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It is known (see [1]) that a compact linear operator from a Banach space X into the space of
continuous functions C(Z,R) is extreme provided it is nice, i.e. T*(Z) C Ext B(X™), where Z
is a compact Hausdorff space and T* : Z — X* is a continuous function defined by T*(z)(z) =
T(x)(z). The nice operator condition can be weakened as long as the set of extreme points
Ext B(X™) is closed, namely it suffices to assume than T*(Zy) C Ext B(X™*) for some dense
subset Zy C Z in that case. The aim of this paper is to characterize the closedness of the set of
extreme points of the unit ball of Calderén-Lozanovskii spaces E, generated by the Kéthe space
E and the Orlicz function ¢. The main theorem of the paper (Theorem 2.14) gives conditions
under which the closedness of the set Ext B(E,) is equivalent to the closedness of the set of
extreme points of the unit ball of the corresponding Kéthe space F.
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1. Introduction

Recall that for a Banach space (X ||-]]) a point x € S(X) is said to be an extreme
point of B(X) (z € Ext B(X)) if for any y, z € B(X) such that z = ¥3* we have
Yy =2z

For a Banach space X and a compact Hausdorff space Z, it is known ([7]) that
the space K(X,C(Z,R)) of linear, bounded compact operators T : X — C(Z,R),
is isometric to the space C(Z, X*) of continuous functions on Z with values in
the dual Banach space X*. In fact, for every linear compact operator 7' : X —

C(Z,R) we can assign a continuous mapping 7% : Z — X* defined by the formula
T*(z)(x) = T(x)(2). The operator T is called nice if T*(Z) C Ext B(X*). It is
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easy to see that every nice linear compact operator is an extreme point of the
unit ball B(K(X,C(Z,R)), but the inverse implication is not true even in finite
dimensional Banach spaces ([1]).

Let us note that if the set Ext B(X) is closed then for T" to be nice it suffices to
assume that T*(Zy) C Ext B(X™*) on a dense subset Z, C Z.

In the following by (2, ¥, 1) we will denote a o-finite and complete measure space
and L°(Q) = LY(Q, X, p) will stand for the space of all (equivalence classes of)
Y-measurable real valued functions defined on €.

Evidently, in the case of Lebesgue function spaces LP(€), the set Ext B(LP()) is
closed for all 1 < p < oo. Indeed, for p = 1, Ext B(L'(Q)) = 0, for 1 < p < oo the
space LP(2) is rotund and for p = oo the set Ext B(L*(£2)) consists of isolated
points. In the case of Orlicz spaces L¥(£2) (see [3]) either with the Luxemburg
or the Orlicz norm the closedness of Ext B(L#(2)) depends on the function ¢
(see [29], [30], [31]). In this paper we will investigate the closedness of the set of
extreme points of Calderén-Lozanovskii spaces E,,. This class of spaces includes
the class of Orlicz spaces with Luxemburg norm - it suffices to put £ = L*(Q).
We will give conditions under which the following equivalence holds true: the set
Ext B(E,) is closed if and only if the set Ext B(E) is closed. We start with basic
notation and definitions that will be used in the paper.

By a Kothe space E C L%(Q) we mean a Banach space (E, || - ||g) satisfying the
following conditions:

(i) for every x € LY() and y € F such that |z(t)] < |y(t)| for p-a.e. t € Q we
have z € F and ||z||g < ||y||g,
(ii) there is a function z € E such that z(¢) > 0 for p-a.e. t € €.

We say that a Kothe space E has the Fatou property (E € (F'P) for short) if for
any € LY and (z,,) in ET such that z,, T |z| p-a.e. and sup,, oy ||2n||r < 00 we
have x € F and ||z,||g — ||z||e-

By Et we will denote the positive cone of F, i.e. ET ={x € F: 2z > 0}. It is
known that for every Kothe space there exists a sequence of disjoint measurable
sets (A,) such that |J,—; A, = Q and x4, € E for all n € N ([32], Theorem
86.2).

