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1. Introduction

The semiconvexity, as well as semiconcavity, is a natural property of a large class
of value functions of the optimization problems (see for instance Cannarsa and
Sinestrari [3]).

Semiconvexity of the value function in the spatial variable was established in
Krylov [13, Section 4.2] in the problem of maximization of the payoff function for
stochastic control of diffusion processes on a fixed time interval [t0, t1].

Lions [15] proved semiconcavity of the value function in the minimization problem
of the cost function for stochastic control problems until exit from a bounded
cylindrical region Q = [t0, t1)×D or until exit from D in the discounted infinite
horizon problem.

For the optimal control of the reflected diffusion processes the semiconcavity of

∗Corresponding author.

ISSN 0944-6532 / $ 2.50 c© Heldermann Verlag



238 K. Shashiashvili, M. Shashiashvili / From the Uniform Approximation ...

the value function was shown in Lions [16, Section 3] and in Lions and Trudinger
[17, Section 5].

It is well-known that for controlled Markov diffusion processes on n-dimensional
Euclidean domain D the value function of the corresponding stochastic optimal
control problem is the unique viscosity solution of the nonlinear partial differential
equation of the second order, called a Hamilton–Jacobi–Bellman (HJB) equation
with appropriate boundary conditions (see Fleming and Soner [6]).

For most optimal stochastic control models arising from applications, the HJB
equation can only be solved approximately by numerical computations.

The finite difference numerical approximations for HJB equation are considered
in Fleming and Soner [6, Chapter 9].

The convergence rates of finite difference approximations for second-order HJB
equations were established by Krylov [14], Barles and Jakobsen [2] and many other
authors. In case of fully nonlinear elliptic PDE and for monotone finite difference
approximations the rate of convergence is given in Caffarelli and Souganidis [4].

In those papers the uniform convergence rate ‖vδ−v‖L∞(D) is estimated, where v
is the value function of the discounted optimal stochastic control problem on an
infinite time horizon, vδ is the solution of the discretized approximation scheme
and δ is a small parameter measuring the mesh size.

However numerical computation of the value function v is insufficient for con-
structing the optimal Markov control policies, as the numerical computation of
the gradient grad v and the Hessian matrix Hess v are equally needed.

In this paper we propose a method of L2-approximation of the (Sobolev) gradient
grad v under the basic assumption that the value function v be semiconvex (or
semiconcave).

In case the value function is the subsolution of the linear second order uniformly
elliptic partial differential equation, a similar approach has been already devel-
oped by Saleem and Shashiashvili [20].

It is a remarkable fact that semiconvexity of the solution is not restricted to the
Hamilton–Jacobi–Bellman equation, but it holds also for more general class of
fully nonlinear partial differential equations. Indeed, Alvarez, Lasry and Lions
[1] considered viscosity solutions of the fully nonlinear second order elliptic partial
differential equation

F (x, u, gradu,Hessu) = 0 (1)

in a bounded open convex subset D of Rn.

Here u ∈ C(D) is a real valued function, gradu is the gradient-vector of u, Hessu
denotes the matrix of second order partial derivatives of u, F ∈ C(D×R×Rn×Sn)
is degenerate elliptic, i.e.

F (x, r, p, A) ≤ F (x, r, p, B) provided A ≥ B. (2)

Sn (Sn
++) are the sets of the symmetric n × n (respectively symmetric positive
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definite) matrices.

The authors [1] require the following concavity assumption, that the mapping

(x, r, A) −→ F (x, r, p, A−1) (3)

be concave for (x, r, p, A) ∈ D ×R×Rn × Sn
++.

Given a continuous viscosity solution u, u ∈ C(D), with the state constraints
boundary conditions the authors establish [1, Section 3, Theorem 1] that the
function u(x), x ∈ D is convex in D. This result is the generalization of the
corresponding results of the previous authors Korevaar [12] and Kennington [11],
who proved convexity of the solution of the quasilinear elliptic equation

−tr
[
a(gradu) · Hessu

]
+ b(x, u, gradu) = 0 in D (4)

with the specific boundary conditions, where a(p) ∈ Sn
++ for every p and b(x, r, p)

is nondecreasing in r, where b ∈ C(D ×R×Rn).

