Journal of Convex Analysis
Volume 21 (2014), No. 1, 201-218

Multivalued Equations on a Bounded Domain
via Minimization on Orlicz-Sobolev Spaces*

M. L. Carvalho

Universidade Federal de Goids,
Departamento de Matemdtica,
75804-020 Jatai, GO, Brasil

J. V. Goncalves

Universidade Federal de Goids, Instituto de Matemdtica e Estatistica,
74001-970 Goiania, GO, Brasil

Received: January 26, 2013
Accepted: April 8, 2013

We exploit minimization of locally Lipschitz functionals defined on Orlicz-Sobolev spaces along
with convexity techniques, to investigate existence of solution of the multivalued equation
—Agu € dj(.,u) + h in Q, where @ ¢ R” is a bounded smooth domain, ® : R — [0, c0) is an
N-function, Ag is the corresponding ®-Laplacian, h is a measure on Q and 9j5(.,u) stands for
the Clarke generalized gradient of a function j linked with critical growth. Regularity of the
solutions is addressed, as well.
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1. Introduction
We study existence of solution of the multivalued equation

—Agu € Jj(x,u) +h in (1)
where Q ¢ RN, N > 3, is a bounded domain with smooth boundary 99, j :
QxR — R and h:Q — R are measdurable, Ag is the ®-Laplace operator,

Ag = div(o(|Vu|)Vu),

where ¢ : (0,00) — (0,00) is a continuous function satisfying,
(¢1) (i) limegsg(s) =0, (i) limy o s¢(s) = 00,
(¢2) s s¢(s) is nondecreasing in (0, 00),

(¢3) there exist £, m € (1, N) such that ¢ < t;‘?g) < m.

We extend s — s¢(s) to R as an odd function and define ®, as an even function,
by

O(t) = /Ot sp(s)ds, teR.
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The complementary function ® associated to @ is defined as

d(t) = max{st — ®(s)}, t>0.

We shall assume in this work that j is measurable, j(z,.) € Lip,.(R,R) and
j(z,0) € L}(Q2). Clarke’s generalized gradient of the map s — j(z, s) is defined
by

9j(x,t) ={n € R | j°(x,t;r) > pr, v € R}

in the direction of r, that is

(.t 7) = limsup LY TAT) = 5(@9)

y—t, ALO A

In this work L¢(€2) denotes the Orlicz space and the expression

lulla :inf{)\ >0 | /Qcp (@) < 1}

defines the Luxemburg norm, (cf. [1]). By [6, Lemma D2],
Lo(9) i L) ©)
and we denote by Cy > 0 the best constant such that
Coluly < |lullg, u € La(9). (3)
The Orlicz-Sobolev space associated to ® (also denoted W' Lg(£2)) is defined by

ou

6377;

WLe(Q) = {u € Lo(Q) | 2% € Lo(Q), i =1, N}

while W,"®(Q) is the closure of C(€2) with respect to the norm of W®(Q).

The critical growth function asociated to ®, denoted by ®,, is defined as the
inverse of

t q)—l
t € (0,00) |—>/ #d&
0 SN

We extend @, to R by setting ®.(t) = .(—t) for ¢ <O0.
Remark 1.1. If N > 3 and ¢(t) = 2 then, by computing, we obtain for ¢t > 0:
O7(t) = t'av and ®,(t) = #%°2. The function ®, plays the role of the critical

*

Sobolev exponent in the case of Sobolev spaces.

Definition 1.2. A function u € W, '*(€) is a solution of (1) if there is an element
p=puin Le, ()" = Lz (Q2) such that

p(x) € 0j(z,u(z)) ae. z €, (4)

/¢(|Vu|)Vqudx:/pvdx+/hv, v e W (Q). (5)
Q 0 0
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The limit function below will be needed:

Aso(z) = limsup i S).

|s|—o0 |S|Z

Theorem 1.3. Assume (¢1)—(¢p3). Suppose there are a numbers cy,co > 0 and
a nonnegative function b € Le,(Q)" such that

In| < 1@ o @, (cas) + b(z), sER, z€Q, nedj(z,s). (6)

Assume that there exist a constant A > 0 and a nonnegative function B € L*(2)
such that
j(z,s) < Als| + B(z), s€R, x€ Q. (7)

If in addition,

inf {/ cpqw)dx—/ Aoo(a;)\v(x)\fdx} >0, (8)
veWy (@), Illa=1 /0 {v#0}

then for each h € Lo(Q), there is a solution u € Wy'*(Q) of (1).

