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1. Introduction

Let £ be a real Banach space and let C' be a nonempty subset of E. Let T
be a mapping of C' into C. Then we denote by F(T') the set of fixed points of
T. A mapping T : C — C is called nonexpansive if ||Tx — Ty|| < ||z — y|| for
all z;y € C. Let C be a closed convex cone of E. A mapping T": C' — C'is
called positively homogeneous if T'(ax) = oT'(z) for all z € C' and o > 0. Baillon
[2] proved the first nonlinear ergodic theorem for nonexpansive mappings in a
Hilbert space.

Theorem 1.1 (Baillon [2]). Let H be a Hilbert space and let C' be a nonempty,
closed and convex subset of H. Let T : C'— C' be a nonexpansive mapping with
F(T) # 0. Then, for any x € C, the Cesaro means

converge weakly as n — oo to z € F(T).

Bruck [5] extended Baillon’s result to Banach spaces as follows:

Theorem 1.2 (Bruck [5]). Let E be a uniformly convexr Banach space whose
norm is Fréchet differentiable and let C' be a nonempty, closed and convex subset
of E. Let T : C' — C be a nonexpansive mapping with F(T) # (. Then, for any
x € C, the Cesaro means Sp,x converge weakly as n — oo to z € F(T).

Hirano, Kido and Takahashi [10] extended Bruck’s theorem to commutative fam-
ilies of nonexpansive mappings; see also [21] for non-commutative families. How-
ever, the limit points z € F(T') in [5] and [10] are not characterized. Recently,
Ibaraki and Takahashi [12] found a new nonlinear projection called a sunny gen-
eralized nonexpansive retraction which is different from the metric projection, the
sunny nonexpansive retraction and the generalized projection in a Banach space.
By using this retraction, Takahashi, Wong and Yao [29] proved the following
theorem.

Theorem 1.3. Let E be a uniformly convexr and smooth Banach space. Let T :
E — E be a positively homogeneous nonexpansive mapping. Then for any x € E,
the Cesaro means S,x converges weakly to zo € F(T'). Additionally, if the norm
of E 1s Fréchet differentiable, then zy = lim,_o Rpr)T"x, where Rpr) is the
sunny generalized nonexpansive retraction of E onto F(T).

In this paper, using nonlinear analytic methods and new retractions which were
found recently, we prove a nonlinear ergodic theorem for a commutative family
of positively homogeneous and nonexpansive mappings in a uniformly convex
Banach space. The limit points are characteralized by new retractions. In the
proof, we use the theory of invariant means essentially. We apply our nonlinear
ergodic theorem to get some nonlinear ergodic theorems in Banach spaces.
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2. Preliminaries

Let E be a real Banach space and let E* be the dual space of E. For a sequence
{z,,} of E and a point = € F, the weak convergence of {z,} to = and the strong
convergence of {x,} to x are denoted by z,, = = and z, — =z, respectively. Let
A be a nonempty subset of . We denote by ¢o A the closure of the convex hull
of A. The duality mapping J from E into E* is defined by

Jr={a" € E": (v,2") = |lz|* = ||]2"||"}, Vx € E.

Let S(E) be the unit sphere centered at the origin of E. Then the space E is
said to be smooth if the limit

et iyl o]
t—0 t

exists for all z,y € S(F). The norm of E is said to be Fréchet differentiable if
for each x € S(FE), the limit is attained uniformly for y € S(F). A Banach space
E is said to be strictly conver if |*32|| < 1 whenever z,y € S(E) and z # y. It
is said to be uniformly convez if for each € € (0, 2], there exists § > 0 such that
|54 < 1 — 6 whenever z,y € S(E) and ||z — y|| > . Furthermore, we know
from [26] that

(i) if E is smooth, then J is single-valued;

(ii) if F is reflexive, then J is onto;
(iii) if £ is strictly convex, then J is one-to-one;
(iv) if F is strictly convex, then J is strictly monotone, i.e.,

(:E—y,Jx—Jy)>0, V[L’,yEE, x%ya

(v) if E has a Fréchet differentiable norm, then J is norm-to-norm continuous.

