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This paper considers the problem of establishing sufficient conditions for calmness, a property
describing the Lipschitzian behaviour of set-valued mappings, whose introduction was strongly
motivated by needs in optimization and mathematical programming. The study of such prob-
lem is undertaken in the specific context of nonsmooth constraint systems. As analysis tools,
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system is convex or prox-regular.
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1. Introduction

Among the notable achievements of modern variational analysis it is certainly
to be mentioned the recognition of the crucial role played by the Lipschitzian
properties within such and related areas. Indeed, Lipschitzian properties are the
very subject of the ninth chapter of [30], where one reads:

But the Lipschitzian properties haven’t only been important as favorable

assumptions; they have also been sought as favorable conclusions in quan-

tifying the variations of optimal values, optimal solutions, and the behavior

of solution elements more generally

(see the commentary concluding that chapter). The forth chapter of [24] and the
third chapter of [16] are devoted to the same topic, whereas, after the appearance
of the seminal papers [1, 29], a great amount of shorter works can be counted,
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which are focussed on such theme1. Of course, some strictly intertwined prop-
erties like metric regularity, metric subregularity, openness at a linear rate were
formulated even earlier, but, as recognized in [21], it was the definition proposed
in [1]

that led to the development of a new chapter of non-smooth analysis devoted

to the study of Lipschitz properties of set-valued maps.

According to the common understanding, under the label of Lipschitzian proper-
ties fall actually various quantitative formalizations of the continuity behaviour of
general set-valued mappings (e.g. Aubin property, upper Lipschitz continuity in
the sense of Robinson, Lipschitz lower semicontinuity, sub-Lipschitzian continu-
ity, Lipschitz continuity with respect to Pompeiu-Hausdorff distance, and so on).
All of them have found strong motivations in optimization and mathematical pro-
gramming, of which modern variational analysis can be viewed as an outgrowth,
with particular reference to the issue of stability/sensitivity analysis with respect
to perturbations. This is true also for the concept of calmness, which has been
developed by several researchers working in different contexts, where some kind
of Lipschitzian behaviour was required (see, for instance, [5, 8, 16, 22, 30, 35]).
A set-valued mapping Φ : P −→ 2X between metric spaces (P, d) and (X, d) is
said to be calm at (p̄, x̄) ∈ gphΦ = {(p, x) ∈ P × X : x ∈ Φ(p)} if there exist
positive reals δ, ζ and ℓ > 0 such that

Φ(p) ∩ B(x̄, δ) ⊆ B(Φ(p̄), ℓd(p, p̄)), ∀p ∈ B(p̄, ζ), (1)

where B(x, r) denotes the closed ball centered at x ∈ X with radius r ≥ 0, and,
given S ⊆ X, B(S, r) = {x ∈ X : dist(x, S) = dS(x) = infv∈S d(v, x) ≤ r}
denotes the r-enlargement of S. Any such constant as ℓ will be called calmness
constant for Φ at (p̄, x̄). The nonnegative value

clm Φ(p̄, x̄) = inf{ℓ > 0 : ∃ δ, ζ > 0 for which (1) is valid}

is called calmness modulus of Φ at (p̄, x̄). From inclusion (1) one sees that calmness
is a property relaxing at the same time the requirements of Aubin continuity and
those of upper Lipschitz continuity. As such, it revealed to be a convenient
conceptual tool in the analysis of optimization problems.

The aim of the present paper is to bring some contributions to the study of
calmness conditions for constraint systems, i.e. for feasible regions of extremum
problems, whose constraints depend on a parameter. A wide variety of functional
and geometrical types of constraints appearing in optimization problems can be
put in the abstract form

(CS) f(p, x) ∈ C

by a proper choice of the mapping f : P × X −→ Y and of the closed subset
C ⊂ Y . A special but meaningful case are, for example, equality/inequality
1For the sake of completeness, one should add that certain Lipschitzian properties, in connection
with variational problems, were considered ante litteram by some authors much ahead of their
times, such as L. A. Lyusternik and L. M. Graves.
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constraints in a standard mathematical programming problem, namely systems
of the form {

fi(p, x) ≤ 0, i = 1, . . . ,m1,

fi(p, x) = 0, i = m1 + 1, . . . ,m1 +m2,

where f : P × X −→ R
m1+m2 , C = R

m1

− × {0}, and m1, m2 ∈ N, with R and
N denoting the real and the positive integer number sets, respectively, whereas
R

m1

− stands for the nonpositive orthant of Rm1 and 0 is the null vector of Rm2 .
As one experiences, the analytical expression of the set-valued solution mapping
S : P −→ 2X associated with (CS), i.e.

S(p) = {x ∈ X : f(p, x) ∈ C} = f(p, ·)−1(C),

can be hardly derived explicitly in practice. Therefore a key issue in the constraint
system analysis is to establish verifiable conditions on the problem data f and C,
which are able to ensure the implicit mapping S to be calm at reference values.
In turn, calmness of constraint systems is known to propitiate such desirable
phenomena as local error bounds, constraint qualifications, the viability of penalty
function methods. For a complete discussion of the role played by calmness in
constraint system analysis the reader is referred to [19, 20, 22].

Not surprisingly, the study of calmness conditions for constraint systems has been
undertaken by many authors in various settings. The present paper focusses on
constraint systems of the form (CS), which are defined by (possibly) nonsmooth
mappings f . On motivations justifying the interest in considering such class of
constraint systems much has been written and said. The author’s opinion on the
issue has been formed after reading works such as [4, 9, 14, 22, 24, 25, 28, 30, 32],
that distil the attitude of several schools of thought during almost half century.
To such references something better can be hardly added (at least, by the au-
thor’s side). Instead, some word is to be spent in the attempt of explaining the
approach proposed in the current paper. Roughly speaking, it results from the
combination of variational techniques, employing recently refined tools of analysis
in metric spaces, with certain achievements concerning the dual representations
of positively homogeneous functions, which have been developed upon the ef-
fect of abstract convexity suggestions. More precisely, the analysis of sufficient
conditions of calmness is carried out according to the following scheme:

Step 1 : formulation of a sufficient condition for the calmness of the solution
mapping S, associated with (CS), in terms of a derivative-like object, by using a
variational technique in metric spaces;

Step 2 : estimation of the employed derivative-like object in terms of Hadamard
directional derivatives, in the case of scalar functions defined in normed spaces;

Step 3 : introduction of Hadamard directional derivatives of mappings via a
scalarization approach and study of their dual representation in “inf max� form;

Step 4 : estimation of Hadamard directional derivatives of certain composite func-
tions, by exploiting geometrical/variational properties of C (i.e. convexity/prox-
regularity).
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The above scheme of analysis leads to single-out the class of locally uniformly
convex Banach spaces as a proper setting, where verifiable sufficient calmness
conditions in the case of nonsmooth constraint systems can be formulated.

The material contained in the rest of the paper is arranged as follows. In Section
2 the mentioned sufficient condition for calmness of parameterized constraint
systems is established in a purely metric setting. Such condition is formulated in
terms of nondegeneracy of a certain derivative-like object (the strict outer slope)
of a function involving the problem data, which can work in the absence of any
linear structure. The investigations stemming from that result can be regarded
as an attempt to single out in more structured settings tools and notions able to
translate the nondegeneracy into verifiable requirements. To this aim, in Section 3
known elements of nonsmooth analysis needed in the sequel are recalled; the class
of scalarly exhaustible mappings is introduced and several related examples are
furnished; some technical lemmata providing estimates of exhausters of composite
functions are proved. Section 4 is reserved for presenting the main calmness
conditions and for their discussion. In doing so, two cases will be considered,
according to the assumption made on the subset C: the prox-regular case in
Hilbert spaces and the convex case in general Banach spaces. Both of them
appear to be relevant for applications.

2. A calmness condition in metric spaces

Throughout this section, (P, d), (X, d) and (Y, d) will denote metric spaces. In
order to formulate a calmness condition for parameterized constraint systems
in such setting, one needs the following elements. Given a (nonempty) closed
set C ⊂ Y and a positive real δ, a function ψC,δ : Y −→ [0,+∞) having the
properties:

(1) ψC,δ(y) ≤ dist(y, C), for every y ∈ B(C, δ);

(2) ψC,δ(y) = 0 implies y ∈ C;

(3) ψC,δ is continuous on Y ,

will be called subdistance functional for C. Unlike the obvious subdistance func-
tional dC , other subdistance functionals may not be necessarily Lipschitz contin-
uous.

Another element to be considered concerns the specialization of the notion of
calmness to single-valued mappings defined on the Cartesian product of metric
spaces. More precisely, what is needed is a calmness property with respect to
the parameter variable, which is uniform in the state variable. Consequently, a
single-valued mapping f : P × X −→ Y between metric spaces is said to be
partially calm at (p̄, x̄) ∈ P ×X with respect to p, uniformly in x, if if there exist
ζ, ℓ > 0 such that

d(f(p, x), f(p̄, x)) ≤ ℓd(p, p̄), ∀x ∈ B(x̄, ζ), ∀p ∈ B(p̄, ζ). (2)

In such case, the nonnegative value

clmp f(p̄, x̄) = inf{ℓ > 0 : ∃ ζ > 0 for which (2) is valid}
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is called modulus of partial calmness of f at (p̄, x̄).

