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The criteria for midpoint locally uniform rotundity in the classical Orlicz function spaces have
been given already. However, because of the complicated structure of Musielak-Orlicz-Bochner
function spaces, up to now the criteria for midpoint locally uniform rotundity have not been
discussed yet. In this paper, criteria for midpoint locally uniform rotundity of Musielak-Orlicz-
Bochner function spaces equipped with Orlicz norm are given.
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1. Introduction

A lot of rotundity concepts in Banach spaces are known. Among them rotundity
(R for short) and midpoint locally uniform rotundity are important notions. One
of reasons is that (see [11]) a Banach X space is midpoint locally uniformly rotund
if and only if every closed ball in X is approximately compact Chebyshev set. In
2007, S. T. Chen, H. Hudzik, W. Kowalewski and Y. W. Wang (see [2]) proved
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that a nonempty closed convex C' of a midpoint locally uniformly rotund space is
approximately compact if and only if C' is Chebyshev set and the metric projection
operator Pg is continuous. The criteria for midpoint locally uniform rotundity
in the classical Orlicz function spaces have been given in [3, 6] already. However,
because of the complicated structure of Musielak-Orlicz-Bochner function spaces,
up to now the criteria for midpoint locally uniform rotundity have not been
discussed yet. In this paper, we will discuss criteria for midpoint locally uniform
rotundity in Musielak-Orlicz-Bochner function spaces endowed with Orlicz norm.
The topic of this paper is related to the topic of [1], [3]-[10] and [12]-[18].

Let (X, ]| -||) be a real Banach space. S(X) and B(X) denote the unit sphere and
the unit ball, respectively. By X* we denote the dual space of X. Let N, R and
R* denote the set of natural numbers, reals and of nonnegative reals, respectively.
Let us recall some geometrical notions concerning rotundity. A Banach space X is
said to be rotund if for any z,y € S(X) with ||z +y|| = 2 we have x = y. A point
x € S(X) is said to be strongly extreme point if for any {z,}°°,, {y.}72, € X
with ||2,| — 1,|lyn]| — 1 and & = (xy, + yn), there holds ||z, — y,|| — 0 as
n — oo. If the set of all strongly extreme points of B(X) is equal to S(X), then
X is said to be midpoint locally uniformly rotund.

Let (7,3, 1) be a nonatomic finite measure space. Suppose that that a function
M : T x [0,00) — [0, 00] statisfies the following conditions:

(1) limy 0o M(t,u) = 0o and M (t,u’) < oo for some u > 0, for p-a.e., t € T,
M(t,0) = 0.

(2) M(t,u) is convex on [0, 00) with respect to u for p-a.e., t € T.

(3) M(t,u) is a X-measurable function of ¢t on T' for each u € [0, 00).

Let p(t, u) denote the right derivative of M(¢,-) at u € RT (where if M (¢, u) = oo,
let p(t,u) = oo) and ¢(t,-) be the generalized inverse function of p(¢,-) defined
on R* by

q(t,v) = sup{u > 0: p(t,u) < v}.
u>0

Then N(t,v) fo (t,s)ds for any v € R and p-a.e. t € T. It is well known that
the Young inequality uv < M(t,u) + N(t,v) holds for p-a.e. t € T. Moreover,
uwv = M(t,u) + N(t,v) < u=q(t,v) or v=q(t,u).

Definition 1.1 (see [1]). We say that M (¢, u) satisfies condition Ay (M € Ay)
if there exist K > 1 and a measureable nonnegative function §(¢) on 7' such
that [, M(t,0(t))dt < oo and M(t,2u) < KM(t,u) for almost all t € T and all
u > o(t).

Definition 1.2 (see [1]). A Musielak-Orlicz function M (¢, ) is said to be strict-
ly convex with respect u for ¢t € T, a.e., if for almost every ¢ € T, a.e., and any
u,v € R, u # v, we have
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Moreover, for a given Banach space (X, |-]|), we denote by Xr the set of all
strongly Y-measurable functions from 7" to X, and for each u € Xp, we define
the modular of u by

oae(s) = / M(t, |u(t) ) dt.

Let us define the Musielak-Orlicz-Bochner function space
Ly (X) ={u e Xr: pp(Au) < oo for some A > 0}.

