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Necessary and sufficient conditions in order that the subspace of order continuous elements of
an Orlicz sequence space contains an order asymptotically isometric copy of ¢y are given for
both, the Luxemburg and the Amemiya-Orlicz norm. In case of a non-atomic, complete and
o—finite measure space (T,%, ) and the Luxemburg norm (the Amemiya-Orlicz norm) such
criteria are obtained under the additional assumption that the space L (T, %, i) is a dual space
(resp. the space L% (T, X, i) is a dual and non-square space). In both cases, the Luxemburg
and the Amemiya-Orlicz norm the criteria are given under the necessary assumption that the
spaces E®(T, X, u) and ES(T, X, 1) are non-trivial. The asymptotically isometric copies of ¢o
that are built in our theorems are order copies.
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1. Introduction

The concept of asymptotically isometric copy of ¢, was introduced in [16], where
it was also proved that Banach spaces containing asymptotically isometric copy
of ¢, or of [; fail the fixed point property. Let us recall that a Banach space
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(X, |l - |) is said to contain an asymptotically isometric copy of ¢, if there exist
a null sequence (e,) C (0,1) and a sequence (z,)2; C X such that the series
Yoo tax, converges in X and

i thTn,

n=1

Sup(l - €n>|tn| S S sup |tn|

for any sequence (¢,)2; in c,.
A map & : R — RS = [0, 4+00] is said to be an Orlicz function if ® is convex and
even, (0) =0, &(u) — +00 as u — +o0o0 and P is left-continuous at the point

b(®) = sup{u > 0: P(u) < oo}, (1)

that is, lim,_y@)_ ®(u) = ®(b(P)). Note that by convexity and by ®(0) = 0, Or-
licz functions are continuous in the interval [0, b(®)) and thanks to the assumption
concerning the left limit of ® at b(®), they are continuous in the extended sense on
R, which means that infinite limits are admitted. Let us define another important
parameter a(®) of an Orlicz function ¢ by

a(®) = sup{u > 0: ®(u) = 0}. (2)

Given any o-finite and complete measure space (7,3, ) and any Orlicz function
® we can define on the space L°(T, %, ) of all (equivalence classes with respect
to the equality p-a.e. in T of) ¥-measurable functions z : T — R, the convex and
even modular

Io(z) = / B () du(t).

In the case of counting measure, we can assume that 7" = N (the set of all natural
numbers), ¥ = 2V and p(A) = card(A) for any A C N. In this case L°(T, %, p) is
denoted by [° and it is the space of all real-valued sequences. Then

Ip(x) =) ®(x)

for any © = (2,)5%, € [°. The Orlicz space generated by an Orlicz function ® and
a o-finite and complete measure space (7,3, i) is denoted by L*(T,%, ) and
defined by the formula

L*(T, 3, )

3
={z e L(T,%, n) : Io(Ax) < 400 for some A > 0 depending on z}. 3)

In the sequence case, that is, in the case of counting measure p on 2 we write
simply [? instead of L®(N, 2", x). All Orlicz spaces considered in this paper are
equipped with the Luxemburg norm given by

|z]|e = inf{\ > 0 : Is(x/N) < 1} (4)
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for any z € L*(T, %, u) (or any x € [?), if it is not assumed that another norm
in L®(T, %, p) or I* is considered. All Orlicz spaces equipped with this norm are
Banach lattices which are symmetric spaces (for the definition of Banach lattices
we refer to [3], [12], [29], [32] and for the definition of symmetric spaces we refer
to [4], [31]).

The regularity As-condition for a generating Orlicz function ® should be defined
accordingly to the measure space (T, %, 1) in such a way that the corresponding
subspace E®(T, %, i) of order continuous elements in the Orlicz space L® (T, X, 1)
should be equal to the whole space L*(T, 3, u1).

