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A subset A of R? | is B~ !-convex if for all 1,22 € A and all t > 1 one has tz; Axzs € A. These
sets were first investigated in [2, 3, 7]. In this paper, we establish separation and Hahn-Banach
like Theorem for B~'-convex sets.
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1. Introduction
B-convexity concept is determined in [4], properties B-convex sets and functions
are given in [1, 4, 5, 6], separation properties are investigated in [5, 6].

B~ !-convexity concept is given in [2, 7], some important properties of B~!-convex
sets are investigated in [2, 3], the application to economy is given in [7]. In this
paper, functional Hahn-Banach like separation properties in B~!-convexity are
established.

The outline of the paper as follows:

In second section, required attainments to article are introduced; B~!-convex sets,
B~!-convex hull, gauge and co-gauge functions are defined and some algebraic
separation properties are given.
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In third section, properties of B~'-measurable maps and the relations of them
with half-spaces are investigated and analytic separation theorems are proved for
disjoint B~ !-convex sets.

In this paper, the following notations are used:
I={1,2,...n};

R" = {z = (z1,22, ..., x,) 1 2; > 0,0 =1,n};
R, = {o = (21,29, ...,2,) 1 2; > 0,i =1,n};
forx e R}, I(x) ={i €I :x; #0};

[A] is the B~!-convex hull of A.

K =R\ {0}

R =] — 00, +00]

2. Preliminaries

Let us give some definitions and theorems with respect to B~!-convexity (given
in [2]).

Definition 2.1. A set A in R}, is B™'-convex if for all zq,..z,, € A and all
t1y .oyt € [1,00) such that min {t1,...,¢,,} = 1 one has A" t;x; € A, where A
denotes the minimum with respect to partial order relation on R’ associated to
the positive cone, that is, the coordinatewise minimum.

The definition of B™'-convexity in K" as K = R\ {0} was given in [2].
Below theorem allows to define B~!-convex sets more simply [2].

Theorem 2.2. A subset A of R", is B™'-convez if and only if for all 1,15 € A
and all t € [1,00) one has txy Nz € A.

In [4], the following proposition is proved for B-convexity.
Proposition 2.3. If A is a B-convex subset of R then
Us (A, 0) ={z eR} :Fy € A, |z -y, <5}

1s also B-convex set.

This proposition is not valid in B~!-convexity, that is, for a B~!-convex subset A
of R, Ux (4, §) may not be always B~!-convex. A counterexample is given in

[3].
Now, for a set A C R, we define a different neighborhood concept.

Definition 2.4. Let A be a subset of R . A set
UL(A8) ={zeR}, :FyeAIN>0z=D>Xy,[1- Nyl <0}
is called radial §-neighborhood of A.
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Proposition 2.5. If A is a B™'-conver subset of R, then UL (A,0) is also
B~!-convez set.

Proof. Let o/,2" € UL (A,d). We will show that for all t > 1, x = ta’ A 2" €
UT_(A,9).

¢ eUl (Ad) =T eAIN>012=Ny, I1=XNly, <0 (1)

2" e UL (A,0) = Fy' € AN > 0,2" =Ny, [1-N||y']l. <6 (2)

Then, x = tx' A" =tNy NNy,
There are two cases:

Case I. Let t\ > \". Hence, we have x = \” (/\,,y A y”) = Ay. Here, A\=X\" >0

and y = t/\i,:y’ ANy" € A (since % > 1 and A is B~ !-convex.). We have to show

that |1 — Al||y|l,, < 0. Coordinates of y can equal to one of the following two
value:

2\ t\
Vyé, if Vyz <y,
;= 3
y 1 A/ i ( )
Y; if V > Y-

If [yl = %yz’, from (3) and (2), we obtain

1= Allyll =1 - X1 yz<|1 Ny <6

)\//
If [ly||, = v/, from (2) we have

[T =AYl =11 = X5 <6

Case II. Let tN < ). Thus x=1tN (y A2 Y ”) = A\y. Here, A = t\ > 0 and

-1

y=19y A Wy" € A (since 2 W > 1 and A is B~ '-convex.). We have to show that

|1 — Al ]|, < 6. Coordinates of y can take one of the following two value:

Y, if y; < i

B 3 i N i A

Yi = \ \ ( )
1
oV = i

When |ly|l. = vi,
1= XMyl = [1 = tX]y;.

