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1. Introduction

Our main goal is to prove the existence and uniqueness of renormalized solutions
to the following nonlinear elliptic equation

(P) —div (a(x,u, Vu)) — divé(u) + g(x,u) = p, in Q,
u =0, on 0f),

where Q is a bounded open domain in RY(N > 2) with Lipschitz boundary 952,

1 is a signed measure in L'(Q) + W17 0)(Q), and zﬁ + ﬁ =1.

We make the following assumptions on a, g and ¢:

(Hy) The function a : © x R x RY — R is a Carathéodory function and there
exist a continuous function p : Q — (1, +00) and a positive constant o such
that

a(z,s,6)€ > aléP@ ) ae z€Q, Vs eR, VE e RY.

(H;) There exist a continuous function b : RT — R* and a nonnegative function
c € LF0)(Q) such that

la(z, s, )] < b(|s])[IEFT! + c(x)], ae z€Q, Vs ER, V¢ € RV,

(Hs) (a(z,s,&) —a(z,s,()) - (€ —¢) > 0 holds for almost every z €  and for
every &, ¢ € RV,
(Hy) g:Q xR — Ris a Carathéodory function satisfying

sup |g(+, 8)| = hn(+) € Ll(Q), g(r,8)s >0, ae. z €, Vs € R.

|s|<n

(Hs) The function ¢ : R — RY is assumed to be continuous.

To deal with this kind of problem, it is natural to use Lebesgue and Sobolev spaces
with variable exponents which are denoted by LP)(Q) and W1P()(Q) respectively.
The study of differential equations with variable exponents has been a very active
field in recent years, since it has important and extensive application background
such as the applications to electro-rheological fluids (see [31, 37]) and image
processing (see [16]). There are already numerous results for such problems,
see [1-5, 14-15, 18-20, 22-23, 25, 28-29, 32-33, 35-36] and their references.

Under our assumptions, problem (P) does not admit, in general, a weak solution
since the terms a(z,u, Vu) and ¢(u) may not belong to (L1 .(92))Y. In order to
overcome this difficulty, we work with the framework of renormalized solutions.
This notion was first introduced by DiPerna and Lions [18] for the study of
Boltzmann equation. It was then used by many authors to study the elliptic
equations (see [7-10, 13, 17, 26]) and the parabolic equations (see [11-12, 30]) in
case of a constant exponent p(-) = p. We point out that in [7], the authors have
proved that there exists a renormalized solution when right hand side belongs to
W=7 (Q, w) with the non-uniformly elliptic condition but not degenerate with

respect u, where w is the weighted function and esssupy<;b(|s|) < oo for any
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k > 0 (see Assumption (3.1) in [7]). However, the proof in [7] seems to be valid
only for esssup,cpb(|s|) < 0o, i.e., the method which is used to prove the existence
results of renormalized solutions in [7] can not apply to our case.

Recently, while a(z, s, &) = |£[P®~2¢, g = 0 and ¢ = 0, Bendahmane and Wit-
tbold (see [4]) have proved the existence and uniqueness of renormalized solutions
to problem (P) with p € L'(€). Then, Zhang and Zhou (see [35]) have obtained
the above results for measure data p € L'(Q) + W12 0(Q). In [33], Wittbold
and Zimmermann have extended the results of [4] to the case a(x, s, ) = a(x, §),
g(z,u) = B(u) and p € L'(Q).

Concerning the notion of entropy solution (introduced by Bénilan et al. in [6]),
Sanchén and Urbano (see [32]) have proved the existence and uniqueness of en-
tropy solution to the p(z)-Laplace equation with L' data. For more papers about
the entropy solutions for nonlinear elliptic equations with variable exponents,
please see [29], [14] and the references therein. Finally, we mention that there
are also some papers [28, 15] which are interesting in the nontrivial solutions for
elliptic equations with variable exponents.

In this paper, we will extend the results of [4, 35, 33, 13, 7] to the general case,
and our main ideas and methods come from [35, 33, 11]. The outline of this paper
is as follows. In Section 2, we give some preliminaries and notations. In Section
3, the existence of renormalized solutions to problem (P) is obtained. In Section
4, we prove the uniqueness of renormalized solution to problem (P).

2. Some preliminaries and notations

In what follows, we recall some definitions and basic properties of Lebesgue and
Sobolev spaces with variable exponents.

Set C(2) = {h € C(Q) :inf,cq h(x) > 1}. For any h € C (), we define h* =
sup,eq h(x) and h™ = inf,cq h(x). For any p € C,(Q), the Lebesgue space with
variable exponents, denoted by LP() (), consists of all measurable functions such
that the modular p,(f) := [, |f(2)[*™)dz is finite, endowed with the Luxemburg

norm ||ul|,.) = inf {A>0:p,(%) <1}. For u,,u € LPO(Q),n =1,2,---, we say

u, strongly converges to u in LPO(§2) if lim, o |[un — ully) = 0.

