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Let Ω be a nonempty compact set of a locally convex space L, and let C(Ω) be the Banach
space of all real-valued continuous functions on Ω endowed with the sup-norm. In this paper,
we show first that for every f ∈ C(Ω), and for every ε > 0, there are continuous affine functions
(gi)

m
i=1

, (hj)
n
j=1

on L for some m,n ∈ N such that

|f(ω)− [(g1 ∨ g2 ∨ · · · ∨ gm)− (h1 ∨ h2 ∨ · · · ∨ hn)](ω)| < ε

uniformly for ω ∈ Ω. We prove then that if Ω = BX∗ , the closed unit ball of X∗ of a Banach
space X endowed with the w∗-topology, then C(Ω)∗ is just the dual of the normed semigroup
b(X) generated closed balls in X.

1. Introduction

There is a large literature on difference of convex functions, also called DC, or,
∆-convex functions – functions which are the difference of two continuous convex
functions. The class of DC functions is a remarkable subclass of locally Lip-
schitz functions that is of interest both in analysis and optimization. See, Bac̄ák-
Borwein’s survey [1]. It appears not only very naturally as the smallest vector
space containing all continuous convex functions on a given set, but also nice
properties. For example, all DC functions defined on a convex set of a normed
space form both a lattice and an algebra [7] (see, also, [1]). There are still many
interesting and useful properties about DC functions, which can be found in [1].

Cepedello Boiso [2] has used some interesting properties of DC functions to char-
acterize superreflexivity of Banach spaces ([2], [3]). He showed that a Banach
space X is superreflexive if and only if for every (real-valued) Lipschitz function
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f defined on X there exists a sequence (fn) of DC functions converging to f

uniformly on each bounded subset of X [3].

Let L be a real locally convex space, and L∗ its dual, and let X be a Banach
space. We denote by BX , resp. SX , the closed unit ball, resp. the unit sphere of
X. The pointwise maximum, resp. minimum of f, g : X → R is denoted f ∨ g,
resp. f ∧ g. We denote by A(L) the space of all continuous affine functions on L.

It is shown in [6] that for every ε > 0, for every positively homogenous w∗-
continuous (resp. weakly continuous) function defined on X∗ (resp. X), and for
every w∗-compact (resp. weakly compact) set K ⊂ X∗ (resp. K ⊂ X), there exist
(xi)

m
i=1, (yj)

n
j=1 ⊂ X, resp. (x∗

i )
m
i=1, (y

∗
j )

n
j=1 ⊂ X∗ for some m,n ∈ N such that

|f(x∗)− [(x1 ∨ · · · ∨ xm)− (y1 ∨ · · · ∨ yn)](x
∗)| < ε, for all x∗ ∈ K,

(resp.

|f(x)− [(x∗
1 ∨ · · · ∨ x∗

m)− (y∗1 ∨ · · · ∨ y∗n)](x)| < ε, for all x ∈ K.)

In this paper, making use of the Kakutani-Krein theorem, we generalize first the
result mentioned above to general continuous functions defined on a compact
subset of a locally convex space.

Theorem 1.1. Let Ω be a nonempty compact set of a locally convex space L,
and let C(Ω) be the Banach space of all real-valued continuous functions on Ω
endowed with the sup-norm. Then for every f ∈ C(Ω), and for every ε > 0, there
are finitely many continuous affine functions (gi)

m
i=1, (hj)

n
j=1 ⊂ A+(L) for some

m,n ∈ N such that

|f(ω)− [(g1 ∨ g2 ∨ · · · ∨ gm)− (h1 ∨ h2 ∨ · · · ∨ hn)](ω)| < ε

uniformly for ω ∈ Ω.

We refer to Section 2 for the definition of A+(L).

Comparing this result with Cepedello Boiso’s theorem, we can see that a w∗-
continuous function defined on a dual space, or, a weakly continuous function
defined on a reflexive space acts much like a function defined on a superreflexive
space.