If 1 —tN >0, then from (1), we obtain

1= Ayl = (1= tA)y; < (1 = X)y; < 6.
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And, if 1 —t) < 0, then taking into account that 1 < ¢\ < X" and (4), (2); we
have

)\//
L=Allylle = (N =1Dy; < (N =1) w7
)\// _ )\_// " < ()\// _ 1) " < (s
Y, Yi Yi .

In the other case, that is, when ||y|| = %yg’, itis [1 = Al lyll, = |1 —tN ;\—/\N,yz”
Again, if 1 — ¢\ > 0, then from ¢ > 1 and (4), (1), we obtain

1—A = (1 )\/)\”" 1-N)yi<o

1= Ayl = (1 = tX) 5 < (1= Ay <0
If 1 —tN <0, then from 1 < t\ < X and (2), we have

- / N no__ " N " " "
1= Ayl = (A —1)5% =N = v <(\N'=1)y] <o.

Consequently, we have shown that x = ta’ A 2" € U7 (A,9).
Thus it has been proved that the set U7 (A, ) is B~'-convex set. O

Closure and interior of B™'-convex sets are also B~'-convex [3].

Of particular interest are the B~!-convex sets whose complements are also B~1-
convex, those sets are called half-spaces.

Definition 2.6. For aset A C R’} , the intersection of all the B~ !-convex subset
of R}, containing A is called the B~'-convex hull of A and denoted by [A].

The following properties will be necessary in the future.

Lemma 2.7. For all subsets A of R', | and for all point p, we have

AU e = U Hepl.

z€[A]

Proof. We assume that A # () and y € [A|J {p}]. Then, there exist w1, ..., 23 €
A and ny,...,m41 € [1,00) such that min{ny, ..., 0k, Mer1} = 1 and y = mazy A
e A A Map- Let po= min{ny,...,nx} and p; = % for i = 1,k. Hence
T = A A ey € [A] and y = pa Angyap € [{, p}] since min {g, 41} = 1.
We prove the other side: If y € UJ,cpa[{z,p}] then, there exist 2’ € [A] such

that y € [{«/,p}]. Since 2’ € [A], for min{py, ..., s} = 1 and 24, ...z}, € A
we can write o' = ) A oAy, y € [{2,p}] hence, for n;,m € [1,00),
min {7717772} = 17

y=mx Anop =0y (1) A oo A pgh,) A map
= (mp) 2L Ao A () T A 12p-
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Consequently, for

N A < AU {p}, mpns mpz, o mprs M2 € [1,00)

and
min {911, Mpla, o Mfie, N2} = 1

thus
y = (mpu) @y A A (o) @), Arep € [[AU{p}]]' O

Proposition 2.8 (Pash-Peano). For all quintuple (a, by, by, c1,c3) of points of
R, such that ¢; € [{a,b;}] we have [{b1, co}] N [{b2, c1}] # 0.

Proof. We have to show that the following system of equations has a solution

M1 A pabe = maca A j11by
min {9y, puo} =1 (5)
min {7y, 1} = 1

Since ¢; € [a, b;] we can write ¢; = p;a A a;b; with min {p;, ;} = 1; a substitution
in the first line of (5) yields

(mpr) a A (maa) by A pabs = (12p2) a A (1pa2) by A paby (6)

Given p; and «;,7 = 1,2, one can easily solve (6) for n; and p;,7 = 1,2 in the
following way

nm =1 and 772:% if p1 > po (7)
2
P2 :
nl:p_ and N =1 1f,01<p2 (8)
1
mem=1 i )
Hi = 1iC (10)

This solution of (6) is also a solution of (5) if min {n, p2} = min {nq, u1} = 1; let
us see that this is indeed the case. There are, formally, three cases to consider,
namely (7), (8) and (9). In the first case, (7) we have min {5, uo} = m = 1 and
min {py, a1} = 1 with p; > py > 1 from which we obtain a; = 1 and puy; = = 1;
we have shown that min {7, u1} = 1. The second case, that is (8), is treated
similarly; as for (9) there is nothing to prove since n; = 7, = 1. O