It is known that the space Lj;(X) is Banach spaces equipped with the Luxemburg
norm

l|lul| = inf{)\ >0: py (%) < 1}
or the Orlicz norm

1
0o _ . -
Jal® = nf 21+ pas (k).

If X = R, then LY,(R) is said to be the Musielak-Orlicz function space. Let us
set

() = {505 10+ puli) = ul}.

In particular, the set K (u) can be nonempty. However, we have the following.

Proposition 1.3 (see [13]). If lim, . M =00 p—a.e. t € T, then K(u) #
0 for any u € LY,(X).

2. Main results

Theorem 2.1. The space L3;(X) is midpoint locally uniformly rotund if and
only if:

(a) Foranyue LY, (X)\{0}, the set K(u) consists of one element from (0,400);
(b) M € AQ;
(¢)

(

d) X is midpoint locally uniformly rotund.

M (t,u) is strictly convex with respect u for almost allt € T';

In order to prove the theorem, we give some lemmas.

Lemma 2.2. Let z/||z|| be a strongly extreme point. Then for any ¢ > 0 and
a € (0,1) we have

(a) 6(a, 2)
= inf {max({|z]| = [lz[[. [ly| = [l21) : o =yl 2 .2 = az + (1 = a)y} > O;

(b) if zp — 2, ap — «, then 0(ay, 2,) — 0(a, 2).
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Proof. (a) Suppose that §(«, z) = 0. Then there exists {x,}>2, C X, {y,}5°, C

X such that ||$n Unll > &, 2 = ax, + (1 — a)y,, but ||z,]] — ||z|| < % and
lynll = ||2]| < -, hence
I Walsmm omro-om=m
L E A L e E A EE

We may assume without loss of generality that o > % Then there exists z, €
[, Yn] such that z = %xn + %zn It is easy to see that

1
n |z’

Tn

Il

Zn

2]

n 1 1
nllzl” 2 =l 2 =l =l
Since z/||#|| is a strongly extreme point, we have

T Zn

121 ll=ll

Tn z

[EE

‘—>0¢||xn—z||—>0(n—>oo),

a contradiction!

(b) Suppose that limsup,,_,.. 6(ay, z,) > §(a, z), where z, — z, a,, — a. Then
there exist r > 0 and a subsequence of {n} denoted again by {n}, such that
d(n, 2n) — 0(av, 2) > r. By the definition of §(«, 2), there exist zo,yo € X such
that

.
0(a, 2) + 2 > max([lwof| = [[=[l, llyoll = [l=1),

|lzo — ol > ¢, z = azo+ (1 — a)yo. (1)

Since z, — z, o, — «, there exists n; € N such that ||z,, — z|| < gr and

(o, — @)(wo — yo)|| < 7. Let hy, = (o, — a)(zo — yo). Hence we have

Zny = Zng
= Zn, + @0+ (1 — Yo — (ozn1 —a)(xg — yo) — [axo + (1 — @)yo
= Zn, oo+ (1 —ap)yo — hny — 2
= Zn, + @y o+ (1 — iy Yo — [ny By + (1 — @y )y ] — [y 2 + (1 — iy ) 2]
= Zn, + @y (o — by — 2) + (1 — any ) (Yo — By, — 2)
= Qpy2Zn, + (1= apy)2n, + oy (g — by — 2) + (1 — iy ) (Yo — by, — 2)
= Qpy (g — oy — 2+ 2ny) + (1 — ) (Yo — Py — 2+ 2ny)

and

(0 = hny = 2+ 20,) = (Wo = hony — 2+ 20| = 70 = w0l > €.
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By (1), we get the following inequality
20 = by = 2 4 2y | = lzmi || < Mol + [1oms [ + [[2n) = 2[] = [|2n, |

1 1
< ol + gr+ gr = (Il = llzn, = 2)

< ||mol| + 17" + 17’ — Izl + 17“

- 8 8 8

B 3

= loll ~ Il + o

< (o, z) + ér + gr

= (a, z) + 17‘

) 2 *

Similarly, we have ||yo — by, — 2 + 2n, || = |20, || < 6(c, 2) 4+ 2r. Hence, 8(an,, 2, )
< 6(a,z) + 37, a contradiction! Similarly, liminf, ... §(an, 2,) < 6(a, z) is im-
possible. Thus, lim,_, 6(a,, 2,) = 0(a, 2). This completes the proof. O

Lemma 2.3 (see [13]). Let u € LY, (X)\ {0}. If K(u) = 0, then |Ju|’ =
Jp A@) - [Ju(t)|| dt, where A(t) = lim, M(i’“),

Lemma 2.4. For any u € LY, (X), we have the inequalities ||u]| < ||u|’ < 2|u]|.