Let G be an Abelian semigroup and let R × G → G, (λ, g) 7→ λg be a given
operation. If it satisfies the following conditions:

(λµ)g = λ(µg) for all λ, µ ∈ R, and g ∈ G;

λ(f + g) = λf + λg, for all λ ∈ R, and f, g ∈ G,

and

1g = g and 0g = 0, for all g ∈ G,
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then G is called a module over R. A norm of G is a function ‖ · ‖ : G → R
+

satisfying
‖g‖ ≥ 0, and ‖g‖ = 0⇐⇒ g = 0

‖λg‖ = |λ|‖g‖, for all λ ∈ R, and g ∈ G,

and
‖f + g‖ ≤ ‖f‖+ ‖g‖, for all f, g ∈ G.

A (real) normed semigroup is a module G endowed with a norm. A function φ

on a normed semigroup G is called a linear functional if it satisfies that

φ(αg1 + βg2) = αφ(g1) + βφ(g2), ∀α, β ∈ R
+ and g1, g2 ∈ G.

It is said to be bounded provided ‖φ‖ = sup{φ(g) : g ∈ G, ‖g‖ ≤ 1} < ∞. We
denote by G∗ the Banach space of all bounded functionals on G, and call it the
dual of G.

A normed semigroup has both rich topological structure and algebraic structure
(see, for instance, [10]). There are various kinds of normed semigroups. For
example, given a (real) Banach space X, let

bc(X) = {C ⊂ X : C is nonempty closed bounded and convex}.

Clearly, bc(X)with the usual operations C1⊕C2 = {c1 + c2 : c1 ∈ C1 and c2 ∈ C2}
and λC = {λc : c ∈ C} is a module. We endow the Hausdorff metric dH on bc(X),
i.e.,

dH(C1, C2) = max{ sup
x∈C1

d(x,C2), sup
y∈C2

d(C1, y)}, for C1, C2 ∈ bc(X).

This metric induces further a norm ‖ · ‖H for C ∈ bc(X)

‖C‖H = dH(0, C) = sup{‖c‖ : c ∈ C}.

Thus, endowed with this norm, bc(X) is a normed semigroup. By a normed
semigroup generated by subsets of a Banach space, we always mean the semigroup
endowed with the norm ‖ · ‖H in the sequel.

Representation properties of the following normed subsemigroups of bc(X) and
their duals are studied in [5] and [6].

cc(X) = {K ⊂ X : K is nonempty convex and compact},

wcc(X) = {K ⊂ X : K is nonempty convex and weakly compact},

swcc(X) = {K ⊂ X : K is convex super weakly compact}.

The notion of super weakly compact set is defined in [4].

Let B(x, r) be the closed ball centered at x ∈ X with radius r ≥ 0, and let b(X)
be the normed semigroup generated by all closed balls, that is,

b(X) =

{

C = co
n

∑

j=1

Cj : Cj = co ∪mi=1 B(xij, rij),m, n ∈ N

}

.
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Clearly, it is the smallest normed semigroup containing all closed balls of X,
and closed under operations of closure of vector addition of sets, and the closed
convex hull of the union of finitely many closed balls. Through discussion of “w∗-
continuity restriction and extension� properties of support functions, we show
then that the dual b∗(X) of b(X) is just C(BX∗ , w∗).

2. Approximation by DC functions on locally convex spaces

In this section, the letter L is always a real locally convex space, and L∗ its
dual. For a set A ⊂ L, coA stands for the closed convex hull of A, and the
support function σA of A is defined for x∗ ∈ L∗ by σA(x

∗) = supx∈A〈x
∗, x〉.

Clearly, σA = σcoA. If A is in a function space L and has only finitely many affine
functions, then coA = coA is a convex polyhedron with vertices of affine functions,
and which is called an affine (convex) polyhedron. Therefore, a function of the
form (a1 ∨ · · · ∨ am)− (b1 ∨ · · · ∨ bn), with ai, bj ∈ A(L), is said to be a difference
affine (convex) polyhedral support function, or DAPS function. We also denote
{f = x∗ + c : x∗ ∈ L∗, c ∈ R, c ≥ 0} by A+(L).