The plan of this paper is as follows. In Section 2 we prove the new energy
inequality for the difference of two bounded semiconvex functions in a nonempty
bounded open convex set D of Rn. We note that no smoothness assumptions are
required from the convex set D.

This inequality is the generalization of the corresponding one-dimensional in-
equality originally established by K. Shashiashvili and M. Shashiashvili [21] and
subsequently applied to the hedging problems of Mathematical Finance in Hus-
sain and Shashiashvili [9].

In Section 3 we consider the L2-approximation problem of the gradient of the an-
alytically unknown viscosity solution of the nonlinear second order elliptic partial
differential equation.

Our method of approximation essentially uses the convex envelope Γ(v) of a given
bounded continuous function v in a domain D (see Alvarez, Lasry and Lions [1]
or Oberman [18]).

2. Energy Inequality for the Difference of Two Bounded Semiconvex
Functions

Throughout the paper we fix a nonempty bounded open convex subset D of
Euclidean space Rn. For a continuous function u : D → R let us introduce the
second order difference quotients

∆2u =
1

h2
[u(x+ h · γ) + u(x− h · γ)− 2u(x)] , (5)

where h > 0 is a scalar variable, x ∈ D, γ ∈ Rn is a direction, |γ| = 1 (i.e. a unit
vector in Rn) and it is assumed that [x− h · γ, x+ h · γ] ⊂ D.
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Definition 2.1 (see Cannarsa and Sinestrari [3, Definition 1.1.1]). We say
that a continuous function u : D → R is semiconvex if there exists c ≥ 0, such
that

∆2u ≥ −c (6)

for any h > 0, x ∈ D, γ ∈ Rn with |γ| = 1 for which [x − h · γ, x + h · γ] ⊂ D.
The constant c is called the semiconvexity constant (obviously it is not unique).

A continuous function u : D → R is called semiconcave if (−u) is semiconvex.

It is well-known that a continuous function u : D → R is convex if and only if it
is semiconvex with c = 0.

The following equivalent characterization of the semiconvex functions will be used
several times from now on (Cannarsa and Sinestrari [3, Proposition 1.1.3]):

the real valued function u : D → R is semiconvex in D with semiconvexity
constant c ≥ 0, if and only if the function

uc(x) = u(x) +
c

2
· |x|2 (7)

is convex in D.

Denote

v0(x) =
1

2
· |x|2, (8)

then we can write
u(x) = uc(x)− c · v0(x), x ∈ D,

from which we immediately get, that any semiconvex function is locally Lipschitz
in D (see Evans and Gariepy [5, Section 6.3]). Locally Lipschitz functions be-
long to the Sobolev space W

1,∞
loc (D) and hence they are Sobolev functions in the

terminology of Evans and Gariepy [5, Chapter 4]. This means, that the weak
(Sobolev) gradient

gradu(x) =

(
∂u(x)

∂x1

, . . . ,
∂u(x)

∂xn

)

exists and is locally bounded in D. By Rademacher’s remarkable theorem locally
Lipschitz functions are differentiable a.e., thus the Sobolev gradient is equal to
the classical gradient a.e. with respect to n-dimensional Lebesgue measure.

Let us introduce the distance function d∂D(x) from the arbitrary point x ∈ Rn

to the boundary ∂D of the open convex set D.

We recall that the distance function from a given nonempty closed set C ⊂ Rn

is defined by
dC(x) = min

y∈C
|y − x|, x ∈ Rn.

We formulate now the main result of this section the origin of which is the cor-
responding one-dimensional inequality in K. Shashiashvili and M. Shashiashvili
[21].
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Theorem 2.2. Let u and v be two bounded semiconvex functions in a nonempty

bounded open convex subset D of Rn with the semiconvexity constants cu and cv,

respectively.