Proof. For any k > 0, we have

o (i 711) = (il 71) < i 1<

Therefore

1 o1
lull < < [par(ku) + 1] whence [[ul| < inf —[par(ku) + 1] = [|u]”.
k k>0 k

On the other hand,

L+ pur (H H) <2 whence [ul|® < 2|ul. O

Lemma 2.5. If M € Ay, then for anyu € LY,;(X) is norm absolotely continuous.
Proof. Given any ¢ > 0, there exists £ > 0 such that % < %5. Since M € Ay, we

have pys(ku) < oo. Since integral absolutely continuity, we can find ¢ > 0 such
that uFE < ¢ implies that py(ku - xg) < 1. Hence, if uE < §, then

1+ py(ku-xg)] < =[1+1] =

| =

- xe]” <
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Lemma 2.6 (see [1]). Suppose M € Ay and e(t) =0 p-a.e. onT. Then
par(tn) = 05 | =0 and  paru) — 15 ]| — 1(n — o),

where e(t) = sup{u > 0: M(t,u) = 0}.

Lemma 2.7 (see [1]). The following are equivalent:

(a) M ¢ Ay
(b)  For each e € (0,1), there exists u € Ly (X) such that py(u) = ¢, |lul| =1
and ||u(t)|| < E(t) p—a.e. on T, where E(t) = sup{u > 0: M(t,u) < co}.

Lemma 2.8 (see [13]). The space LS,(X) is rotund if and only if:

(a) Foranyu € S(LY,(X)), the set K(u) consists of one element from (0, 4+00);
(b) X is rotund;
(¢) M(t,u) is strictly conver with respect to u for almost allt € T.

Proof. Necessity. By Lemma 2.8, (c) is obvious. For any u € L9,(X)\{0}, we

have HWHO = 1] 1—|-pM(l€H i )] by Lemma 2.8, where k € K (%

i [14par(h ). Tk, ks € K (u), then || 2] =
This implies that &, |[u]’ € K (5
By Lemma 2.8, we get k; = ks.

(b) Suppose that M ¢ A,. By Lemma 2.7, there exists u € L3,;(X) such that
pu(u) < 1, |Jull =1 and |lu(t)|| < E(t) p—a.e. on T. Then for any L > 1, we have
pr(Lu) = co. Indeed, suppose that there exists Ly > 1 such that py(Liu) < oo.
We know that the function F(k) = [, M(t, k||u(t)]|)dt is continuous on [1, Ly].
Then there exists Ly > 1 such that pM(LQU) = 1. This implies that ||ul < 12
contradicting |ju|| = 1.

5). Hence ||u||” =

]|
—[14+par (ks HUH Tul® H ).
). Similarly, we have that ks |ju|’ € K<||u||°)

HUH

0
[l

Decompose T into E; and (G in such a way that pFE; = pG;. Then for any
L > 1, we have fE1 M(t, L ||u(t)]|)dt = oo or fGl M(t, L ||u(t)||)dt = oco. Without
loss of generality, we may assume that [ M(t, L |Ju(t)||)dt = co. Decompose E)
into Fy and G5 in such a way that uFy = puGy. Then for any L > 1, we have
S, M(t, Lju(®)|)dt = 0o or [, M(t, L |[u(t)|])dt = co. Without loss of general-
ity, we may assume that [, M(t, L |lu(t)||)dt = co. In generical, decompose E,

into £, 1 and G, in such a way that uFE, 1 = uGy,1. Then for any L > 1, we
have [, M(t, Llju(t)|)dt = oo or [,  M(t, L|u(t)|)dt = co. Without loss of

generality, we may assume that fEn+1 M(t, L ||u(t)||)dt = co. Hence we have

1 .
—uEiyy and  lu(t) - xg ()| =1, i=1,2,..