In order to express the nondegeneracy condition, on which the calmness result re-
lies, a recently refined derivative-like object is required, which enables to conduct
a local variational analysis in the abstract setting of metric spaces. Such tool can
be presented as a regularization of the well-known notion of strong slope (see [10]).
Given a function ϕ : X −→ R ∪ {±∞} and x̄ ∈ domϕ = {x ∈ X : ϕ(x) ∈ R},
the real-extended value

|∇ϕ|(x̄) =






0, if x̄ is a local minimizer for ϕ,

lim sup
x→x̄

ϕ(x̄)− ϕ(x)

d(x, x̄)
, otherwise,

is called (strong) slope of ϕ at x̄. The real-extended value

|∇ϕ|>(x̄) = lim
ǫ→0+

inf{|∇ϕ|(x) : x ∈ B(x̄, ǫ), ϕ(x̄) < ϕ(x) ≤ ϕ(x̄) + ǫ}

is called strict outer slope of ϕ at x̄. To the best of the author’s knowledge,
the notion of strict outer slope was introduced in [17], among other concepts of
slopes, and it was already employed in the analysis of calmness in [7]. After having
recalled such notion, one is in a position to formulate the mentioned condition
for the calmness of the solution mapping to parameterized constraint systems in
metric spaces.

Theorem 2.1. Let a mapping f : P ×X −→ Y and a closed set C ⊂ Y be given,
and let p̄ ∈ P and x̄ ∈ X be such that x̄ ∈ S(p̄). Suppose that:

(h0) (X, d) is metrically complete;

(h1) there exists δ1 > 0 such that ψC,δ1 is a subdistance functional for C;

(h2) there exists δ2 > 0 such that f(p̄, ·) is continuous on B(x̄, δ2);

(h3) mapping f is partially calm at (p̄, x̄) with respect to p, uniformly in x, with
modulus clmp f(p̄, x̄);

(h4) it holds

|∇(ψC,δ1 ◦ f(p̄, ·))|
>(x̄) > 0.

Then, the solution mapping S to the related constraint system (CS) is calm at
(p̄, x̄) and the following estimate holds

clm S(p̄, x̄) ≤
clmp f(p̄, x̄)

|∇(ψC,δ1 ◦ f(p̄, ·))|
>(x̄)

.

Proof. According to the definition of calmness and related modulus, both the
assertions in the thesis will be proved if it is shown that for every ρ, ℓ ∈ R, with

0 < ρ < |∇(ψC,δ1 ◦ f(p̄, ·))|
>(x̄) and clmp f(p̄, x̄) < ℓ,

there exists ζ > 0 such that

S(p) ∩ B(x̄, ζ) ⊆ B

(
S(p̄),

ℓ

ρ

)
, ∀p ∈ B(p̄, ζ). (3)
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To this aim, note that, by virtue of hypothesis (h3), corresponding to ℓ there
exists δ3 > 0 such that

d(f(p, x), f(p̄, x)) ≤ ℓd(p, p̄), ∀p ∈ B(p̄, δ3), ∀x ∈ B(x̄, δ3).

Define δ = min{δ1, δ2, δ3}, where δ1 and δ2 are as postulated in hypothesis (h1)
and (h2), respectively. Again, by hypothesis (h4), there exists δ∗ ∈ (0, δ) such
that

|∇(ψC,δ1 ◦ f(p̄, ·))|(x) > ρ, ∀x ∈ B(x̄, δ∗) : 0 < ψC,δ1(f(p̄, x)) ≤ δ∗.

This means that for every x ∈ B(x̄, δ∗), with 0 < ψC,δ1(f(p̄, x)) ≤ δ∗, and for
every η > 0 there exists xη ∈ B(x, η)\{x} such that

ψC,δ1(f(p̄, x)) > ψC,δ1(f(p̄, xη)) + ρd(xη, x). (4)

Since, according to (h2), mapping f(p̄, ·) is continuous in particular at x̄, corre-
sponding to δ∗ there exists δ̃ ∈ (0, δ∗) such that

d(f(p̄, z), f(p̄, x̄)) < δ∗, ∀z ∈ B(x̄, δ̃).

Now, choose ζ in such a way that

0 < ζ < min

{
δ̃,
δ∗
ℓ
,
ρδ∗

2ρ+ ℓ

}
. (5)

Take arbitrary p ∈ B(p̄, ζ)\{p̄} and z ∈ S(p) ∩ B(x̄, ζ). Then, one has

d(z, x̄) ≤ ζ

and, being f(p, z) ∈ C,
ψC,δ1(f(p, z)) = 0.

If it happens also that z ∈ S(p̄), then a fortiori it is z ∈ B(S(p̄), ℓ
ρ
), so the proof

is complete. Otherwise, one has f(p̄, z) 6∈ C and hence

0 < ψC,δ1(f(p̄, z)).

Moreover, since it holds

dist(f(p̄, z), C) ≤ d(f(p̄, z), f(p, z))

and z ∈ B(x̄, ζ) ⊂ B(x̄, δ3), while p ∈ B(p̄, ζ) ⊂ B(p̄, δ3), one obtains

dist(f(p̄, z), C) ≤ ℓd(p, p̄) ≤ ℓζ < δ∗ < δ1.

In other words, f(p̄, z) ∈ B(C, δ1). This fact, by recalling hypothesis (h1), implies

ψC,δ1(f(p̄, z)) ≤ dist(f(p̄, z), C) ≤ ℓd(p, p̄). (6)
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Thus, being ψC,δ1(y) ≥ 0 for every y ∈ Y , it follows

ψC,δ1(f(p̄, z)) ≤ inf
x∈B(x̄,δ∗)

ψC,δ1(f(p̄, x)) + ℓd(p, p̄).

Observe that, since B(x̄, δ∗) ⊂ B(x̄, δ2) and f(p̄, ·) is continuous on B(x̄, δ2), the
composition ψC,δ1◦f(p̄, ·) still remains continuous on B(x̄, δ∗), which is a complete
metric space, if endowed with the metric induced by that of X (recall hypothesis
(h0)). Consequently, it is possible to apply the Ekeland variational principle.
According to it, corresponding to the value

λ =
ℓ

ρ
d(p, p̄),

there exists xλ ∈ B(x̄, δ∗) such that

ψC,δ1(f(p̄, xλ)) ≤ ψC,δ1(f(p̄, z)), (7)

d(xλ, z) ≤
ℓ

ρ
d(p, p̄), (8)

and

ψC,δ1(f(p̄, xλ)) < ψC,δ1(f(p̄, x)) + ρd(x, xλ), ∀x ∈ B(x̄, δ∗)\{xλ}. (9)

Notice that, by virtue of inequalities (6) and (7), it is

ψC,δ1(f(p̄, xλ)) ≤ ℓd(p, p̄) ≤ ℓζ < δ∗.

One can show that actually it holds

ψC,δ1(f(p̄, xλ)) = 0. (10)

Indeed, assume ab absurdo that ψC,δ1(f(p̄, xλ)) > 0. Then, since xλ ∈ B(x̄, δ∗),
according to (4), for η = ζ there exists xη ∈ B(xλ, ζ)\{xλ} such that

ψC,δ1(f(p̄, xλ)) > ψC,δ1(f(p̄, xη)) + ρd(xη, xλ). (11)

Notice that, being by virtue of choice made in (5)

d(xη, x̄) ≤ d(xη, xλ) + d(xλ, z) + d(z, x̄) ≤

(
2 +

ℓ

ρ

)
ζ < δ∗,

xη must belong to B(x̄, δ∗)\{xλ}. Thus, one sees that inequality (11) contradicts
(9). The validity of (10) leads to conclude that

f(p̄, xλ) ∈ C,

whence one obtains that xλ ∈ S(p̄). Such inclusion entails, in the light of inequal-
ity (8),

dist(z, S(p̄)) ≤ d(z, xλ) ≤
ℓ

ρ
d(p, p̄).

By arbitrariness of z ∈ S(p) ∩ B(x̄, ζ), the above argument proves that inclusion
(3) is true, thereby completing the proof.
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Remark 2.2. (r1) As a matter of fact, Theorem 2.1 works as an implicit multi-
function theorem for generalized equations (inclusions) in metric spaces. Indeed,
from assuming that the mapping defining the inclusion enjoys a certain property
(calmness), under a nondegeneracy condition it guarantees the same property
to hold for the related solution (set-valued) mapping. Besides, it provides an
estimate in terms of initial data quantifying such property (calmness modulus).
Unfortunately, it suffers from the same drawback as classical implicit function
theorems: it is far from being also a necessary condition. To see this, it suffices
to consider the simple constraint system with P = X = Y = R, defined by
f(p, x) = x2 − p4 and C = {0}, at the reference values p̄ = x̄ = 0. In such
case, one has S(p) = {−p2} ∪ {p2}, so S is calm at (0, 0). Nevertheless, since
d{0}(f(0, x)) = x2 is strictly differentiable at 0, one finds

|∇(d{0} ◦ f(0, ·))|
>(0) = ‖D(d{0} ◦ f(0, ·))(0)‖ = 0,

where D denotes the strict derivative operator.