Then the following weighted energy inequality is valid for the difference u− v
∫

D

| gradu− grad v|2 ·
d2∂D
n

dx+

∫

D

(u− v)2 dx

≤ 5measD · ‖u− v‖L∞(D)

×
(
‖u‖L∞(D) + ‖v‖L∞(D) + 2max(cu, cv) · ‖v0‖L∞(D)

)
. (9)

Proof. It is enough to establish the inequality (9) for convex functions. Indeed,
from the characterization (7) of semiconvex functions we get that the following
functions are convex in D

ũ = u+max(cu, cv) · v0,

ṽ = v +max(cu, cv) · v0.
(10)

Suppose the energy inequality is valid for convex functions ũ and ṽ (with cũ =
cṽ = 0). Then we have

∫

D

∣∣ grad ũ− grad ṽ
∣∣2 · d

2
∂D

n
dx+

∫

D

(ũ− ṽ)2 dx

≤ 5measD · ‖ũ− ṽ‖L∞(D)

(
‖ũ‖L∞(D) + ‖ṽ‖L∞(D)

)
, (11)

from which (9) follows trivially.

To prove the estimate (9) for arbitrary nonsmooth bounded convex functions and
nonsmooth convex domains D we need to approximate them by smooth ones.
For this purpose we shall follow standard mollification arguments from Evans
and Gariepy [5, Chapter 4].

Denote

uk(x) = kn

∫

D

η(k(x− y)) · u(y) dy, k = 1, 2, . . . ,

vk(x) = kn

∫

D

η(k(x− y)) · v(y) dy, k = 1, 2, . . . ,

(12)

where

η(x) =




c · exp

(
1

|x|2 − 1

)
, if |x| < 1,

0, if |x| ≥ 1,
(13)

and c > 0 is a constant, such that
∫

Rn

η(x) dx = 1,
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η(x), x ∈ Rn, is called a smoothing function. It is well-known that the functions
uk, vk, k = 1, 2, . . . are infinitely differentiable in Rn.

Hammer [8] constructs smooth open convex subsets Dm, m = 1, 2, . . . of D such
that

Dm ⊂ Dm+1 ⊂ Dm+1 ⊂ D and
∞⋃

m=1

Dm = D (14)

with ∂Dm ∈ C∞, m = 1, 2, . . . .

We fix arbitrary m, m = 1, 2, . . . .

For fixed m we take k sufficiently large, in particular, we shall consider k ≥ km,
where

km = inf

{
k :

1

k
<

1

2
· dist(Dm, ∂D)

}
. (15)

Then we have





uk(x) =

∫

B(0,1)

η(z) · u
(
x−

z

k

)
dz, x ∈ Dm,

vk(x) =

∫

B(0,1)

η(z) · v
(
x−

z

k

)
dz, x ∈ Dm,

(16)

if k ≥ km, from which it is obvious that the functions

uk, vk : Dm → R, k ≥ km

are convex functions on Dm.

From Evans and Gariepy [5, Chapter 4, Theorem 1] we get

‖uk − u‖L∞(Dm) −→
k→∞

0, ‖vk − v‖L∞(Dm) −→
k→∞

0, (17)

∂uk

∂xi

−→
k→∞

∂u

∂xi

,
∂vk

∂xi

−→
k→∞

∂v

∂xi

, i = 1, . . . , n (18)

in Lp(Dm), 1 ≤ p < ∞ and in particular for p = 2.

For each fixed m define the weight function hm(x), x ∈ Dm as the unique solution
of the following Dirichlet problem

{
∆hm(x) = −1 in Dm,

hm(x) = 0 on ∂Dm,
(19)

where ∆ is the Laplace operator.