Recall that a subspace of a function space is said to be a lattice provided it is
closed under the operations of ∨ and ∧.

Theorem 2.1. Let L be a locally convex space. Then the subspace

DAPS(L) ≡ {(a1 ∨ · · · ∨ am)− (b1 ∨ · · · ∨ bn) : ai, bj ∈ A+(L),m, n ∈ N}

is a lattice in C(Ω).

Proof. Note σA + σB = σA+B and λσA = σλA for all A,B ⊂ L and λ ≥ 0.
We see that {a1 ∨ · · · ∨ am : ai ∈ A+(L),m ∈ N, i = 1, 2, · · · ,m} is a convex
cone. Therefore, DAPS(L) is a linear subspace of C(Ω). To show it is a lattice,
it suffices to prove it is closed under the operation of ∨.

Let
f = (a1 ∨ · · · ∨ am)− (b1 ∨ · · · ∨ bn),

and
g = (c1 ∨ · · · ∨ cp)− (d1 ∨ · · · ∨ dq),

for some (ai)
m
i=1 ≡ A, (bj)

n
j=1 ≡ B, (ck)

p
k=1 ≡ C, (dl)

q
l=1 ≡ D ⊂ A+(L) and some

nonnegative integers m,n, p, q ≥ 0. We rewrite f and g as

f = σA − σB, g = σC − σD. (1)

Then for all x ∈ L,

(f ∨ g)(x) = (σA − σB)(x) ∨ (σC − σD)(x)

= [(σA − σB)− (σC − σD)](x) ∨ 0 + (σC − σD)(x)

= (σA+D − σB+C)(x) ∨ 0 + (σC − σD)(x)

= (σ(A+D)∪(B+C) − σB+C)(x) + (σC − σD)(x)

= (σ(A+D)∪(B+C)+C − σB+C+D)(x).

Therefore, f ∨ g ∈ DAPS(L).
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The following result is the Kakutani-Krein theorem.

Theorem 2.2 (Kakutani-Krein). Let Ω be a compact Hausdorff space and
C(Ω) the space of real-valued continuous functions on Ω endowed with the sup-
norm. If A ⊂ C(Ω) satisfies the following three conditions: (i) A is a vector
lattice of C(Ω); (ii) the constant function 1 ∈ A, and (iii) A separates points of
Ω. Then A is dense in C(Ω).

Theorem 2.3. Let Ω be a nonempty compact set of a locally convex space L,
and let C(Ω) be the Banach space of all real-valued continuous functions on Ω
endowed with the sup-norm. Then for every f ∈ C(Ω), and for every ε > 0, there
are finitely many continuous affine functions (gi)

m
i=1, (hj)

n
j=1 ⊂ A+(L) for some

m,n ∈ N such that

|f(ω)− [(g1 ∨ g2 ∨ · · · ∨ gm)− (h1 ∨ h2 ∨ · · · ∨ hn)](ω)| < ε

uniformly for ω ∈ Ω.

Proof. For proof of the theorem, what we need is to note that it is a direct con-
sequence of Theorem 2.1 via the Kakutani-Krein theorem, since DAPS functions
contain constants and separate points of the underlying space Ω.

Corollary 2.4. Let Ω be a nonempty weakly (resp. w∗) compact set of a Banach
space X (resp. the dual X∗ of X), and let C(Ω) be the Banach space of all real-
valued continuous functions on (Ω, w) (resp. (Ω, w∗)) endowed with the sup-norm.
Then for every f ∈ C(Ω), and for every ε > 0, there are finitely many continuous
affine functions (gi)

m
i=1, (hj)

n
j=1 ⊂ A+(X) (resp. A+(X∗)) for some m,n ∈ N such

that

|f(ω)− [(g1 ∨ g2 ∨ · · · ∨ gm)− (h1 ∨ h2 ∨ · · · ∨ hn)](ω)| < ε

uniformly for ω ∈ Ω.