Proposition 2.9 (The Stone-Kakutani Property). If C; and Cy are disjoint
B~!-convex sets, then there exists a B~'-convex set D C R", such that R, \ D
is also B~'-conver, C; C D and Co CR%, \ D.
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Proof. Let Z be the family of pairs of disjoint B~!-convex sets (D, Ds) such
that C; C D; partially ordered by (Dy,Ds) C (D, D4) it D; € Dj. The
pair (C1,Cs) belong to Z and if C = {(D1, D2) : A€ A} is a chain in Z,
then (U,\eA Dix,Uyen D27,\) € Z since an up-directed union of B~!-convex sets
is B~!-convex and, as can easily be seen, (U,\eA Dl,A) N (U,\eA D27,\) = (); by
Zorn’s lemma there is a maximal element (Hy, Hy) in Z. Assume that there
is a point a in R}, \ (Hy|JH2); from the maximality of the pair (H;, Hs)
we have [HiJ{a}JNHs # 0 and [HoJ{a}]H1 # 0, take a point ¢; €
[HiU{a}] N H2 and a point ¢2 € [Ha|J{a}](Hi. By Lemma 2.7 there ex-
ist b; € H; such that ¢; € [{a,b;}]. By the Pash-Peano Property there exists
a point u in [{b1, co}] N[{b2, c1}]. From by,co € Hy and by, i € Hy we obtain
uw € Hy () Hy which is impossible since the pair (Hy, Hs) is in Z. O

We need the following definitions (see [8] for details). A set U C R™ is called
radiant if x € U, ¢ €]0, 1] implies tx € U. A set V € R" is called co-radiant if
x € V,t > 1 implies tx € V. The Minkowski gauge uy : R™ — [0, +00] of the
radiant set U is defined by

py(z) =inf{\ €]0, 40 [: z € \U}, x € R"™
The Minkowski co-gauge vy : R™ — [0, 400] of the co-radiant set V' is defined by
vy(x) =sup{A €]0,+o0[: 2z € AV}, xeR"

As is known, inf ) = +o0 and sup ) = 0.

If U is radiant set then V' = R™\ U is co-radiant and vy = py. If V' is co-radiant
then U = R™\ V is radiant and puy = vy.

Note that both py and vy are positively homogeneous functions (A function
[+ R" — [0,400] is called positively homogeneous if f(Azx) = Af(x) for all
A €]0, 400]).

A set U C R" is called radially closed if
(xeR" N >0,z €Uk =1,2, ...\t > A) = Az e U.

A set U is called radially open if its complement R™ \ U is radially closed.

3. Separation in B~!-convexity
3.1. B !'-measurable maps and half-spaces

Definition 3.1. Let K =R\ {0} and R =] — 00, +00]. A map f: K" — R” is
B~ !-measurable if for all B~!-convex set C of R the inverse image f~1(C) is a
B~!-convex set in K".

Theorem 3.2. For a map f : K™ — R, fis B~ -measurable if and only if for
all t € R the sets {x : f(x) <t} and {x: f(x) >t} are B~ -convex.
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Proof. Let f be B~'-measurable. Then, for all subset C' C R which is B~!-
convex, f~1(C) is B~!-convex set. The sets C) = (—o0,t] and Cy = [t, +00) are
B~!-convex for all t € R. Hence, the sets

fHC) ={z | fx) <t} and  f7H(Cy) ={z | f(z) >t}
are B~ !-convex.

Now, for allt € R, let {x | f(z) <t} and {x | f(x) > t} be B !-convex sets. In R,
each B~!-convex sets are intervals (finite or infinite). For instance, let C=[a,b),
in this case

e = (G (—oo,b— H (la, +o0 )

n=1

_ ([jf b_%D 1 ([, +00))
- (D{w b—%})ﬂ{ﬂf(:v)Za}-- =

n=1
Theorem 3.3. A map f: R — [0,00] is B~ -measurable if and only if
min { f(21), f(22)} < f(Az1 A o) < max{f(z1), f(z2)}

for all 1,25 € R}, and for all X € [1,00).