As the domain Dm is smooth we can apply Theorem 6.14 from Gilbarg and
Trudinger [7, Chapter 6], from which we know that the Dirichlet problem (19)
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has a unique solution hm, which is smooth up to the boundary, i.e. hm ∈ C2(Dm).
By the Hopf’s strong maximum principle we have

hm(x) > 0 in Dm. (20)

Take a ball B(a,R) such that D ⊂ B(a,R) and consider the Dirichlet problem
in B(a,R) {

∆hB(x) = −1 in B,

hB(x) = 0 on ∂B.
(21)

It is well known, that the unique solution of the latter problem is given by

hB(x) =
R2 − |x− a|2

2n
, x ∈ B. (22)

The function hB(x) satisfies the same equation in Dm

{
∆hB(x) = −1 in Dm,

hB(x) > 0 on ∂Dm,

hence we get for the difference hB − hm

{
∆(hB − hm) = 0 in Dm,

(hB − hm) > 0 on ∂Dm.
(23)

By the maximum principle we obtain

hm(x) < hB(x) in Dm,

hence the bound

0 ≤ hm(x) ≤
R2

2n
, x ∈ Dm. (24)

The similar argument shows that

hm(x) ≤ hm+1(x), x ∈ Dm, (25)

and the same inequality will hold if we trivially extend the functions hm(x) outside
Dm to be equal to zero.

Thus we get that the sequence of nonnegative functions hm, m = 1, 2, . . . , is
nondecreasing and bounded by constant, hence it has a finite limit

h∞(x) = lim
m→∞

hm(x), 0 ≤ h∞(x) ≤
R2

2n
, (26)

where x ∈ D.
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Let us prove now the following lower bound for h∞(x)

h∞(x) ≥
d2∂D(x)

2n
, x ∈ D. (27)

Take arbitrary point x0 ∈ D and choose r > 0 such that B(x0, r) ⊂ D. As⋃∞

m=1 Dm = D, we conclude that there exists m0, such that

B(x0, r) ⊂ Dm if m ≥ m0.

Consider the Dirichlet problem in B(x0, r)

{
∆h̃(x) = −1 in B(x0, r),

h̃(x) = 0 on ∂B(x0, r).
(28)

As in (22) we have

h̃(x) =
r2 − |x− x0|

2

2n
, x ∈ B(x0, r). (29)

Consider the difference hm − h̃ in the ball B(x0, r) for m ≥ m0, it satisfies the
Laplace equation

∆(hm − h̃) = 0 in B(x0, r)

with the boundary condition

hm − h̃ > 0 on ∂B(x0, r).

By the maximum principle we have

hm(x) > h̃(x) on B(x0, r). (30)

Take here x = x0, then we get

hm(x0) >
r2

2n
for m ≥ m0. (31)

Let us pass to the limit m → ∞ in the latter inequality, we shall have

h∞(x) ≥
r2

2n
.

Now letting r tend to the distance d∂D(x0), then we obtain ultimately

h∞(x0) ≥
d2∂D(x0)

2n
, x0 ∈ D,
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which is the desired inequality (27).

We fix m and take arbitrary k, k ≥ km, where km is defined by (15). We know
from the formulas (16) that the functions uk, vk are the infinitely differentiable
convex functions on Dm.

Introduce the notation
wk = uk − vk, k ≥ km. (32)

From now on we shall use several times the classical Green’s second formula for
smooth functions on Dm.

We have
∫

Dm

∆w2
k · hm dx =

∫

Dm

w2
k ·∆hm dx−

∫

∂Dm

w2
k · (gradhm, nm) dσm, (33)

where nm(x) = (ni,m(x))i=1,...,n is the outward pointing unit normal vector at
x ∈ ∂Dm, dσm is the (n− 1)-dimensional surface measure of the domain Dm.