A point z € ET is called a point of upper monotonicity (U M-point for short) if
for any y € E*\ {0} we have ||z||g < ||z +y||g. A point x € ET\ {0} is called a
point of lower monotonicity (LM-point for short) if for every y € E* such that
y < x and y # = we have ||y||g < ||z||g. If every point of S(E™) is a UM-point
(alternatively an LM-point), then we say that the space E is strictly monotone.

The relation between U M-points and extreme points in Kothe spaces describes
the following lemma.

Lemma 1.1 ([12], Lemma 1.4). Let E be an arbitrary Kithe space. A point
x € S(E) is an extreme point of B(FE) if and only if |x| is an UM -point and
2| € Ext B(E™).
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For a nonnegative measurable function x define the functions
ng(7) = p{t € Q:z(t) > 1}), x*(t) = inf{7 : n. (1) < t}.

We say that two nonnegative functions x and y are equimeasurable whenever
ng (1) = ny,(7) for every 7 > 0. A Kothe space E is called symmetric if for every
equimeasurable functions z € L°(Q2) and y € E we have z € E and ||z||g = ||y||&
or equivalently

1€’ )Ay e EAs* ) <y () p—ae = x€EN|zle<]||ylle

For more information about symmetric Kéthe spaces we refer to [25] and [26].

A function ¢ : R — [0, 00] is said to be an Orlicz function if ¢(0) = 0, ¢ is not
identically equal to 0, it is even and convex on the interval (—by,,b,) and left
continuous at by, i.e., lim, ;- ¢(u) = ¢(b,), where b, = sup{u > 0: p(u) < oo}.

Moreover, for any Orlicz function ¢ we define a, = sup{u > 0 : p(u) = 0}. If
a, = 0 we will write ¢ > 0. If ¢ takes only finite values (i.e. b, = 00), then we
will write ¢ < co. Let G, denotes the set [ay, b,] if ¢(b,) < 0o or the set [ay, by,)
if p(b,) = co. Note that the function |, is strictly monotone, so it posesses
the inverse function.

An interval [a,b] is called a structurally affine interval for an Orlicz function ¢
provided that ¢ is affine on [a,b] and it is not affine either on [a —¢,b] or [a, b+ €]
for any € > 0. For an Orlicz function ¢ we define the set of its strictly convex
points by SC(p) = Gy \ U,en, (@, bn), where N, C N denotes the set of all
indices of structurally affine intervals for .

We say that an Orlicz function ¢ satisfies the Ay(0)-condition (¢ € Ay(0) in
short) if there exist numbers K > 0 and uy > 0 such that ¢(up) > 0 and
©(2u) < Ko(u) for all u < uy. We say that an Orlicz function ¢ satisfies the
As(00)-condition (¢ € Ay(oco) in short) if there exist numbers K > 0 and ug > 0
such that ¢(uy) < oo and ¢(2u) < Kp(u) for all u > uy. Finally, we say that an
Orlicz function ¢ satisfies the Ay(R*)-condition (¢ € Ay(R™) in short) if there
exists a number K > 0 such that ¢(2u) < K¢(u) for all v > 0.

For any Kothe space E and any Orlicz function ¢, on the space L°(Q) we define
the convex semimodular p, by the formula

lpolzlllg ifolzf ek,
pe(x) = P
00 if polz| ¢ E.

The Calderén-Lozanovskii space E, generated by the couple (E, ¢) is defined as
the set B, = {z € L) : >0 pu(Az) < co}. In the Calderén-Lozanovskii
space E, we define a norm by the formula ||z|[, = inf{A > 0: p () < 1}. It is
known that if £ has the Fatou property then FE, has this property as well. It is
also known ([25], Lemma 4.3) that if the Kéthe space E is symmetric then the
Calderén-Lozanovskii space £, is symmetric as well.
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Let us note that every Calderén-Lozanovskii space over E = L'(€) becomes an
Orlicz space L¥(€2) and the norm ||- ||, is called the Luxemburg norm in that case.
Moreover, Orlicz spaces with the Luxemburg norm are examples of symmetric
Ko6the spaces. In the sequel we will use the following theorem characterizing the
U M-points of the unit sphere of Orlicz spaces equipped with the Luxemburg
norm, that is an immediate consequence of Theorem 1 presented in [11].