Proof. If f is B~l-measurable, it follows from Theorem 3.2 that the sets
{x f(x) <t} and {x: f(x) >t} are B~ !-convex for all t. Hence, for z;, 2y €

no o fo) < max {fm), fz)}} and {o: f(z) > min {f(e1), f(22)}} are
B Lconvex. Since z1,29 € {z: f(z) <max{f(z1), f(z2)}} and the set is
B l-convex, f(Ar; A x3) < max{f(z), f(ze)} for all X € [1,+00). In a simi-
lar way we can show the left side of the inequality.

Now, let us assume that the inequality is valid and we show that the sets of
{z: f(z) <t} and {x: f(x) >t} are B~ '-convex for all t. If z1, 25 € {z: f(z) <
t}, then f(z1) < t, f(xo) < t. From the inequalities, for A\ € [1,+00) we have
fAzy A o) < max{f(x1), f(z2)} < t, consequently, Azy A zy € {z: f(x) < t}.
B~!-convexity of the second set is shown by the same way. O

Half-spaces of B-convexity are either radiant or co-radiant. For B~!-convexity,
it can be shown that same property is obtained, that is, a half-space in B~!-
convexity is radiant or co-radiant.

Lemma 3.4.
1) LetU € R}, be a radiant set.
(a) If U is B~'-convez, then

po (te ANy) < max {py(x), po(y)} forall z,y € R}t € [1,00) (11)
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(b) If U is radially closed or radially open and (11) holds, then U is B™!-

conver.

2)  LetV C R%, be a co-radiant set.
(a) IfV is B~ t-convez, then

vy (te Ay) > min {vy(x),vy(y)} forall z,y e RT,  t € [l,00) (12)

(b) If V is radially closed or radially open and (12) holds, then V is B~!-

conver.

Proof. 1) Let U be a radiant B~!-convex set. Consider points z,y € R?, and
t € [1,00). Assume for the sake of definiteness that uy(z) < py(y) < oco. If
r > uy(y) then o € rU,y € rU. From r~'(tz Ay) = r~Hx A r~ly we have
r~Y(tx Ay) € U; this shows that (11) holds. If either uy(tx) = oo or uy(y) = oo
then (11) is obvious.

Let U be radiant. If U is radially closed, then U = {x eRY, pp(x) < 1}, if
U is radially open then U = {z € R? : puy(z) < 1}. In both cases (11) implies
that U is a B~!-convex set.

2) Let V be a co-radiant and B~!-convex set. Consider points z,y € R”, and
a number t € [1,00). Assume for the sake of definiteness that 0 < vy (y) <
vy(x) < oo. Let 0 <r < vy(y) then z € rV,y € rV. Since V is B~!-convex set,
rYtx ANy) =trlx Ar~ly € V| in other words, tz Ay € rV. Hence (12) holds.
If either vy (z) = 0 or vy (y) = 0 then (12) is obvious.

If V is either radially closed or open and (12) holds, then clearly V is a B™!-
convex set. [

Proposition 3.5. (1) Let H be a radiant half-space. Then for all x,y € RY
and t € [1,400)

min {pp (), pa(Y)} < pa (tr Ay) < max{pa(r), poy)} (13)
If H is B~-convex, radiant, either radially closed or open and the left-hand in-
equality in (13) holds, then H is a half-space.
(2) Let H be a co-radiant half-space. Then for all x,y € R, and t € [1,+00)

min (v (@), vir(y)} < v (b A y) < max {v (), vin ()} (14)

If H is B~-convex, co-radiant, either radially closed or open and the right-hand
inequality in (14) holds, then H is a half-space.

Proof. (1) Let H be a radiant half-space and z,y € R ,t € [1,00). Since H
is B~'-convex and radiant it follows from (11) that the right-hand inequality in
(13) holds. Since C' =R’ \ H is B~'-convex and co-radiant it follows from (12)
that

ve(te Ay) = min{ve(w),ve(y)}
From ppy = ve, we obtain the left-hand inequality in (13).
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Let H be B~!-convex and radially closed, then C' is radially open. The left-hand
inequality in (13) can be presented as min {ve(x), ve(y)} < ve(tz Ay). Applying
Lemma 3.4, we conclude that C' is B~ !-convex, hence H is half-space. A similar
argument can be used if H is radially open.