Condition (8) is motivated by the work of Brézis & Oswald [2].

Set
/1 2 _1\yv1
Ag u = div 7( + [Vl ) Vu |, 9)
V1+|Vul|?

where 1 < v < 0o and consider the equation

—Ag u € 0j(z,u) +h in Q, (10)

which is an example of (1). The result below is an application Theorem 1.3.

Theorem 1.4. Assume 1 <, 2y < N. Assume also that
In| <als|”" "t +b(z), seR, z€Q, nedjz,t), (11)
where a > 0 is some constant, b € L7 () is nonnegative, v* = Nvy/(N —~) and
jlx,s) < Als|”+ B(z), s€R, x €, (12)

for some constant A > 0 and some nonnegative function B € LY(Q). If in
addition,

inf {/ﬂ(m_l)wx_/{

erglﬂy [v]y=1 v#£0}

Aoo(x)|v(x)|7dx} >0, (13)

then for each h € L7 () problem (10) admits a solution u € Wy ().
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Theorems 1.3 and 1.4 extend to the case of multivalued equations involving the
operator —Ag the main result of [12] where the operator —A is treated. There
is a broad literature on multivalued equations and we refer the reader to [10, 17]
and their references.

In the proposition below we give conditions for (8) to hold. At first, we recall
that by a result of Garcia-Huidobro et al. in [11], the expression

A= inf / O(|Vol|)dz
Q

UEW&L(I), ||v||¢):1

is attained at some positive function v € W, ’@(Q) in such a way that A\; is an
eigenvalue and v is an eigenfunction of (—Ag, W, *(Q)).

Proposition 1.5. Assume (¢1)—(¢3). Then (8) holds if there is a function a €
L>(Q) and a subset Qy of Q with |Qo| > 0 such that

A <Cra ae in€Q, a< ae in Q, o< ae in . (14)
For the reader’s convenience a proof is provided in Section 5.
Remark 1.6. If ¢(t) = 2 one has
i) Ae=A, Wy*(Q) = H(Q) and equation (1) becomes
—Au € 9j(x,u) +h in Q, (15)

(ii) condition (8) reads as

inf {/ |Vo|?dz —/ Aoo(x)vzdx} >0 (16)
vEH(Q), [vl2=1 | Ja {v#£0}

and by Proposition 1.5, (16) holds when (14) holds.

To close this section we state some results on the regularity of solutions. In this
regard let f: 0 x R — R be a function satisfying

f is Baire measurable,

f(z,.) € C(R —{a}), (17)
f(z,a—0) < f(zr,a+0), z€Q,

where

f(z,t —0):= lim f(x,0), flz,t+0):= 511% f(z,9).

d—t—

Let

)= [ flatar
0
If w is a solution of (1), consider the level set

Fo(u) ={zx € Q| u(x) = a}.
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Next we state a result which establishes that under suitable conditions,
Ty (u)| =0, —Agu = f(z,u) +h a.e. in Q. (18)

Theorem 1.7. Let ¢ satisfy (¢1)—(¢3) and let f: QxR — R be nondecreasing
in the real variable. Assume also that f satisfies (1) and

|f(z,8)] < 1@, o ®,(cos) + b(w). (19)

where c¢1,co > 0 are constants and b € Lg, () is nonnegative. If in addition,

(7)—(8) hold, then (1) admits a solution u satisfying (18).
Remark 1.8. The growth condition
[f(x, )] < als]" 7" +b(x), (20)

where a > 0 is a constant, b € L7 (Q) is nonnegative and v* = N~/(N — ) will
be assumed in the theorem below. It clarifies the technical condition (19) as well
as the more general condition (6), which was employed earlier, for instance, in

[16].

Theorem 1.9. Assume 1 <y, 2y < N. Assume also (12), (13), (1) and (20).

Then for each h € L71(SQ), problem (10) admits a solution u € Wy (Q) satisfy-
ing (18).

An Application. Consider the equation
—ApU = Xu>q +h a.e. in Q, (21)
where a > 0, h € Lz(Q2) and (¢1) — (¢3) hold.