Lemma 2.1 (See [20]).

(1)  The space LPY)(Q) is a separable and reflevive Banach space, and its dual
space is isomorphic to LP')(Q), where ]ﬁ + zﬁ = 1. For anyu € LPV)(Q)

and v € LP0)(Q),

/ uvdx
9]

(2)  If p1,p2 € CL(Q) with pi(z) < pa(x) for any x € Q, then there exists a
continuous embedding LP20)(Q) — LP10)(Q), whose norm does not exceed
1 + 1.

1 1
< FJr(p’)— ”uHLP(‘)(Q)||U||LP'(')(Q)‘
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(3)  C5°() is dense in LPO)(Q).
(4)  For any u € LPY)(Q), there holds

min{HuHZ(')(Q), ||u||Lp )(Q)} < /Q|u(a:)\p(x)dx

< maX{|\UHIZ;<.>(Q)a Hu”LP )(Q)} (1)

(5)  Let up,u € LPY(Q),n =1,2,---, then the following statements are equiva-
lent:
(1) limpooo [Jun — ullpy) = 0;
(17) limy,— oo pp(tn —u) = 0;
(i17) u,, converges to w in € in measure and lim, ... pp(u,) = pp(u).

Set W'?0(Q) = {u € LPO(Q) : |[Vu| € LV (Q)}, where the norm is defined by

. —WwlrO)(Q)
ullwrscr oy = lull oo + IVl o oy, and denote Wy ™ (Q2) = Cg(Q) .

Lemma 2.2 (See [20]). W*O(Q) and Wy *")(Q) are reflexive Banach spaces.
For any u € Wol’p(')(Q), the Poincaré inequality
[ull o) < ClIVUll ooy o (2)

holds true, where C' is a constant depending on §2.

Lemma 2.3 (See [20]). Let p,d € C(Q) with p* < N and d(x) < p*(z) =

A],Vp for any x € Q, then there is a continuous and compact imbedding W'P()(Q)
— Ld( ().

We denote the dual space of Wy (Q) by W=1#0)((), then

Lemma 2.4 (See [21]) For any H € W=5'0)(Q), there exists a unique vector
of function H € (LPO(Q))N such that

(H,v) = / H-Vodz, Yve Wy (Q).
Q

W12 ()(Q) can be endowed with the norm [ H || yy-10() () = Sup {L :

HUHWI,p(<>(Q) ’

veW,? (')(Q)}. Furthermore, it’s easy to prove the following conclusion.
Lemma 2.5. If H € (W™ (Q)N, then [, divdz = 0.

For any given k > 0, we define Tj(s) = min{k, max{s, —k}}, Sk(r) = min{1, (k +
1 —|r|)+} and the function

. 1 s>0,
sign(s) = {O << (3)
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It is easy to find that S, satisfies the following two conclusions: (S), supp .S, C
[-n — 1,n + 1], and sup|S,| = 1; (5'), suppS,, € [-n — 1,—n| U [n,n +
1], and sup |S,| = 1. We use C(6,,6,,...,60,,) to denote positive constants
depending only on specified quantities 6y, 6s,..., 0,,.

3. Existence of renormalized solutions to problem (P)

In this section, we study the existence of renormalized solutions to problem (P).
Since p is a signed measure in L'(Q) + W=7 0)(Q), we may write u again as

p=f—divF, (4)

where f € L'(Q) and F € LP0)(Q).

Definition 3.1. A measurable function u is a renormalized solution to problem
(P), if g(z,u) € LY(Q), Ti(u) € Wol’p(')(Q) for any k > 0,

lim a(x,u, Vu)Vudz = 0, (5)

o0 S n<|ul<n+1}

/Q (alz, 4, V) + $(w)V (h(u)p)d + / 9(z, u)h(u)pdz

Q

= /fh(u)godx+/F-V(h(u)go)dx (6)
Q Q

holds for any h € W*°(R) with compact support and ¢ € Wy (Q) N L®().

Theorem 3.2. Let p € C(Q),pt < N and u satisfies (4). Assume that the
conditions (Hy)—(Hs) hold, then problem (P) admits a renormalized solution u in
the sense of Definition 3.1.

Proof of Theorem 3.2. The proof is divided into eight steps.

Step 1: We introduce a family of approximate problems and prove the existence
of solutions to such problems.