We have

∆w2
k = 2

n∑

i=1

(
∂wk

∂xi

)2

+ 2wk ·∆wk. (34)

Hence we get

2

∫

Dm

n∑

i=1

(
∂wk

∂xi

)2

hm dx+ 2

∫

Dm

wk ·∆wk · hm dx

= −

∫

Dm

w2
k dx−

∫

∂Dm

w2
k(gradhm, nm) dσm, (35)

but for any x ∈ ∂Dm by the definition of the directional derivative we can write

(gradhm, nm) = lim
t↓0

hm(x)− hm(x− t · nm)

t
≤ 0. (36)

Take wk = 1 in the equality (35), we get
∫

∂Dm

(gradhm, nm) dσm = −measDm. (37)

From the identity (35) we have the inequality

2

∫

Dm

| gradwk|
2hm dx+

∫

Dm

w2
k dx (38)

≤ 2‖wk‖L∞(Dm)

∫

Dm

|∆uk −∆vk|hm dx+ ‖wk‖
2
L∞(Dm)

∫

∂Dm

∣∣(gradhm, nm)
∣∣ dσm.
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But the functions uk, vk are convex and hence

∆uk ≥ 0, ∆vk ≥ 0. (39)

We calculate from (36), (37)

∫

∂Dm

∣∣(gradhm, nm)
∣∣ dσm = −

∫

∂Dm

(gradhm, nm) dσm = measDm. (40)

Hence we obtain the following estimate

∫

Dm

| gradwk|
2 · (2hm) dx+

∫

Dm

w2
k dx

≤ 2‖wk‖L∞(Dm)

∫

Dm

∆(uk + vk)hm dx

+measDm · ‖wk‖L∞(Dm)

(
‖uk‖L∞(Dm) + ‖vk‖L∞(Dm)

)
. (41)

We use once again the Green’s second formula

∫

Dm

∆(uk + vk)hm dx

=

∫

Dm

(uk + vk) ·∆hm dx+

∫

∂Dm

(uk + vk) · (gradhm,−nm) dσm

≤
(
‖uk‖L∞(Dm) + ‖vk‖L∞(Dm)

)
·measDm

+
(
‖uk‖L∞(Dm) + ‖vk‖L∞(Dm)

)
·measDm

= 2measDm

(
‖uk‖L∞(Dm) + ‖vk‖L∞(Dm)

)
,

thus we get

∫

Dm

∆(uk + vk)hm dx ≤ 2measDm

(
‖uk‖L∞(Dm) + ‖vk‖L∞(Dm)

)
. (42)

From the inequalities (41), (42) we obtain the estimate

∫

Dm

| gradwk|
2 · (2hm) dx+

∫

Dm

w2
k dx

≤ 5measDm · ‖wk‖L∞(Dm)

(
‖uk‖L∞(Dm) + ‖vk‖L∞(Dm)

)
. (43)
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We pass to the limit k → ∞ in the latter estimate taking into account the
convergence in norms (17), (18) and get

∫

Dm

∣∣ gradu− grad v
∣∣2 · (2hm) dx+

∫

Dm

(u− v)2 dx

≤ 5measDm · ‖u− v‖L∞(Dm)

(
‖u‖L∞(Dm) + ‖v‖L∞(Dm)

)
. (44)

We change m to m+ l, where l = 0, 1, 2, . . . and restrict the left-hand side of (44)
on Dm, we obtain

∫

Dm

∣∣ gradu− grad v
∣∣2 · (2hm+l) dx+

∫

Dm

(u− v)2 dx

≤ 5measDm+l · ‖u− v‖L∞(Dm+l)

(
‖u‖L∞(Dm+l) + ‖v‖L∞(Dm+l)

)
. (45)

We let l tend to infinity and get

∫

Dm

∣∣ gradu− grad v
∣∣2 · (2h∞) dx+

∫

Dm

(u− v)2 dx

≤ 5measD · ‖u− v‖L∞(D)

(
‖u‖L∞(D) + ‖v‖L∞(D)

)
. (46)

Taking into account the inequality (27) we derive from the latter inequality

∫

Dm

∣∣ gradu− grad v
∣∣2 · d

2
∂D

n
dx+

∫

Dm

(u− v)2 dx

≤ 5measD · ‖u− v‖L∞(D)

(
‖u‖L∞(D) + ‖v‖L∞(D)

)
. (47)

Put v = 0 in the latter estimate, then we have the following bound

∫

Dm

| gradu|2 ·
d2∂D
n

dx ≤ 5measD · ‖u‖2L∞(D), (48)

which shows that the left-hand side of (48) is uniformly bounded with respect to
m and hence passing to the limit m → ∞ we get

∫

D

| gradu|2 ·
d2∂D
n

dx ≤ 5measD · ‖u‖2L∞(D) (49)

for arbitrary bounded convex function u : D → R and arbitrary bounded open
(nonsmooth in general) convex set D in Rn.