Let us recall that an element x of a Banach lattice (X, <,|| - ||) is said to be
order continuous if for any sequence (z,)2, in X such that 0 < z,, < |z|, and
inf, z,, = 0, we have ||z,|| — 0, as n — oco. In Banach function lattices the partial
order “<” is defined via inequality p-almost everywhere, that is, for z,y € X the
relation x < y means that x(t) < y(t) for u-almost all ¢ € T" and the condition
inf,, z,, = 0 in the definition of order continuous elements in X should be replaced
by the condition “x,, — 0 p-a.e. in T”. For the theory of Banach lattices we refer
to [3], [12], [29], [32].

Given any Banach lattice X the subspace of all order continuous elements from
X is denoted by X, and called the subspace of order continuous elements. A
Banach lattice X is called order continuous if X, = X. In the case of Orlicz
spaces L® = L*(T, 3, i) a simple characterization of L? is well-known. Namely,
in the case when the measure space (7', %, 1) is non-atomic it is known that

(L®), = {x € L°(T,%, 1) : Is(\x) < +oo for any A > 0}.
In the case of counting measure u on 2V it is known that

(%) (5)

= {x € (?: for any A > 0 there exists n) € N such that Z O(Azy,) < oo}

n=ny

(see [27]).
Now, we return to the definition of the regularity As-condition. We say that an
Orlicz function ® satisfies suitable As-condition if:

(i) @ satisfies the Ay-condition on the whole R, (® € Ay(R,) for short) which
means that there exists K > 2 such that ®(2u) < K®(u) for any u € R
whenever the measure p is nonatomic and infinite;

(ii) P satisfies the Ay-condition at infinity (® € Ay(oco) for short),that is, there
exists K > 2 and u, > 0 with ®(u,) < oo such that ®(2u) < K®(u) for any
u € R satisfying |u| > w, if p is nonatomic and finite;

(iii) P satisfies the Ag-condition at zero (& € Ay(0) for short),that is, there exists
K > 2 and uy; > 0 with ®(u;) > 0 such that ®(2u) < K®(u) for any u € R
satisfying |u| < uy if p is the counting measure on 2%.

It is well known that (L%), = L? if and only if ® satisfies the suitable A,-
condition (see [30], [33], [34], [35], [37], [8]). The space L? is denoted shortly by
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E? if the measure p is non-atomic and by h?® if i is the counting measure on 2V.
The sufficiency of the suitable Ay-condition for order continuity of the norm || ||¢
in the whole space L? (or [?) follows from the Lebesgue Dominated Convergence
Theorem. The necessity of the suitable As-condition for order continuity of the
norm || - || in the whole space L?® (or [?) follows from the fact that if ® fails to
satisfy the suitable Ay-condition, then the space [* is embedded into L® (or I%)
order linearly isometrically (see [23], [38], [8]).

The problem of the existence of an isomorphic, almost isometric, asymptotically
isometric or isometric copy of ¢, or {! or I® in a Banach space X has a long
history. A lot of papers have been devoted to these problems, because Banach
spaces with such copies are “bad” geometrically and topologically (they fail re-
flexivity, uniform rotundity, uniform non-squareness and so on). In order to see
this, we refer to the papers [1], [2], [21], [22], [13]-[20], [5]-[7], [23]-[25], [36], [9],
[28] and the monographs [37], [8]. It is obvious that isometric copies are asymp-
totically isometric, and the last ones are almost isometric and that possessing
the isomorphic copies is the weakest property. Recently, asymptotically isometric
copies of ! and ¢, began important when Dowling, Lennard and Turret proved
in [13] that Banach spaces having such copies fail the fixed point property.

Therefore, it is natural and profitable to look for criteria of the existence in the
subspaces E® and h® of Orlicz spaces L® and [® of asymptotically isometric copies
of ¢,. In the following we will consider the spaces E® and h® equipped with the

Luxemburg norm or with the Amemiya-Orlicz norm || - |4 defined as
Iy (K 1
Hng_inf{%;mo}. (6)
2. Results

In the next three theorems we will show under which conditions we have order

asymptotically isometric copies of ¢, in h® spaces. For brevity we denote h® as
(h®, - lo) and A% as (A%, || - [|3)-

Theorem 2.1. Let ® be an Orlicz function with a(®) > 0. Then both spaces h®
and h% contain an order asymptotically isometric copy of c,.