Let E be a smooth Banach space and let J be the duality mapping on FE.
Throughout this paper, let N and R be the sets of positive integers and real
numbers, respectively. Define the function ¢ : E x E — R by

oz, y) = ||z]|* = 2(z, Jy) + |y||®, Vz,y € E.

Observe that, in a Hilbert space H, ¢(x,y) = ||z — y||* for all z,y € H. We also
know that for each x,y,z,w € F,

(el = 1lylD?* < ¢z, y) < (=l + [yl (1)
O(x,y) = ¢z, 2) + ¢(2,y) + 2(x — 2, Jz — Jy); (2)
2(1‘ - Y Jz — ‘]w> = gzﬁ(x,w) + ¢(y72) - (;5(1},2) - ¢(y7w) (3)

If F is additionally assumed to be strictly convex, then

¢(z,y) =0 if and only if z = y. (4)

The following result was proved by Kamimura and Takahashi [18].
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Lemma 2.1 (Kamimura and Takahashi [18]). Let E be a uniformly convex
and smooth Banach space and let {x,} and {y,} be sequences in E such that {x,}
or {y,} is bounded. Iflim, ..o ¢(xn,yn) =0, then lim,_ . ||z, — yn| = 0.

Let E be a Banach space and let C' be a nonempty subset of £. A mapping
T :C — Cis quasi-nonezpansive if F(T) # 0 and ||Tz — y|| < ||z — y|| for all
x € C and y € F(T). We know the following result.

Lemma 2.2 (Itoh and Takahashi [17]). Let E be a strictly convex Banach
space and let C' be a nonempty, closed and convex subset of E. Let T be a quasi-
nonexpansive mapping of C into itself. Then F(T) is closed and conver.

Let E be a smooth Banach space and let C' be a nonempty subset of £. A
mapping T : C' — C' is called generalized nonexpansive [12] if F(T) # () and

o(Tx,y) < ¢(x,y), VorelC, ye F(T).

Takahashi and Yao [31] obtained the following result by using the Hahn-Banach
theorem.

Lemma 2.3 (Takahashi and Yao [31]). Let E be a Banach space and let C
be a closed and convex cone of E. Let T : C — C be a positively homogeneous
nonexpansive mapping. Then, for any x € C and m € F(T), there ezists j € Jm
such that

<x - Tx>j> < 07

where J is the duality mapping of E into E*.

Using Lemma 2.3, Takahashi and Yao [31] proved the following result.

Lemma 2.4 (Takahashi and Yao [31]). Let E be a smooth Banach space and
let C be a closed and convex cone of E. Let T : C' — C' be a positively homoge-
neous nonexpansive mapping. Then, T is a generalized nonerpansive mapping.

Let D be a nonempty subset of a Banach space E. A mapping R: E — D is
said to be sunny if

R(Rx +t(x — Rx)) = Rz, Yx € E, t > 0.

A mapping R : E — D is said to be a retraction or a projection if Rx = x for
all x € D. A nonempty subset D of a smooth Banach space E is said to be a
generalized nonexpansive retract (resp. sunny generalized nonexpansive retract) of
E if there exists a generalized nonexpansive retraction (resp. sunny generalized
nonexpansive retraction) R from E onto D; see [11, 13, 12] for more details. The
following results are in Ibaraki and Takahashi [12].

Lemma 2.5 (Ibaraki and Takahashi [12]). Let C be a nonempty closed sunny
generalized nonexpansive retract of a smooth and strictly conver Banach space E.
Then the sunny generalized nonexpansive retraction from E onto C is uniquely
determined.
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Lemma 2.6 (Ibaraki and Takahashi [12]). Let C' be a nonempty closed sub-
set of a smooth and strictly convex Banach space E such that there exists a sunny
generalized nonexpansive retraction R from E onto C and let (z,2) € E x C.

Then the following hold:
(i) z= Rx if and only if (x — z, Jy — Jz) <0 for ally € C;
(i) O(Rr,2) + oz, Re) < o(x 2).