Based on the bound (49) we finally pass to limit in the inequality (47) and derive
the desired estimate (9) for bounded convex functions.
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Corollary 2.3. Let uk : D → R, k = 1, 2, . . . be a sequence of semiconvex func-

tions with the same semiconvexity constant c. Suppose this sequence converges in

L∞(D) to a continuous function u. Then we have the following estimate

∫

D

∣∣ graduk − gradu
∣∣2 · d

2
∂D

n
dx (50)

≤ 5measD · ‖uk − u‖L∞(D) ×
(
2‖u‖L∞(D) + ‖uk − u‖L∞(D) + 2c‖v0‖L∞(D)

)
.

Indeed, recalling the definition of the semiconvex function (5) and passing to the
limit k → ∞ in the one sided estimate (6) we see that the limit function u is
also semiconvex with the same semiconvexity constant c. We apply the weighted
energy inequality (9) to the functions uk and u and get the estimate (50).

3. The L2-Approximation of the Gradient of the Semiconvex Function
through the Convex Envelope

Let u : D → R be analytically unknown viscosity solution of the fully nonlinear
second order elliptic partial differential equation

F (x, u, gradu,Hessu) = 0 (51)

in a bounded open convex subset D of Rn.

As pointed out in the introduction the solution of the equation (51) turns out
to be semiconvex (or semiconcave) function if the latter equation is related to
different kind of optimization problems.

Suppose the bounded viscosity solution u of equation (51) is a semiconvex function
and we are given its uniform continuous numerical approximation uδ : D → R,
where δ is a small parameter, which typically measures the mesh size. The objec-
tive consists in constructing interior L2-approximation of the unknown Sobolev
gradient gradu based on the uniform approximation uδ. Moreover, it is desirable
to estimate the gradient’s L2-error through the L∞(D)-uniform error of approxi-
mation.

We shall see in this section that such a construction is possible and it uses two
ingredients: the energy inequality (9) and the notion of the convex envelope.

The convex envelope Γ(u) of a bounded continuous function u in D is defined as
the supremum of all convex functions which are majorized by the function u (see,
for instance, Alvarez, Lasry and Lions [1], or Oberman [18])

Γ(u) = sup {v(x) : v(x) convex in D, v(x) ≤ u(x) for all x ∈ D} . (52)

The mapping u → Γ(u) possesses some nice properties which we prove below

Lemma 3.1. The mapping u → Γ(u) has the Lipschitz property

‖Γ(u)− Γ(v)‖L∞(D) ≤ ‖u− v‖L∞(D) (53)

if only u, v belong to C(D) ∩ L∞(D).
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Proof. Denote
d = ‖u− v‖L∞(D),

then we have −d ≤ u(x)− v(x) ≤ d, i.e. v(x)− d ≤ u(x), u(x)− d ≤ v(x).

Hence we have
Γ(v)− d ≤ u, Γ(u)− d ≤ v.

This means that the convex functions Γ(v) − d and Γ(u) − d are majorized re-
spectively by u, v.

By the definition of the convex envelope we obtain

Γ(v)− d ≤ Γ(u), Γ(u)− d ≤ Γ(v),

i.e. −d ≤ Γ(u)− Γ(v) ≤ d, thus we derive the inequality (53).