We claim that (21) admits a weak solution in W, ®(Q). Indeed, let f(x,t) = Xi>a
and set

)= [ oyt = (= a)*.
0
Next consider the associated multivalued equation
—Agu € 9j(u) + h. (22)

We will show that the assumptions of Theorem 1.7 hold true. Indeed, since €2 is
bounded, it is straightforward to check that conditions (8), (16) and (19) hold.
Thus by Theorem 1.7, (22) admits a solution u € W,"*(€). Notice also that (1)
holds because

A X, =0 <1= tliyg Xt>a-

Finally by Theorem 1.7, |Ty(u)| = 0 and so u € Wy'*(Q) is a solution of (21). [

Remark 1.10. In the case ® = &, as in (9), with 1 < 7, 2y < N, then by
Theorem 1.9, the solution u of (21) belongs to W, (€2).
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2. Preliminary Results and Notations

We recall a few notations and results on the Critical Point Theory for locally
Lipschitz functionals defined on a real Banach space X with norm ||.|| and refer
the reader to Clarke [5], Chang [4] and Carl, Le & Motreanu [3] and references
therein.

Let I : X — R be a locally Lipschitz functional (I € Lip,,.(X, R) for short) that
is: given u € X there are an open neighborhood V' =V, C X and a constant
K = Ky > 0 such that

|](U2) — I<U1)| S KHUQ — U1||, U1,V € V.
The directional derivative of I at u in the direction of v € X is defined by

I h+Mv)—1 h
I°(u;v) = limsup (uthtdv) = I{ut )

h—0 A—0t A

It follows that I°(u;.) is subadditive and positively homogeneous, that is
(s 01 +va) < I%(ws01) + 1% (u; va),
I°(u; Av) = MO (u; ),
where u,v,v1,v9 € X and A > 0. As a byproduct

[ 10(u; v1) — I°(us )| < |1°(u; 01 — 03)]
< Kllv—vx,

for some K = K, > 0 and in addition I°(u;.) is continuous and convex. Its
subdifferential at z € X is given by

OIu; 2) = {p e X* | I°(w;v) > I°(u; 2) + (p,v — z), v € X }.
The generalized gradient of I at u is the set
O1(u) = {1 € X" | {1.v) < I(uiv), v e X},
Since I°(u;0) = 0, 9I(u) is the subdifferential of I°(u;0). Further properties,
definitions and remarks are given below (cf. [3], [4] for the proofs):

1. 9I(u) ={I'(u)}if I € C(X,R),

2. a point ug € X is a critical point of Iif 0 € 01 (uyg),

3. ifwug is alocal minimum of [ then it is a critical point of I,
4. if J € CYX,R) then O(I + J)(u) = dI(u) + 0J(u).

Next we will introduce some notations concerning Orlicz and Orliccz-Sobolev
spaces (cf. [1, 15]). The function ® is said to satisfy the As-condition, (® € A,
for short), if

there is a constant K > 0 such that ®(2t) < K®(t), ¢t > 0.
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It follows by (¢;)— (¢3) that ® and ® are N-functions and satisfy the A,-condition
(cf. [15, Remark 3.4.6]) and [8, Lemma 2.5]. Moreover, Lg(Q2) and W1®(Q) are
separable, reflexive, Banach spaces, see e.g. [1]. By the Poincaré inequality, (cf.

1),

The usual Orlicz-Sobolev norm of WH®(Q) is

U

0
(9:52-

P

N
lullre = [Julle + Z
=1

/ O (u)dr < / ®(2d|Vul)dx (23)
Q Q
where d = diam(£2), and it follows that
lulle < 2d[|Vulle, we Wy™(Q). (24)
Remark 2.1. We claim that Agu € Lz (€2 ) for each u € Wy (Q). Indeed, set
(—Agu, v) = / o(| V) VuVods for u,0 € WH(Q).
Q

By [$, p. 263),

[ aevapvar < [ a@ivuhds <o,
Q 0
which shows that ¢(|Vu|)|Vu| € Lz(2). By the Hélder inequality,

/Q o(IVu) VuVolde < 2[¢([Vul)[Vulllz[[Volle.

cont

As a consequence of the inequality above and the embedding Lg, (€2) — Lg(€2)
we have,

Agu € Ly(Q) = Lg(2) C L ()
Since Lo, (2)" = Lg (), it follows that

(—Apu, p) = /Q(—Aw)sodx, ¢ € Lo, ().