In 2007, Kohsaka and Takahashi [19] also proved the following results:

Lemma 2.7 (Kohsaka and Takahashi [19]). Let E be a smooth, strictly con-
vex and reflexive Banach space and let C' be a nonempty closed subset of E. Then
the following are equivalent:

(a) C is a sunny generalized nonexpansive retract of E;
(b) C is a generalized nonexpansive retract of E;
(¢) JC is closed and convex.

Lemma 2.8 (Kohsaka and Takahashi [19]). Let E be a smooth, strictly con-
vex and reflexive Banach space and let C' be a nonempty closed sunny generalized
nonexpansive retract of . Let R be the sunny generalized nonexpansive retraction
from E onto C and let (x,z) € E x C. Then the following are equivalent:

(i) z= Rx;
(74)  ¢(x,z) = mingec Pz, y).

Inthakon, Dhompongsa and Takahashi [16] obtained the following result concern-
ing the set of fixed points of a generalized nonexpansive mapping in a Banach
space; see also Ibaraki and Takahashi [14, 15].

Lemma 2.9 (Inthakon, Dhompongsa and Takahashi [16]). Let E be a
smooth, strictly convex and reflexive Banach space and let C' be a closed subset
of E such that J(C) is closed and convex. Let T be a generalized nonexpan-
sive mapping from C' into itself. Then, F(T) is closed and JF(T) is closed and
convex.

The following is a direct consequence of Lemmas 2.7 and 2.9.

Lemma 2.10 (Inthakon, Dhompongsa and Takahashi [16]). Let E be a
smooth, strictly conver and reflexive Banach space and let C be a closed subset
of E such that J(C) is closed and conver. Let T be a generalized nonexpansive
mapping from C into itself. Then, F(T) is a sunny generalized nonexpansive
retract of E.

3. Semitopological Semigroups and Invariant Means

Let S be a semitopological semigroup, i.e., S is a semigroup with a Hausdorff
topology such that for each a € S the mappings s — a-s and s — s-a from
S to S are continuous. In the case when S is commutative, we denote st by
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s +t. Let B(S) be the Banach space of all bounded real valued functions on S
with supremum norm and let C'(S) be the subspace of B(S) of all bounded real
valued continuous functions on S. Let p be an element of C'(S)* (the dual space
of C(S)). We denote by pu(f) the value of u at f € C(S). Sometimes, we denote
by p(f(t)) or pef(t) the value u(f). For each s € S and f € C(S), we define
two functions [, f and rsf as follows:

(sf)(t) = f(st) and  (rof)(t) = f(ts)

for all t € S. An element p of C'(S)* is called a mean on C(S) if u(e) = ||u|| = 1,
where e(s) =1 for all s € S. We know that p € C'(S)* is a mean on C(S) if and
only if

inf f(s) < u(f) <sup f(s), VfeC(S).

seS seS

A mean p on C(95) is called left invariant if p(lsf) = p(f) for all f € C(S) and
s € S. Similarly, a mean p on C(S) is called right invariant if u(rsf) = p(f) for
all f € C(S) and s € S. A left and right invariant mean on C(S) is called an
invariant mean on C(S). The following theorems are in [26, Theorem 1.4.5].

Theorem 3.1 ([26]). Let S be a commutative semitopological semigroup. Then
there exists an invariant mean on C(S), i.e., there exists an element yu € C(S)*

such that p(e) = ||ul| =1 and p(rsf) = u(f) for all f € C(S) and s € S.

Theorem 3.2 ([26]). Let S be a semitopological semigroup. Let p be a right
invariant mean on C(S). Then

supinf f(ts) < u(f) < infsup f(ts), Vf e C(9).
s t St

Similarly, let p be a left invariant mean on C(S). Then

supinf f(st) < p(f) < infsup f(st), V[ e C(S).

Let S be a semitopological semigroup. For any f € C(S) and ¢ € R, we write
f(s) — ¢, ass— oop

if for each £ > 0 there exists an w € S such that
|f(tw) —c| <e, VteSs.

We denote f(s) — ¢, as s — oog by

lim f(s) =c.

S—OOR
When §' is commutative, we also denote s — oog by s — 0.