Theorem 1.2 ([11]). A point x € S(L?(Q2)") is upper monotone with respect to
the Luxemburg norm if and only if the following conditions are satisfied:

(1)  x(t) > a, p-ae.,
(i) x(t) = b, p-a.e. or [,o(x)dp=1.

If F is a Kothe space and ¢ is an Orlicz function then we say that ¢ satisfies the
AF_condition (¢ € AF for short, [14]) if:

(1) ¢ € Ay(0) whenever E — L>*(Q) (i.e. E is continuously included in L>(2))
(2) ¢ € Ay(oco) whenever L®(Q2) — E
(3) ¢ € Ay(RT) whenever neither £ — L*>(Q2) nor L>®(Q2) — E.

Lemma 1.3 ([2], [9]). Let E be a Kithe space and let ¢ be an Orlicz function.
For every x € E, and (x,) in E, we have:

(1) if polx) =1, then ||z|l, =1,
(i) if pp(xn) — 1, then ||z,|l, — 1,
(71) if ||zn||l, — 0, then py(xy,) — 0.

Lemma 1.4 ([2], [9]). Let E be a Kithe space and let ¢ be an Orlicz function
with o > 0 and ¢ € A¥. For every sequence (z,,) in E, we have ||z,||, — 0
whenever py,(z,) — 0.

Lemma 1.5 ([2], [9]). Let E be a Kdthe space and let ¢ be any Orlicz function
such that ¢ < oo and ¢ € AF. For every x € E, and (z,,) in E, we have:

(i)  py(z) =1 whenever ||z||, =1,
(71)  py(z,) — 1 whenever ||z,||, — 1.

The condition (7) of Lemma 1.5 appears to be the crucial one while investigating
several types of geometric properties of Calderén-Lozanovskii spaces. In the paper
[16] P. Kolwicz defined a weakened property that implies the condition (¢), namely
we say that the Calderén-Lozanowskii space F,, satisfies the norm-modular prop-
erty (B, € (nm)) if for every x € E, the implication ||z||, = 1 = p,(z) =1
holds. It is obvious that if ¢ < oo, the condition ¢ € AZ implies E, € (nm).
From the following lemma it is easy to conclude that the inverse implication is
not true.

Lemma 1.6 ([16]). Assume that E is a symmetric space over the space of finite
measure and let ¢ < oco. We have E, € (nm) if and only if ¢ € Ay(00) or
E, = {0}, where E, denotes the ideal of elements of absolutely continuous norm
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in B, i.e. B, ={x € E:|lzxa,llp — 0 as A, N\, 0}.

The following theorem gives the complete characterization of extreme points in
Calderon-Lozanovskii spaces.

Theorem 1.7 ([13], Theorem 1). Let E, be a Calderdon-Lozanovskii space and
x € S(E,). Then x € Ext B(E,) if and only if one of the following conditions is
satisfied:

(1) o[ = boxa or
(71)  py(z) =1, x| > ayxa, polz| is UM-point in E and the following condition
holds:
(0) for every u,v € S(E) such that 0 < u,v < p(by)xq and *T¢ = @ o ||
we have either u = v or po (X2) < L(poy+poz), wherey =g 'ou,
z =g tow, and g is the restriction of ¢ to the set G.,.

It is obvious that if x € S(E,) and ¢ o |z| € Ext B(E), then the condition (o) is
satisfied. Moreover, by Lemma 1.1, ¢ o |z| € Ext B(E) implies that ¢ o |z| is an
UM-point of E. Thus, by the condition (i7) of Theorem 1.7, for x € S(E,,) to be
an extreme point of B(E,,) it suffices to prove that p,(x) = 1, |z| > a,xo and
o |z| € Ext B(E).