ElDEQDEgD"', ,UE2:2

Let k € K(u). It is easy to see that k < 1. We will derive a contradiction for
each the following two cases.
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Case 1. Let k < 1. Define

wlt) = S u) xXn (0, vt = o ult) () + > u

where F; = FE;\Eiy. Then (1—k)u, + kv, = u, ||Jun|” < |Ju]|® and |Ju, — v,°

lun —vall = [|3u-xp,|| = 7. For any € > 0, we have 322 [ M(t, |k

zu(t)xp,(t)]|)dt < e, when n is large enough. Therefore,

0 0
[l < o]l

kZ/ ¢

< Jul® +e

o]

This implies that ||v,||” — [Ju]® as n — oo, a contradiction!

Case 2. Let k = 1. By the proof of Case 1, without loss of generality, we may
assume that p{t € T : ||u(t)|| = 0} > 0. Since M (t,u) is strictly convex with
respect u for almost all ¢ € T', then p(t,u) < oo for almost all t € T'. Hence, there
exists v € LY,;(X) \ {0} such that {t € T : |Ju(t)|| # 0} C {t € T : ||u(t)| = 0},
pn(p(3v)) > 1 and py(2v) < co. Put ug = u+v. Pick 0 < by < 1,0 < ks < 1,
we have

pu(kruoxr,) = /T ko [Juo(®)xr, (D1 - p(¢; |[kauo(t)xr, () dt — px (p(kauoxr, )

w (katioxT, ) = /T ko [[uo(6)xz, () - p(, [ kuo () xr, (D))t = pn (p(kauoxT,)),

where
T ={t €T : kylluo(t)ll <n, p(t,[[kauo(t)]]) < nj}.

It is follows that

1
k: —[1 + par(kruoxr,)] — k; —[1 + par(kouoxr, )]
1 2
ki —k k
= =22 (14— [pu(kruoxz,) — par(kauoxr, )] — pu (kauoxr, )
kiko ki — ko
ki — ko ko
> -1+ (k1 — k2) |uo(t)xT, ()| - p(E, ||k2uo(t)xT, (t)]])dt
k1 ko ki — ke Jp
- pM<k2UOXTn))
ki — ko

- kqko (pn (p(k2uoxT,)) — 1).
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Taking n — oo, we obtain

1 k1 — ko
—1 k >
kl[ + pu(kiug)] > Tk

By (2), it is easy to see that h < 1, where h € K (ug). Define

(p(plbaun) = 1)+ L+ (). (2)

0= w®) xn 0, = w®) xn O+ wl®) ),

where F; = E\E;;,. Then (1—h)u,,+hv, = ug, Hu’nHO < |Juo|® and |

that ||u'n — uOHO — 0, a contradiction!

Suppose that (d) is not true. Then there exist x € S(X), {z,}22, C X, {yn}>2, C
X with = 1(x, + yn), we have ||z,|| — 1, [|ya]| — 1 and z, — y, - 0. Pick
h(t) € S(LY,(X)), then there exists d > 0 such that uH > 0, where H = {t €
T : ||h(t)|| > 2d}. Since h(t) € S(LY,(X)), then there exists £ > 0 such that

/HM(t,k’ ||h(t)||)dt§/TM(t,k;/ Ih(8))dt < oo,

! / 0
w2

= H %uo “XE, H > % Using the method of Case 1, we can easily deduce

/

!
Up — Uy,

Setting
u(t) =d-x-xu(t), u(t)=d-zo-xult),  valt) =d-yo-xud).

we have

/TM(t,k' ||u(t)||)dt:/HM(t,k’dmtg/HM(t,k’ Ih())dt < oo,

/M(t,k:’ ||un(t)||)dt§/ M(t,2k’d)dt§/M(t,k;' A (t)])dt < oo
and

/TM(t,k:/ ||Un(t)||)dtg/HM(t,zk’d)dtg/HM(t,k;’ IRVt < oo.

This implies that u € LY, (X), {u,}>2, C L, (X), and {v,}>2, € LY,(X). Since
M € Ay, wehave [, M(t,k||2d -« - xu(t)||)dt < co, where k € K (u). Notice that
Mt k||d-x, - xut)]]) < Mt k|2d-z- xu(t)]|). By the dominated convergence
theorem, we have

1
i ol = i 7 1 [ 210 k-2t

n—

1+/ lim M(t,kHdmn'XH(t)H)dt}
T

n—oo

1+/M(t, lim k||d-xn-XH(t)||)dt}
L T n—od

el =
T

1 [ Mol =
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Similarly, we have that lim,, o ||va]|” = |lul|®. Since 2, —y, - 0, there exist g >
0 and a subsequence {z,, — Yn, }72; of {z,, — Yy}, such that ||z, — yn, || > <o
Then

0o . ¢l
— > - . eq -
len = a2 fnf -1+ TM(t,kHd eo - xu(t)[)dt| >0,

which implies that w, — v, - 0. This shows that L3,(X) is not midpoint locally
uniformly rotund, a contradiction!