Taking successively u = 0 and v = 0 in (53) we get

{
‖Γ(v)‖L∞(D) ≤ ‖v‖L∞(D),

‖Γ(u)‖L∞(D) ≤ ‖u‖L∞(D).
(54)

Proposition 3.2. On the space C(D)∩L∞(D) the mapping u → Γ(u) possesses
the following important property

∫

D

∣∣ gradΓ(u)− gradΓ(v)
∣∣2 · d

2
∂D

n
dx

≤ 5measD · ‖u− v‖L∞(D)

(
‖u‖L∞(D) + ‖v‖L∞(D)

)
. (55)

Proof. We have from the bound (54) that the convex functions Γ(u) and Γ(v)
are bounded, thus we can apply the energy inequality (9) for the latter convex
functions and get

∫

D

∣∣ gradΓ(u)− gradΓ(v)
∣∣2 · d

2
∂D

n
dx

≤ 5measD · ‖Γ(u)− Γ(v)‖L∞(D)

(
‖Γ(u)‖L∞(D) + ‖Γ(v)‖L∞(D)

)
. (56)

The assertion follows after application of Lemma 3.1 and the bound (54).

Consider now the bounded viscosity solution u of the equation (51) which is
assumed to be semiconvex with semiconvexity constant c ≥ 0 and its uniform
continuous numerical approximation uδ, i.e.

‖uδ − u‖L∞(D) −→
δ→0

0. (57)

Further consider the bounded continuous functions

u+ c · v0 and uδ + c · v0 (58)
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and their convex envelopes

Γ(u+ c · v0) and Γ(uδ + c · v0). (59)

The next proposition is the main result of Section 3.

Theorem 3.3. The following weighted L2-estimate is valid for the unknown

gradu through the function grad(Γ(uδ + c · v0)− c · v0)
∫

D

|grad(Γ(uδ + c · v0)− c · v0)− gradu|2 ·
d2∂D
n

dx (60)

≤ 5measD · ‖uδ − u‖L∞(D) ×
(
2‖u‖L∞(D) + ‖uδ − u‖L∞(D) + 2c‖v0‖L∞(D)

)
.

Proof. Let us apply Proposition 3.2 to the functions uδ + c · v0 and u+ c ·u0, we
shall have

∫

D

|gradΓ(uδ + c · v0)− gradΓ(u+ c · v0)|
2 ·

d2∂D
n

dx

≤ 5measD · ‖uδ − u‖L∞(D)

(
‖uδ + c · v0‖L∞(D) + ‖u+ c · v0‖L∞(D)

)
. (61)

By the semiconvexity criteria (7) we have that the function u + c · v0 is convex
and therefore coincides with its convex envelope Γ(u+ c · v0), hence we get

grad Γ(u+ c · v0) = grad(u+ c · v0) = gradu+ grad(c · v0),

the rest is obvious.

Thus the L2-approximation problem of the unknown gradu is reduced to the
efficient numerical computation of convex envelope Γ(uδ + c · v0) and its gradient
(for this item see Kadhi and Trad [10] and Oberman [19]).

We note here that if the solution of PDE (51) is convex (as is the case in Alvarez,
Lasry and Lions [1]) the unknown gradu is approximated by the gradΓ(uδ).

At the end of our paper we give an application of the energy inequality (9) to the
distance function from a set.

It is well known (see Cannarsa and Sinestrari [3, Chapter 2, Proposition 2.2.2] that
the square of the distance function d2C is semiconcave inRn with the semiconcavity
constant 2.

Consider two bounded nonempty closed sets C and C̃ in Rn (in particular the
boundaries of the open sets) and arbitrary ball B in Rn. If we put the semiconvex
functions (−d2C) and (−d2

C̃
) in the energy inequality (9) we get the following

interesting (and impressive) estimate
∫

B

∣∣ grad d2C − grad d2
C̃

∣∣2 · d
2
∂B

n
dx

≤ 5measB · ‖d2C − d2
C̃
‖L∞(B) ×

(
‖d2C‖L∞(B) + ‖d2

C̃
‖L∞(B) + 4‖v0‖L∞(B)

)
. (62)
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