Comparing this result with Cepedello Boiso’s theorem, we can see that a w∗-
continuous function defined on a dual space, or, a weakly continuous function
defined on a reflexive space acts much like a function defined on a superreflexive
space.

3. Support functions of convex sets having aw∗-continuous restriction-
extension

Let X be a Banach space and C ⊂ X be a nonempty closed bounded convex set.
Then its support function σC , defined for x∗ ∈ X∗ by σC(x

∗) = supx∈C〈x
∗, x〉,

is continuous and w∗-lower semi continuous on X∗. For any w∗-compact set
K ⊂ X∗, we denote by σK

C , the restriction of σC to K. In this section, we shall
discuss continuous restriction and extension property of such functions σK

C . When
no confusion arises, it is simply denoted by σC instead of σK

C .

The following property is classical (see, for instance, [8]).
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Proposition 3.1. Let Ω be a Hausdorff space, and f : Ω → R be a lower semi
continuous function. Then the set consisting of all points, at which g is not
continuous, is a first category subset of Ω. In particular, if Ω is compact, then
the set CP(f) consisting of all continuity points of f is of Baire category. Hence,
CP(f) contains a dense Gδ-subset of Ω.

Definition 3.2. Let f be a real-valued function defined on a topological space
Ω. We say a continuous function g : Ω→ R is a continuous restriction-extension
(CRE) of f , if g = f on CP(f). We also denote such a CRE by fcre.

Recall that a function defined on a subset A of a linear topological space E is
said to be uniformly continuous, if for all ε > 0, there is an open neighborhood
U of the origin, such that |f(x)− f(y)| < ε whenever x, y ∈ A with x− y ∈ U .

Proposition 3.3. Suppose that f is a real-valued lower semi continuous function
defined on a compact subset Ω of a Hausdorff topological linear space. Then it has
a unique CRE if and only if it is uniformly continuous on a dense (Gδ-) subset
of Ω.

Proof. Suppose that D is a dense subset of Ω and f |D is uniformly continuous
on D. It is clear that f |D has a natural (uniformly) continuous extension f from
D to Ω, and f is necessarily uniformly continuous on CP(f) ⊃ D. These facts
further imply that fcre = f |D. Conversely, let g be the unique CRE of f . Then
g is uniformly continuous since Ω is compact. By Proposition 3.1, f = g on a
dense (Gδ-) subset D of Ω. Therefore, f is uniformly continuous on D.

Example 3.4. Let X be a Banach space, K ⊂ X be a nonempty compact set,
and let Ω = (BX∗ , w∗). Let C(Ω) denote the Banach space of all w∗-continuous
functions endowed with the sup-norm, ‖ · ‖∞, i.e., ‖f‖∞ = supx∗∈Ω |f(x

∗)|.
Clearly, σK ∈ C(Ω). Therefore, (σK)cre = σK .

Next example shows that if K is not compact then (σK)cre can be quite different
from σK .

Example 3.5. With the same spaces X,Ω and C(Ω) as in Example 3.4, let
C = rBX for some r > 0. Then σC(x

∗) = r‖x∗‖, for all x∗ ∈ Ω. If dimX < ∞,
then σC ∈ C(Ω), and this entails (σC)cre = σC . If dimX =∞, then CP(f) = SX∗ .
Indeed, for any x∗ ∈ SX∗ , and every net (x∗

α) ⊂ BX∗ w∗-converging to x∗, we
obtain

r = r‖x∗‖ = σC(x
∗) ≤ lim inf

α
σ(x∗

α) = lim inf
α

r‖x∗
α‖ ≤ r = σC(x

∗).