For each € > 0, we define the following approximations

g-(w,8) = Tu(g(z,5)), ae €, Vs€eR, (7)
a.(z,5,€) = a(z,T1(s),€), ae xeQ, VseR, VEe RY, (8)
¢:(s) = ¢(T1(s)), Vs eR, (9)

fe =T:(f). (10)

In view of (8), the function a. satisfies (H;), (H3) with a replaced by a.. Moreover,
due to (Hs), there exist ¢, € LP)(Q) and a constant b, > 0 such that

lac(z,5,6)| < bJePD 4 e (x), ae z€Q, VseR, VE€RY, (11)
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Now we introduce the approximate problems of (P)

—diva.(z,us, Vue) — div ¢ (us) + go(x,u.) = fo —divF, in Q,
(py N
u, = 0, on 0f).

and prove the existence of weak solutions of problem (F).

For any v, w € Wol’p(')(Q), we define

(1 (v),w) :/Qae(a:,v,VU)dex

and

(o (v), w) —/Q¢€(U)de:v+/ggs(:c,v)wd:c,

it is easy to find that o7, o7, : Wol’p(')(Q) — W=LP'O(Q). First of all, following
the same argument of [27] (see the proof of Theorem 2.8 in Chapter 2), we infer
that 7, is a variational operator and so .27 is a pseudo-monotone operator.
Secondly, it is easy to check that &7, is a bounded and pseudo-monotone operator.

Indeed, if {u,} € W, *(Q) such that
up, — u weakly in Wol’p(')(Q), (12)
we have by Lemma 2.3 that
u, — u strongly in L(Q), d(z) < p*(z), and u,, — u a.e. in €. (13)

Notice that g. and ¢. are bounded and continuous, together with (13), it is easy
to prove that

¢=(un) — dc(u) strongly in L"O() (14)
and
ge(, un) — ge(z,u) strongly in L7 O(Q). (15)
Furthermore, by the Holder inequality, we have

’<,5M€2un - %QU, U>|

/Q 62 (un) — 6. (u)] Voda / 10: (2 wn) — g2 (, )] vde (16)

< @ (un) = G (W)l Lo IVl oty @) + 192 (2, un) = ge (@, W) s @ 0]l oo )

IA

+

for any v € Wol’p(')(ﬂ). Hence, we get from that (14)-(16) that
| Feaun — Feott|[yy-1001 () — O,

i.e., o9 is strongly continuous which implies that o7, is a pseudo-monotone
operator(see Proposition 27.6 in Chapter 27 of [34]).

Now let @7, = oy + 9.9, it is easy to see that
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(i) % is bounded.
(il) o is coercive.

Indeed, by (Hy), (Hy), (Hs), Lemma 2.1 and Lemma 2.2, we have

(. (v),v) - a [, |[VoP@da + [, ¢.(v)Voda

[0l yp1m0 ) ClIVl| ooy
L« min{|| Vo[, q ||VU||LP< @)t
- C HVUHLP(‘ -
Me (== )11l
where M. = max <1 ¢(s), Cc = (it />c) L”0@ g g constant depending

on e. Thus (ii) is true.

(ili) 7 is a pseudo-monotone operator(see Proposition 27.6 in Chapter 27 of
(34]).

Hence, (i)—(iii) together with Theorem 2.7 in [27] imply that there exist at least
one weak solution u. to problem (FP:) for any 0 < ¢ < 1.

Step 2: We establish an uniform estimate on u. with respect to ¢.

For any k > 0, taking T} (u.) as a test function in (F:), we have
/aa(xauaavue>VTk(ua)dx + / Cba(ua)VTk(ua)dx + / ga(xaua)Tk(ua)dx
Q Q Q
_ / (0. )dz + / FVTy(u.)dx. (17)
Q Q

Define gbe fo ¢e(s)ds. Applying the Divergence Theorem, we deduce that

/ ¢€(u€>VTk(ua)dx = / div éa(Tk(ua))dx = an(Tk(O)) vds = 0. (18)
Q Q

o0

Combining (7)-(10), (17)-(18) with (H;) and (Hy), by Young’s inequality we
obtain

/ IV T (ue)|P@) da
Q

kp~ JRYFT  CAD D (U~ NTAGER
< o [+ P {1t} [ s, 9

By Lemma 2.1 and (19), we have

1
||VT]€(U€)||LP(.)(Q) < max{ (/ |VT]€ )|P($)dx) }

< C (ak,p. I @ 1 Fll o)) - (20)
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For fixed k > 0, we have in view of (8) that
ae(z, T (ue), VTi(ue))

1
= a(x, T (ue), VTg(u:)) a.e. x € Q, for any 0 < e < T (21)