But extreme points = of B(E,,) need not to satisfy the condition gol|z| € Ext B(E)
even if ¢ < oco. For example, take the Lebesgue space £ = L'[0,1] and put
¢(u) = u? Then E, = L?0, 1], so Ext(L?[0,1]) # 0. But polz| ¢ Ext B(L'[0,1])
since the unit ball B(L'[0, 1]) does not possess extreme points.

More information about Orlicz spaces can be found in [3] and [24]. For infor-
mation about extreme points and geometric properties of Calderén-Lozanovskii
spaces we refer to: [2], [8], [9], [10], [12], [13], [14], [16], [17], [18], [19], [20], [21],
[22], [23].

2. Main Results

In the paper [29] the necessary and sufficient conditions for the closedness of
the set of extreme points in Orlicz spaces L¥(2) equipped with Luxemburg norm
were presented. Recall that an Orlicz function ¢ is said to satisfy the I',-condition
(p € ', for short) if there exist constants ¢, K > 1 and d > 0 such that du(Q) <
oo and ¢(t) < K - p(s) + d for every t € SC(p) N[0,cs] and s € SC(yp).

Theorem 2.1 ([29]). The set Ext B(L?(Q2)) is closed if and only if p € T',.

We start with an auxiliary lemma that will be used later.

Lemma 2.2. [If the composition of two Orlicz functions 1 o ¢ satisfies the I'y-
condition, then the function i satisfies the I',-condition as well.

Proof. Assume that @ o ¢ € I',. Then there exist constants ¢, K > 1 and
d > 0 such that du(Q) < oo and (¢ o ¢)(t) < K(v o ¢)(s) + d for every t €
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SC(1pop)N[0,cs] and s € SC(¢ o ). Put s = p(u). We will show that if
s € SC(¢), then u € SC(1p o p). Suppose that u ¢ SC(1 o ). Then we can find
x#yand a,0 >0, a+ [ =1 such that u = ax + By and

a(p(x)) + B(p(y)) = a(yp o )(z) + B( o p)(y)
= (Yo )(ax + By) = Y(p(u)) = U(s).

Since s = ¢(u) € SC(v), we have p(u) = ¢(x) = p(y) > 0, whence u =z =y, a
contradiction. By convexity of ¢ and by the I',-condition for ¢ o ¢ we get

U(t) < Ples) = v(cp(u)) < Plp(cw)) < Kip(p(u)) +d = Ki(s) +d

for every t € SC(1)N[0, cs] and s € SC(v), i.e., the I';-condition for the function
1 holds true. O

Since the condition Ay(R™) implies the condition T, the set Ext B(L¥°¥) is closed
provided both functions ¢ and v satisfy the condition Ay(R™). Indeed, it suffices
to note that the composition v o ¢ satisfies the condition Ay(R™) in this case.

Let us note that the condition 1) € Ay(R™) is far from being necessary for the
closedness of the set Ext B(LY°%).

In the sequel we will use the closedness of the set of UM-points in Kothe spaces.
Below we present such theorem for Orlicz spaces.

Theorem 2.3. For any Orlicz function ¢ the set of UM -points of the unit sphere
S(LY(2)T) is closed under the Luzemburg norm topology.

Proof. Let (z,,) be a sequence of UM-points of the unit sphere S(L¥(Q)") and
let ||z, — x|| — 0 for some x € L¥(Q)*. Evidently ||z|| = 1. By Theorem 1.2,
for every n € N we have z,, > ayxq and z, = byxq or [, ¥(z,)dp = 1. Thus,
evidently, x > ayxq as well.

Suppose that [, (2, )dp < 1 for some ng € N. Then ,,, = byxq, 50

/Ql/)(z)d,uﬁ/Ql/)(bqp)d,u:/gw(xno)d,u<1

for every function z € L¥(Q)" with [, 4(z)du < oo, whence x, = byxq for all
n € N, ie., the sequence (z,) is constant. Thus x = byxq as well, so x is an
U M-point of S(L¥(Q)").