Theorem 3.3 ([26]). Let f € C(S) and c € R. If
f(s) — ¢, as s — oog,

then p(f) = ¢ for all right invariant mean p on C(S).
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Theorem 3.4 ([26]). If f € C(95) fulfills
f(ts) < f(s), Vts €5,

then
ft) — ingf(w), as t — oog.
we
Theorem 3.5 ([26]). Let S be a commutative semitopological semigroup and let
f € C(S). Then the following are equivalent:

(i)  f(s) — ¢, as s — oo,
(i) sup,, inf; f(t +w) = inf, sup, f(t + w) = c.

Let E be a Banach space and let C' be a nonempty, closed and convex subset of
E. Let S be a semitopological semigroup and let S = {7, : s € S} be a family
of nonexpansive mappings of C' into itself. Then § = {T, : s € S} is called a
continuous representation of S as nonexpansive mappings on C' if Ty, = T,T; for
all s,t € S and s — Tix is continuous for each x € C.

The following definition [24] is crucial in the nonlinear ergodic theory of abstract
semigroups. Let S be a topological space and Let C'(S) be the Banach space of
all bounded real valued continuous functions on S with supremum norm. Let F
be a reflexive Banach space. Let v : S — E be a continuous function such that
{u(s) : s € S} is bounded and let x be a mean on C(S). Then there exists a
unique element zy of E such that

ps({u(s), z*) = (z9,2"), Va* e E*.

We call such z, the mean vector of u for p and denote it by 7(p)u, i.e., T7(p)u =
zp. In particular, if S = {Ty : s € S} is a continuous representation of S as
nonexpansive mappings on C' and u(s) = Tyx for all s € S, then there exists
zo € C such that

ps(Tsx, ) = (z9,2"), Va* e E*.

We denote such zy by T,,x. The following result is in Hirano, Kido and Takahashi
[10].

Lemma 3.6. Let S be a commutative semitopological semigroup. Let E be a
uniformly convex Banach space and let C' be a nonempty, closed and convex subset
of E. Let § ={Ts: s € S} be a continuous representation of S as nonexpansive
mappings on C. Let u be an invariant mean on C(S). Then for any x € C, the
mean vector T,x of {Tsx : s € S} for p is in F(S).

The following lemma plays an important role for proving our main theorem.

Lemma 3.7. Let E be a smooth, strictly convexr and reflexive Banach space and
let D be a nonempty, closed and convex subset of E. Let S be a semitopological
semigroup and let v : S — D be a continuous function such that {u(s) : s € S}
is bounded. Let u be a mean on C(S). If g: D — R is defined by

9(z) = pso(u(s), z), Vz e D,
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then the mean vector zy = 7(pu)u of u for p is a unique minimizer in D such that
g(z0) = min{g(z) : z € D}.

Proof. For a continuous function w : S — D such that {u(s) : s € S} is bounded
and a mean p on C(S), we know that a function g : D — R defined by

g(z) = #5¢(u(s)>z)a Vze D

is well-defined. We also know that there exists the mean vector zo = 7(u)u of u
for u, that is, there exists zy € co{u(s) : s € S} such that

psu(s), y*) = (z0,y"), Vy* € E*.

Since D is closed and convex and {u(s) : s € S} C D, we have z; € D. Further-
more we have from (2) and (3) that for any z € D,

9(2) = 9(20) = ps¢(uls), z) — psp(u(s), 20)
= 11s(d(u(s), 2) — d(u(s), 20))
= ps(d(u(s), 2) — p(uls), z) — d(z, 20) — 2(u(s) — 2, J2 — Jz))
= ,us( — &(z,20) — 2(u(s) — z,Jz — Jzo))
= — ¢(z,20) — 2(20 — 2, Jz — J zp)
= — ¢(2,20) — #(20, 20) — (2, 2) + ¢(20, 2) + &(2, 20)
= ¢(20, 2).

Then we have that
9(z) = g(20) + ¢(20,2), Vz € D. (5)

This implies that zp € D is a minimizer in D such that g(z9) = min{g(z) : z €
D}. Furthermore, if v € D satisfies g(v) = g(z0), then we have from (5) that
¢(z9,v) = 0. Since E is strictly convex, we have that z; = v and hence z; is a
unique minimizer in D such that

g(z0) = min{g(z) : z € D}.