(r2) It is worth noting that Theorem 2.1, included the estimate of the calmness
modulus, remains true even if |∇(ψC,δ1 ◦ f(p̄, ·))|

>(x̄) = +∞, provided that the
convention ℓ/+∞ = 0, for every ℓ ≥ 0, is introduced. The example below shows
that such situation may happen even in simple cases.

Let P = X = Y = R be endowed with the usual Euclidean metric structure.
Consider the constraint system defined by f : R× R −→ R, where

f(p, x) = |xp|,

and by the subset C = (−∞, 0], at the reference pair p̄ = 0 and x̄ = 0. In this
case S can be derived explicitly at once, being

S(p) =

{
{0}, if p ∈ R\{0},

R, if p = 0.

It is not difficult to check by direct verification that 0 ∈ S(0) and S is calm at
(0, 0), with modulus clmS(0, 0) = 0. Consistently, notice that S is a polyhedral
set-valued mapping, so it is upper Lipschitz continuous (and hence calm) at each
point of its graph. If taking ψC,δ1 = d(−∞,0], one sees that all hypotheses of
Theorem 2.1 are fulfilled. In particular, since

f(0, x) = 0, ∀x ∈ R and hence d(−∞,0](f(0, x)) = 0, ∀x ∈ R,

one has
{x ∈ [−ǫ, ǫ] : 0 < d(−∞,0](f(0, x)) ≤ ǫ} = ?, ∀ǫ > 0.

It follows
|∇(d(−∞,0] ◦ f(0, ·))|

>(0) = lim
ǫ→0+

inf? = +∞.

The reader should also observe that S fails to be Aubin continuous at (0, 0).
Therefore, the above example allows also to see that the condition provided in
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Theorem 2.1 is specifically tailored for detecting calmness, without implying in
general Aubin continuity.

(r3) The use of a subdistance functional in the place of dC shows that the con-
dition expressed by Theorem 2.1 does not rely on the special properties of the
distance function. Nonetheless, for practical calculations, function dC will be
mainly employed.

(r4) As an implicit multifunction theorem focussing on the calmness property,
Theorem 2.1 can not prevent S to be empty-valued near a reference pair. For
example, it can be applied (with ψC,δ1 = d(−∞,0]) at the reference points p̄ = x̄ = 0
to the constraint system defined by

f(p, x) = |x|+ p2 ∈ (−∞, 0] = C,

whose solution mapping

S(p) =

{
{0}, if p = 0,

?, otherwise,

is indeed calm at (0, 0).

(r5) Since parameterized constraint systems are a special case of variational sys-
tem, one might believe that Theorem 2.1 can be derived by the sufficient condition
for calmness of variational system, which has been established in [34] (see The-
orem 5.1 therein), under a similar nondegeneracy condition. Even though the
technique of the proof is essentially the same, Theorem 2.1 can not be formally
obtained from that result: indeed, because of the use of a different displacement
function, the latter requires a metric completeness assumption on both X and
Y , while it involves a strict outer slope nondegeneracy, considering variations in
both x and y.

3. Nonsmooth analysis tools

3.1. Generalized derivatives and exhausters

Throughout the present subsection (X, ‖·‖) will denote a (at least) normed space.
The unit sphere centered at its null vector 0 is indicated by S. The dual space
of X is indicated by X

∗, with 〈·, ·〉 : X∗ ×X −→ R denoting their duality pairing.
The null vector of X∗ is marked by 0∗. The class consisting of all nonempty
convex and weak∗ compact subsets of X∗ is denoted by KC0(X

∗).

In order to study conditions for calmness in the more structured context of linear
spaces, from Theorem 2.1 it is clear that one has to analyze the term involved in
hypothesis (h4), in the light of the features of the new setting. A tool that seems
to be proper for such kind of analysis is the Hadamard directional derivative, in
its lower and upper version. Given a function ϕ : X −→ R ∪ {±∞}, a point
x̄ ∈ domϕ and v ∈ X, by Hadamard lower directional derivative of ϕ at x̄, in the
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direction v ∈ X, the value

ϕ↓
H(x̄; v) = lim inf

v′→v
t↓0

ϕ(x̄+ tv′)− ϕ(x̄)

t

is meant. The Hadamard upper directional derivative of ϕ at x̄, here denoted by
ϕ↑
H(x̄; ·), is defined similarly, by replacing lim inf with lim sup. Notice that such

derivative-like objects can be always considered, even though they may not be
finite. Thus, the following estimation of the strong slope of a function turns out
to be useful in a wide variety of situations. Even though such kind of result is
rather typical in variational analysis (it can be derived, for instance, as a special
case from Proposition 4.1 in [2]), an elementary proof is provided for the sake of
completeness.

Lemma 3.1. Given a function ϕ : X −→ R∪{±∞} and an element x̄ ∈ domϕ,
it holds

|∇ϕ|(x̄) ≥ sup
u∈S

[−ϕ↓
H(x̄;u)]. (12)

Proof. If x̄ is a local minimizer of ϕ, evidently one has

ϕ↓
H(x̄;u) ≥ 0, ∀u ∈ S,

and therefore

−ϕ↓
H(x̄;u) ≤ 0 = |∇ϕ|(x̄), ∀u ∈ S,

whence inequality (12). Otherwise, by making use of the inequality

inf
b∈B

sup
a∈A

ν(a, b) ≥ sup
a∈A

inf
b∈B

ν(a, b),

which holds for any function ν : A × B −→ R ∪ {±∞} and any pair of sets A
and B, one obtains

|∇ϕ|(x̄)

= lim sup
h→0

ϕ(x̄)− ϕ(x̄+ h)

‖h‖
= − lim inf

h→0

ϕ(x̄+ h)− ϕ(x̄)

‖h‖

= − sup
δ>0

inf
h∈B(0,δ)\{0}

ϕ(x̄+ h)− ϕ(x̄)

‖h‖
= − sup

δ>0
inf
u∈S

inf
v∈B(u,δ)∩S

t∈(0,δ]

ϕ(x̄+ tv)− ϕ(x̄)

t

≥ − inf
u∈S

sup
δ>0

inf
v∈B(u,δ)∩S

t∈(0,δ]

ϕ(x̄+ tv)− ϕ(x̄)

t
= − inf

u∈S
ϕ↓
H(x̄;u),

as it was to be proved.
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Remark 3.2. Clearly, one can establish estimates from below of |∇ϕ|(x̄) that
are analogous to (12), by employing different generalized derivatives of ϕ. For
instance, since for every u ∈ S it trivially holds ϕ↑

H(x̄;u) ≥ ϕ↓
H(x̄;u), as an

immediate consequence of (12) one obtains

|∇ϕ|(x̄) ≥ sup
u∈S

[−ϕ↑
H(x̄;u)]. (13)

Nonetheless, it is to be noted that, in view of the application of Theorem 2.1,
an estimation of the strong slope turns out to be as more appreciable2 as more
accurate (with equality being the limit case) it happens to be.

The estimate expressed by inequality (12) may be made more effective, provided
that the Hadamard lower directional derivative, which is in general a positively
homogeneous function, admits a simple description in dual terms. In what follows,
∂ will denote the subdifferential operator in the sense of convex analysis, whereas
ς(·, E) : X −→ R the support function of a given element E ∈ KC0(X

∗), i.e.

ς(x,E) = max
x∗∈E

〈x∗, x〉.

Given a subset S ⊆ X and an element x̄ ∈ S, N(x̄, S) will denote the normal cone
to S at x̄, in the sense of convex analysis.

Let φ : X −→ R∪ {±∞} be a positively homogeneous of degree one (henceforth,
for short, p.h.) function defined on a real Banach space. Since the Minkowski-
Hörmander duality was discovered, it has been well understood that, under ad-
equate assumptions, such a functional may be characterized in various fashions
by making use of subsets of the dual space X∗, in particular handling elements of
KC0(X

∗). A line of research within abstract convex analysis deals essentially with
such problem (see [31]). In the light of recent developments in such area, a rather
general dual characterization of φ is that provided by a family of exhausters. A
class E∗(φ) ⊆ KC0(X

∗) is said to be a lower exhauster of φ if

φ(v) = inf
E∈E∗(φ)

max
x∗∈E

〈x∗, v〉 = inf
E∈E∗(φ)

ς(v, E), ∀v ∈ X.