Sufficiency. Put [u,||” — 1, |loa]® — 1, up + v, = 2u, we want to prove
that |lu, — va|° — 0 as n — co. The proof requires of considering of few cases
separately.

Case 1. Let max{sup{k,},sup{h,}} < oo, where k, = K(u,), h, = K(v,).
Without loss of generality, we may assume that k, — k and h, — h. Since

lunl® = =1+ par(knun)] = 1 lloall” = 7510+ par(hova)] — 1 as n — oo,
without loss of generality, we may assume that k, > % and h,, > %. Let [ = ,f_’ﬁ—};ﬁ
in view of the Fatou Lemma, we get
1= Jul’
1
< 7[1 + pu ()]
kn + hy, 2k,
< liminf - {1 T om <kn+hnu>]
kn + hy, I, kn
o o { ol ( un) + o, U ))}
! 1
= lim me [k_(l + pu(kpuy)) + h—(l + pM(hnvn))]
1
= liminf > [[lun]|” + [|va]°]
= 1.

Consequently, | = K(u). Next we will prove that for any ¢ > 0, ¢ > 0 there
exists IV such that

pf{t € T : ||kpun(t) — hpva(t)|| > 0} < e

whenever n > N. Otherwise, without loss of generality, we may assume that for
each n € N there exists E;L CT,eo>0and gy > 0 such that ,uE;L > &g, where

E, ={t € T: [[kyun(t) — hyva(t)]| > 0o}
We define the function

a(t) = inf { max((fe| = W) ol = 12 - llz = ] > o0,

lu(t) = f + K
= e T e Ry
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where t € {t € T : u(t) # 0}. By Lemma 2.2, we have n(t) > 0. Let h,(t) — u(¢)
p-a.e. on T', where h,, are simple functions. Then the functions

a(t) = nf { max({|z|| = [[thn (O] [[yl] = [[1hn(®I]) : l2 =yl = o0,

h .
) = 550 + k:+hy}

are Y-measurable. By Lemma 2.2, we have 7, (t) — n(t) y-a.e. on T'. Then n(t)
is X-measurable. Using the inclusion

T> U {teT:

n=1

<mws%,ww#o}

n+1
we get that there exists 0 < ny < gy such that uH < 1—1650. where

H={teT:nt) < 2m, ult) # 0}.

Decompose E, into E,,,, E,, and E ., where

nl» n3’

’ / Mo
Eoy = {t € Bt I kaun(®)| = [avn(®)l]| = 2}

Eny = {t € B, t |k (0)]| = [ uvn(®)] < 2, u(t)

0},

Eny = {t € By [lkaun® = [huva@®] < 2, u(t) £ 0}

Ift e E ny then ||kpu,(t) — hyo(t)|| > oo, ‘||k:nun(t)|| - ||hnvn(t)||‘ < B and

u(t) # 0. Since X is midpoint locally uniformly rotund, by Lemma 2.2, without
2hnln g, (4 H > A\ (t), where
el ue)| o - | 22

T+,
2knhn

u(t) = fon T+ kn
[ S L

loss of generality, we may assume that ||k, u,(t)|| —

Aa(t) = nf { max (IIxH - '

I =yl = o0,

By Lemma 2.2, we have \,(t) — n(t) u— a.e. on T. By the Egorov theorem,

there exists N such that if n > N then |\,(t) —n(t)| < & on F, where F C T
and p(T\F) < Leg. Let E,y = E,;\(H U (T\F)), then u(E,; — E,3) < ieo.
Hence, if t € E,, then