From (Hs) and (20), a(z, Ti(u.), VTi(u.)) is bounded uniformly in (LP'C)(Q))V
with respect to e. Hence, by (21), there exists a function oy € (L”(Q))N and
a subsequence (still indexed by ¢) such that

ac(z, Tr(u.), VTi(u.)) — o), weakly in (LPO(Q))N, Vk > 0. (22)
Using (20), Lemma 2.2-2.3 and arguing as in the proof of Theorem 6.1 in [6],

there exist a measurable function v and a subsequence of {Tj(u.)} (still denoted
by {Tk(u.)}) such that

ue — u a.e. in €, (23)
Ti(ue) — Ti(u) weakly in Wy (Q), (24)
Ti(us) — Ti(u) strongly in LPO(Q) and a.e. in €. (25)

Step 3: We prove in this step that

limgﬁo/ag(a:,ua,Vue)VTk(ug)dxS/UkVTk(u)dx. (26)
Q Q

Choosing Sy, (ue)(Ty(ue) — Ti(u)) as a test function in (P.), we have
h+L+ I+ L+ 1 =16+ 17+ Is, (27)

where

I, = /QSn(ug)aa(x,ug,Vug)(VTk(uE) — VT (u))dz,
B~ [ 80T = Tiw)acle, ve, V) Vucda,
B~ [ 8,000 (VTie) = VTifa)de,
= | 810 (T(w2) = Tu(w)o-(ue) Vucd,
= | gua ), u)(Tius) = Tiw)d,
o= [ 18,0 (Tie) = Tufu)de,

I; = /QSn(ua)F(VTk(uE) — VT, (u))dz,

Iy = / S (u) (Ty(ue) — Ti(u)) FVudz.
0
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In the following, we will study the limit of I; respectively.
The limit of I5: By (5'), we have

lim._o|L5| < 2km€_,0/ ac(z, ue, Vue ) Vuede. (28)

{n<|ue|<n+1}

Using T),41(ue) — Ty (ue) as a test function in (P.), we obtain

Q

= /Qfa(TnH(ua)—Tn(ue))dﬂf+/FV( T (ue) = To(ue))dz. (29)

Similarly to (18), we have

/(/56 ue )V (Thi1(ue) — Ty (ue))dz = 0. (30)

Using (30) and applying Young’s inequality in (29), we obtain that

/ ac(z, ue, Vue ) Vude —|— b /ge(m,ue)(TnH(us) — T, (ue))dz
{n<|ue|<n+1} -1

< w(n,e), (31)

1 /(2
where w(n,e) =L 1f{|u |>n}\f|d:1:—|—fpfp — )maX{a’alf’f}f{n§|u8|§n+1}|F’p( )da

On the other hand, by Poincaré inequality and (19), we have

{lue] = n}l

/'T u)l” g, < GOSN NQ/WT (ue) P da

N.Q B
< Cl, N, [/ VT, (ue) P dx—i—/ VT, (ue)|P@dz
nt- {1V T (ue)| <1} {1V T (us)[>1}

< G NQ) {|Q|+/|VT (ue) [P dx}

IN

= np-

C <Oé,p_,N,Q,p+7 Hf”Ll(Q)7 HFHLP/(')(Q))

np” 1

IN

. Vn> 1. (32)
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Let e — 01in (32), then it follows from (23) and Lebesgue’s dominated convergence
theorem that

C <a,p7,N,Qap+7 | fll 22 ||F||Lp'<»>(9)>

np~ 1

. Vn > 1. (33)

{lul = n}| <

Combining (Hy), (23) with (31) and (33), by the absolute continuity of integral
and Lebesgue’s dominated convergence theorem, we find that

lim lim ac(z,ue, Vue )Vudr < lim limw(n,e) = 0. (34)
n—oo —0 {n<|uc|<n+1} n—o0 e—0

Hence, according to (28) and (34), we have
lim lim |I] = 0. (35)

n—oo e—0

The limit of I3, I, I; and Is: By (5), for enough small € > 0, we have
Sn(us)¢s(us> - Sn(U5)¢(Tn+1(U5)).
Note that S, is continuous and bounded, the above equality and (23) yield that

Sn(ua)d)s(ua) - Sn(U)¢<Tn+1<U))
= Sp(u)p(u) strongly in (LPO(Q)N, as e — 0. (36)

The convergence result (36) together with (24) imply that

lin% I3 = hH(l) S (ue)de(ue) (VI (u:) — VI (u))dz = 0. (37)
e— =0 Jo

Similarly to the limit of I3, we have

lim Iy =lim [ S (u)(T(ue) — Ti(u))de(ue) VT (ue)da = 0, (38)

e—0 e—0 Jo
lintl) I; = hII(l] Sp(ue)F(VTi(ue) — VT (u))dx = 0, (39)
e— e—=0 Jq
lir% Iy = lir% S! (ue) (Th(ue) — Ti(u)) EV Ty (ue)dz = 0, (40)
E— E— 0

where (57) is used in (38) and (40).