This completes the proof. O

4. Nonlinear Ergodic Theorem

In the section, we prove a nonlinear ergodic theorem for a commutative family
of positively homogeneous nonexpansive mappings in a Banach space. Before
proving it, we need the following two lemmas. Using Lemma 3.7, we can first
obtain the following result.

Lemma 4.1. Let S be a commutative semitopological semigroup. Let E be a
uniformly convex and smooth Banach space and let S = {T; : s € S} be a
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continuous representation of S as positively homogeneous nonexpansive mappings
of E into itself. Then for any x € C, {Tsx : s € S} is bounded and the set

Nses Co{ 115z : t € S} N F(S)
consists of one point zy, where zy is a unique minimizer of F(S) such that

lim ¢(Tsz, 29) = min{ lim ¢(Tsz, 2) : z € F(S)}.

Proof. Foreach s € S, T, : EF — F is positively homogeneous and nonexpansive.
It follows from Lemma 2.4 that T is generalized nonexpansive. Thus we have
that for any z € F(S) and x € C,

O(Tiysw,2) < o(Tiw,2) < (2, 2), Vs, t €.

Then {Tsz : s € S} is bounded. Let p be an innvariant mean on C(S). From
Lemma 3.7, the mean vector zy € E of {T,x} for p is a unique minimizer zy € E
such that

wsd(Tsx, 29) = min{psp(Tsz,y) : y € E}.

We also know from Lemma 3.6 that zp € F(S). Furthermore, this zy € F(S)
satisfies that

psd(Tsw, z9) = min{usp(Tsx,y) : y € F(S)}.

Let us show that zg € Ngego{T;1sz : t € S}. If not, there exists some sy € S
such that zy ¢ €o{T}s,x : t € S}. By the separation theorem, there exists
Yy € E” such that

(z0,y5) < inf{(z,y5) : z € co{T1sz : t € S}}.
Using the property of the invariant mean pu, we have that
< inf{(z,y5) : # € C0{Tyssow : t € S}}
< inf{{(Tiyso,y5) i t € S}
S Mt<ﬂ+soxa yg)

= u{Tyz, yg)
= <ZOa yE]k>

<ZO7 y8>

This is a contradiction. Thus we have that zy € Nges@0{T; s : t € S}. Next we
show that Nses€O{T1sz : t € S} N F(S) consists of one point zy. Assume that
21 € NgesC0{Tsx : t € S} N F(S). Since z; € F(S), we have that

¢(E+5.’IJ, Zl) S ¢(Tsx7 Zl)) Vt7 seS.

Then limg ¢(Tsx, z1) exists. Furthermore, we know from the property of an in-
variant mean g (Theorem 3.3) that

Nt@b(Tt% Zl) - tllg.lo ¢(Tt:L’, Zl)'
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In general, since lim; ¢(T;z, z) exists for every z € F(S), we define a function
g: F(S) — R as follows:

g(z) = 1tli}m o(Tix, z), Vze F(S).

Since
&(20,21) = O(Tix, z1) — d(Tx, 20) — 2(T1x — 2o, J29 — J21)

for every t € S, we have
(20, 21) + 2t1ir£10(’_]}m — 2o, 20 — Jz1)
= lim ¢(Tiz, z0) — lim ¢(Tiz, )
> 0.

Let € > 0. Then we have that

2tlim (Thx — zo, Jzg — J21) > —P(20,21) — €.

Hence there exists sy € N such that
2Ty 5ot — 20, J20 — J21) > — (20, 21) — €
for every t € S. Since z; € NyCo{T} 52 : t € S} C co{Ti45,x : t € S}, we have
2(z1 — 20, J20 — J2z1) > —p(20,21) — €.
We have from (3) that
P(21,21) + ¢(20, 20) — ¢(21, 20) — P(20, 21) = —P(20,21) — €

and hence ¢(z1,29) < €. Since € > 0 is arbitrary, we have ¢(z1,29) = 0. Since E
is strictly convex, we have zg = z;. Therefore

{z0} =Nsco{Ti sz :t € S}NF(S).