2k,
kn + hy,

w0 220> 00 - B 2= B @

()~
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when n is large enough. By ||[knun(t)]| — [|hava(t)]|| < 3no and (3), we get the
following inequality

h o el
e Ol + 2 0 - | 22|
h he || 2keh
o g et O = e H
o ko || 2kah
hn n o n n''n
o g om0 = = kﬁhﬂ“H
hy, k., k,, 2k, hy,
> — t
2 o 0 Ty e O = kn+hnu()H
> "
ey eyl L L OL Bl iy el Sl sy kn+hnu<t>H
h, k ko || 2k ke o
fd — t — -
Bt ™ B oy WO = e i ) " v 3
hn kn kn Mo
> — .0
Tt P e T 4
N T
= Font T Eopt by AT
>3
= 47707

when n is large enough. Let E, = E,,UE ,UE,

L3, then pl, > ggo, when n is
large enough. Let us define the sets

A, = {t €T Mt |kun(t)]]) > ;} |
0

8
B, = {t €T : M(t,||hava(t)|) > 5_} )
0
Then
8
1= [ Mt @)= [ MG (e = 2,
T An €0
This implies that pA, < %50. Similarly, we have that uB, <
t € T, we define the bounded closed set

1
3€0- For p-ae.

1
= {(u,v) ERY: M(tu) <>, M) <>, u—v| > -no}
€0 €0 4

in the two dimensional space R?. Since C is compact, then for p-a.e. t € T there
exists (uyg, vy) € Cy such that

WhhM(t,ut) + H%M(t,vt) - thM(t,u) + == M(t,v)

1>

(4)

k+h
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for any (u,v) € Cy. If we define the function

M(t, (Fhpu + 75 0r)) 5)

k—l‘?—hM(t U’t) + ﬁM(t, Ut)

1—6(t) =

then J(t) is X-measurable. Indeed, if we pick a dense set {r;}°; in [0, 00) and
define the function

h (t, G ket i) M) < > and M(t,r) < -

1 - 5ri,rj (t) = kJFhM(t ri) + mM(t’ Tj) 580 88
0, M(t,r;) > — or M(t,r;) > —,
€0 o

then by the definition of M (¢, u), it is easy to see that 1—4,,,.(t) is ¥-measurable
and

1
1—5(75)Zsup{1—5m7rj(t):|7’ —rj| > Y }

On the other hand, since {r;}32; is dense in [0, 00) then {(r;,7;)}2, =, is dense
in [0,00) x [0,00). By definition of function 1 —4(¢), for p-a.e. t € T, e > 0, there
exists (r;,7;) € {(u,v) € R* : M(t,u) < %,M(t,v) < %,\u—v| > %770} such
that

1
1—-0(t)—e<1— (5”,Tj(t) < sup {1 - §ri,rj(t) =1 > 4770}

p-a.e. on T'. Since € > 0 was arbitrary, we have

1
1—4(t) < sup{l — Oy () 2 |1 — 1| > 4770}

p-a.e. on T. Therefore, 1 — 6(t) = sup{l — 0,,,,(t) : |r; — ;] > imo} p-a.e. in T\
This implies that §(¢) is X-measurable. By (4) and (5), we have

h k
M
(t’k+hu+k+hv)

< (1-4(t) {k—hh]\/[(t u) + %M(t v)] u,v € C,

for p-a.e. t € T. Moreover, we have

T> U {tET:

n=1

1 1
<=\,
n+1<5(t>_n}

Since M (t,u) is strictly convex With respect u for almost all ¢ € T, then there
exists 28y € (0, 1) such that uG < &0, where

G={teT:s(t) <20}
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We have W,,(t) — Q,(t) — 0(n — o) pu—a.e. on T', where

M(t, 5 knun (0] + 255 [nva ()]])

Wl = 5 31 (D) + e Mt [ (O] e\ (08 ()
M 2 )]+ 2 e (0)])
Q) = T o) + 2 M Tontn (@) o ()

By the Egorov theorem, there exists N such that if n > N, then |W,,(t) — Qn(t)|
< 15 on T\ E, where E C T and puE < y. Hence, ift € E,,\(EUGUA,UB,),
then