Thus, σC is w∗-continuous at x∗. Conversely, suppose that x∗ ∈ BX∗ is w∗-
continuity point of σC . Since dimX = ∞, SX∗ is w∗-dense in BX∗ . Let (x∗

α) ⊂
SX∗ be a net w∗-converging to x∗. Then

r‖x∗‖ = σC(x
∗) = lim

α
σC(x

∗
α) = lim

α
r‖x∗

α‖ = r.

Hence, x∗ ∈ SX∗ , and which entails that (σC)cre = r.
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The following example shows that not every σK admits a CRE, if K is not com-
pact.

Example 3.6. Let C = {x ∈ c0 : 1 ≥ x(j) ≥ 0,∀j ∈ N}, and let Ω = (Bℓ1 , w
∗).

Let (en)n∈N be the standard unit vector basis of ℓ1. Then σC is w∗-continuous
at (±ej)

∞
j=1. In fact, since c0 is separable, (Bℓ1 , w

∗) is metrizable. w∗-continuity
of functions on Bℓ1 coincides with w∗-sequential continuity. Let (x∗

n) ⊂ Bℓ1 be
a sequence w∗-converging to x∗ ∈ (±ej)j∈N. If x∗ = em, for some m ∈ N, then
σC(x

∗) = 1, and w∗-lower semi continuity of σC entails that σC(x
∗
n) → 1. If

x∗ = −em, then σC(x
∗) = 0 and x∗

n(j) → x∗(j) = −1, if j = m; = 0, if j 6= m.
Therefore,

∑

j 6=m |x
∗
n(j)| → 0, and σC(x

∗
n) → 0 = σC(x

∗), as n → ∞. Note that
both (en) and (−en) w∗-sequentially converges to 0. Assume that (σC)cre = g

exists. Then

1 = σC(en) = g(en)→ g(0)← g(−en) = σC(−en) = 0,

and this is a contradiction.

Let Ω ⊂ X∗ be a nonempty w∗-compact set. We denote by E , the set of all closed
bounded convex sets C such that (σC)cre exists on Ω. The following theorem shows
that E is closed under operations of vector addition of sets, scalar multiplication,
and of the closed convex hull of the union of finitely many sets.

Theorem 3.7. Let A,B ∈ E. Then

A+B ∈ E ; λA, for all λ ≥ 0; and co(A ∪B) ∈ E .

If, in addition, Ω is symmetric, then

λA ∈ E , for all λ ∈ R.

Proof. Let A,B ∈ E . Note σA+B = σA + σB. According to Proposition 3.3, σA

(σB, resp.) is uniformly continuous on CPσA (σB, resp.), which contains a dense
Gδ-subset of Ω. Therefore, CP(σA)∪CP(σB) contains again a dense Gδ-subset of
Ω and σA+B is uniformly continuous on it. By Proposition 3.3 again, A+B ∈ E .
If λ ≥ 0, then we have σλA = λσA, which entails that (σλA)cre exists. To show
co(A ∪ B) ∈ E , we note first that σco(A∪B) = σA ∨ σB, and that both σA and σB

are uniformly continuous on D ≡ CP(σA)∩CP(σB). co(A∪B) ∈ E follows from
that D contains a dense Gδ subset of Ω.

It remains to prove that if Ω is symmetric, and if A ∈ E , then −A ∈ E . Note
σ−A(x

∗) = σA(−x
∗) for all x∗ ∈ Ω. Symmetry of Ω and Proposition 3.3 together

say that CPσ−A = CP(σA) and σ−A is uniformly continuous on it. Thus, −A ∈
E .

Theorem 3.8. Let A,B ∈ E and λ ∈ R
+. Then

i) (σλA)cre = λ(σA)cre;

ii) (σA+B)cre = (σA)cre + (σB)cre, and
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iii) (σco(A∪B))cre = (σA)cre ∨ (σB)cre.

Proof. We need only show iii). It follows from Theorem 3.7 that (σco(A∪B))cre
exists and equals (σA ∨ σB)cre. Note that (a) both σA and σB are uniformly
continuous on D ≡ CP(σA)∪CP(σB); and that (b) D contains a dense Gδ-subset
of Ω. We see that (σco(A∪B))cre = σA ∨ σB = (σA)cre ∨ (σB)cre on D. w∗-density of
D in Ω and w∗-uniformly continuity of (σco(A∪B))cre, (σA)cre and (σB)cre together
imply iii).