Now assume that [, ¥(z,)dp = 1 for all n € N. By Lemma 2.3 in [5] we can find
a subsequence (x,, ) such that

1= /ﬂ (@, )dp /Q b(@)dp

whence x is an UM-point of S(L¥(Q)T). O
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In order to prove our main theorem we need to recall a few more properties of
Kothe spaces. We say that a Kothe space £ has the (H,,)-property (we write
E € (H,)) if for an arbitrary sequence (z,) in S(E) and an arbitrary z € S(E)
we have

Tn B = ||, —z||g — 0.

Analogously, a Kothe space E has a locally (H,)-property (E € (H})) if for an

arbitrary sequence (z,,) in S(F) and an arbitrary x € S(E), if z,x4 — x4 for
every set A of finite measure then ||z, — z||[g — 0. The (H})-property implies
the order continuity property but the (H,)-property does not have to imply order
continuity.

Example 2.4. There exists a Kothe space E, which is not strictly monotone,
but the set of UM-points of S(E") is closed and E € (H,).

Indeed, take the Orlicz space E = L¥(Q) with the Luxemburg norm, () < oo,
ayp > 0 and ¢ € Ay(c0). Since ay, > 0, the space LY(Q) is not strictly monotone
(see Corollary 1 in [11]). Moreover, since u(2) < oo and 9 € Ay(o0), we have
L¥(Q) € (H,), Finally, the set of UM-points of S(ET) is closed by Theorem 2.3.

In some Kéthe spaces E it is possible that ||z, — z||z — 0 but z,, % z, i.c., the
norm convergence does not always imply the convergence in the measure p.

Definition 2.5. We will say that the Calderén-Lozanovskii space E, over the
measure space (£, %, 1) satisfies the (N pu)-property (E, € (Np) in short) if for
every sequence (z,) in S(E,) and x € S(E,),

|2 — 2|l =0 = @om, 5 pouw.

It is known that if the Kothe space E is symmetric then the norm convergence
in E implies the convergence in the measure p, so (see Lemma 3.9 in [17]) E,
satisfies the (Np)-property as well. In the following lemma we give examples
of Calderén-Lozanovski spaces with the (INpu)-property, that are defined over a
Kothe space that need not to be symmetric.

Lemma 2.6. Assume that, in the Kdthe space E over the measure space (€2, 3, 1),
the norm convergence implies the convergence in the measure ji. If the function
admits an asymptote at infinity then the Calderon-Lozanowskii space E, satisfies
the (N p)-property.

Proof. Let z,, be a sequence of elements of S(E,) such that ||z, — x|, — 0 for
some x € E,. Then, for every A > 0,

A@n = 2)llo = lle o (Man —2))le — 0

whence, by assumption, ¢ o (A(x,, — z)) £0. In consequence, x,, - z. Indeed,
otherwise, passing to a subsequence if necessary,

p{t € Q: en(t) —x(t)] = e}) 20 >0
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for some € > 0, n > 0 and all n € N. Take A > 0 such that Ae > a,. Then
p({t € Q:o(Azn(t) — (1)) = @(Ae) > 0}) =0 >0

for all n € N, whence ¢ o (A(z,, — z)) /£ 0, a contradiction.

Let ¢ > 0. Since ¢ admits an asymptote at infinity, we can find constants
b, c,u. > 0 such that a, < u. < oo and

cu—b<opu)<cu—b+e/2
for all u € [u., 00). Therefore
|o(u) = (v)] < c(maxtlul, [o]} — min{[uf, [v]}) + /2 < clu—v[+e/2 (1)
for every |ul, |v| > u..

In order to simplify notation, put F,, = {t € Q : |p(z,(t)) — ¢(x(t)] > e} for
n € N. In order to prove that p(F,) — 0 as n — oo take n as an arbitrary
positive number.