3 1
550 = 209 — 550

<1 M(t,ﬁhh [ un ()1 + ﬁkh [ vn (2)]]) 1

>~ 1= - 3v0
mRM(t, H/f un ()l + 557 (t [Bnon(B)]]) 2

o1 M(?% roi enn (8)]] + kn+hn [[Anon (£)]])

r Mt [ () + 55 M [ Pava (B)])

when n is large enough. This implies that

h k
M n n
(t, [ [knun ()] + . thvn(t)H)
< (1= 80) | " Mt ()] + — M e (8)])
= b+ hyy N Entin T 1 h 1t

on E,\(EUGUA, UB,). Let K = min{20, 3n,}. Then we have M(t, K) > 0
pa.e.on T. By T D UX{teT: ZJ%l < M(t,K) < %}, there exists a > 0 such
that uC' < égo, where

C={teT: Mt K)<al.
Let H, = E,\ (FEUGUCUA,UB,), H = E \(EUGUCUA,UB,), H>=

n

E,\(EUGUCUA,UB,), H}=E,\(EUGUCUA,UB,). Then uH, > ie.

n

Let k = sup{{k,}, {h,}}. Then
letall” + lvnll” = 2 [l

1 k, + h, 2k,
—(1 — 1
J—mmmmﬂ kmn(+m4%+%0)

1
> — (1
= kn( —i—pM(knun)—i— 3
kn + hy hy, k,
i), {k i M (1) + =M [Ihava (B)])

ky, +
kon + By B k.,
> Mt |k, (t M(t, ||hpvn(t
—kmlﬂim+m (o ontin (1)) + =5, M o (D))

h, k,
— M
(t, PR |knw, (t)] + e || v ( )H) }dt
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t

ky, + hy,
2krh
M(k o) Jo
k—Fh k,
{ HW%UM+%+M
—M(t,

o) J

ML, [|Pnon(E)])

Fu + h
> 1) M(t, ||k, u,(t M (¢, ||hnvn(t dt
> = /H O[kn+hn (t: ke (OI1) + - M (1, | v()”)}

Mt k’n n t, hn nt dt
T /Hg{kn—i—hn (t Mhtin()D) + - M| v()l!)}
o | |MAt ki (1 Bt
" o /H{ (’m [Eoten (0] + 7= | v<>u)
21 (1[5 o] )
kn+
= kb /H}IUH% O{k‘n+hn (@, | U()||)+/€n+hn | v()||)]
M htin (1 it
" Tk, L& (%wF nten (Ol + =5 Hntn (O
2knh
dt
| )
1
:kh/ Go[hn M (1, || Fntun (D)) + En M (E, || hnvn (2) )]t
nlin JHIUHZ
Mt et (t .
e, /H (’kn+hn” () + 1 Mhava ()]
hin
A hnu(t)H )dt

) 3 3
= t kn n -M t’ hn nt dt
> [ Bt + 30 o)

Mt k t Ry,
! MM,Z% (’h+hnuwﬁ>“%k+h||”(”
2hinhy,
_‘kn—i-hnu(t)H)dt
) 3 3
Z —M(t knn —Mt, hnnt dt
> e [ SO O1) + 56 s )

kn + I 3
M (t, o ) dt
o z% <,4%)
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350 1 1
= ~M (t, ||k ~M(t, ||hava(t)]))dt
i hin /HIUHQQ (t, entun (D)) + 5 M (E, [[anva(£)]])

M|t -
T /H% (,4770) dt
300 1 1
Mt kn n(l Y hn nll dt
Bt ™ (13 W05 s

ky + hy, 3
Mt - dt

+ knhn /I'{g ( 74770)

300 / M (t |knun(t) — hpvn(t)]] dt—|— n + hn/ Mt §770 gt
350 it () — B (8)] b+ B, / 3
— M|t dt M\t - dt
9% Jmomz ( ’ 2 * knhn S il

0, kn + hy,
3% M(t, @>dt 4o ( )
2k HlUH2 2 knhn H3

5
373/ M( >dt+i M(t,§n0)dt
ok JHiumz 2 2k 4

375‘;/ M(t, K)dt+£ M(t K)dt
2k™ JHIUH? 2k
0,
= 3—_3 M(t, K)dt
2k JH,
> 3% a 16
Z —_o° =
ok 4

v

Y

Vv

v

v

v

when n is large enough. However, |lu,||” + [[va]|” = 2ju]® — 0 as n — oo, a
contradiction. Hence, for any ¢ > 0 and € > 0 there exists N such that

pf{t € T : ||kpun(t) — hpvn(B)|| > 0} <,

whenever n > N. By the Riesz theorem, there exists a subsequence of {n}
denoted again by {n}, such that k,u,(t) — h,v,(t) — 0 p-a.e. on T'. Moreover,
h h 2k,h

—kpun (t) + ————kn v, (t) = ——

Fn Ryt D) g Ranl) =

u(t) — lu(t) as n — oc.