The energy functional associated to equation (1) is

I(u):/Q<I>(|Vu|)dm—/gj(a:,u)dx—/Qhudx, ue Wy®*(Q). (25)

By Lebourg’s Theorem (cf. [5, Theorem 2.3.7]) there are 7 € (0,¢) and n,(x) €
0j(z,7) such that

Jj(z,t) = j(z,0) + n(x)t ae x €
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Since s — @1 o ®,(cs) is increasing, it follows by (6) that

(. 0)] < 132, 0)] + e ()]
< [j(@,0)] + [e1®;" 0 @, (cat) + bla)] 1.

As a consequence for each u € Wy*(Q), j(x,u) € L'(Q) and by the Holder
inequality I : W, "*(Q) — R is defined.

Setting

Qu) = /Q B(|Vu|)dz — /Q uhdz and  J(u) = / i wde,  (26)

Q

it follows that

It can also be shown that,

Qe C' (W *(Q),R) and

! = u|)VuVudr — vdx (27)
@)= [ (IVu)VuTode — [ hds,
J € Lip,,. (W, *(Q),R) and (28)
0J(u) C{p € Lg_|p(x) € 0j(z,u(z)) a.e. x € Q}.
Thus,
I € Lip,(Wy'®(Q),R) and 01I(u) = Q'(u) — d.J(u). (29)

So if u is a critical point of I in the sense that 0 € 9I(u), there is some p € Lg ()
such that
(Q'(u),v) = {p,v) =0 for ve Wy ().

Remark 2.2. In our arguments below, C' will denote a positive (cumulative)
constant.

3. Proof of Theorem 1.3
At first we state and prove some technical results.

Lemma 3.1. Assume (¢1)—(¢3) and (7). Then I is weakly lower semicontinuous,
wlsc for short.

Proof. Let (u,) € W, *(Q) such that u, — v in W, *(Q). Then u, — u in
Le(2) and, by eventually passing to subsequences, u,, — w a.e. in  and there
is 0, € LY(2) such that |u,| < 6, a.e. in Q. By (7) we have

J(z uy,) < A|92|£ + B(x).
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Since j is a Carathéodory function (remember that j is measurable and j(z,.) €
Liploc(R7 R))?
Jj(x,uy(z)) — jlz,u(x)) a.e x €.

By Fatou’s Lemma,

limsup/j(a:,un)dmg/j(x,u)dx.
Q 0

Hence

I(u) < liminf{/ O(|Vuy,|)dx —/j(:v,un)d:v - / hund:r} = liminf 7 (u,)
Q Q Q
showing that I is wlsc. O]

The result below due to Le, Motreanu & Motreanu [16], is a variant for the case
of Orlicz spaces, of the Aubin-Clarke Theorem.

Theorem 3.2 (Aubin-Clarke). Assume (¢1) — (¢2). If j: Q@ xR — R is a
Carathéodory function such that j(z,.) € Lip,.(R,R), j(z,0) € L'(Q) and (6)
holds. Then

J € Lipy(Ls.(2), R) and

0J(u) C{w € Lz () | w(z) € 9j(z,u(x)) a.e. x € Q}. (30)
Corollary 3.3. Under the assumptions of Theorem 3.2,

H S Liploc(WOl@(Q)7 R)a

= i)
OH(u) C{w € Lz () | w(z) € dj(x,u(x)) a.e. v € Q}.

—ch*

Proof. Since Wy,*(Q) — Lg, () and CF(Q) € Wy *(Q) then W, *(Q) = =
Le,(22). By [4, Theorem 2.2], H is locally Lipschitz continuous. Again by both
[4, Theorem 2.2] and Theorem 3.2 above we get to

OH(u) C 0J(u) C{w € Lz (Q) | w(x) € dj(z,u(z)) a.c. z € Q},
endding the proof. O

Proof of Theorem 1.3 (finished). At first we show that I is coercive. Indeed,
assume by the way of contradiction, that there is (u,) € Wy*(Q) such that

IVu,|le — oo and I(u,) < C.

Using (7) and the Holder Inequality we have

/ (| V| < A/ unl“dr + 2[|Bl|3 | unlle + C (31)
Q Q
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We claim that [, [u,[“dx — o0o. Indeed, assume on the contrary, that

/ lup|“dz < C.
0

By (31) and Poincaré’s Inequality (cf. [13]),

/©WMmMSOOHWw%L
Q

which is impossible because by [13, Lemma 3.14],

fQ (|Vu,|)d s
HVUnH<1> ’

showing that [, [u,|’dz — oo. We infer, using (2) that |ju,|le — oo.

