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Let X be a separable Banach space, Y a Banach space and f : X — Y an arbitrary mapping.
Then the following implication holds at each point € X except a o-directionally porous set:
If the one-sided Hadamard directional derivative fi;, (2, u) exists in all directions u from a set
Sz C X whose linear span is dense in X, then f is Hadamard differentiable at . This theorem
improves and generalizes a recent result of A. D. Ioffe, in which the linear span of S, equals X
and Y = R. An analogous theorem, in which f is pointwise Lipschitz, and which deals with the
usual one-sided derivatives and Gateaux differentiability is also proved. It generalizes a result
of D. Preiss and the author, in which f is supposed to be Lipschitz.
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1. Introduction

The following result ([4, Theorem 5]) was used in the proof of the till now strongest
version of Rademacher’s theorem on Gateaux differentiability of Lipschitz map-
pings on a separable Banach space.

Theorem PZ. Let X be a separable Banach space, Y a Banach space, G C X an
open set, and f : G — Y a Lipschitz mapping. Then there exists a o-directionally
porous set A C G such that for every x € G\ A the set U, of those directions
u € X in which the one-sided derivative f' (x,u) exists is a closed linear subspace
of X. Moreover, the mapping u — f' (x,u) is linear on U,.

An immediate consequence of this result is the following.

Corollary PZ. Let X be a separable Banach space, Y a Banach space, G C X
an open set, and f : G — 'Y a Lipschitz mapping. Then the following implication
holds at each point x € G except a o-directionally porous set:
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If the one-sided directional derivative f' (x,u) exists in all directions u from a set
S C X whose linear span is dense in X, then f is Gateaux differentiable at x.

Note that each o-directionally porous subset of a separable Banach spaces X
is not only a first category set, but it is also “measure null”: it is Aronszajn
(=Gauss) null, and so also Haar null, (see [1, p. 164 and Chap. 6]) and also
[-null (see [3, Remark 5.2.4]).

It is an easy well-known fact that if f : X — Y is a Lipschitz mapping between
Banach spaces, then the Hadamard (one-sided) directional derivatives coincide
with the usual (one-sided) directional derivatives and the Hadamard derivative
coincides with the Gateaux derivative.

A. D. Ioffe in [2] recently observed that some known results dealing with the usual
directional derivatives (and Gateaux differentiability) of Lipschitz functions can
be generalized to results dealing with the Hadamard directional derivatives (and
Hadamard differentiability) of arbitrary functions. (Note that this loffe’s idea was
followed in [6].)

loffe’s [2, Theorem 3.7(b)] can be reformulated (see Remark 3.10 below) in the
following way.

Theorem 1. Let X be a separable Banach space, G C X an open set, and f :
G — R an arbitrary function. Then the following implication holds at each point
x € G except a o-directionally porous set:

If the one-sided Hadamard directional derivative f3;, (x,u) exists in all directions
u from a set S, C X whose linear span equals to X, then f is Hadamard differ-
entiable at x.

So, Theorem I is a partial generalization of Corollary PZ (since in Theorem I
the assumption is stronger on S, and Y = R). We will prove (see Corollary 3.9
below) that the corresponding full generalization of Corollary PZ holds.

Moreover, Theorem 3.7 below on Hadamard derivatives generalizes Theorem PZ.

Further, we generalize Theorem PZ in another direction showing that, in this
theorem, it is sufficient to suppose that f is pointwise Lipschitz (see Corollary
3.5 below).

Note that the methods of proofs from [4] and [2] cannot be easily used in the case
when f: X — Y is not continuous and Y is nonseparable, since then f(X) needs
not be separable. Consequently, we use an alternative method based on a small
trick in the proof of Lemma 3.1 (which shows that f (x,w,) and f'(yx, w,,) are
“automatically” close to one another).

The main results are proved in Section 3. In Section 2 we recall basic definitions
and known results we need.