Hence we have k,u,(t) — lu(t) y-a.e. on T as n — oo. Then k > [. In fact, by
the Fatou Lemma, it follows that

1 ) | 1
Tl par ()] = Jull® = lim ]| = lim 1+ pas (k)] = 21+ pa ()],

o

which implies the inequality k£ > [. Similarly, we have h > [. Then k = [. In fact,
suppose that k —l =7, >0, h—1 =17y > 0. Then

2kh . 2(l + 7"1)(1 + 7”2) . 2[2 + 2(7’1 + TQ)Z + 27”17"2 > 21 + 2(7’1 + 7"2)

= = l>1,
k+h 204711+ 79 20+ 71 + 79 T 2041+
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contradicting the equality lf_li—},i = 1. By 1[1+pa(lu)] = 1 and ﬁ[l%—pM(knun)] —1
as n — 0o, we have py(lu) — 1+ 1 =0 and py(kyun) — kn +1 — 0 as n — oc.

Hence, pp(knu,) — par(lu) as n — oo. By the convexity of M, we have

NWM%%®W+M@WMMD_M(tMWNWJMMU>O
2 ’ 2 =

for p-a.e. t € T'. Therefore, by the Fatou Lemma, we obtain that

pu (ku)
[ i [t MWD _ (ot Z O],
o n—00 2 ’ 2
o M (t, || knun(@)]]) + M, [[lu()]]) [[Enun(t) — lu(®)|]
= IITLIIiloglf/T[ 5 —M(t, 5 )]dt

1
= pu(ku) — limsup pyy <§(knun - lu)) ,

n—oo

which implies that pa(3(knu, — lu)) — 0 as n — oo. By Lemma 2.6, we have
that ||k,u, — lul| — 0 as n — oco. By Lemma 2.4, we have that ||k,u, — lul|’
— 0 as n — oo. By lim,_ k, = k = [, we have the convergence ||u, — ul|” — 0
as n — co. Thus, ||u, — v, — 0 as n — oco.

Case 2. Let max{sup{k,},sup{h,}} = oo, where k, = K(u,), h, = K(v,). We

consider the sequence u, = 1(u, + u) and v, = (v, + u) in place of {u,}32,

and {v,}° ,, because |u, — u|’ — 0 and ||v, — u||” — 0 as n — oo if and only if

/ 0 ’ 0 .
u, — u|| — 0 and an — uH — 0 as n — o0, respectively. Moreover,

Lt | < 2l + )
—(up +u)|| < =(||un u
2 2
for every n € N. Hence,
1 0
lim sup ‘g(un+u) <1

In the same way we can prove that limsup,_,. ||3(v, + u)”o < 1. Since $(u, +

u)+ 3 (v, +u) = 2u, for every n € N, we conclude that lim inf,, . ||3(un + ) ||0 >
1 and lim inf,,_ H%(Un + u)HO > 1. Consequently, lim,,_, H%(un + u)HO — 1 and
lim,, o H%(vn + u)HO — 1 as n — oo. Define

2k, 1 2h,1

d 1=
[ e T

Wy =

for any n € N, where [ € K(u). Then the sequences {w,}5°, and {r,}°, are
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bounded. Moreover,

1 Up + U
< = :
< o (L ow (- =55))
kbl finl (Un + )
= 2kl P 1
kn +1 l kr,

1 ——(kpun [

2kl ( +m (k;n+z< ! >> T Pm <kn+z(“))>

1 1

5 (k_ln(l + par (kntin)) + (1 + pM(lu>>)

0

H%(un—l—u)

IN

IN

1 0 0
5(”“71” +||U|| )—>1 as n — oo

whence it follow that

o +1 1+ ull (U + ) 1
m— — — .
okl P 1 Uy + U as n 00

Analogously,

rn 41 14 rpl (, + 1) 1
— .
o oM — Up + U as n — oo

Therefore, we can prove in the same way as in Case 1 that Hu; — uHO — 0 and

‘ v, — uHO — 0 as n — oo. This completes the proof. n
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