This completes the proof. n

For proving our main theorem (Theorem 4.3), we also need the following lemma.

Lemma 4.2. Let S be a commutative semitopological semigroup. Let E be a
uniformly convex and smooth Banach space and let S = {Ts : s € S} be a
continuous representation of S as positively homogeneous nonexpansive mappings
of E into itself. Then, there exists a unique sunny generalized nonexpansive
retraction R of E onto F(S). Furthermore, for any x € E, lim, .., RTsx exists
in F(S), where lims_o, RTsx = q means lims_, || RTsxz — ¢|| = 0.
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Proof. We have from Lemma 2.2 that F(S) is closed and convex. Furthermore,
we have from Lemma 2.9 that JF(S) are closed and convex. Then from Lemmas
2.5, 2.7 and 2.10 , there exists a unique sunny generalized nonexpansive retraction
R of E onto F(S). For an invariant mean p on C(S), there exists ¢ € F/(S) such
that

w(RTx, x*)y = (q,z*), Va* e E".

Then
pi{ R sx, %) = p(RTyx, o) = (q,2"), Va* e E*.

Thus
q€co{RTi sz :te€ S} Vseb. (6)

From Lemma 2.6, we know that
0 <{(v— Rv,JRv— Ju), Yv € E, uec F(S). (7)
We have from (7) and (3) that
{

v — Rv, JRv — Ju)

2
= ¢(v,u) + ¢(Rv, Rv) — ¢(v, Rv) — ¢(Rv,u)
o(v,u) — (v, Rv) — ¢p(Rv, u).

Hence we have that
o(Rv,u) < ¢(v,u) — d(v, Rv), Yv € E, ue F(S). (8)

Since ¢(Tsz,u) < ¢(z,u) for all s € S, u € F(S) and z € E, it follows from
Lemma 2.8 that

¢(Tt+sx7 RT‘t-{—sx) S ¢(T;H—sx7 RTsx) S (b(Tsx) RTsx) (9)
Hence we have from (9) and Theorem 3.4 that

o(Tsx, RTx) — ing &(Typx, RT,yx), as s — oo. (10)
we

Putting w = RTsz and v = T;y,x in (8), we have that
¢<RT;5+S$a RTsx) S QS(E_;,_SZL‘, RTSZL‘) - ¢(T‘t+sx7 RE+8:E)
S Qb(Tst, RTsx) - ¢(Tt+sx7 RE+SSE>
< ¢(Tsx, RTx) — 11612 ¢(Tyx, RT,x).
Using (6), we have that
6lq, RT,v) < 6(Tyw, RT,w) — inf ¢(Ty, RT,z), Vs € S,

Thus we have from (10) and Lemma 2.1 that
|RTsz —ql| — 0, as s — oc.

Therefore { RTsx} converges strongly to ¢ € F'(S). This completes the proof. [
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Let S be a semitopological semigroup and let {iu,} be a net of means on C(S).
Then {1, } is said to be asymptotically invariant if for each f € C(S) and s € S,

Moz(f) - :ua(lsf) — 0 and Ma(f) - Ma(rsf) — 0.

Theorem 4.3. Let S be a commutative semitopological semigroup. Let E be a
uniformly convex and smooth Banach space and let S = {Ts : s € S} be a contin-
uous representation of S as positively homogeneous nonexpansive mappings of E
into itself. Suppose that a net {j,} of means on C(S) is asymptotically invariant.
Then for any x € C, {T,, x} converges weakly to zy € F(S). Additionally, if the
norm of E is Fréchet differentiable, then limg Rps)Tsx = 29, where Rp(s) is the
sunny generalized nonexpansive retraction of E onto F(S).

Proof. Since {{,} is a net of means on C(S), it has a cluster point p in the
weak™® topology. We show that x is an invariant mean on C'(S). In fact, since the

set
{Ae )" : Ale) = 1Al =1}
is closed in the weak* topology, it follows that u is a mean on C(S). Furthermore,

any € > 0, f € C(5) and s € S, there exists ag such that

Ya > «p.

|:U/oz(f) - ,ua(lsf)l < %7

Since p is a cluster point of {p,}, we can choose 5 > «aq such that

lus(f) —u(f)] < 5 and  |ug(Lf) — p(lf)] <

Wl ™
W ™

Hence we have

() = 1l < ulF) = (D] + 1 (F) = sl )] + s (laf) — plls S

<8+€+8_€
-3 3 3

Since € > 0 is arbitrary, we have

p(f) = pllsf), vfeC(S), ses.