An upper exhauster E∗(φ) of φ is defined similarly, referring instead to the follow-
ing dual representation

φ(v) = sup
E∈E∗(φ)

min
x∗∈E

〈x∗, v〉, ∀v ∈ X.

Lower and upper exhausters were introduced in [11]. A related calculus was
developed in [12, 13]. A crucial issue in concern with such notion is to single
out algebraic/topological properties of φ able to guarantee the existence of lower
or/and upper exhausters. For instance, if φ : X −→ R can be expressed as a
difference of two (Lipschitz) continuous sublinear functionals, say φ and φ, then

2in the sense that it allows for applications to broader classes of problems.
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one has as an immediate consequence of known properties of the Minkowski-
Hörmander duality

φ(v) = max
x∗∈∂φ(0)

〈x∗, v〉 − max
z∗∈∂φ(0)

〈z∗, v〉 = min
z∗∈∂φ(0)

max
w∗∈∂φ(0)+{−z∗}

〈w∗, v〉,

and

φ(v) = max
x∗∈∂φ(0)

〈x∗, v〉+ min
z∗∈−∂φ(0)

〈z∗, v〉 = max
x∗∈∂φ(0)

min
w∗∈{x∗}−∂φ(0)

〈w∗, v〉.

Thus φ admits in this case both lower ad upper exhausters, being

E∗(φ) = {∂φ(0) + {−z∗} : z∗ ∈ ∂φ(0)}

and E∗(φ) = {{x∗} − ∂φ(0) : x∗ ∈ ∂φ(0)}.

In order to quantify a nondegeneracy condition involving exhausters in constraint
system analysis, the following “norm� of a lower exhauster E∗(φ) will be utilized
in the subsequent section:

|‖E∗(φ)|‖ = sup{dist(0∗, E) : E ∈ E∗(φ)}.

Of course, since KC0(X
∗) fails to possess a vector space structure, this is not a

true norm.

The generalized differentiation tools so far presented must be employed in dealing
with data of problem (CS), which are vector-valued functions. Therefore, the next
definition is intended to extend to such kind of functions dual representations of
Hadamard directional derivatives via a scalarization approach.

Definition 3.3. A mapping f : X −→ Y between Banach spaces is said to be
lower scalarly exhaustible from below 3 at x̄ ∈ X if for every y∗ ∈ Y

∗ the p.h.
functional (y∗ ◦ f)↓H(x̄; ·) admits a lower exhauster, i.e., in the above notations, if

∀y∗ ∈ Y
∗ ∃E∗((y

∗ ◦ f)↓H(x̄; ·)) ⊆ KC0(X
∗) :

(y∗ ◦ f)↓H(x̄; v) = inf
E∈E∗((y∗◦f)

↓
H(x̄;·))

max
x∗∈E

〈x∗, v〉.

The set-valued mapping E↓
∗ (f, x̄) : Y

∗ −→ 2KC0(X∗), defined by

E↓
∗ (f, x̄)(y

∗) = E∗((y
∗ ◦ f)↓H(x̄; ·)),

is said to be a lower scalarized exhauster (from below) of f at x̄.

Analogously, mutatis mutandis, one defines the notion of mapping upper scalarly
exhaustible from below and that of upper scalarized exhauster, which will be de-
noted by E↑

∗ . The definition of mappings which are lower and upper scalarly ex-
haustible from above is readily obtained by replacing the inf max with a sup min
dual representation.
3The adverb “lower” indicates the use of the Hadamard lower directional derivative, whereas
“from below” indicates that the existence of a dual representation via lower exhauster is pos-
tulated.
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Remark 3.4. Whenever it is E ⊆ KC0(X
∗) and α > 0, by αE the following

family of KC0(X
∗)

αE = {F ∈ KC0(X
∗) : F = αE, E ∈ E}

is meant. Since with such meaning it holds

E↓
∗ (f, x̄)(αy

∗) = αE↓
∗ (f, x̄)(y

∗), ∀y∗ ∈ Y
∗, ∀α > 0,

the set-valued mapping E↓
∗ (f, x̄) appears to inherit a form of positive homogeneity

(in a broad sense, because KC0(X
∗) is not a vector space). The same, of course,

can be repeated for E↑
∗ (f, x̄).

The examples provided below are aimed at exhibiting entire classes of scalarly ex-
haustible mappings. The first two show that all smooth and all locally Lipschitz
mappings are both lower and upper scalarly exhaustible. Since well-known calculi
devoted to smooth and locally Lipschitz mappings are already at disposal, such
examples serve merely to connect the introduced notion with important “cate-
gories� in nonsmooth analysis. The third one singles out a specific environment,
which is adequate for the analysis tools under consideration. The last one illus-
trates a situation in which a lower exhauster can be computed, whereas another
important tool of nonsmooth analysis such as the Fréchet subdifferential lacks.

Example 3.5 (Smooth mappings). Let f : X −→ Y be Fréchet differentiable

at x̄ ∈ X, with Fréchet derivative D̂f(x̄). Since for every y∗ ∈ Y
∗ one has

(y∗ ◦ f)↓H(x̄; v) = (y∗ ◦ f)↑H(x̄; v) = D̂(y∗ ◦ f)(x̄)[v] = 〈D̂f(x̄)∗[y∗], v〉, ∀v ∈ X,

where D̂f(x̄)∗ : Y∗ −→ X
∗ denotes the adjoint operator to D̂f(x̄), then f is both

lower and upper scalarly exhaustible from below at x̄ and a scalarized exhauster
of f at x̄ coincides with the singleton

E↓
∗ (f, x̄)(y

∗) = E↑
∗ (f, x̄)(y

∗) = { {D̂f(x̄)∗[y∗]} }.

Example 3.6 (Locally Lipschitz mappings in general Banach spaces).
A relevant achievement in abstract convex analysis states that a p.h. function
φ : X −→ R defined on a normed space is Lipschitz continuous iff it admits
bounded both lower and upper exhausters (see [6]). Recall that a family E ⊆
KC0(X

∗) is said to be bounded provided that there exists a constant µ > 0 such
that

E ⊆ B(0∗, µ), ∀E ∈ E .

Whenever a mapping f : X −→ Y is locally Lipschitz at x̄ ∈ X, function (y∗ ◦ f)
clearly maintains such property for every y∗ ∈ Y

∗, and hence (y∗ ◦ f)↓H(x̄; ·) :

X −→ R and (y∗ ◦ f)↑H(x̄; ·) : X −→ R turn out to be Lipschitz continuous. Thus,
by virtue of the dual characterization above recalled, it is possible to see that
a locally Lipschitz mapping is both lower and upper scalarly exhaustible from
below.
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Example 3.7 (Nonsmooth mappings in locally uniformly convex Banach
spaces). Let us recall that a Banach space (X, ‖·‖) is said to be locally uniformly
convex if

∀u ∈ S, ∀ǫ > 0 it is sup
v∈S\ int B(u,ǫ)

∥∥∥
u+ v

2

∥∥∥ < 1,

where intS denotes the topological interior of a set S. As a result of other inves-
tigations in abstract convex analysis, it has been established (see, for instance,
[31, 33]) that a real-valued p.h. function defined on a locally uniformly convex
Banach space admits lower (resp. upper) exhausters iff it is u.s.c. (resp. l.s.c.).
Thus, any mapping f : X −→ Y, which is defined on a locally uniformly convex
Banach space and has the property that (y∗ ◦ f)↓H(x̄; ·) : X −→ R is continuous
(recall that such functional is automatically l.s.c.), turns out to be lower scalarly
exhaustible from below at x̄. Furthermore, any mapping f : X −→ Y admitting
real-valued scalarized Hadamard directional derivative (y∗ ◦ f)↑H(x̄; ·) (which is
u.s.c.) is upper scalarly exhaustible from below at x̄.

It is clear that every uniformly convex Banach space is, in particular, locally
uniformly convex. Moreover, every reflexive Banach space can be equivalently
renormed in such a way to be locally uniformly convex (see [15]). These facts
seem to indicate that the class of locally uniformly convex Banach spaces is
sufficiently wide for many purposes.

Example 3.8 (Non Fréchet subdifferentiable function). Let X = Y = R

and let f : R −→ R be defined by

f(x) = −|x|.

As it is readily seen, f fails to be Fréchet subdifferentiable at x̄ = 0, in the sense
that, if denoting by ∂̂f(0) its Fréchet subdifferential at 0, one has ∂̂f(0) = ?.
Nonetheless, being

(y∗ ◦ f)↓H(0; v) = (y∗ ◦ f)↑H(0; v) = −y∗ · |v| =






inf
E∈{{−y∗},{y∗}}

ς(v, E), if y∗ ≥ 0,

inf
E∈{[y∗,−y∗]}

ς(v, E), if y∗ < 0,

f is both lower and upper exhaustible from below, with

E↓
∗ (f, 0)(y

∗) = E↑
∗ (f, 0)(y

∗) =

{
{{−y∗}, {y∗}}, if y∗ ≥ 0,

{ [y∗,−y∗] }, if y∗ < 0,
y∗ ∈ R.

