mﬁ

i=1

+/ Ft)dt + € < 3e.
ul, B

Since e > 0 is arbitrary, we get that [, f(t)p,(t)dt — 0 as n — oo. If f € Ly(I)
is arbitrary then f = f* — f~, where /T, f~ > 0 and applying the above result
to both f*, f~ we obtain the conclusion. O

Lemma 3.3. For every function f € Scp. there exists a sequence (f,) C Be, .,
such that || f £+ fullcyo — 1 | falle,.. — 1 and fr, — 0 weakly in Cp 4, as n — oo.

Proof. Let f, = fp,. Clearly ||f.|| = ||| =1, n € N. Since fxjoq € Li({),
x € I by Lemma 3.2 we get that for all z € I,

L[V@in@whifumiﬂWMMﬁzAﬁmmumw»w

=(Aﬂf@ﬂﬁﬂiAwV@ﬂnxwdt—{AxU@Hdtasn—»am
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By the Lebesgue Dominated Convergence Theorem we get that || f & fu[/c,., — 1
as n — 0o.

Observe that for any f € Cp, fn = fpn — 0 weakly in C),,,. Indeed for every
function g 6 (Cpw)', fg € Li(I) and hence by Lemma 3.2, [, g(t)fn(t)dt =
J;9( n(t)dt — 0 as n — oo. O

Lemma 3.3 and Propositions 2.6, 2.7 imply the following.

Corollary 3.4. The Cesaro function space (Cpu, | - |lc,.) has the diameter 2
property. The unit sphere Sc,, does not have uniformly non-square points nor
strongly extreme points nor H-points. In particular the space (Cpu, | - ||c,.) 5
neither locally uniformly non-square nor midpoint locally uniformly rotund nor
uniformly rotund in every direction and does not have the Kadec-Klee property.

It is worth to mention that in opposition to function spaces, the Cesaro sequence
spaces are locally uniformly non-square [8].

In connection with the strong diameter 2 property we have the following result.
It can be proved (under assumption that ¥(z) := flf w(t)Pdt < oo for all x € 1

and fo t)Pdt = 00, 1 < p < 00) in a similar way as Theorem 4.1 in [13]. Given

a function f € Ly(I) we define f to be the essential WU-concave majorant of | f|.
That is, f is the smallest function greater than or equal to |f| such that f is W-
concave on I (i.e. fo U is concave on W(I)). For a precise definition of essential
U-concave majorant and its properties we refer to [13]. For a detailed proof of
the below result we refer to [14].

Theorem 3.5. Let f; € Sy, J = 1,2,...,7, 7 € N be such that ]?] = ﬁ-,
i,7 =1,2,...,r. The diameter of a finite convex combination of slices defined by
bounded linear functionals determined by f;, 7 =1,2,...,r, is 2.

4. Strict convexity

A point = € Sx is called extreme if for every y € X the condition ||z £ y| =1
implies that y = 0. Equivalently, if + = (y + 2)/2, where y,z € By then
y = z = x. If all points of the unit sphere Sx are extreme then the space
(X, |I-1]) is called strictly convex. By Corollary 3.4 we have that no point of Sc,
is strongly extreme. However, all points of S¢, , are extreme.

Theorem 4.1. The space (Cp, | - ||lc,..), 1 < p < 00 is strictly convex.

Proof. Let f € S¢,, and suppose that || f £ gl/c,. = [|fllc,.: 9 € Cp.w- Since

lf+g+[f— m

5 !f+g|+—\f ql, (6)

1=
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we get that

1 1
< IF + gllcyn + 517 = ollcp = 17y

1 1
I flley. < [|3I1f+9]l+z|f =4l
2 9 .

It follows that

/1 (w(x) /0 |f(t) +g(t)] —g 1£(t) — g(2)] dt),, .

_/I(w(x)/ox\f(t)]dt>pdx:0.

The latter and inequality (6) implies that

w(z) /05'3 Ft) +90)] —; £(t) —9(®)] dt = w(x) /090 |f(t)]dt for almost all z € I,

that is
Ho(f +9) + Hu(f — 9)
2

By assumption H., f, Huw(f + 9), Hw(f —g) € Si,. Since L,(I) space is strictly
convex for 1 < p < oo we get that H,f = Ho(f + 9) = Hu(f — g). Since the
weight function w is strictly positive a.e.,

=Hyf.

/x |f(t) £ g(t)| —|f(t)|dt =0 for almost all z € I.
0

This implies that |f(t) £ g(t)] = |f(t)| a.e. on I. Whence g = 0. O

The above result can be also obtained by applying Corollary 1 from [12]. A proof
of strict convexity of the Cesaro function space Ces, appeared in [5].

5. Copy of ¢,

Recall [10] that a Banach space (X, || - ||) contains an asymptotically isometric
copy of ¢y if there exists a sequence (¢,) C (0,1), ¢, — 0 as n — oo and a
sequence (z,) C X such that for arbitrary («,) € ¢; we have

0 e 00
Z(]-_En)|an| < Zanxn < Zlan|-
n=1 n=1 n=1

In 2008 Astashkin and Maligranda proved that the Cesaro function space Ces, =
Cp.w with weight function w(x) = 1/x contains an asymptotically isometric copy
of ¢1 [4]. In fact their proof can be extended to work well also for arbitrary
weights.
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Theorem 5.1. The space (Cpu, | - |lc,..) contains an asymptotically isometric
copy of 4.