We denote by C, the set of all elements C ∈ E such that (σC)cre is convex. The
following results are direct consequences of Theorem 3.8.

Corollary 3.9. Let A,B ∈ C. Then λA ∈ C for all λ ≥ 0, A + B ∈ C, and
co(A ∪B) ∈ C. Thence, C is a convex cone.

The corollary above says that C is closed under the operations of closed convex
hull of finite union, finite addition, and nonnegative scalar multiplication.

Corollary 3.10. Let Ω ⊂ X∗ be a nonempty w∗-compact set endowed with the
w∗-topology, and let

scre(C) = {(σC)cre : C ∈ C}.

Then scre(C) is a convex cone in C(Ω).

Though every C ∈ E guarantees its support function σC has a continuous restric-
tion-extension (σC)cre ∈ C(Ω), we do not know whether all such (σC)cre are
convex, or, equivalently, C = E .

4. Representation of b(X)∗

We know that support functions are very useful to embed isometrically some
classes of closed bounded convex sets into Banach function spaces (see, for in-
stance, [5], [6], [9] and [11]). It is shown that Mcc(X) ≡ {σC − σD : C,D ⊂
X are convex and compact},Mwcc ≡ {σC−σD : C,D ⊂ X are convex and weakly
compact} ([6]), and Mswcc ≡ {σC − σD : C,D ⊂ X are convex and super weakly
compact} [5] are lattices of C(BX∗). In this section, we shall show that b(X)∗ is
isometric to C(BX∗ , w∗). First, we use restriction-extension properties of support
functions to prove ∆(C) ≡ scre(C)− scre(C) is a lattice.

Theorem 4.1. Let Ω ⊂ X∗ be a nonempty w∗-compact set endowed with the
w∗-topology. Then

i) ∆(C) ≡ scre(C)− scre(C)

is a vector lattice of C(Ω); ii) ∆(C) separates points of Ω, hence, ∆(C) is dense
in C(BX∗ , w∗).

Proof. i) Since scre(C) is a convex cone of C(Ω), ∆(C) is clearly a linear subspace.
Note that for all f, g ∈ scre(C), f ∧ g = −(−f ∨ −g). To show ∆(C) is a
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vector lattice, it suffices to prove that it is closed under operation of ∨. For all
f, g ∈ ∆(C), by definition, there exist A,B,C and D ∈ C such that

f = (σA)cre − (σB)cre and g = (σC)cre − (σD)cre.

Let

U = {A,B,C,D,A+D,B + C,B + C +D,

co((A+D) ∪ (B + C)), co[(A+D) ∪ (B + C)] + C}.

According to Theorem 3.7, U ⊂ E . Let G = ∩U∈UCP(σU). Then by Proposition
3.1, G contains a dense Gδ-subset of Ω. If we restrict all the eleven functions
f, g, σU (U ∈ U) to G, then for all x∗ ∈ G, we obtain

(f ∨ g)(x∗) = (σA − σB)(x
∗) ∨ (σC − σD)(x

∗)

= [(σA − σB)− (σC − σD)](x
∗) ∨ 0 + (σC − σD)(x

∗)

= (σA+D − σB+C)(x
∗) ∨ 0 + (σC − σD)(x

∗)

= (σco((A+D)∪(B+C)) − σB+C)(x
∗) + (σC − σD)(x

∗)

= (σco((A+D)∪(B+C))+C − σB+C+D)(x
∗)

= (σco((A+D)∪(B+C)))cre(x
∗)− (σB+D)cre(x

∗).

Uniform continuity of f ∨ g, (σco((A+D)∪(B+C)))cre, and (σB+D)cre on the whole Ω
entails that

f ∨ g = (σco((A+D)∪(B+C)))cre − (σB+D)cre.