The limit of I5 and Is: From (), (23) and Lebesgue’s dominated convergence
theorem, we deduce that

}:ill(l) Is = lii%/ﬂga(x,ug)Sn(ue)(Tk(ug) — Ty (u))dx =0, (41)

lim Ig = lim [ f.S5,(uo)(Tk(us) — Ti(u))dz = 0. (42)
e—0 e—0 /o
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Passage to the limit in (27): Let ¢ — 0 and then n — oo in (27), it follows
from (35) and (37)—(40) that

lim lim [, = lim lim [ S,(u.)a.(z,ue, Vu.) (VT (u.) — VTi(uw))dz < 0. (43)

n—oo £—0 n—oo €—0 Q
By (8), we infer that
Sp(ue)ae(x, ue, Vue ) VTi(ue)

1
= a(z, Tp(ue), VI (ue)) VT (u:) a.e. x € Q, for 0 < k < max {g,n} . (44)

Sp(ue)ae(x, ue, Vu,)

= Sp(us)a(z, Trni1(ue), VT (ue)) ae.x €Q, for0<e< 1 (45)
Combing (22) with (23) and (43)—(45), we get
7@ E A ac(z, ue, Vue ) VT (us)de
< nh_)_rgo i Sp(1)op 1 VTg(u)dz, for 0 < k <n. (46)
Moreover, we have for 0 < k < n that
e (@, Typ1 (ue)y Vg (Ue) ) X {luc <k}
= ac(z, Ti(us), VT (te) ) X juc <k} a-€. 7 € Q. (47)
Using (22), (23) and (47), we find that
On+1 X{|ul<k} = Ok X{|u|<k} a.€. T € € (48)

From (46) and (48), we get the desired result (26).
Step 4: The aim of this step is to obtain

liir(l) Q[a(x, Ti(ue), VIi(ue)) — a(x, Ty (ue), VT (w))| (VT (us) — VT (u))dx = 0.
(49)

Indeed, by (Hs), (23) and Lebesgue’s dominated convergence theorem, we have

a(z, Ty(uz), VTi(w) — a(z, Ti(u), VTi(u)) strongly in (LPO(Q)Y, as e — 0.
(50)

Thus, using (24), we obtain

lim [ a(z, T (u.), VI (0)) (VT (u:) — VT (u))dz = 0. (51)

e—0 Q
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Note that

0-(z, To(us), VTi(us)) = a(z, Te(us), VTi(us)), for 0 < e < % (52)

then (22), (26) and (51) yield

lim [ [a(z, Ti(u.), VTi(u.)) — a(z, Te(us), VI (u)|(VTi(u:) — VTi(u))dz < 0.

e—0 Q

Hence, conclusion (49) follows from the above inequality and (Hj).

Step 5: In this step, we prove that oy = a(x, T (u), VT, (u)) and

ae(z, Ti(ue), VT (u:)) VT (ue)
— a(z, Ti(u), VTi(u))VTi(u) weakly in L'(Q2), as e — 0. (53)

In fact, by (22), (49)—(52), we have

lim [ a. (e, Do), VT(0)) VT (u)de = / o VTh(w)de.  (54)
e=lJa Q

Similarly to the argument in [11], in view of (H3), (22), (24), (52) and (54), the
Minty’s Lemma (Lemma 1.5 in Chapter III of [24]) implies that

o, = a(x, T(u), VT (u)). (55)

Using (22), (55), we obtain that

ac(x, T (ue), VIg(ue))VTi(u)
— a(z, Ti(w), VTi(w)) VT (u) weakly in L'(Q), as e — 0.

Since a.(x, Ti(ue), VTi(u)) = a(x, Tp(ue), VT (u)) for 0 < e < 4, by (50) we have

ac(z, Tp(ue), VI (uw))VTi(ue)
— a(x, Ty(u), VT (u)) VT (u) weakly in L'(2), as e — 0,

ae(z, T (ue), VI(u)) VT (u)
— a(z, T(u), VT (w))VTk(u) strongly in L'(Q), as € — 0.

The above three convergence results and (49) imply that the desired result (53)
holds.

Step 6: We want to get the following limit

lim a(z,u, Vu)Vudz = 0. (56)

"0 J{n<lul<n+1}
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Indeed, replacing k by n + 1 in (53), from (23) we obtain
lim ae(z, ue, Vue ) Vudr
e=0 {n<|uec|<n+1}

= lim Qe (x; TnJrl(ue)a V,—Tn+1 (us))VTnJrl(UE)X{nS\u5\§n+1}dx

e—0 Q

= /&(xaTnJrl(u)aVT?HI(U))VTnJrl(u)X{HSIUISn+1}d$
Q

:/ a(x,u, Vu)Vudz. (57)
{n<lul<n+1}

Conclusion (56) follows immediately from (34) and (57).
Step 7: Our aim is to prove that g(x,u) € L'(Q).