Remark 3.9. (r1) Note that Definition 3.3 applies, in particular, when Y = R,
that is when f is a functional. In any such case it seems to be reasonable to omit
the term “scalarized�.

(r2) Observe that, according to Definition 3.3, if f : X −→ Y is upper scalarly
exhaustible from above at x̄ ∈ X, with upper exhauster E∗↑(f, x̄)(y∗), then it is
also lower exhaustible from below at the same point, with lower exhauster

E↓
∗ (f, x̄)(y

∗) = −E∗↑(f, x̄)(−y∗) = {−E : E ∈ E∗↑(f, x̄)(−y∗)}, y∗ ∈ Y
∗.
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When handling exhausters, the following technical lemma, establishing a dual
characterization of a nondegeneracy condition, will be exploited. Even if its proof
relies on well-known facts from convex analysis in normed spaces, it is provided
below for the reader’s convenience.

Lemma 3.10. Let E ∈ KC0(X
∗) and γ > 0. The following assertions are equiv-

alent:

(a1) there exists u0 ∈ S such that ς(u0, E) < −γ;

(a2) dist(0∗, E) > γ.

Proof. (a1) ⇒ (a2) Suppose, ab absurdo, that dist(0∗, E) ≤ γ and choose ǫ > 0
in such a way that

ǫ+ γ + ς(u0, E) < 0. (14)

By hypothesis (a1) such an ǫ does exist. Corresponding to ǫ there is x∗ǫ ∈ E such
that ‖x∗ǫ‖ < dist(0∗, E) + ǫ ≤ γ + ǫ. Notice that, being −x∗ǫ ∈ B(0∗, γ + ǫ), 0∗

must belong to E + B(0∗, γ + ǫ). This fact implies

ς(u,E + B(0∗, γ + ǫ)) ≥ 0, ∀u ∈ S.

By a known property of the support function of elements of KC0(X
∗), one obtains

0 ≤ ς(u,E+B(0∗, γ+ ǫ)) = ς(u,E)+ ς(u,B(0∗, γ+ ǫ)) ≤ ς(u,E)+γ+ ǫ, ∀u ∈ S,

which contradicts inequality (14).

(a2) ⇒ (a1) Suppose (a1) to be false, i.e.

ς(u,E) ≥ −γ, ∀u ∈ S,

and hence
inf
u∈S

ς(u,E) ≥ −γ.

Since, for every u ∈ S, it is ς(u,B(0∗, γ)) = γ, it follows

inf
u∈S

ς(u,E + B(0∗, γ)) ≥ inf
u∈S

ς(u,E) + inf
u∈S

ς(u,B(0∗, γ)) ≥ 0.

The above inequality entails that 0∗ ∈ E + B(0∗, γ). Thus, there must exist
x∗ ∈ E such that ‖x∗‖ ≤ γ, what contradicts the assertion (a2).

In the proof of the main results of the paper a key step consists in estimat-
ing Hadamard directional derivatives of composite functions. The next lemma
accomplishes such task by a scalarization method in the upper case.

Lemma 3.11. Let g : X −→ Y be a mapping between Banach spaces, let C ⊂ Y,
and let x ∈ X be such that g(x) 6∈ C. Suppose that

(h1) C is closed and convex;

(h2) g is continuous at x.
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Then, defined for any η ∈ (0, dC(g(x))) the set U(g(x), η) =
⋃

y∈B(g(x),η) ∂dC(y),
the following estimation holds

(dC ◦ g)↑H(x;u) ≤ lim
η→0+

sup
y∗∈U(g(x),η)

(y∗ ◦ g)↑H(x;u), ∀u ∈ S. (15)

Proof. Since C is closed and g(x) 6∈ C, then it is dC(g(x)) > 0. Fix arbitrary
u ∈ S and η ∈ (0, dC(g(x)). Clearly, one has B(g(x), η) ∩ C = ?. By virtue of
hypothesis (h2), corresponding to η there exists δη > 0 such that

g(x+ tv) ∈ B(g(x), η), ∀v ∈ B(u, δη), ∀t ∈ [0, δη]. (16)

Observe that, being B(g(x), η) a convex set containing g(x) and g(x+tv), provided
that v ∈ B(u, δη) and t ∈ [0, δη], it contains the whole line segment of extremes
g(x) and g(x+ tv), here denoted by [g(x), g(x+ tv)]. Consequently, one has

[g(x), g(x+ tv)] ⊆ Y\C, ∀v ∈ B(u, δη), ∀t ∈ [0, δη].

Now, since function dC : Y −→ R is convex and (Lipschitz) continuous, for
any value of v ∈ B(u, δη) and t ∈ [0, δη] it is possible to apply the mean value
theorem (see, for instance, [18]), according to which there exist proper yv,t ∈
[g(x), g(x+ tv)]\{g(x), g(x+ tv)} and y∗v,t ∈ ∂dC(yv,t) such that

dC(g(x+ tv))− dC(g(x)) = 〈y∗v,t, g(x+ tv)− g(x)〉.

Notice that inclusion (16) continues being true if replacing δη with every δ ∈
(0, δη), as well as the possibility of applying the mean value theorem. Therefore,
one obtains

(dC ◦ g)↑H(x;u) = inf
δ>0

sup
v∈B(u,δ)\{u}

t∈(0,δ]

dC(g(x+ tv))− dC(g(x))

t

= inf
δ∈(0,δη ]

sup
v∈B(u,δ)\{u}

t∈(0,δ]

dC(g(x+ tv))− dC(g(x))

t

= inf
δ∈(0,δη ]

sup
v∈B(u,δ)\{u}

t∈(0,δ]

〈
y∗v,t,

g(x+ tv)− g(x)

t

〉
.

Since by inclusion (16) it is yv,t ∈ B(g(x), η) and hence y∗v,t ∈ U(g(x), η), provided
that v ∈ B(u, δ) and t ∈ [0, δ], with δ ∈ (0, δη], then from the above inequalities
one gets

(dC ◦ g)↑H(x;u) ≤ sup
y∗∈U(g(x),η)

inf
δ∈(0,δη ]

sup
v∈B(u,δ)\{u}

t∈(0,δ]

〈
y∗,

g(x+ tv)− g(x)

t

〉

= sup
y∗∈U(g(x),η)

(y∗ ◦ g)↑H(x;u).

Owing to the arbitrariness of η ∈ (0, dC(g(x)), all of the above reasoning as

well as the consequent estimate of (dC ◦ g)↑H(x;u) remains valid for every η ∈
(0, dC(g(x)). Thus, passing to the limit as η → 0+, one can achieve inequality
(15). This completes the proof.
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Remark 3.12. Recalling that the set-valued mapping ∂dC : Y −→ KC0(Y
∗)

is norm-to-weak∗ upper semicontinuous on Y allows one, whenever the Banach
space Y has finite dimension, to replace the inequality in (15) with a simpler

estimate of (dC ◦ g)↑H(x;u). Indeed, for any fixed ǫ > 0 there exists ηǫ > 0 such
that

∂dC(y) ⊆ B(∂dC(g(x)), ǫ), ∀y ∈ B(g(x), ηǫ).

Therefore, in this case one has

U(g(x), ηǫ) ⊆ B(∂dC(g(x)), ǫ), ∀ǫ > 0.

As, without loss of generality, it is possible to assume ηǫ ∈ (0, ǫ), so that ǫ→ 0+

implies ηǫ → 0+, then one deduces

(dC ◦ g)↑H(x;u) ≤ lim
ǫ→0+

sup
y∗∈B(∂dC(g(x)),ǫ)

(y∗ ◦ g)↑H(x;u), ∀u ∈ S.

The reader should notice that, in contrast to (15), such an estimate requires the
evaluation of ∂dC only at g(x).

3.2. A generalization of convex sets

Let (H, (· , ·)) be a Hilbert space. Given a nonempty closed set C ⊆ H and y ∈ C,
let us denote by N(y, C) the cone of all normals to C at y in a generalized sense
(or à la Kruger-Mordukhovich), i.e.

N(y, C)

= {y∗ ∈ H
∗ : ∃(yn)n∈N, yn ∈ C, yn → y, ∃(y∗n)n∈N, y

∗
n ∈ N̂(yn, C), y

∗
n ⇀ y∗},

where

N̂(yn, C) =

{
y∗ ∈ H

∗ : lim sup
z
C
→yn

〈y∗, z − yn〉

‖z − yn‖
≤ 0

}

stands for the Fréchet normal cone to C at yn and⇀ indicates weak∗ convergence
(for a complete account on such constructions the reader is referred to [23, 24]).
According to [27], a closed subset C ⊂ H is said to be prox-regular at ȳ, with
ȳ ∈ C, if there exist positive ǫ and ρ such that for every y ∈ C ∩ int B(ȳ, ǫ) and
for every y∗ ∈ N(y, C) ∩ int B(0∗, ǫ) it holds

〈y∗, z − y〉 ≤
ρ

2
‖z − y‖2, ∀z ∈ C ∩ int B(ȳ, ǫ).