Proof. Assume that a(®) > 0 and choose a sequence (k,)5° ; of natural numbers
such that

k,®((141/n)a(P®)) > 1 (7)

for any n € N. Let us define for any j € N, ¢; = (0,...,0,1;,0,...) and m,, =
> pen kp for m > 1. Put z; = a(<I>)(Z?1:1 ej) and z, = a(®)(X_70" e;) for
n € N\ {1}. Now, define an operator P : ¢, — [° by the formula

Pt = i thTn,
n=1
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for any t = (t1,t2,...) € ¢,, It is obvious that P is linear. First we want to show
that Pt € h® for any t = (t1,t,...) € ¢,. Given any A > 0 we can find ny € N
such that A|t,| < 1 for any p > n,. Hence

Ip (/\P (f: tpep)> = Ip ()\ f: tpxp> = f: k,®(At,a(®)) =0,

p=nx p=nx p=nx

which by (5) means that Pt € h®. Notice that for any ¢t = (t,%3,...) € ¢,

I (ﬁ%) S ko <H;ﬁa(<b)> 0, (8)

n=1

Pt

[[#lloo

whence || llo <1, and so || Ptlle < ||t|lco. From equality (8), we have

1+ Ie(P(t/tl)) = 1

whence ||ﬁ|]é < 1and ||Pt]|3 < ||t||so- On the other hand, given any A € (0, 1),
there exists m = m, € N such that

(1 — €m)|tm] 1
Asup{(1 —€,)|tn| :n e N} = 7

where €, = n+r1 for any n € N. This gives that

|t J ! 1
Asup{(1 —&,)|tn] :n €N}~ 1 —¢, m’

Notice that by (7)

I Pt
* \Nsup{(1 = &,)[tn| : n € N}

> > kn®((1+1/m)a(®)) > 1,

whence
HPtHé > ||Pt||le > Asup{(1l — €,)|tn| : n € N}.
Since the above inequality holds for any A € (0, 1), the inequality
1Pt > |Pte > sup{(1 — &)|t,| : n € N}

holds for any t € ¢,, which completes the proof. n

Theorem 2.2. If ® is an Orlicz function such that a(®) = 0 and ® ¢ Ay(0),
then he contains an order asymptotically isometric copy of c,.

Proof. Since ® ¢ Ay(0) we can easily get that for any a > 1 and any v > 0,
® ¢ A,(]0,v]), which means that

for any k > 2 there exists uy, € [0,v] with ®(aug) > kP(uy). (9)
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Then it is obvious that any uy satisfying (9) must be strictly positive. In con-
sequence we can find inductively a sequence (ux)32; of positive numbers such
that

D(up) < ok+1

for any k € N (10)

and
1
d ((1 + E) uk) > 281 d(uy,) for any k € N, (11)

Let for any k € N, n; be the biggest natural number such that n,®(us) < 5.
Then

1
ohr < np®(ug) < 5 for any k£ € N. (12)

Now, we define an operator P : ¢, — [° by

o
Pt=> t,a,
n=1

where t = (t1,ta,...) € o, 11 = wy (371, €) and @, = u, (37010 ) ej) for n > 1.
Here e; = (0,...,0,1,,0,...) for all j € N and m,, = Zp<nnp for n > 1. It is
obvious that P is a linear and non-negative, so order preserving (‘“order” for
short) operator. Now we need to show that Pt € h® for any t = (t1,ts,...) € co.