(2) Let H be a co-radiant half-space and z,y € R} ,t € [1,00). Since H is
B~!-convex and co-radiant it follows from (12) that left-hand inequality in (14)
holds. Since C' is B™'-convex and radiant it follows from (11) that

pe(tr Ay) < max {uc(x), pe(y)}
This implies the right-hand inequality in (14).

Let H be B7!-convex and radially closed,then C is radially open. The right-
hand inequality in (14) can be presented as puc(tz A y) < max{uc(z), pc(y)}-
Applying Lemma 3.4 we conclude that C' is B~!-convex, hence H is a half-space.
The similar argument can be used if H is radially open. O

As one can easily see that the gauge of a radiant half-space and the co-gauge of
a co-radiant half-space are positively homogeneous B~ !-measurable maps.

3.2. Separation of B~ !-convex sets by a map
Definition 3.6. Let A and B be two sets.

(i) A and B are weakly separated by a map f if sup,., f(z) < inf,ep f(z) or
sup,cp f(x) <infyeq f(2).

(ii) A and B are separated by a map f if there exists a real number r such that
either V(z,y) € Ax B f(x) <r < f(y) or V(z,y) € Ax B f(y) <r < f(x).

(iii) A and B are strictly separated by a map f if sup,., f(x) < inf,ep f(z) or
sup,cp f(x) <infyea f(x).

Theorem 3.7. Let C; and Cy be disjoint and B~!-convex sets.

(1) Cy and Cy can be weakly separated by a B~ -measurable positively homoge-
neous map.

(2) If, infoyecixes |2 =yl > 0 and there exists a vector w € R, such that
Ci1UCy CRY, +u, then Cy and Cy can be separated by a B~ '-measurable
positively homogeneous map.

(3)  If, with the condition in (2), either Cy or Cy is bounded then they can be
strictly separated by a B~'-measurable positively homogeneous map.

Proof. (1) Let Cy and C5 be disjoint and B~'-convex subsets of R} , ; by Proposi-
tion 2.9 (Stone-Kakutani Property) there exists a half-space B such that C; C B
and C, C R7}, \ B and we can assume that B is radiant. Hence, for all

x € Cp,up(r) <1 and for all x € Cy, up(z) > 1.

(2) Let n = inf(,yeci <o, |© — y|| o, and, for all subset A C R%, let UL (A;0) =
{zeR?, :TyeA IN>0, 2=y, |1 - Ayl <d};if Ais B~'-convex then,
for all § > 0,U" (A;¢) is also B~!-convex by Proposition 2.5. Since > 0 we can
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choose u € R, e > 0 such ¢ < min{n, |Jul| _} and UL (Ci;e) N UL (Cy;e) = 0.
From part (1) we find a radiant half-space H such that UZ_ (Cy;e) C H, UL (Cy;e)
C RYL\ H and sup,epr o0 pr(x) < 1 < infiepr 0y pu(z). If z € € and
t=(14+¢/(2|z],)) then tz € UL (Cy;e) C H, and therefore,

pa(z) < (1+ ‘ )1<1

2l

If y € Cy then y € R}, +u and |||, > € and therefore s = (1 — ¢/ (2]|y[|.)) is
strictly positive. Since ||sy — y||, = €/2 we have sy € U (Ca;¢) C R\ H, and
therefore sy ¢ H which implies that

-1
€
1< (1 - ) < pu(y)
2yl

(8) Now, assume that C; is bounded. There is a v € R, such that, for all
z € Ch,||z]|, < |lv||,, and therefore

1
€
su )< |1+ <1< inf .
swpn(s) < (14 =) <12 g

If Cy is bounded there is a v € R | such that, for all y € Cy, |ly||, < ||v||, and
€ < ||v]|o; we then have

yels

-1
sup pp(r) <1< (1 — ) < inf pg(y). O

zeCy ”UHOO
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