Define A, = {t € Q : |z,(t) — z(t)| > u.} for n € N. Since z,, % =, we can find
no € N such that p(A,) < n/3, whence u(F,NA,) < u(A,) <n/3 for all n > ny.

Put B, = {t € Q\ A, : max{|z, ()|, |x(t)|} > 2u.}. Since |x,(t) — z(t)| < u. for
t & A,, we have min{|z,(t)|, |z(¢)|} > u. for all t € B,. Since z,, %> x and by 1,
we can find n; > ng such that
p(Fn N By) < p{t € Q: fp(a(t)) — o(z(t)] Z & |an(t)] 2 ue, [2(t)] = ue})
< p({t € Q@ e(max{|z, (1)], [¢(t)[} — min{|z,(@)], |=()[}) = €/2})
< p{t € @ an(t) —2(t)] = ¢/(20)}) <n/3
for all n > n;.

Put C, = Q\ (4, U B,). We have max{|z,(t)|, |x(t)|} < 2u,. for all t € C,,. Since
the function ¢ is uniformly continuous on the interval [—2u,,2u.], we can find
d > 0 such that |u —v| < § implies |p(u) — p(v)| < € for all u,v € [—2u,, 2u,|.

Since xz,, £ 2 we can find ny > ny such that

p(Fn 0 Cn) < pft € @ Jp(zn(t) — (x(t)] = &, |en(t)] < 2ue, [2(t)] < 2uc})
< p({t € Q:an(t) —2()] = 63) <n/3

for all n > ny. Therefore,
p(Fn) = p(Fo N Ay) + p(F 0 By) + p(F, N Cy) <
for all n > ny, ie. pox, & pou. [l

The Orlicz space L¥(£2) can also be equipped with the Orlicz norm defined by

e, = inf © (1 -/ w<k\x<t>\>du) |
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Since, in the Orlicz spaces, the norm convergence with respect to both, Orlicz and
Luxemburg norm, implies the convergence in the measure p (in fact, the Orlicz
and the Luxemburg norms are equivalent), we get the following corollary.

Corollary 2.7. If E is an Orlicz space with either the Luremburg or the Orlicz
norm and the function ¢ admits an asymptote at infinity, then the Calderon-
Lozanowskii space E,, satisfies the (N p)-property.

We will use yet another property of Calderén-Lozanovskii spaces.

Definition 2.8. The Calderén-Lozanovskii space E, satisfies the condition (e)
(we will write E, € (e)) if for every point x € S(E,) the following implication
holds true

r € Ext B(E,) = ¢o|z|€ ExtB(E).

Evidently, for every rotund Kothe space E and every Orlicz function ¢ the
Calderén-Lozanovskii space E,, satisfies the condition (e). Indeed, it suffices to
note that, for every x € Ext B(E,,), ||¢o|z||g = ||z||, = 1, whence, by rotundity
of E, polx| € Ext B(E). It is also obvious that the condition (e) is satisfied
whenever Ext B(E,) = 0.

There exists an Orlicz function such that for any Kothe space E with Ext B(E) #
() the condition (e) is satisfied. In order to prove that result, we will use the Orlicz
function ¢ defined by the formula p(u) = max{0, |u| — 1}. Let us note that the
Orlicz space L¥(€)) generated by this function and equipped with the Orlicz norm
coincides with the classical Banach space L*(Q2) + L>(Q) (see [3], [15], [27], [28]).
Since the Orlicz norm and the Luxemburg norm are equivalent, the Calderén-
Lozanovskii space (Ll(Q))maX{0,|u|_1} is linearly isomorphic to the Banach space

LY(Q) + L=(Q).

Theorem 2.9. Let p(u) = max{0, |u| — 1} for uw > 0. For every Kéthe space E
with Ext B(E) # 0 we have E, € (e).

Proof. Let E be an arbitrary Kothe space with Ext B(E) # (). If Ext B(E,,)
then the condition (e) is satisfied.