Given any A > 0 we can find j € N such that A|t;| < 1 for any 7 > j. Hence

o0 [ee] o0 [e.e] 1
Is <)\P (Z tp6p>> =Is ()\thxp> = anq)()\tpup) < Z 2_17 <1,
p=j p=j p=j p=j

which by (5) means that Pt € h®. Notice that for any t = (¢1,ts,...) € c,,

o0

(HtHOO) Z"”( Ti=" ) Z;:L

whence ||Pt||e < |||l for any t € ¢,. On the other hand, given any A € (0,1),
there exists j € N such that

(1 —&)lt;] o1
Asup{(1 —¢)|t;| : i € N} ’
where €; = 1/(i + 1) for any ¢ € N. This gives that
12 1 1
> =1+ -.
sl — )t €Nl 1-¢

Therefore

Pt
® Asup{(1l —¢)|t;| : i € N}
> (14 1/j);) > 2+ n,B(uy) > 271 /27 1,
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whence
|PHle = Asup{(1 — e)[t:] : i € N},

Since the above inequality holds for any A € (0, 1), we obtain
[Ptlle > sup{(1 — €)[t;] : i € N}

for any t € ¢,, which completes the proof. Il

Theorem 2.3. If ® € Ay(0), then the space h% = 1% contains asymptotically
isometric copy of ¢, if and only if a(®) > 0.

Proof. Fix an Orlicz function ®. By Theorem 2.1, if a(®) > 0, then h% contains
asymptotically isometric copy of c,.

To prove the converse, assume that a(®) = 0. We will apply Theorem 2 from [18§]
which states that a Banach space (X, || - ||) contains an asymptotically isometric
copy of ¢, if and only if there exist a sequence (z")°°; in X and a constant

0 < m < 1 such that for any finite collection of scalars (t,)

Z tox"

n

msup |t,| < < sup [t,] (13)

and
lim ||z"|| = 1. (14)

Assume on the contrary that h% contains asymptotically isometric copy of ¢, and
fix a sequence (x")22; C h? satisfying the above two conditions. First notice that

for any j € N,
® (Z |x;?|> <1 (15)
n=1

If not, then &3, |27 |) > 1+ d, for some j, € N, N € N and d, > 0. Set for
j=1,...,N, t; =sgn(z} ) and t = (t,...,tx). Note that for any k > 1,

]q;(l{? Zj\il tjl‘j) +1 ]cp(k Z]\Ll tj$j> N .
= > I= > ] )
K = k = 1o ;w

> o (Zﬂ(tﬂj)job) = (Z(WOD) > 1+ d,.

Jj=1 Jj=1

N o,
Hence, by the left-continuity of the function k& — M at k = 1 and

the above inequality, there exists 0 < k, < 1 and such that

]cp(k? Zivzl tjffj) +1

1+d,
2 > 1+
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for k > k,. Notice that M > % > k—lo > 1for0 < k < k,. Consequently
Io(k Y tyad) 4+ 1
inf ]_k :k>0p>min{l+d,,1/k,} > 1.

By (6), || Zjvzl t;zl||4 > 1; a contradiction.
Now, we will show that there exists d > 0 such that for any j,,n € N there exists

m,, > n such that
Z O(|27]) > d. (16)

J=Jo

If not, then for any d > 0 there exists j,,n, € N such that for any m > n,,

> @(la|) < d

J=Jo
Let for © = (21,22, ...) € he, Pj,x = (21, ...,7;,,0, ...). Notice that for any m € N,

Lp(2™) = f@(P' (@™)) + Lp(z™ — P, (z™))

ZCD |25() +Z<I> l) < Y @(laf]) +d
j=1

J=Jo

for m > n,. Since by (15), for any j € N, lim, 2} = 0, Is(z™) < 2d for m
sufficiently large. This means that Ig(z™) —,, 0. Since (x™)%_, C h®, we
conclude that ||2™||4 —,. 0; a contradiction with (14), which shows that the
inequality (16) holds true with some d > 0.

Now fix d > 0 satisfying (16). Since [|z"[|3 — 1, there exists n, € N such that
|z ||4 > 1 —d/4. Since z™ € h®, there exists j, € N such that || P, (z")||3 >
1 —d/2. By (15), lim,, P;, (™) = 0 coordinatewise. Hence

125, (2") £ 2™ |5 —m [P (") I3
and consequently
1Py, (" £2™) |5 > 1~ d/2
for m > m,. Fix k > 1. Then for any m € N,
Ip(k(z™ £2™)) 4+ 1
k