By (31) and Lemma A.1 in the Appendix, we have
[V le < /QCI)(lvun!)dﬂf < Cllunlle + 2[|Allz]unlle + C. (32)

Dividing in (32) by |lu,||% we get

2||h|l5 C
IVelly <€+ sy O
lunlls ™ llunlle
where v, = . It follows that (IIVv,|le) is bounded. Passing to a subsequence,
we have,

— v, — 0 in We?(Q) and [, ®(|Vo|)dr < liminf [, ®(|Vv,|)dz,
— v, —vin Le(R) and there is 03 € LY(Q) such that |v,| < 63 a.e. in Q.

We claim that

lim sup / J@ funllovn) ;- / Ao (2)|o(2) . (33)
Q | {v#0}

[tnlg

Indeed, it follows using (7) that

In addition,

j(xa ”Uan)Un) < lim Sup ](xv ||Un||q>Un)

lim sup 2 Unlletn) ST Wnll®On)) ()X o 20
15 [ |G [va ()¢ om0

and hence

7 (@, ||unllavn)

‘ )o@, v(z )
Tl ol Xy < A (@@l () £0. - (39)

lim sup
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By (34), (35) and Fatou’s Lemma, (33) follows. Using again the fact that ® is
convex and continuous, Lemma A.1, I(u,) < C and (33) it follows that

/<I>(|Vv|)dx < liminf/ (| Vo, |)da
Q Q
< liminf%/@ﬂvunDd:p
| unlle Jo

‘ 2|5
< e [ [fllie) | 2],y C )
ol Tuls Tl fualls

< limsup/ i o) ;.
Q [[unlle

< / Ano(@)lo(2)|de,
{v7£0}

which contradicts (8). So, I is coercive. By Lemma 3.1, there is u € W, *(Q)
such that

I(u)= min I(v).
veW,® (Q)

As a byproduct u is a critical point, that is, 0 € 9I(u). Hence, there is p € 9J(u)
such that

/¢(|Vu|)Vqudx—/pvdx+/hvdx, ve Wyt(Q)
Q Q Q

and by Theorem 3.2
p(x) € 0j(z,u(z)) ae. z €,

showing that u is a solution of (1). O

4. Proof of Theorem 1.7

At first we establish some technical results, some of which are variants for the
Orlicz spaces framework, of results due to Chang [4].

Proposition 4.1 (cf. Chang [4]). Let f: Q2 x R — R be a Baire measurable
function, assume that f is monotone non-decreasing in the second variable, and
set

j(z,t) = /0 f(z,s)ds. (36)
Then j(z,.) € Lip,.(R,R) and
5](-’13’“(35)) = [f(a:,u(x) —O),f(a:,u(x)+0)] (37)

Corollary 4.2. Assume (¢1) — (¢3). Let f: QxR — R be a Baire measurable
function, non-decreasing in the second variable, satisfying (19). Then J is convex
and

0J (u)(x) = [f(x, u(z) = 0), f(z,u(z) + 0)].
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Proof. Proceeding as in [15, Lemma 3.2.2] we find that J is convex. Now let
n € dj(z,u(x)). By Proposition 4.1,

n(x) € 9j(x, u(z)) = [f (z,ulx) = 0), f(z, u(z) + 0)].

Using (19) we get
[n()]

IA

max{|f(z, u(z) = 0)], |f (z, u(z) + 0)[}

< 10 o B, (cou(z)) + blz),

which is condition (6). Employing both Theorem 3.2 and Corollary 3.3, we have
9J (u)(x) € [f (2, u(x) = 0), f(z,u() +0)].

On the other hand, take w € Lg.(Q) with w(z) € [f(z,u(x) —0), f(z,u(z)+ 0)].

Then

v(z)
w(@)(v(z) - ufz)) < / |

() u(z)
= < i —/0 )f(x,t)dt
= Jj(@,v(x) = j(z,u(z)).

Integrating we have,

that is,
(w,v —u) < J(v) = J(u).

Since J is convex it follows (cf. [3, p. 25]) that
0J(u) ={w € Lz () | (w,v —u) < J(v) = J(u), v € Ls, ()}
We infer that w € 0.J(u), ending the proof. O

Proof of Theorem 1.7 (finished). Since f is Baire-measurable and non-de-
creasing in the real variable, it follows by Corollary 4.2 that

0J(u)(x) = 0j(x,v(x)) = [f(z,0(x) = 0), f(z,0(z) +0)], veWy™(Q).