Assume that Ext B(E,) # ) and let € Ext B(E,,). Since ¢ < 0o, the condition
(i) of Theorem 1.7 holds true, whence p,(x) = 1, |z| > xq, pol|z| is an UM-point
in E and the condition (o) is satisfied. We will show that ¢ o |z| € Ext B(F). By
Lemma 1.1 it is sufficient to prove that ¢ o |z| € Ext B(E™).

0,

Let ¢ o |z| = L2, where y, 2z € S(ET). Since the function ¢ is monotone and

affine on the interval I = [1, 00), the inverse function ¢;' : [0,00) — [1, 00) exists
and it is affine, where ¢; denotes the restriction of the function ¢ to the interval

I. We have
y+z 1

5= §(¢;1 oy—i—gof_l o z).

7| = ¢;'o

Moreover,
po(er oy) =lleo (it oy)lle = llylle =1
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and
peler 02) =llpo (e o2)lle = llzllz =1
By Lemma 1.3 we get [|¢; ' oyll, = L and ||¢} ' oz||, = 1. Since |z| € Ext B(E}),

we have ¢;' oy = p; oz = |z|. Thus y = z = @ o |z|, whence ¢ o |z| €
Ext B(ET). O

Example 2.10. There exist an Orlicz function ¢ and a non-rotund Kothe space
E such that E, € (e).

Proof. Indeed, let ¢(u) = max{0, |u| — 1}, ¥(u) = max{0,u? — 1}. Take F =
L¥(2) with the Luxemburg norm. Since ) is not strictly convex on (0,0), the
Orlicz space LY(2) is not rotund (see, e.g., Theorem 6.2 in [4]). Moreover, since
1 is strictly convex on (1,00), we have ExtB(L¥(Q)) # () (see Corollary 5.5 in
[4]). Thus, by Theorem 2.9, E,, satisfies the condition (e). O

Theorem 2.11. Assume that the Calderon-Lozanovskii space E, posseses the
properties (nm), (Np) and (e). Moreover, assume that E is a Kdthe space with
the (H,)-property and let the set of UM -points of S(E™) be closed. If the set
Ext B(E) is closed then the set Ext B(E,,) is closed as well.

Proof. Without loss of generality we can assume that Ext B(E,) # (. Assume
that the set Ext B(FE) is closed and let (e,) be a sequence of extreme points in
B(E,) such that |le, — y||, — 0 for some y € S(E,). Evidently

L= llealle = llpoenlle = llpoylle = llyll, =1

By the (N pu)-property, goe, -+ @oy, so, since E € (H,), we get ||poe, —poy||p —
0. By the condition (e) we know that ¢ o e, are extreme points of B(E). The set
Ext B(FE) is closed, so ¢ oy is an extreme point in B(F). Thus the condition (o)
from Theorem 1.7 is satisfied for the function y.

Since y € S(E,) and E, € (mn), we have

po(y) = llyll, = 1.

Moreover, from the inequality |e,| > a,Xxq p-a.e. we have |y| > a,xq p-a.e. By
Theorem 1.7, in order to prove that y € Ext B(E,,) it remains to show that |y| is
an UM-point of S(E™) only. Evidently

lpolen] =polyllle =Illpoen—poylle =0

Since pole,| are UM-points and, by assumption, the set of UM-points of S(E™)
is closed, we infer that poly| is an UM-point in S(E™). Thus y € Ext B(E,). O

Since it is possible that x € Ext B(E,,), but ¢ o |z| ¢ Ext B(E), the inverse to
Theorem 2.5 is not true. But under additional assumptions on the function ¢ or
the space E we get the equivalence. Let us note that the equivalence is true in
case Ext B(E) = () or when the space F is rotund.
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Corollary 2.12. Let p(u) = max{0, |u| — 1}, u(2) < oo and consider the Orlicz
space LY(Q) equipped with the Luxemburg norm. Moreover, assume that 1) €
Ay(00), ay > 0 and Ext B(LY(Q)) # 0. The set Ext B(LY°?(Q)) is closed if and
only if the set Ext B(LY(Q)) is closed, i.e. ¢ € Ty.

