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This is a 1964 work which was quoted in some papers (in 1966, 1976) but remained unpublished.
We hope the results and the hypotheses of the statements will still find some echo. We give
here the English translation of the article “Un probléeme de dérivabilité dans LP”, Séminaire
d’Automatique Théorique, Université de Caen (France), November 27 (1964), only avoiding an
archaical presentation of Uniform Integrability and suppressing two examples.
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Let (X, X, u) denote a finite measure space and fy € LP(X). The differentiability
of f — f* at fo cannot hold if u({fo = 0}) is > 0 (here we have shortened
{z € X; fo(x) = 0} in {fo = 0}). So the hypothesis “{fy = 0} is negligi-
ble” is natural. Keeping the same LP space it seems difficult to obtain better
than Gateaux differentiability: see the Theorem below (Part 2) and the counter-
example.

The author gave precise results at the end of 1964 in an unpublished paper [§]
which was extended to the framework of Orlicz spaces in 1966 [9, Théoreme 4,
page 27| in a troisiéme cycle thesis. See also the references [7, 1966] (specially
the statement in Section 5), and [3, 1976] and [4, Chapter 1, page 7]. In maybe
different questions the same hypotheses appeared recently: [5, Proposition 4.1],
[1, Th. 6], [2, Th. 3.2].

Here is the 1964 statement of [8]:

Theorem. 1) Let p and q such that 1 < ¢ < p < +00. Assume fo € LP and
{fo = 0} is negligible, then the map (note that LP is a subspace of L?)

{fo*

L — L1

is Fréchet differentiable at fy with derivative

{ h — 1{f0>0}h

LP — L1
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2) If p € [1,400], fo € L? and {fo = 0} is negligible the directional derivatives
at fo do exist: for any h € LP the following' holds in the normed space LP

(o &N — ST
A, ¢ = =10 h.

Proof. For h, € L? and a fixed real a € ]0,400| (to be chosen later) let
A, ={—-a < fo <a}U{|h,| > a}.
If h, # 0, the following defines ¢, € LP

(fO + hn)+ - f(T + 1{f0>0} h, +¢€n thHp

or equivalently

- (f0+hn)+_f(;r_1{f0>0}hn. (1)
[l

We have to prove for the first part that ||h,|, — 0 implies |le,|, — 0; and for
the second part that if h, := &, h with &, \, 0T, then? ||&,]||, — 0.

As a general fact one has
on the whole space X, [(fo+ hn)™ — fo” — Lo >0 bn| < 14, by (2)

because, if © € X: either ¢ A,, which implies |fo(x)| > a and |h,(x)| < a and
therefore (2) holds because the first member is 0; or x € A,, and the inequality at
x is obvious if fy(x) < 0 and easy to see when x satisfies fo(z) > 0. Hence from
(1) (¢ = 400 needs an easier discussion)

H€an < (/ < |hn| )Q)l/q'
A \ Pl

1) For the first part: Let § > 0 be fixed. The sequence HLZL”L is bounded in LP

q
hence the set of powers (%) are uniformly integrable (this comes from the de

La Vallée Poussin criterion®: for a bounded subset B of L? and for o(y) = |y|?/
for all y € R, then sup,cp [y ¢ o |g|?dp = supyep [lg||P < 400). So there exists

q
n > 0 such that p(A) < n implies Vn, [, (%) < ¢49. If a is sufficiently small,

I We could write lim¢o, ¢—o and speak of Gateaux differentiability.
1 ((f0+€nh)+*f6‘_71 h)

172l &n Ho=0r )

3 In 1964 1 learned properties of uniform integrability in J. Neveu’s book [6], specially the

Exercise I1-5-2 page 52. This notion is very useful in Martingale Theory, and for the characteri-

zation of weakly compact subsets of L!. It says mainly that when a subset G of L! is uniformly

integrable, sup,cg [, l9] dp tends to 0 with p(A).

2 Here (1) becomes &, =
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p({—a < fo < a}) will be < /2. And since h,, — 0 in measure, for n large
enough p({|h,| > a}) will be also < 7/2, hence p(A,) < n and so ||&,|l; < 9.
2) As for the second part: Here h,, = &, h and from footnote 2

+ _ £+
H(f()—i_gngi) fO _1{f0>0}h

= [17llp llenlls -

p

With the same notations for 4, , (1) and (2) give

Lashal _ ;1B
hall, — T,

1 1/p
enll, < —r h|P
e = g, (/. )

tends to 0 because |h|P € L' and u(A,) — 0. O

len| <

and

Counter-example (second Example in [8]). Our goal is to show that p > ¢
is generally a necessary condition. Let p € [1, +o00[. Suppose (this holds in non
trivial measure spaces?, i.e. when the LP are infinite dimensional) there exists
a sequence (E,), such that u(E,) > 0 and u(E,) — 0. Take fy = (1/2) 1y.
If f — f* from L? into itself had a Fréchet derivative, it would be h — h
(because {fy > 0} = X and from Part 2 of the Theorem). Let h,, = —1p,. Then
(fo—1g,)" = fo + 15, = (1/2)1g, Thus &, given by (1) is

_ (1/2)1g,

" e,

whose LP-norm does not tend to 0. With ¢ < p its L%-norm, (1/2) u(E,)?/? would
tend to 0.
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remarks.

References

[1] S. Amstutz: A semismooth Newton method for topology optimization, Nonlinear
Anal. 73 (2010) 1585-1595.

[2] S. Amstutz, A. Laurain: A semismooth Newton method for a class of semilinear
optimal control problems with box and volume constraints, Comput. Optim. Appl.
56 (2013) 369-403.

[3] P. Clauzure: Sur un probleme de différentiabilité dans les espaces de Kothe, Indag.
Math. 38 (1976) 8-16.

4 As an archetypal example: X = [0, 1] with the Lebesgue measure and E,, = [0,1/n].



452 M. Valadier / Differentiability of the “Positive Part” Map

[4]

P. Clauzure: Contribution & I'Etude Topologique et Géométique d’Espaces de type
Ko6the-Orlicz, These d’Etat, Université de Montpellier (1985).

M. Hintermiiller, K. Ito, K. Kunisch: The primal-dual active set strategy as a
semismooth Newton method, STAM J. Optim. 13 (2003) 865-888.

J. Neveu: Bases Mathématiques du Calcul des Probabilités, Masson, Paris (1964).

R. Pallu de La Barriére: Duality in dynamic optimization, STAM J. Control 4
(1966) 159-163.

M. Valadier: Un probleme de dérivabilité dans LP, Séminaire d’Automatique
Théorique, Université de Caen (1964), 4 pp. (The author can furnish electronic
copies of this paper.)

M. Valadier: Sur des Problemes de dérivabilité dans les Espaces d’Orlicz, These
de troisieme cycle, Université de Caen (1966), 45 pp.