Indeed, in view of (31), we obtain

L%mwmmmw—nwmmsﬁj%m@.

By (H,), (23) and Fatou’s Lemma, we deduce from the above inequality that

g9(@,w)(Toir (w) — To(u)) € LY(Q)
p-—1

and  [|g(z, u)(Tnt1(u) — To(u))l|lrr(0) <

w?’b’

p_(pt-1) { ;

where wn = i w(n, <) = 2 [y f1dr+ ELE R max {o, 0™ | [l oy

|F|P'(®)dz. Thus we have

[ 1otz wlda
- / |g(m,u)|dm+/ |92, w) (T (u) — To(u))|dz
QN {|u|<n+1}

QN{|u|>n+1}
- —1

< /hn+1(x)dx+p — Wp.
Q p

Since lim,, o w(n) = 0 (see (34)), we conclude from the above inequality that
Jolg(e,wlde < C. ie., glw,u) € L)

Step 8: We prove that u satisfies (6).

Let ¢ € Wol’p(')(Q) N L>*(Q) and h € WH*(R) with compact support belonging
to [—k, k]. Taking S, (u-)h(u)p as a test function in (P.), we get

S+ S+ Tz Jp+ Js = Jg + Jr + g, (58)
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where
Jl :/Sn(ug)ag(x,ue,VUE)V(h(u)go)d:E,
Q

Jo = [ S (uo)a.(z,u., Vu:)Vuh(u)pdz,

S~

Iy = / S (112) 2 () V () g,
J4:AS;(ug)¢a(u8)Vu5h(u)¢dx,

J5:/Qgs(x,ue)sn(ug)h(u)godx,

Jg:/S;(ug)FVugh(u)godx.
Q

In the following, we will examine the limit of J; respectively.

The limit of J;: By (S5), the term J; can be rewritten as follows,

J1 :/QSn(ua)a(x,TnH(uE),VTnH(ua))V(h(u)gp)da:.

Lebesgue’s dominated convergence theorem and (23) imply that

S (uz)V(h(u)@) — Sp(u)V(h(u)p) strongly in (LPO(Q))Y, as e — 0.

Replacing k by n + 1 in (22) and (55), it follows from (59) and (60) that

lim lim J; = lim [ S,(w)a(z, Tyt (w), VI (w))V (h(u)e)

n—oo e—0 n—oo Q

= /a(x,u,Vu)V(h(u)ap)dx.
Q
The limit of Jy: In view of (S’), we have

| J2| < ||h(U)90||L°°(Q)/ a:(z, ue, Vu. ) Vudr.

{n<Jue|<n+1}
Combining (34) with (62), we obtain

lim lim Jy; = 0.

n—oo €—0

(59)

(60)

(61)

(62)

(63)
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The limit of J3: Recall that supp h C [k, k|, similarly to (61), we have

lim lim Js

n—oo e—0

— lim [ ()T () V(h(w)e)de = Tm | S, (u)é(u)V(h(u)e)de,

=l [ ST = [ 6T (69

The limit of J,: Similarly to (62), using Young’s inequality, we have

4] < Ih()el ey / 16, (1) Vo | da

{n<luc|<n+1}

1
< Ih(w)elieo [— / VP da
P J{n<uc|<n+1}

pt—1

+ / | (ue) ‘pl(x)dx . (65)
p {n<|uc|<n+1}0{|u|<k}

_|_

By (H1), (8), (33) and (34), we obtain
lim lim J4 = 0. (66)

n—oo e—0

The limit of J;: Notice that supp h C [—k, k] and (5), we may assume that
n + 1 > k and obtain

lim lim J5; = lim lim [ g.(z, Thy1(ue))Sn(ue)h(u)pde

n—oo e—0 n—oo e—0 Q

— [ gt whlu)pds. (67
Q
The limit of Jg and J7: It is easy to see that

lim Tim Jg = /Q f@h(eds,  lim lim J; = /Q FY(h(w)g)dz.  (68)

n—oo e—0 n—oo e—0

The limit of Jg: Similarly to (66), we obtain
lim lim Jg = 0. (69)

n—oo €—0

Passing to the limit in (58): Let ¢ — 0 and then n — oo in (58), it follows
from (61), (63), (64), and (66)—(69) that

/Q(a(a:,u, Vu) + ¢(u)V(h(u)p)de + / g(x, u)h(u)pdr

Q

= /fh(u)gpdx—f—/F'V(h(u)gD)dl', (70)
Q Q
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holds for any h € WH*(R) with compact support and ¢ € Wol’p(')(Q) N L>(Q).