Proof. Assume that the set Ext B(LY°?(2)) is closed. By Theorem 2.1 we have
Yoy e, and by Lemma 2.2, ¢ € T',. Hence, the set Ext B(L¥()) is closed as
well.

In order to prove the converse implication we will verify the assumptions of Theo-
rem 2.11. Assume that the set Ext B(L¥(€)) is closed. Since, by assumption,
Ext B(L¥(Q2)) # (), by Theorem 2.9 we get L¥°¢ € (e). By Corollary 2.7, L¥°? €
(Nu). Since a, = 1, we have L>*(Q) — L¥(Q2). Further, since p € Ay(c0), we

have ¢ € AS”Q), whence, by Lemma 1.4, L¥°¢ € (nm).

Moreover, since p(2) < oo, a, > 0 and ¢ € Ay(c0), we have L¥(Q) € (H,).
By Theorem 2.3 the set of UM-points of the unit sphere S(L¥(Q)") is closed.
Since all the assumptions of Theorem 2.11 are satisfied, we infer that the set
Ext B(LY°?(Q)) is closed. O

Theorem 2.13. Let E, be a Calderdn-Lozanovskii space with the property (e).
Moreover, assume that the set of UM -points of S(E™T) is closed in the Kdithe
space E. If @ is a strictly convex function on the interval [0,00) with ¢ € A¥,
then the closedness of the set Ext B(E,,) implies that the set Ext B(E) is closed
as well.

Proof. Without loss of generality we can assume that Ext B(E) # (. Now,
assume that the set Ext B(E,) is closed and let (b,) be a sequence of extreme
points of B(E) such that ||b, — z||g — 0 for some = € S(E). Since ¢ is strictly
convex, the converse function ¢! exists on [0,00). Put e, = ¢! o |b,|. Then

polen) = llp o (¢ o bal)lle = l1balle =1,

whence ||e,||, = 1. Since b, € Ext B(E), from Lemma 1.1 it follows that the
functions |b,| = ¢ o e, are UM-points in S(ET). Since a, = 0, it is evident
that e, > a,xq. From the strict convexity of the function ¢ it follows that the
condition (o) and thus the condition (ii) of Theorem 1.7 is satisfied. Therefore
(en) is a sequence of extreme points in B(E,).

We will show that the sequence (e,,) is convergent to y = ¢~ 'o|z| € S(E,). Since
the function o~ is concave on (0, 00), it is subadditive. Hence we have

o~ olbn] < 7 o fby —al + 7 ol
and

p ozl <@t ofby— x|+ o byl

Thus
[ o byl =@~ o Ja]| < @7 o by — a,
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S0
llew = ylle = 107" 0 [bal = 97" 0 |2] |, < [l¢™" 0 [0y — ][],
Since ¢ € AF and

pol™ o lbn —al) = llpo (97" o by — 2]l = [Ibn — 2[lr — 0,

we get ||t o |b, — z|||, — 0, whence ||e,, — y||, — 0. From the closedness of
the set Ext B(E,) it follows that y € Ext B(E,). By assumption E, € (e), so
|z| = poy is an extreme point of the unit ball B(E). Therefore, by Lemma 1.1, |z|
is an UM-point of S(E™) whence x € Ext B(E) and the proof is completed. [

Since the condition ¢ € A¥ implies that E, € (nm), combining Theorem 2.11
and Theorem 2.13 we get the following conclusion.

Theorem 2.14. Let E, be a Calderdn-Lozanovskii space with the properties (N p)
and (e). Moreover, assume that E is a Kdthe space with the (H,)-property and
the set of UM -points of S(E™) is closed. If ¢ is a strictly convex function with
© € AY, then the set Ext B(E,) is closed if and only if the set Ext B(E) is closed.
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