Let # € F and define D = {z € £ : ||z|| < ||z||}. Then D is nonempty, bounded,
closed and convex. Furthermore, since T, is nonexpansive for each s € S and
0 € F(S), D is invariant under T, and hence {7,z : s € S} and {7, x} are in
D. We show that {7}, x} converges weakly to 2y € F(S). Since {7, z} is a
bounded net in D, there exists a subnet {7}, x} of {T},,x} converges weakly to

some z € D. If A is a cluster point of {f,} in the weak® topology, then A is a
cluster point of {i}, too. Then X is an invariant mean on C(S). Without loss
of generality, we have from {Tuaﬂx} — z that

Mo(Tsx, y*) = lién(,uaﬁ)s(Tsx,y*) = lign(Tuaﬁm,y*> = (z,y"), Vy* € E".
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Since A is an invariant mean on C(.S), we have
z=T\x € Ngesco{T1sz : t € S} NF(S).
We know from Lemma 4.1 that the set
Nsco{Tiisx:t € SN F(S)

consists of one point zy. Therefore {7}, x} converges weakly to z, € F(S).

Additionally, assume that the norm of F is Fréchet differentiable. We have from
Lemma 4.2 that there exists the sunny generalized nonexpansive retraction R =
Rpsy of E onto F(S) and {RT,x} converges strongly to a point ¢ € F(S).
Rewriting the characterization of the retraction R, we have that

0 < (Tyx — RTyx, JRT,x — Ju), Yu € F(S)
and hence

(Tie — RTyx, Ju — Jq) < (T,x — RT,x, JRT,x — Jq)
< |Tix — RTyx|| - | JRT,x — Jq|

where K is an upper bound for ||Tix — RT;x||. Remembering that .J is continuous
because the norm of E is Fréchet differentiable, we apply an invariant mean p to
both sides of this inequality. Then we have that

<ZO — 4, Ju — JQ> <0.

This holds for any u € F(S). Putting u = z, we have (2 — ¢q, Jzo — Jq) < 0.
Since J is monotone, we have (zy — q, Jzo — Jq) = 0. Since F is strictly convex,
we have zp = ¢q. Thus zp = lim,_.o Rp(s)Tsw. ]

Compare Theorem 4.3 with that of [10]. Though the assumption of a mapping
in Theorem 4.3 is stronger than that of [10], the assumption of a Banach space
is weaker. Furthermore, the limit points are characterized by sunny generalized
nonexpansive retractions.

5. Applications

In this section, we apply Theorem 4.3 to get some nonlinear ergodic theorems in
Banach spaces which are related to positively homogeneous nonexpansive map-
pings. The following theorem was proved by Takahashi, Wong and Yao [29].

Theorem 5.1 (Takahashi, Wong and Yao [29]). Let E be a uniformly con-
vexr and smooth Banach space. Let T : E — FE be a positively homogeneous
nonexpansive mapping. Then for any x € F,
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converges weakly to zo € F(T). Additionally, if the norm of E is Fréchet dif-
ferentiable, then zy = lim, .o RprT"x, where Rpr) is the sunny generalized
nonezpansive retraction of E onto F(T).

Proof. Let S = {0} UN. For any f = (z¢, 1, x2,...) € B(S), define

n—1
1
pn(f) = EZ%, Vn e N.
k=0

Then {u, : n € N} is an asymptotically invariant sequence of means on B(S);
see [26, p. 78]. Furthermore, we have that for any x € F and n € N,

1
Ty, r=— Z T"z.
" =0
Therefore, we have the desired result from Theorem 4.3. O

Theorem 5.2. Let E be a uniformly convex and smooth Banach space and let
T : E — E be a positively homogeneous nonexpansive mapping. Then for any
r € F,

o0

Syx=(1-r) Zrkax

k=0

converges weakly to zg € F(T) asr — 1 with 0 < r < 1. Additionally, if the
norm of E is Fréchet differentiable, then zo = lim,_.o Rp)T"x, where Rp(r) is
the sunny generalized nonexpansive retraction of E onto F(T).