In view of (56) and (70), we conclude that u is a renormalized solution to problem
(P) and the proof of Theorem 3.2 is finished. O

4. Uniqueness of renormalized solution to problem (P)

In order to get the uniqueness of renormalized solution to problem (P), we make
the following assumptions:

(Hg) ¢ is locally Lipschitz continuous function.
(H;) For a.e. z € Q, V& € RY and Vk > 0, there exist ¢, € LPO)(Q) and a
constant [, > 0 such that

la(z, 51,€) = a(w, 52,€)] < |s1 — sal [Bel€P D! + ex(a)], (71)

holds for any |s1| < k, |s2] < k.
(Hs) g: 8 xR — R is strictly increasing with respect to the second variable.

Theorem 4.1. Letp € C(Q),pt < N and p satisfies (4). Assume that the con-
ditions (Hy)—(Hg) hold, then problem (P) admits a unique renormalized solutions
u in the sense of Definition 3.1.

Proof of Theorem 4.1. By Theorem 3.2, we need only to prove the uniqueness
result.

Defined H, € W'*(R) as H.(r) = min{1l, = }. Let u,uy be two renormalized
solutions to problem (P). According to Definition 3.1, we have

/Q(a(x, Ui, V) + ¢(1) )V (Sy (i) Ho (Tr (u1) — Tha (ug)) )da
+/g@mwmmmammm—nﬂwmm
Q
_ / F S () He (T (1) — T (u2))

4 / F V(S0 (1) Ho Ty (11) — Ty (1)) (72)

where ¢ = 1,2. Denote Q. = {z € Q: 0 < T,41(u1) — Thi1(uz) < €}, we obtain
from (72) that

Li(n,e) + Iy(n,e) + I3(n, &) + Iy(n,e) + I5(n,e)
= Is(n,e) + I;(n,e) + Ig(n, e), (73)

—~
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where

Li(n,e) = /[S;(ul)a(x,ul, Vu)Vuy — S (ug)a(x, ug, Vug)Vug|Ho(Thy 1 (ur)
Q

— Ty (uz))d,
Ly(n,e) = é/g [Sn(ur)a(x,ur, Vuy) — Sp(uz)a(x, uy, Vug) |V (T (ur)
— Ty (uz))de,

I3(n,e) = /Q[SZ(Ul)ﬁb(Ul)VUl — S, (u2)d(ua) Vg Ho (Trqa (w1) — Ty (uz))de,

Li(n,e) = l/ [Sn(ur) (1) = Sn(u2)¢(ua)]V (T (ur) = T (ug))da,

€

€

Is(n,e) = /[9(1’7 ) Sy (ur) — g(x, u2)Sp(uz) [ He (Thg1 (ur) — Thpa (u2))dz,

Is(n,e) = /Qf[sn(ul) — Sp(ug)|He(Thp1(ur) — Ty (ug))de,
1

Ir(n,e) = g/ [Sn(u1) = Sn(u)|F - V(Ti1(ur) — Thsa (u2))da,

L(n,e) = /Q[S,’l(ul)F -Vuy — S (ug)F - Vug|He (T i1 (u1) — Tryr(ug))de.

In the following, we will examine the limit of each term in (73) as ¢ — 0 and then
n — 00.

The limit of I;(n,¢): On one hand, we have

lim I1(n,¢)

e—0

= /Q[S;(ul)a(x,ul,Vul)Vul — 5! (ug)a(z, ug, Vug)Vuglsign™ (T4 1 (ug)
- n+1(u2))dx7 (74)

where the function sign™ is defined by (3). On the other hand, notice that (S’),
we deduce from (5) and (74) that

lim lim /;(n,e) =0. (75)

n—oo €—0
The limit of Iy(n,e): Rewritten Iy(n,e) as Ir(n,e) = Iy (n,e) + In(n,c) +
Ix3(n,€), where
1
Iy (n,e) = - Sp(ur)[a(@, Toya(ur), Vi1 (ur))
Qe
— a(z, Ty (w1), Vg1 (u2)) ]V (Tnga (1) — Tha (u2))de,
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an.2) = 2 [ [a(10) = Sa(0)Jo( Tos(10). Vo1 (42))V (T )
T (),
€)= = [ Sulus)la(e. Tusa(w), Vo (u2)
000, T (2), Vs ()9 (s 1) ~ T 0]l
In view of (Hs), we have
(76

121(n78> Z 0.
Notice that (5) and (S5'), by (H2) we have
[I22(n, €))|

1
<2 [ sup Ii]- D) = T ()

) ‘a(xv Trt1 (ul)v VT (u2))v<Tn+l<ul) —Thn (u2))|d$

< / bt [|[VTea (u2) P97 + ey (2)] - [V (T (1) — Vg (u2))|da,
Q.

where the constant b, and the function C),1; is independent of £, which yields

hn(l) IQQ(T?,,@) =0. (77)

As far as Iy3(n,¢) is concerned, we have in view of (H7) (replacing k by n + 1)

that

|[23 (n, 5)‘

1
= e [ To1 (1) = T (u2)] - [Ensa () + Byt [V (ug) [P ]

Qe
’ ’v(TTL—i-l(ul) - Tn+1(u2>>|dx
: / (041 () + Basa |V () P97 - [V (T (1) = T (u2)) |d,
and thus
(78)

11I% ]23(71, 5) =0.