A set is called prox-regular if it is prox-regular at each of its points4. Of course,
every closed convex set is prox-regular. Moreover, a good deal of examples of
sets exhibiting prox-regularity in finite dimensions has been provided in [26], in
particular sets admitting a smooth constraint representation. Thus the notion of

4Actually, this is not the original definition, but an alternative one, as resulting from Proposition
1.2 in [27]. The notion of prox-regularity was introduced in [26] in a finite-dimensional setting.



524 A. Uderzo / Calmness of Nonsmooth Constraint Systems: Dual ...

prox-regularity allows to extend the present analysis beyond the realm of convex-
ity. The key property making prox-regularity of C so appealing within the pro-
posed approach is the deep connection with the local differentiability behaviour
of the distance function dC , which motivated its introduction. In this vein, for
the purposes of the present analysis, some facts concerning prox-regular sets col-
lected in the next lemma will be relevant (for its proof and further equivalences
see Theorem 1.3 in [27]).

Lemma 3.13. For a closed set C ⊂ H and any point ȳ ∈ C, the following
assertions are equivalents:

(a1) C is prox-regular at ȳ;

(a2) function dC is continuously differentiable on [int B(ȳ, r)]\C, for some r > 0;

(a3) function d2C is C1,1 on [int B(ȳ, r)]\C, for some r > 0.

Prox-regularity of a set C allows one to obtain the following simple representation
of lower scalarized exhausters for composite functions, in the case the outer factor
in the composition is dC .

Lemma 3.14. Let g : X −→ Y be a mapping defined on a normed vector space
and taking values in a Hilbert space, let x̄ ∈ X and C ⊂ Y, with g(x̄) ∈ C.
Suppose that:

(h1) g is calm at each point of a ball B(x̄, δ1);

(h2) g is lower scalarly exhaustible from below at each point x of a ball B(x̄, δ2),
with scalarized lower exhauster E↓

∗ (g, x) : Y
∗ −→ 2KC0(X∗);

(h3) C is prox-regular at g(x̄).

Then, there exists ζ > 0 such that the functional (dC ◦ g)↓H(x; ·) admits lower
exhausters and it results in

E↓
∗ (dC ◦ g, x) = E↓

∗ (g, x)(D̂dC(g(x)), ∀x ∈ B(x̄, ζ)\g−1(C).

Proof. By virtue of Lemma 3.13, hypothesis (h3) ensures the existence of r > 0
such that function dC is Fréchet differentiable on [int B(g(x̄), r)]\C. Since g is in
particular continuous at x̄, there is ζ ∈ (0,min{δ1, δ2}) such that

g(x) ∈ int B(g(x̄), r), ∀x ∈ B(x̄, ζ).

Thus, fix x ∈ B(x̄, ζ)\g−1(C) and v ∈ X. Since dC is Fréchet differentiable at
g(x), one obtains

(dC ◦ g)↓H(x; v) = lim inf
v′→v
t↓0

dC(g(x+ tv′))− dC(g(x))

t

= lim inf
v′→v
t↓0

[
D̂dC(g(x))[g(x+ tv′)− g(x)]

t
+

o(‖g(x+ tv′)− g(x)‖)

t

]
,

where

lim
h→0

o(‖h‖)

‖h‖
= 0. (17)
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Notice that it holds

lim
v′→v
t↓0

o(‖g(x+ tv′)− g(x)‖)

t
= 0. (18)

To see this, fix an arbitrary ǫ > 0. Because of the calmness of g at x ∈ B(x̄, ζ) ⊆
B(x̄, δ1), there exist positive δx and ℓx such that

‖g(x+ tv′)− g(x)‖ ≤ ℓxt‖v
′‖ ≤ ℓxt(‖v‖+ δx), ∀t ∈ [0, δx], ∀v

′ ∈ B(v, δx). (19)

Owing to equality (17), corresponding to ǫ > 0 there exists δo > 0 such that

|o(‖h‖)| ≤
ǫ‖h‖

ℓx(‖v‖+ δx)
, ∀h ∈ X : ‖h‖ ≤ δo. (20)

Thus, take δǫ so that

0 < δǫ < min

{
δo

ℓx(‖v‖+ δx)
, δx

}
.

With such position, by recalling the inequalities in (19), one finds

‖g(x+ tv′)− g(x)‖ < δo, ∀t ∈ [0, δǫ], ∀v
′ ∈ B(v, δǫ),

whence, in the light of inequality (20), it follows

|o(‖g(x+ tv′)− g(x)‖)| ≤ ǫ
‖g(x+ tv′)− g(x)‖

ℓx(‖v‖+ δx)
≤ ǫt, ∀t ∈ [0, δǫ], ∀v

′ ∈ B(v, δǫ).

The existence of δǫ making the last inequality satisfied shows the existence of the

limit and the validity of the equality in (18). Then, being D̂dC(g(x)) ∈ Y
∗, it

results in

(dC ◦ g)↓H(x; v) = (D̂dC(g(x)) ◦ g)
↓

H(x; v), ∀v ∈ X.

According to Definition 3.3, it remains to exploit hypotesis (h2) to achieve the
thesis.

Remark 3.15. For a better understanding of nondegeneracy conditions appear-
ing in the subsequent section, but related to the above result, it is worth noting

that, dC being Lipschitz continuous with constant 1, whenever D̂dC(y) exists, one

has ‖D̂dC(y)‖ ≤ 1. To be more precise, by virtue of a known characterization of
the Fréchet subdifferential of dC at out-of-set points (see Theorem 1.99 in [24]),

whenever D̂dC(y) exists, it holds

{D̂dC(y)} = ∂̂dC(y) ⊆ S
∗ ∩ N̂(y,B(C, dC(y))), y 6∈ C,

where ∂̂dC(y) stands for the Fréchet subdifferential of dC at y.
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4. Calmness conditions for scalarly exhaustible constraints

4.1. The prox-regular case in Hilbert spaces

In view of the employment of a prox-regularity assumption on the set C, through-
out this subsection (Y, (·, ·)) will be a Hilbert space, whereas (X, ‖ · ‖) continues
being a Banach space. In such setting, given a parameterized constraint system
(CS) and a pair (p̄, x̄) ∈ gphS, it is possible to define the following constant

c↓(f(p̄, ·), x̄)

= lim
ǫ→0+

inf{|‖E↓
∗ (f(p̄, ·), x)(D̂dC(f(p̄, x)))|‖ : x ∈ B(x̄, ǫ), 0 < dC(f(p̄, x)) ≤ ǫ},

provided that adequate assumptions of lower scalar exhaustibility on mapping
f(p̄, ·) near x̄ are introduced. If so, such constant enables one to formulate a
nondegeneracy condition, on which the first main calmness result is based. In
fact, it allows one to provide a key estimate for the strict outer slope of function
dC ◦ f(p̄, ·).

Theorem 4.1. With reference to a constraint system (CS), having a solution
mapping S : P −→ 2X, let p̄ ∈ P and x̄ ∈ S(p̄). Suppose that:

(h1) C is prox-regular at f(p̄, x̄);

(h2) mapping f(p̄, ·) is calm and lower scalarly exhaustible from below at each
point of a neighbourhood of x̄;

(h3) mapping f is partially calm at (p̄, x̄) with respect to p, uniformly in x, with
modulus clmp f(p̄, x̄);

(h4) it holds

c↓(f(p̄, ·), x̄) > 0.

Then, it results in

|∇(dC ◦ f(p̄, ·))|>(x̄) ≥ c↓(f(p̄, ·), x̄). (21)

Consequently, mapping S is calm at (p̄, x̄) and the following estimate holds

clm S(p̄, x̄) ≤
clmp f(p̄, x̄)

c↓(f(p̄, ·), x̄)
.

Proof. The argument proposed in order to prove the thesis relies on the appli-
cation of the sufficient condition for calmness of constraint system provided by
Theorem 2.1, with ψC,δ1 = dC . Notice that, by virtue of hypotheses (h1) and (h2)
it is possible to invoke Lemma 3.14, where f(p̄, ·) plays now the role of mapping
g. In force of such lemma, there exists ζ > 0 such that

E↓
∗ (dC ◦ f(p̄, ·), x)

= E↓
∗ (f(p̄, ·), x)(D̂dC(f(p̄, x))), ∀x ∈ B(x̄, ζ), with dC(f(p̄, x)) > 0. (22)

Now, let us verify that all hypotheses of Theorem 2.1 are satisfied under the
current assumptions. Hypothesis (h2) is clearly fulfilled, inasmuch as mapping
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f(p̄, ·) is calm at each point of a neighbourhood of x̄. Thus, it remains to show
that

|∇(dC ◦ f(p̄, ·))|>(x̄) > 0. (23)

According to hypothesis (h4), there exist γ > 0 and ǫγ > 0 such that

|‖E↓
∗ (f(p̄, ·), x)(D̂dC(f(p̄, x)))|‖ > γ,

∀x ∈ B(x̄, ǫγ), with 0 < dC(f(p̄, x)) ≤ ǫγ. (24)

Without any loss of generality it is possible to assume that ǫγ < ζ. Fix an
arbitrary x ∈ B(x̄, ǫγ), with 0 < dC(f(p̄, x)) ≤ ǫγ. According to inequality (24)

there must exist E0 ∈ E↓
∗ (f(p̄, ·), x)(D̂dC(f(p̄, x))) such that

dist(0∗, E0) > γ.