Proof. Let S = {0} UN. For any f = (x¢,21,29,...) € B(S) and r € R with
0 <r <1, define

w(f)=(»1 —T)Zrkxk, Vr e (0,1).

Then {u, : r € (0,1)} is an asymptotically invariant net of means on B(S); see
[26, p. 79]. Furthermore, we have that for any x € E and r € (0,1),

T,r=(1-r) Zrkax.
k=0

Therefore, we have the desired result from Theorem 4.3. O

Let S=RT ={t€R:0<t< oo} Then a family S = {S(¢) : t € R"} of map-
pings of E into itself is called a positively homogeneous nonexpansive semigroup
on F if § satisfies the following:

(1) S(t+s)x=S(t)S(s)x, Ve € E, t,s € RT;
(2) S(0)xr ==z, Vo € E;
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(3) for each z € F, the mapping t — S(t)z from RT into F is continuous;
(2) for each t € R, S(t) is positively homogeneous and nonexpansive.

Theorem 5.3. Let E be a uniformly convex and smooth Banach space and let
S ={S(t) :t € RT} be a positively homogeneous nonexpansive semigroup on E.
Then for any x € F,

1
Spr =+ / S(t)xdt
A Jo
converges weakly to zg € F(S) as A — oo. Additionally, if the norm of E is
Fréchet differentiable, then zy = limy_.o Rp(s)S(t)x, where Rps) is the sunny

generalized nonexpansive retraction of E onto F(S).

Proof. Let S =R*. For any f € C(R"), define

A
(=3 | foa vae ©.00)

Then {uy : A € (0,00)} is an asymptotically invariant net of means on C(R™);
see [26, p. 80]. Furthermore, we have that for any x € E and A € (0, 00),

1
Tma::—/ S(t)xdt.
A Jo

Therefore, we have the desired result from Theorem 4.3. O]

Theorem 5.4. Let E be a uniformly convex and smooth Banach space and let
S ={S(t) : t € RT} be a positively homogeneous nonexpansive semigroup on E.
Then for any x € F,

7“/ e S (t)xdt
0
converges weakly to zg € F(S) as r — 0 with 0 < r < co. Additionally, if the

norm of E is Fréchet differentiable, then zy = lim;_o Rp(s)S(t)x, where Rp(s) is
the sunny generalized nonexpansive retraction of E onto F(S).

Proof. Let S =R". For any f € C(R"), define

we(f) = T/OOO e " f(t)dt, Vr e (0,00).

Then {u, : r € (0,00)} is an asymptotically invariant net of means on C(R™);
see [26, p. 82]. Furthermore, we have that for any x € E and r € (0, 00),

T, x= r/ e S (t)xdt.
0

Therefore, we have the desired result from Theorem 4.3. O
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Theorem 5.5. Let E be a uniformly convexr and smooth Banach space and let
S, T : E — FE be positively homogeneous nonexpansive mappings with ST =TS
Then for any x € F,

n—1
1 .
) E SITJZ'
n

1,7=0

converges weakly to zog € F(S)NF(T) as n — oo. Additionally, if the norm of E
is Fréchet differentiable, then zp = lim; j_.o RF(S)QF(T)Sizj, where Rp(s)np(r) 18
the sunny generalized nonexpansive retraction of E onto F(S) N F(T).

Proof. Let S =1{0,1,2,...} x {0,1,2,...} and let S = {S“TV : (i,j) € S}. For
any f € B(S), define

n—1

) = 3 3 flirj), YnEN.

4,7=0

Then {u, : n € N} is an asymptotically invariant sequence of means on B(S);
see [26, p. 83]. Furthermore, we have that for any x € F and n € N,

n—1
LS
T,unx = ﬁ 2 OS T x.
Z7‘7:

Therefore, we have the desired result from Theorem 4.3. O]
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