Io(k(P;, (2™ £ 2™))) + 1 N Is(k(Id — P;)(x™ + 2™))
k k

> 1—d/2+ Ie((Id — P;)(z" £ 2™)) = 1 — d/2 + Z (|l £a)). (17)

J=Jo+1
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for m > m,. By (16) we can choose m, in such a way that

[e.o]

> o(lae]) > d. (18)

Jj=jo+1

Now assume that

M:max{ S o +alel), Y (|ae — 2 > d. (19)

J=Jo+1 J=Jot+1
By (19), without loss of generality we can assume that > 222, | ®(|2" +a7°|) > d.
Then by (17) for any k& > 1,

Ig(k(a™ +2™) + 1
k

Ip(k(x™o+x™0))+1
k

>14d/4. (20)

Since the function g(k) = is left-continuous and by (20) g(1) >
1+ d/4, there exists 0 < k, < 1 such that for any k& > k,,

Ip(k(z™ +2™) + 1
k

I (k300 tjad)+1 >
k -

>14d/4.

Notice that for 0 < k < k,,

. {]¢(kZ§V1 tjl'j) +1
inf -

> kio > 1. Consequently

o=

k> O} > min{l +d/4,1/k,} > 1.

By (6), ||2™ + 2™ |4 > 1; a contradiction with (13). Hence to end our proof, we
should demonstrate (19). Assume on the contrary that M < d. Hence

Dot R + 2o l) + 3050, 1 P — fe])

d >
2
o) ’$§n0+x?o|+‘x?10_x?o| [e’¢) .
> > o . > 37 ()
J=Jjo+1 J=jo+1
a contradiction with (18). The proof of our theorem is fully complete. O]

It is obvious that in the case of non-atomic measure space (7,3, ) if ¢ is an
Orlicz function with b(®) < oo, then E® = {0}. Therefore, considering the case
of non-atomic measure, we will always assume that b(®) = oo.

Remark 2.4. If we assume additionally that the Orlicz function ® is an N-
function, that is, lim, .. @ = o0 and limuﬁoy = 0, then assuming also
that a(®) = 0, we can prove that h% does not contain an order asymptotically
isometric copy of ¢y without the assumption that ® € A,(0). Really, if h%
contains such a copy, then £% does. Since (% is the dual space of h¥, where ¥ is
the complementary function of ®, by Theorem 1 in [14], ¢4 contains an isometric
copy of £>°. Therefore, £% is not locally uniformly non-square, which contradicts
Theorem 3.26 in [8].
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Theorem 2.5. Assume that (T,%, ) is a non-atomic, complete and infinite
measure space and ® is an Orlicz function such that b(®) = oo and ® ¢ As(Ry).
Then the space E®* = Eg(T, 3, 1) contains an order asymptotically isometric copy

of c,.

Proof. First consider the case a(®) > 0. Choose a sequence (A,,)>, of pairwise
disjoint and measurable subsets of T" such that

o ((1 + %) a(cb)> 1(A,) =1 for any n € N, (21)

and define an operator P : ¢, — L°(T, %, ) by

Pt = Z tna((I))thn
n=1

for any t = (£,)5%, € ¢,. It is obvious that P is linear and non-negative, so
order preserving (“order” for short). Now we need to show that Pt € E? for any
t = (t1,ta,...) € ¢,. Given any A > 0 we can find j € N such that A|¢;| < 1 for
any ¢ > j. Hence

Is(AP(t) = Z_: O(ANtna(®))u(A,) + Z O(ANtna(®))u(Ay)
= 3 Ba(@)u(A,) < o,

which means that Pt € E®. Notice that for any ¢t = (t,1,...) € ¢,

Pt s tn o) -
o (M) =22 (||t||ooa@)) plAn) < ; @(a(®))u(An) = 0,

n=1

whence ||Pt||e < ||t||s for any t € ¢,. On the other hand, given any A € (0, 1),
there exists j € N such that

(L—e)lt] o1
Asup{(1 —¢)|t;| : i € N}
where ¢; = 1/(i 4+ 1) for i € N. This gives
1451 1 1
> =14+ -.
Aol — )t ieN] 16

Therefore

Pt tja(®) ‘
L (Asup{(l —€)|ti| i € N}) 2 ¢ ()\sup{(l —€)|ti] -1 € N}) ()

> ¢ ((1 + %) a((I))) p(4;) =1,
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whence

| Pt]|le > Asup{(1 — €)|t;| : i € N}.
Since the above inequality holds for any A € (0, 1), we get

| Pt||o > sup{(1 — €)|t;| : i € N},

for any t € ¢,, which completes the proof in the first case.