By virtue of Lemma 3.10 the last inequality implies the existence of u0 ∈ S with
the property

ς(u0, E0) < −γ.

Thus, it follows

inf
E∈E↓

∗ (f(p̄,·),x)(D̂dC(f(p̄,x)))

ς(u0, E) ≤ ς(u0, E0) < −γ,

whence one gets

sup
u∈S

[− inf
E∈E↓

∗ (f(p̄,·),x)(D̂dC(f(p̄,x)))

ς(u,E)] > γ. (25)

Since x ∈ B(x̄, ζ) and dC(f(p̄, x)) > 0, equality (22) can be applied, so from (25)
along with Lemma 3.1 one obtains

|∇(dC ◦ f(p̄, ·))|(x) ≥ sup
u∈S

[−(dC ◦ f(p̄, ·))↓H(x̄;u)] > γ.

Thus, it has been shown that there exist γ and ǫγ > 0 such that

inf{|∇(dC ◦ f(p̄, ·))|(x) : x ∈ B(x̄, ǫγ), 0 < dC(f(p̄, x)) ≤ ǫγ} ≥ γ.

By recalling the definition of strict outer slope of a function, the last inequality
enables to deduce the estimate (21) to be proved in the first assertion of the
thesis. As a by-product of the above reasoning, one finds that also condition (23)
is fulfilled. Thus, the second assertion in the thesis as well as the related estimate
become a trivial consequence of Theorem 2.1. This completes the proof.

Within the proposed approach, there is nothing to prevent one from considering
how the above result works in the case of constraint systems defined by a smooth
mapping f(p̄, ·). As one expects, this circumstance simplifies the formulation of
Theorem 4.1. Indeed, in such event it is possible to define the constant

c↓(f(p̄, ·), x̄)

= lim
ǫ→0+

inf{‖D̂f(p̄, ·)(x)∗[D̂dC(f(p̄, x))]‖ : x ∈ B(x̄, ǫ), 0 < dC(f(p̄, x)) ≤ ǫ}.

By employing such new constant, one achieves the next condition for calmness,
which is specific for smooth constraint systems.
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Corollary 4.2. Given a constraint system (CS) with solution mapping S : P −→
2X, let p̄ ∈ P and x̄ ∈ S(p̄). Suppose that:

(h1) C is prox-regular at f(p̄, x̄);

(h2) mapping f(p̄, ·) is Fréchet differentiable at each point of an open neighbour-
hood of x̄;

(h3) mapping f is partially calm at (p̄, x̄) with respect to p, uniformly in x, with
modulus clmp f(p̄, x̄);

(h4) it holds

c↓(f(p̄, ·), x̄) > 0.

Then, it results in

|∇(dC ◦ f(p̄, ·))|>(x̄) ≥ c↓(f(p̄, ·), x̄).

Consequently, mapping S is calm at (p̄, x̄) and the following estimate holds

clmS(p̄, x̄) ≤
clmp f(p̄, x̄)

c↓(f(p̄, ·), x̄)
.

Proof. It suffices to observe that f(p̄, ·) is calm at x, as a consequence of hy-
pothesis (h2). Indeed, by the Fréchet differentiability assumption on f(p̄, ·) at x
one has the first-order expansion

f(p̄, x+ h)− f(p̄, x) = D̂f(p̄, x)(h) + o(‖h‖)

whence, taking into account that for some δ > 0 it is

‖o(‖h‖)‖ ≤ ‖h‖, ∀h ∈ B(0, δ),

one obtains

‖f(p̄, x+ h)− f(p̄, x)‖ = (‖D̂f(p̄, x)‖+ 1)‖h‖, ∀h ∈ B(0, δ).

Thus, the thesis follows from being

|‖E∗(f(p̄, ·), x)(D̂dC(f(p̄, x)))|‖ = ‖D̂f(p̄, ·)(x)∗[D̂dC(f(p̄, x))]‖,

according to what observed in Example 3.5, and hence

c↓(f(p̄, ·), x̄) = c↓(f(p̄, ·), x̄).

Remark 4.3. (r1) In the light of Example 3.7, Theorem 4.1 indicates the class
of locally uniformly convex Banach spaces as a proper setting, where verifiable
sufficient conditions allow one to perform the analysis of calmness for nonsmooth
constraint systems. Indeed, the continuity of the scalarized Hadamard lower di-
rectional derivative of the mapping f(p̄, ·) paves the way to the dual construction
of the constant c↓(f(p̄, ·), x̄), whose nondegeneracy gives answer to the question.
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(r2) After the submission of the present paper the author’s attention has been
drawn to the fact that, quite recently, the notion of prox-regular set has been
extended beyond the Hilbert space setting, to uniformly convex Banach space (see
[3]). Since to deal with such an extension requires a good amount of technicalities
and the case of Hilbert space already covers significant applications, consequent
extensions of the result presented above are left for a future research work.

(r3) In the light of what noticed in Remark 3.15, it holds

c↓(f(p̄, ·), x̄)

≥ lim
ǫ→0+

inf{ inf
y∗∈S∗

|‖E↓
∗ (f(p̄, ·), x)(y

∗)|‖ : x ∈ B(x̄, ǫ), 0 < dC(f(p̄, x)) ≤ ǫ}.

In linear functional analysis, given a linear bounded operator Λ : X −→ Y between
Banach spaces, the value

inf
y∗∈S∗

‖Λ∗y∗‖

is sometimes referred to as the dual Banach constant of Λ. According to a mod-
ern reformulation of the Banach-Schauder theorem, Λ is open at a linear rate
(equivalently, the solution mapping Λ−1 : Y −→ 2X for the equation Λx = y
is Lipschitz-like and, hence, calm) iff its dual Banach constant does not vanish.
Thus, the nondegeneracy condition expressed by hypothesis (h4) can be regarded
as a nonsmooth/nonlinear development of a condition for the Lipschitzian be-
haviour of solution mappings historically tracing back to the celebrated open
mapping theorem.

4.2. The convex case in general Banach spaces

In the previous subsection, the requirement of prox-regularity imposed on the set
C has forced to limit the analysis to constraint systems defined by mappings with
values in Hilbert spaces. Here such limitation is removed, in order to consider
what can be done, if coming back to mappings between general Banach spaces.
Therefore, throughout this subsection (X, ‖ · ‖) and (Y, ‖ · ‖) will be both Banach
spaces. The price to be paid for such an extension in the approach under study
is the reintroduction of a convexity assumption on C. In this setting, define the
constant

c↑(f(p̄, ·), x̄) = lim
ǫ→0+

inf{ lim
η→0+

inf
y∗∈U(f(p̄,x),η)

|‖E↑
∗ (f(p̄, ·), x)(y

∗)|‖ :

x ∈ B(x̄, ǫ), 0 < dC(f(p̄, x)) ≤ ǫ},

where U(f(p̄, x), η) has the same meaning as in Lemma 3.11. By means of it, it
is possible to formulate the next condition for calmness of the solution mapping
to parameterized constraint systems.

Theorem 4.4. With reference to a constraint system (CS), having a solution
mapping S : P −→ 2X, let p̄ ∈ P and x̄ ∈ S(p̄). Suppose that:

(h1) C is closed and convex;
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(h2) mapping f(p̄, ·) is continuous and upper scalarly exhaustible from below at
each point of a neighbourhood of x̄;

(h3) mapping f is partially calm at (p̄, x̄) with respect to p, uniformly in x, with
modulus clmp f(p̄, x̄);

(h4) it holds

c↑(f(p̄, ·), x̄) > 0.

Then, it results in

|∇(dC ◦ f(p̄, ·))|>(x̄) ≥ c↑(f(p̄, ·), x̄).

Consequently, mapping S is calm at (p̄, x̄) and the following estimate holds

clm S(p̄, x̄) ≤
clmp f(p̄, x̄)

c↑(f(p̄, ·), x̄)
.

Proof. It suffices to prove the first assertion in the thesis, inasmuch as in the
presence of the current assumptions the second one becomes a trivial consequence
of the sufficient condition for constraint system calmness established in Theorem
2.1, with ψC,δ1 = dC , being

|∇(dC ◦ f(p̄, ·))|>(x̄) > 0.