Let u € W)"*(Q) be a solution of (1) which minimizes the energy functional I,
given for instance by Theorem 1.3. Then

—Agu € dj(z,u) +h and I(u) < I(u+ep) for e >0 and p e Wy*(Q).
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It follows that
J LRSS Py R IR
Q —Ja

€ €

dx—/hgod:c. (38)
0

We distinguish between two cases:

Case 1. p € CF(2) and ¢ > 0. By Lebourg’s Theorem there is p, such that

](ZE,U+€Q0>—](ZE,U)
€

= &
where
U< pe<utep, & €0j(x,p)=[f(x,p.—0), fl(z,p+0).
By (19) we get
(el < 1f (2, pe = 0)| + | f (2, pe 4 0)]
< 20121;*_1 o ®,(cope) + 2b(x).
We infer that

A D) 2T < ey o @ feaful + calel) + ()l € L(€).

By easy arguments,

lim J(x,u+ ep) — j(x,u)

€4>0+ €

= flz,u(z) +0), qtpz e,
and applying Lebesgue’s Theorem in (38) we get
/ flz,u(x) + 0)pdr < / o(|Vu|)VuVedr — / hpdx
Q Q Q

— / (At — h)gdz, o€ W (Q),
Q

Hence
—Agu(x) > f(z,u(r) +0) + h(z) ae. z € Q,
which gives

—Agu = f(z,u(x) +0)+ h(z) ae ze€Q. (39)

Case 2. ¢ € C(f2) and ¢ < 0. By arguments similar to the ones in Case 1 we
get to
—Agpu = f(z,u(z) —0) + h(x) a.e.x €. (40)

Assume, by the way of contradiction, that |I';(u)| # 0. By (39) and (40) we have

f(x,a—0)= f(z,a+0) ae xel,(u),
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imposible. Hence |I';(u)| = 0.
Since w is a solution of (1) there is p € 9J(u) such that

J-tau—p -tz =0, Wit
Q

Hence
—Agu(x) = p(z) + h(z) a.e. x €,

and since f € C(R — {a}) and |T',(u)| = 0 we infer that
—Agu(z) = f(z,u(z)) + h(x) ae z Q. O

5. Proofs of Theorems 1.4 and 1.9

In order to prove Theorem 1.4 some technical results are needed. Set

(VI+e—1)y-1

o(t) =~ ez , t>0. (41)
Lemma 5.1. The function ¢ satisfies (¢1), (¢2), and
v < t;(é(g) <2y, t>0. (42)
In addition, when 1 < v < N,
La(©) = 17(9),
lule < |uly, u€ Le(Q), (43)

and

Wy (92) = Wy ().
Proof. Of course ¢ € C'(0,00). By a direct computation we infer that for ¢ > 0,

t2¢(t)
0 < 27,

limto(t) = 0, tlim top(t) = 0o, (td(t)) > 0 and v <

t—0

showing (¢1), (¢2) and (42). To prove that Le(2) = L7(Q2), we point out that

1
D) <t7, 20 and ®(t) 2 o7, t22

By [15, Theorem 3.17.3], L () = L7(Q). As a consequence, Wy *(Q) = W, (),
In order to show (43), take u € L7(2) and k > 0 and notice that

u(x)|” )
/Q| gﬂﬂ =1 iff jul, =k
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Since ®(t) <t for t > 0 we have

N
/ @ (7)dv < lufy
0 \k K
Setting k = |u|, we get (43). This proves Lemma 5.1. O

Lemma 5.2. Assume ¢ as in (41). Assume in addition (13). Then (8) holds.

Proof. By computing we get ®(t) = (vVI+12 —1)7. Let u € Wy *(Q) with
|lulle = 1. Set v = u/|ul,. By (13) there is § > 0 such that

0 < / o (‘VU‘) dx — Lv/ Aso()|u|"dx.
Q ]u|7 |uly u£0

Using the inequality ||ul|e < |u|, given by Lemma 5.1 we have, applying Lemma
A,

1 1 1
5 < max{—,—}/cpqvuy)dx——/ Ao (@) |udz
[ul} " [ul2" J Ja uly Juzo

_ ﬁ {/QCI>(|VU|)dx—/u#OAoo(x)|u|7dx}

< /@(|Vu|)da:—/ Ao (z)|u]"dx
Q u#0
Hence

inf {/Q (VI+ Vo —1)dz — /{#O} Aoo(g:)w(x)wdx} > 0.

veEWy®(Q), [lv]le=1

This proves Lemma 5.2. O
Lemma 5.3. Assume 1 < ~,2y < N and (11). Then (6) holds.