Now assume that a(®) = 0 and ® ¢ Ay(R,). Then there exists a sequence
(un )52, of positive numbers such that ®((1+ L)u,) > 2"®(u,) for any n € N.
Choose a sequence (A,,)>; of pairwise disjoint and measurable subsets of T" such
that

O (up)p(A,) =27" for any n € N, (22)

and define an operator P : ¢, — L°(T, %, ) by

oo
= g thunXaA, -
n=1

Now we need to show that Pt € E® for any t = (t1,ts,...) € ¢,. Given any A > 0
we can find j € N such that \|¢;| < 1 for any i > j. Hence

Io(AP(t) = ) ®(Mpun)p +Zc1> (At ) pi(Ay)

IA
g
=
>
N
§

_I_

1M
=)
§

< O (Mpun)p(Ay) + ZQ " < o0,

because of b(®) = oo, which means that Pt € E®. Notice that for any ¢ =
(tl,tQ, ) € Co,

(||t||oo) g (||t||oo > plAn) < gq’(un)u(fln) = 22‘" =1,

whence ||Pt||e < [|t||oo for any ¢ € ¢,. On the other hand, given any A € (0, 1)
and any t = (t;) € ¢, there exists j € N such that

(1 —¢€)lt;]
1
Asupl(l —e)[ts] 1 €N}

where ¢; = 1/(i + 1) for i € N. This gives that

4] ST
Asup{(1—¢)|t;| :i €N} ~ 1—¢ J
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Therefore
/ Pt
P\ Asup{(1 —&)|t;] - i € N}
tiu,;
> @ 3 Uj A
= ()\sup{(l —&)|ti| 11 € N}) #A)
1 .
-0 ((1 i 3) uj) H(Ay) > P0(uy)p(4;) = 1,
whence

IPt]le > Asup{(1 — &)[t;| : i € N}.

Since the above inequality holds for any A € (0, 1), we get
|| Pt]|le > sup{(1 — €)|t;| : i € N}

for any t € ¢,, which completes the proof in this case, and the theorem is proved.
m

Theorem 2.6. Assume that (1,3, i) is a non-atomic, complete and finite mea-
sure space with (1) > 0 and ® is an Orlicz function such that b(®) = co and
O ¢ Ay(c0). Then the space E® = E*(T, %, u) contains an order asymptotically
1sometric copy of c,.

Proof. Since ® ¢ Ay(c0), we know that ® ¢ Ay, ([v,+00)), for any n € N,
where ®(v)u(T) = 1. In consequence, there exists a sequence (u,)>, such that

Uy, € [v,+00) (23)

and

o ((1 + %) un> > M®(u) (24)

for any n € N. Since p is non-atomic, ®(v)u(T) =1 and ) >~ 27" =1, one can
find a sequence (A,,)%°; of pairwise disjoint and measurable subsets of T' such
that

O (up)p(A,) =27" for any n € N. (25)
Define an operator P : ¢, — L°(T, X, ) by
Pt = Z talnX A, -
n=1

It is obvious that P is a linear and non-negative, so order preserving (“order” for
short) operator. Now we need to show that Pt € E® for any t = (¢,t,...) € co.
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Given any A > 0 we can find j € N such that A|t;| < 1 for any 7 > j. Hence

i—1
Is(AP(t) < JZ (Mt pun ) (A + Z O (u,)
n=1
j—1
SZCI)()\tnun —|—ZQ”<OO
n=1

which means that Pt € E®. Notice that for any ¢t = (ty,t5,...) € c,,

B (i) < ;3@% ”SEP_

whence ||Pt||¢ < ||t||oo for any ¢ € ¢,. On the other hand, given any A € (0, 1),
there exists j € N such that