By Theorem 3.8,
(σB+D)cre = (σB)cre + (σD)cre

and

(σco((A+D)∪(B+C)))cre = (σA+D)cre ∨ (σB+C)cre

= ((σA)cre + (σD)cre) ∨ ((σB)cre + (σC)cre).

Since (σU)cre(U = A,B,C and D) are convex,

f ∨ g = (σco((A+D)∪(B+C)))cre − (σB+D)cre ∈ ∆(C).

ii) To show that ∆(C) separates points of Ω, it suffices to note that C contains
all singletons of X, and which separate points of X∗.

Theorem 4.2. Let X be an infinite dimensional Banach space, and let b(X) be
the normed semigroup generated by closed balls endowed with the Hausdorff norm
defined in Section 1, i.e.

b(X) =

{

C = co
n

∑

j=1

Cj : Cj = co ∪mi=1 B(xij, rij),m, n ∈ N

}

.

Then b(X) is isometric to mA+(X∗) ≡ {a1 ∨ a2 ∨ · · · ∨ an : n ∈ N, aj ∈
A+(X∗) for j = 1, 2, · · · , n} ⊂ C(BX∗ , w∗).
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Proof. Given C = co
∑n

j=1 Cj, where Cj = co ∪mi=1 B(xij, rij),m, n ∈ N with
xij ∈ X and rij ≥ 0, note B(xij, rij) = xij + rijBX . We see

σC =
n

∑

j=1

σCj
=

n
∑

j=1

(x1j + r1j‖ · ‖) ∨ (x2j + r2j‖ · ‖) ∨ · · · ∨ (xmj + rmj‖ · ‖).

According to Theorem 3.8 and Example 3.5,

(σC)cre =
n

∑

j=1

(σCj
)cre

=
n

∑

j=1

(x1j + r1j(‖ · ‖)cre) ∨ (x2j + r2j(‖ · ‖)cre) ∨ · · · ∨ (xmj + rmj(‖ · ‖)cre

=
n

∑

j=1

(x1j + r1j) ∨ (x2j + r2j) ∨ · · · ∨ (xmj + rmj) ∈ mA+(X∗).

Conversely, given a1 ∨ a2 ∨ · · · ∨ an ∈ mA+(X∗), note ai = xi + ri ∈ A+(X∗)
for i = 1, 2, · · · , n. Let C = co ∪ni=1 B(xi, ri). Then it is easy to see (σC)cre =
a1 ∨ a2 ∨ · · · ∨ an. Thus, M : b(X) → mA+(X∗) defined for C ∈ b(X) by
M(C) = (σC)cre is a bijection satisfying

M(λC) = λM(C),M(C +D) +M(C) +M(D)

for all C,D ∈ b(X) and λ ≥ 0.

It remains to show that M is norm-preserving. By Example 3.5, the norm ‖ · ‖ =
σBX∗

∈ C(BX∗) is w∗-continuous on SX∗ . This and

σC =
n

∑

j=1

(x1j + r1j‖ · ‖) ∨ (x2j + r2j‖ · ‖)) ∨ · · · ∨ (xmj + rmj‖ · ‖)

(where C = co
∑n

j=1 Cj, Cj = co ∪mi=1 B(xij, rij),m, n ∈ N with xij ∈ X and
rij ≥ 0) entail that σC is w∗-continuous on SX∗ for all C ∈ b(X). Let C,D ∈ b(X).
Then

dH(C,D) = ‖σC − σD‖ = max
ω∈BX∗

|σC(ω)− σD(ω)|

= max
ω∈SX∗

|σC(ω)− σD(ω)| = max
ω∈SX∗

|(σC)cre(ω)− (σD)cre(ω)|

= ‖(σC)cre − (σD)cre‖.

Therefore, M is a surjective isometry.

Theorem 4.3. Suppose that X is a Banach space. Then

b(X)∗ = C(BX∗ , w∗)∗.
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