This will be done by exploiting hypothesis (h4). Indeed, according to it there
exist γ > 0 and ǫγ > 0 such that

lim
η→0+

inf
y∗∈U(f(p̄,x),η)

|‖E↑
∗ (f(p̄, ·), x)(y

∗)|‖ > γ,

∀x ∈ B(x̄, ǫγ), with 0 < dC(f(p̄, x)) ≤ ǫγ. (26)

Fix an arbitrary x ∈ B(x̄, ǫγ), with 0 < dC(f(p̄, x)) ≤ ǫγ. From inequality (26)
one deduces the existence of η0 ∈ (0, dC(f(p̄, x)) such that

∀y∗ ∈ U(f(p̄, x), η0) |‖E↑
∗ (f(p̄, ·), x)(y

∗)|‖ > γ.

For every y∗ ∈ U(f(p̄, x), η0) the last inequality entails that for some E0 ∈
E↑
∗ (f(p̄, ·), x)(y

∗) it must be

dist(0∗, E0) > γ.

According to Lemma 3.10, this means that there is u0 ∈ S with the property

ς(u0, E0) < −γ.

It follows that

inf
E∈E↑

∗ (f(p̄,·),x)(y∗)

ς(u0, E) ≤ ς(u0, E0) < −γ. (27)
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As, on account of hypothesis (h2), mapping f(p̄, ·) is upper scalarly exhaustible
from below at x, from inequality (27) one obtains

(dC ◦ f(p̄, ·))↑H(x;u0) = inf
E∈E↑

∗ (f(p̄,·),x)(y∗)

ς(u0, E) < −γ.

Such estimation being valid for every y∗ ∈ U(f(p̄, x), η0), from the above inequal-
ity one deduces

lim
η→0+

sup
y∗∈U(f(p̄,x),η)

(dC ◦ f(p̄, ·))↑H(x;u0)

≤ sup
y∗∈U(f(p̄,x),η0)

(dC ◦ f(p̄, ·))↑H(x;u0) ≤ −γ.

In the light of the estimate established in Lemma 3.11, what has been so far
obtained leads to the inequality

−(dC ◦ f(p̄, ·))↑H(x;u0) ≥ γ,

and hence, by recalling inequality (13) in Remark 3.2,

|∇(dC ◦ f(p̄, ·))|(x) ≥ sup
u∈S

[−(dC ◦ f(p̄, ·))↑H(x;u)] ≥ −(dC ◦ f(p̄, ·))↑H(x;u0) ≥ γ.

By arbitrariness of x ∈ B(x̄, ǫγ), with 0 < dC(f(p̄, x)) ≤ ǫγ, the above argument
shows that

|∇(dC ◦ f(p̄, ·))|>(x̄) ≥ γ.

Notice that such inequality is true for every γ ∈ (0, c↑(f(p̄, ·), x̄)), so that it is
possible to assert that

|∇(dC ◦ f(p̄, ·))|>(x̄) ≥ c↑(f(p̄, ·), x̄).

This allows one to obtain the estimate of the calmness modulus of S in the thesis,
thereby completing the proof.

Again, in the presence of a smoothness property of the mapping f(p̄, ·), from the
above general calmness condition it is possible to derive a simplified version. To
do so, define the constant

c↑(f(p̄, ·), x̄) = lim
ǫ→0+

inf{ lim
η→0+

inf
y∗∈U(f(p̄,x),η)

‖D̂f(p̄, ·)(x)∗[y∗]‖ :

x ∈ B(x̄, ǫ), 0 < dC(f(p̄, x)) ≤ ǫ}.

The resulting calmness condition runs as follows.

Corollary 4.5. Let (CS) be a constraint system with solution mapping S : P −→
2X, let p̄ ∈ P and x̄ ∈ S(p̄). Suppose that:

(h1) C is closed and convex;

(h2) mapping f(p̄, ·) is Fréchet differentiable at each point of an open neighbour-
hood of x̄;
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(h3) mapping f is partially calm at (p̄, x̄) with respect to p, uniformly in x, with
modulus clmp f(p̄, x̄);

(h4) it holds

c↑(f(p̄, ·), x̄) > 0.

Then, it results in
c↑(f(p̄, ·), x̄) = c↑(f(p̄, ·), x̄).

Consequently, mapping S is calm at (p̄, x̄) and the following estimate holds

clmS(p̄, x̄) ≤
clmp f(p̄, x̄)

c↑(f(p̄, ·), x̄)
.

Proof. It suffices to observe that, by hypothesis (h2), mapping f(p̄, ·) is upper
scalarly exhaustible from below near x̄, with upper scalar exhausters

E↑
∗ (f(p̄, ·), x)(y

∗) = { {D̂f(p̄, ·)(x)∗[y∗]} }, y∗ ∈ Y
∗

(remember Example 3.5). This leads to the equalitity in the thesis. Thus, being

|∇(dC ◦ f(p̄, ·))|>(x̄) ≥ c↑(f(p̄, ·), x̄) > 0

according to (h4), it is possible to apply Theorem 4.4 along with the related
estimate.

Remark 4.6. (r1) What has been noted in Remark 4.3 can be repeated as a
comment to Theorem 4.4, with the additional remark that, in the setting of locally
uniformly convex Banach spaces, for assumption (h2) to be satisfied one has

only to suppose that each function (y∗ ◦ f(p̄, ·))↑H(x̄; ·) is real-valued (remember
Example 3.7).

(r2) It is worth noting that, whenever Y is a Hilbert space, then, being C prox-
regular as a closed convex subset of Y, for every η > 0 sufficiently small it results
in

U(f(p̄, x), η) =
⋃

y∈B(f(p̄,x),η)

{D̂dC(y)}, ∀x ∈ B(x̄, ǫ), with 0 < dC(f(p̄, x)) ≤ ǫ

(recall Lemma 3.13). Taking into account that dC is continuously differentiable
on B(f(p̄, x), η) and f(p̄, ·) is smooth near x̄, one obtains

lim
η→0+

inf
y∗∈U(f(p̄,x),η)

‖D̂f(p̄, ·)(x)∗[y∗]‖

= lim
η→0+

inf
y∈B(f(p̄,x),η)

‖D̂f(p̄, ·)(x)∗[D̂dC(y)]‖

= lim
y→f(p̄,x)

‖D̂f(p̄, ·)(x)∗[D̂dC(y)]‖ = ‖D̂f(p̄, ·)(x)∗[D̂dC(f(p̄, x))]‖.

Thus, in such event, one finds

c↓(f(p̄, ·), (x̄)) = c↑(f(p̄, ·), (x̄)),

so Corollary 4.5 becomes a consequence of Corollary 4.2.
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[23] A. Ya. Kruger: On Fréchet subdifferentials, J. Math. Sci., New York 116(3) (2003)
3325–3358.

[24] B. S. Mordukhovich: Variational Analysis and Generalized Differentiation I: Basic
Theory, Springer, Berlin (2006).

[25] D. Pallaschke, S. Rolewicz: Foundations of Mathematical Optimization. Convex
Analysis without Linearity, Mathematics and its Applications 388, Kluwer, Dor-
drecht (1997).

[26] R. A. Poliquin, R. T. Rockafellar: Prox-regular functions in variational analysis,
Trans. Amer. Math. Soc. 348(5) (1996) 1805–1838.

[27] R. A. Poliquin, R. T. Rockafellar, L. Thibault: Local differentiability of distance
functions, Trans. Amer. Math. Soc. 352(11) (2000) 5231–5249.

[28] B. N. Pshenichnyi: Necessary Conditions for an Extremum, Pure and Applied
Mathematics 4, Marcel Dekker, New York (1971).

[29] S. M. Robinson: Generalized equations and their solutions. I: Basic theory, Math.
Program. Study 10 (1979) 128–141.

[30] R. T. Rockafellar, R. J.-B. Wets: Variational Analysis, Springer, Berlin (1998).

[31] A. M. Rubinov: Abstract Convexity and Global Optimization, Nonconvex Opti-
mization and its Applications 44, Kluwer, Dordrecht (2000).

[32] W. Schirotzek: Nonsmooth Analysis, Springer, Berlin (2007).

[33] A. Uderzo: Convex approximators, convexificators and exhausters: applications to
constrained extremum problems, in: Quasidifferentiability and Related Topics, V.
F. Demyanov et al. (ed.), Nonconvex Optim. Appl. 43, Kluwer, Dordrecht (2000)
297–327.

[34] A. Uderzo: On Lipschitz semicontinuity properties of variational systems with
application to parametric optimization, J. Optim. Theory Appl., to appear; DOI
10.1007/s10957-013-0455-9 (2012), 26 pp.

[35] J. J. Ye, D. L. Zhu: Optimality conditions for bilevel programming problems,
Optimization 33(1) (1995) 9–27; Erratum: Optimization 39(4) (1997) 361–366.