(1 —¢€)lt;]
1
Asupl(l—e)[ts] i €N}

where ¢; = 1/(i 4+ 1) for any ¢ € N. This gives

il SO
Asup{(1—¢)|t;| :i €N} ~ 1—¢ J
Therefore
I Pt
*\Asup{(1 = &)|t;] : i e N}
tiu;
> @ 4 A;
- ()\sup{(l — &)t i € N}) Hid)
1 . o
> ¢ ((1 + ;) Uj) ,LL(AJ) > 2J(I)(UJ>M<AJ> =227 =1,
whence

|Ptlo > Asup{(1 — &)t : i € N},
Since the above inequality holds for any A € (0, 1), we get
[Ptlle = sup{(1 —€)[t;| : © € N}
for any t € ¢,, which completes the proof. Il

Now, let (T, %, ) be a non-atomic, o-finite and complete measure space with
pu(T) > 0. Let ® be an Orlicz function such that b(®) = +oo and the function
R(u) = Alu| — ®(u), where A = lim, o ®(u)/u), be unbounded on R;. Assume
furthermore that a(®)u(T) < 2 and ¥(dy)u(T) < 2 (with 0 - (+00) = 0), and
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b(V) = +oo, where U is the function complementary to ® in the sense of Young
and
dy = sup{u > 0 : VU is linear on [0, u]}

(with sup{@} = 0). Let ES(T,%,u) (L%(T,%, ), resp.) denote the space
E*(T,%, 1) (L*(T, %, 1), resp.) equipped with the Amemiya-Orlicz norm ||||$
(see formula (6)). Assuming the above conditions we can prove

Theorem 2.7. The space ES(T, 3, 1) contains an asymptotically isometric copy
of ¢, if and only if a(®) > 0 and u(T) = +oc.

Proof. Sufficiency. Assume that a(®) > 0 and (7)) = +oo and let (A4,)5, be
a sequence of pairwise disjoint measurable sets such that

O((1+1/n)a(P))u(A,) =1 forn e N.

Define an operator P : ¢, — L°(T, %, ) by
P(t) =) tna(®)xa, (1),
n=1

for any t = (t1,%2,...) € ¢,. It is obvious that P is linear and non-negative, so order
preserving. It can be shown in the same way as in the proof of Theorem 2.5 that
Pt € EX(T,%, ) for any t = (ty,t,...) € ¢,. Moreover, for any t = (ty,t,...) € c,,

pt |4 Pt > tn
H— <1+ 1y (—>Z1+Z<I>( (Z((I))),U(An)zla
[tlloo Il [[t]]oo =\ [tlleo

whence

1Pl < [1t]]oo-
On the other hand, by the proof of Theorem 2.5,

1Ptlg > [|Pt]le > sup{(1 — €,)[ta] : m € N},

which completes the proof of the sufficiency.

Necessity. If a(®) = 0 or u(T) < oo then the conditions a(P)u(T) < oo and
a(®) < b(P) are satisfied. Moreover, the unboundedness of the function R(u)
on R, gives that ® is k}-finite, that is, for any z € L*(T, %, i) there is k > 0
such that Iy(p o (k|z|)) > 1, where p is the right-hand side derivative of ®.
Consequently, by the assumptions fixed just before formulating this theorem, the
space L%(T, %, 1) is non-square (see Theorem 3.4, p. 3979 in [11]). By b(¥) =
+00, the space L% (T, 3, 1) is a dual space. Namely, L% (T, X, 1) is the dual space
to BY(T, %, i), equipped with the Luxemburg norm (see [8], [30], [35] and [37]).
Assuming that E%(T, %, i) contains an asymptotically isometric copy of ¢,, we
also have that L% (T, X, i1) contains such a copy. Since L% (T, X, i1) is a dual space,
we know (see [14]) that L%(T, %, 1) contains an asymptotically isometric copy of
[° and finally, L%(T, %, 1) contains an isometric copy of [°°. Consequently, the
space LE(T, Y, i) is not non-square, a contradiction which finishes the proof. [
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Remark 2.8. If we restrict ourselves in Theorem 2.7 to the class of Orlicz func-
tions @ such that lim, .., ®(u)/u = 400, then the function R(u) is unbounded
on Ry and b(¥) = +oo. Therefore, under these assumptions about ®, our as-
sumptions concerning Theorem 2.7 reduces only to the following conditions:

(i)  a(®)u(T) = 400 (with 0- 0o =0)
(i) W (da)p(T) < 2.