Proof. Since C,.,, # {0} there exits r € I = (0,1) such that frl w(t)Pdt < oo

[13]. Denote ¥(z) = fxl w(t)Pdt, x € [r,l). Since w > 0 a.e. on I, the function ¥
is strictly decreasing on [r,[).

Let (b,)22 ; be any strictly increasing sequence in [r, [) such that lim, . b, = b <
l. Denote a = by. Let gn = X, bp:1) a0d fro = gn/l|gnllc,., n € N. It is easy to
check for any function f € Ly(I) with supp f C [¢, d] for some bounded interval
[e;d) C [r,1),

V(D) PN fllzy < Flley., < E)PIIf|L,. (7)
Let ()22 € £4. Since supp Y -, anfn C [a,b] and supp g, C [by, byia], by (7)
we get that

%)
>_anfu
n=1

— )Y Jaalllfalle = TGS anllgalln,/lgnllcs..
n=1 n=1

b = YOI anfullzy
C n=1

> Y [anWO)PU0,) =Y (1= )|,
n=1 n=1
where €, = 1 —W(b)'/? /W (b,)'/?. Clearly ¢, — 0 as n — co. The other inequality
is obvious. O

Let X be a Banach space. Recall that a mapping 7' : K — K is called nonez-
panswe if [|Tx —Ty|| < ||z —y] for all z,y € K C X. A Banach space X has the
(weak) fized point property if every nonexpansive mapping of every (nonempty
weakly compact convex) closed bounded convex subset K into itself has a fixed
point.

Similarly as in [4] by results in [9], we conclude this section with the following

corollary.

Corollary 5.2. The Cesaro function space (Cy., ||-||c,..,) and its dual ((Cp.)*, ||-
l(Cp.)+) fail the fived point property. Moreover ((Cp.w)™, || - [l(c,.0)*) contains an
isometric copy of L1[0, 1], hence it also fails the weak fixed point property.

Acknowledgements. The author thanks his Ph.D. Thesis advisor Prof. Anna Ka-
minska for her help and guidance during years spent at The University of Memphis.
The author also thanks reviewer for valuable comments and suggestions.

References

[1] T. Abrahamsen, V. Lima, O. Nygaard: Almost isometric ideals in Banach spaces,
Glasgow Math. J. FirstView (2013) 1-13; arXiv: 1206.3539v2 [math.FA] (2013).



200 D. Kubiak / Some Geometric Properties of the Cesaro Function Spaces

[2] T. Abrahamsen, V. Lima, O. Nygaard: Remarks on diameter 2 properties, J.
Convex Analysis 20(2) (2013) 439-452.

[3] M. D. Acosta, A. Kaminska, M. Mastylo: The Daugavet property and weak neigh-
borhoods in Banach lattices, J. Convex Analysis 19(3) (2012) 875-912.

[4] S. V. Astashkin, L. Maligranda: Cesaro function spaces fail the fixed point pro-
perty, Proc. Amer. Math. Soc. 136(12) (2008) 4289-4294.

[5] S. V. Astashkin, L. Maligranda: Structure of Cesaro function spaces, Indag. Math.,
New Ser. 20(3) (2009) 329-379.

[6] S. V. Astashkin, L. Maligranda: Rademacher functions in Cesaro type spaces,
Stud. Math. 198(3) (2010) 235-247.

[7] S. Chen: Geometry of Orlicz spaces, Diss. Math. 356 (1996) 204 p.

[8] Y. Cui, R. Pluciennik: Local uniform nonsquareness in Cesaro sequence spaces,
Ann. Soc. Math. Pol., Ser. I, Commentat. Math. 37 (1997) 47-58.

9] S. J. Dilworth, M. Girardi, J. Hagler: Dual Banach spaces which contain an iso-
metric copy of Li, Bull. Pol. Acad. Sci., Math. 48(1) (2000) 1-12.

[10] P. N. Dowling, C. J. Lennard, B. Turett: Reflexivity and the fixed-point property
for nonexpansive maps, J. Math. Anal. Appl. 200(3) (1996) 653-662.

[11] P. Foralewski, H. Hudzik, P. Kolwicz: Non-squareness properties of Orlicz—Lorentz
sequence spaces, J. Funct. Anal. 264(2) (2013) 605-629.

[12] H. Hudzik, K. Wlazlak: Rotundity properties in Banach spaces via sublinear op-
erators, Nonlinear Anal. 64(6) (2006) 1171-1188.

[13] A. Kamiiiska, D. Kubiak: On the dual of Cesaro function space, Nonlinear Anal.
75(5) (2012) 2760-2773.

[14] D. M. Kubiak: Geometric Properties of Cesaro Function and Sequence Spaces,
Ph.D. Thesis, University of Memphis, ProQuest LLC, Ann Arbor (2012) 100 p.

[15] J. J. Schéffer: Geometry of Spheres in Normed Spaces, Lecture Notes in Pure and
Applied Mathematics 20, Marcel Dekker, New York (1976).

[16] J.-S. Shiue: A note on Cesaro function space, Tamkang J. Math. 1(2) (1970) 91-95.