Proof. Set ®(t) =t7. By Lemma A.2 (in the Appendix), we have for ¢ > 1,
D, (1) 177 < D,(1).
Using the inequality above and (11) we get (6). This proves Lemma 5.3. O

Proof of Theorem 1.4. As a consequence of Lemmas 5.1, 5.2 and 5.3, Theorem
1.3 applies ending the proof of Theorem 1.4. O]

Proof of Theorem 1.9. It is enough to observe that condition (20) is equivalent
to condition (19) of Theorem 1.7, since Lg, (2) = L7 (©2). Now it is enough to
apply Theorem 1.7.
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Proof of Proposition 1.5. Based on [11] choose v € W,'*(Q2) such that

lv]le =1 and )\1:/<I>(|Vv|)dx.
Q

We have

/Qq)(|VU|)d:B — /#0 Coa(z)|v]de = A\ — (/QO —I—/Q_QO> Coa(z)|v|'da

> A\ — MGy /Q v|*da (44)
> A — Mol = 0.
If on the other hand if v € W,"*(Q) satisfies
lv[le =1 and A < /Qq)(\Vde:v,
then
/Q(I>(|Vv|)dx _ /7&0 Cra(@)vldz > Ay — Mol = 0. (45)

By (44)-(45),
/ (| Vo|)dz — / Cral)|ol'dz > 0, v e WE(Q), [vfo = 1.
Q v#£0
Now let

i(Coar) = inf {/ O(|Vol|)dx —/ Cga(x)\v|gdx}.
veWy *(Q), lv]le=1 L/ v#£0

Let (v,) be a minimizing sequence for i(a), that is v, € Wy *(Q), ||va|le = 1 and
/ (| Vo, |)dz — / Cra(a) v |dz — i(Crar).
Q {vn#0}

We claim that (||Vv,||e) is bounded. Indeed, assume that |Vu,||ls — oo so that
Voalle > 1.

Let € > 0. Then for n large,
/ O(|Vu,|)dx — / Coa(2)|v, | da < i(Coar) +&. (46)
Q {vn#0}
Since a(x) < A; and [|v,]|le = 1 we get

/ O(|Vo,|)dx < i(Coar) + —I—/ Cra(z)|v,| da
Q {vn#0} (47)

S ’L(Cga) +e+ )\1.
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We infer that
IVoulle < / O(|Vu,|)dx < i(Coa) + &+ A,
0

a contradiction. Thus (||Vv,|/e) is bounded.

Passing to a subsequence we find some v € VVO1 ®(Q) such that

v, = v and /¢(|V1}|)dx§hminf/ O(|Voy,|)dz.
Q " Q

Employing the compactness of the embedding W, ®(Q) — Le(Q) we get

v, = v in Le(Q) and ||v|le =1, v, — va.e. in Q,
there is 0; € Lg(§2) such that |v,| < 6y a.e. in Q.
By Lebesgue’s Theorem and (46) we get to

0< /CD(\VUDda:—/ Coa(z)|v|'dx
Q {vn#0}

< hrninf{/q)(]anDdx—/ C’ga\vn\ed;ﬂ}
n Q {vn#0}

< i(Coa) + €
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for each € > 0. It follows that i(A) > i(Cya) > 0. It follows that (8) holds.

This ends the proof of Proposition 1.5.

A. Appendix

We refer the reader to [8] for the lemmas below whose proofs are elementary.

Lemma A.1. Assume that ¢ satisfies (¢1)—(p3). Set
Co(t) = min{t, t™}, ¢ (t) = max{t’, t™}, t>0.
Then @ satisfies
Co(t)®(p) < ®(pt) < G(1)P(p), pit >0,

Co(flulle) < /QCI)(U)dx < Gllulle), we La(9).

Lemma A.2. Assume that ¢ satisfies (¢1)—(¢3). Set
Go(t) = min{t" 1™}, ((t) = max{t" ™}, t>0

where 1 < £,m < N and m* = %, 0= % Then
2 (t

= "9,(1)
G(H)P.(p) < Pul(pt) < G(E)PL(p), p,t >0,

Co(||ul e.), u€ Ly (Q).

a.) < Q@*(U)dfc < Ga([lul

]
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