Remark 2.9. In Theorems 2.2, 2.5 and 2.6 the assumption that ® does not
satisfy the suitable As-condition is necessary if ® is an N-function. Really, the
assumption that ® satisfies a suitable Ay-condition implies that ¢* and ¢% are
dual spaces. In case of a non-atomic measure space the suitable As-condition
and the assumptions that b(¥) = oo imply that L® and L% are also dual spaces.
Therefore, they contain isometric copies of [ whenever E® (resp. h®) contains
an asymptotically isometric copy of ¢y (see the argumentation in Remark 2.4
and in the necessity part of the proof of Theorem 2.7). But this contradicts the
local uniform non-squareness of L® (resp. £?) if the suitable As-condition for @
is satisfied.

3. Final remarks

If the space E®(T,Y, 1) contains an order asymptotically isometric copy of ¢,
then it must be infinitely dimensional, so the measure space (T,%, 1) cannot
reduce to finite numbers of atoms of positive measure. Therefore, considering the
problem of the existence of asymptotically isometric copy of ¢, in E*(T, %, u), if
the measure p is purely atomic, we may assume that 7'= N and that the atoms
are singletons {n}, n € N, with w,, = u({n}) € (0,00), for any n € N. Then the
Orlicz space [®(N, 2N, 1) with u(A) = 7, ., w, is nothing else but the weighted
Orlicz sequence space [®({w, }°,).

The following theorem can be proved analogously as the above theorems.

Theorem 3.1.

(1) Assume that ® is an Orlicz function and (N, 2", 1) is such a purely atomic
measure space as we just have established and that Y " w, < co. Then
the space h®({w,}2,) contains an order asymptotically isometric copy of
¢, whenever ® ¢ Ay(00).

(i1) Assume that ® is an Orlicz function and the measure space is as in (i)
but 37wy, = 0o and inf{w, : n € N} = 0. Then the space h®({w,}52,)
contains an order asymptotically isometric copy of ¢, whenever ® ¢ Aq(R.,).

(iii) Assume that ® is an Orlicz function and the measure space is such that
inf{w, : n € N} > 0. Then the space h®({w,}>,) contains an order
asymptotically isometric copy of ¢, whenever ® ¢ Ay(0).

Remark 3.2. It is natural to ask why we consider in this paper the problem
of the existence in the spaces (E®(T,X, u) an order asymptotically isometric
copy of ¢, but not an order isometric copy of ¢,, which is a stronger property
than asymptotically isometric copy of ¢,. The answer follows from the result
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presented in [26] which says that if a(®) = 0 and ®(b(P)) > 1, then the space
(E®(T,%, ) is strictly monotone (even lower locally uniformly monotone), so it
cannot contain an order isometric copy of c,.

Remark 3.3. If (7,%, ) is an arbitrary measure space with u(7) > 0, then
denoting by T, the collection of all atoms in ¥, and defining T,,_, = T \ Tq,
we can decompose the measure space (T,%, 1) as a direct sum of a non-atomic
measure space and of a purely atomic measure space:

(T7 27[/!) = (Tn—m XN Tn—aa M|EﬂTn,a) S¥ (Taa XN Taa M|20Ta)-

Then it is easy to see that for any Orlicz function ® the space (E®(T,%, p)
contains an order asymptotically isometric copy of ¢, if and only if at least one
of the spaces E®(T},_o, XN Ty o, ptlsar,_,) or E*(Ty, XN Ty, i|snr,) contains an
order asymptotically isometric copy of c,.
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