Recall that I3(n,e) = Iy (n, &)+ Is(n, )+ Ia3(n, ), it follows from (76)—(78) that

lim Iy(n,e) > 0. (79)

e—0
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The limit of I3(n,e): For the term I3(n, <), we have following calculations

Trt1(u1)
/ div / S’ (r)(r)dr
Q Tn+1(u2)

<L smene

Trt1(u2)
< sup  [o(r)| | [VThp1(w) — VT (ug)|dz,
re[—n—1, n+1] Qe

[I3(n,€)| = H (T (ur) = T (ug))dz

AV (Tasr(wr) = Toga (u2))|de

which implies that
lim I3(n,e) =0. (80)

The limit of I,(n,e): The term I4(n, ) can be written as follows

[I4(n, €)]
1

Z| [ Su@)[(Tnrr(w)) = (Tnsr(u2))] - V(T (wr) = Tosa (u2))de

Qe

+/Q [Sn(u1) = Sulu2)|@(Thi1(u2)) - V(Tosa(wr) — Toya(ug))d

< |l Loofn-1, n+1]/ VT i1 (ur) — VT, (ug)|de
Qe

+ sup lp(1)] |VT1(ur) — VT, 41 (ug)|de,
’I’E[—Tl—l, TL+1} Qe

where (Hg) is used. Therefore,

lir% Iy(n,e) = 0. (81)
The limit of I5(n,e): Notice that g(x,u1),g(x,us) € LY(Q), it is easy to see
that

lim lim I5(n,¢)

n—oo €—0

= lim [9(z,u1)Sn(u1) — g(, Uz)Sn(U2)]Sign+(Tn+1(U1) — Ty1(ug))da

n—oo [¢)

= /Q[g(x>ul) _g(x>u2)]X{u1*U2>0}dx' (82)

The limit of I(n,c): It is easy to calculate that

lim lim Ig(n,e)

n—oo €—0

n—oo

= lim i FSn(ur) = Sp(us)lsign™ (Topa(ur) — Toga(us))dz = 0. (83)
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The limit of I;(n,e): Similarly to (77), we have

lim I7(n, ) = 0. (84)

The limit of Ig(n,c): We observe that

lim Ig(n,¢) (85)

e—0

= /[Sé(ul)F . Vu1 - S;L(UQ)F . VUQ]SigIl+(Tn+1(U1> - Tn+1 (UQ))d(L’ = Ign.
Q

By Holder’s inequality, we deduce that

1 1
[fgn| < (p—_ + W) [||X{n§|u1|§n+l}vu1||Lp(-)(Q)

+ trshuatzn sy Vel Loy 1 Fll oo oy (56)

Since lim,,_, f{n<\u1|<n+1} a(x,u, Vuy)Vurdr = 0, there exists a N7 > 0 such

that f{n<|u1|<n+1}\Vu1|p(m)dx < 1 for n > N;. Thus, by Lemma 2.1, we have for

n > N1 that
%
(/ |Vu1|p(x)dx) ’
{n<lua|<n+1}

1
< (—/ a(x,ul,Vul)Vuldx) . (87)
@ J{n<lu1|<nt1}

Similarly, there exists a Ny > N; such that for n > Ny,

IA

||X{n§\u1 |<n+1} VU1 ||LP('>(Q)

s
-

'B+‘H

1
wm@wgwanmﬂmns(—/‘ a@vaW»vaﬁ )
{n<Juz|<n+1}

«

It follows from (5) (replace u by u; and wus respectively) and (85)—(88) that

lim lim Is(n,e) = lim Iy, = 0. (89)

n—oo e—0 n—00

Passage to the limit as ¢ — 0 and then n — oo in (73): It follows from
(75), (79)—(81), (82)—(84) and (89) that

/{;[g(xaul) - g(l’7u2)]x{u1*7—t2>0}dm <0. (90)

Combining (90) with (Hg), we infer that u; < uy a.e. in .

Interchanging the role of u; and wus, we obtain uy < u; a.e. in 2. Therefore,
Uy = Uy a.e. in 2. Thus, the proof is finished. O
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