L. Zajicek / Gateauzr and Hadamard Differentiability 705

2. Preliminaries

In the following, by a Banach space we mean a real Banach space. The symbol
B(x,r) will denote (in a metric space) the open ball with center z and radius r.

If X is a Banach space, we set Sx := {z € X : ||z|| = 1}. Further, if x € X,
v € Sx and § > 0, then we define the open cone C(z,v,d) as the set of all y # «

for which |lv — = <.

Let X, Y be Banach spaces, G C X an open set, and f: G — Y a mapping.

We say that f is Lipschitz at v € G if limsup,,_,, W < 0o. We say that f

is pointwise Lipschitz (on G) if f is Lipschitz at all points of G.

The directional and one-sided directional derivatives of f at x € G in the direction
v € X are defined respectively by

o, v) = Jim LEF ) = F(@)

t—0 t

The Hadamard directional and one-sided directional derivatives of f at x € G in
the direction v € X are defined respectively by

flx+tz) - f(2)

! R :
fu(w,v) = lim ,
, flx+1tz) — f(x)
, Pyp—
and - fi(v,0) = z—»};l,go-i- t '

The following facts are well-known and easy to prove.

Fact 2.1. Let X, Y be Banach spaces, G C X an open set, x € G, v € X, and
f:G—=Y amapping. Then the following assertions hold.

(i)  The derivative f'(x,v) (resp. fy(x,v)) exists if and only if f (x,—v) =
— [ (@,0) (resp. [y, (v, —v) = = [y (2,0)).

() 1 fiy(,v) (resp. fiy (v,0)) evists, then f/(z,0) = fly(z,0) (resp. f1(z,0) =
Jrs(@,0)).

(i12) If f is locally Lipschitz on G, then f'(x,v) = fy(x,v) (resp. f(x,v) =
fir4(2,v)) whenever one of these two derivatives exists.

() If fl(z,v) (resp. fi,(x,v)) exists and t > 0, then f' (x,tv) = tf\ (z,v)
(resp. fy (x,tv) =tfy, (x,v)).

(v) If f is Lipschitz at x with limsupy_,zw < K < oo and f (x,v)
exists, then || fi(z,v)|| < K|v].

(vi) If V, is the set of all u € X, for which f};, (x,u) exists, then the mapping
u— fr,(x,u) is continuous on V.

(vii) Ifv e Sx and fy (x,v) ewists, then there exists a cone C = C(x,v,6) such

15 () —f(z)

that limsup,_,, ,cc Tyl | < 00



706 L. Zajicek / Gateaur and Hadamard Differentiability

We will need the following easy fact (see [7, Lemma 2.3]).

Lemma 2.2. Let X be a Banach space, Y a Banach space, G C X an open set,
a€ G, and f:G—Y amapping. Then the following are equivalent.

(1) fry(a,0) exists,
(i1)  fy(a,0) exists,
(ii) fi(a,0) =0,
(

iv) f is Lipschitz at a.

The usual modern definition of the Hadamard derivative is the following:

A continuous linear operator L : X — Y is said to be the Hadamard derivative
of f at a point x € X if

}ir% flo+ m;) = /@) = L(v) for each v € X

and the limit is uniform with respect to v € C, whenever C' C X is a compact
set. In this case we set f};(z) := L.

The following fact is well-known (see [5]):

Lemma 2.3. Let X, Y be Banach spaces, ) # G C X an open set, v € G,
f:G —=Y amapping and L : X — Y a continuous linear operator. Then the
following conditions are equivalent:

(1) fulr)=1L,

(i4)  fy(z,v) = L(v) for each v € X,

(711) if ¢ : [0,1] — X is such that ©(0) = x and ¢’ (0) exists, then (f o)’ (0) =
L(¢'(0)).

Definition 2.4. Let X be a Banach space. We say that A C X is directionally

porous at a point x € X, if there exist 0 # v € X, p > 0 and a sequence t,, — 0

of positive real numbers such that B(z + t,v,pt,) N A = (). (In this case we say
that A is porous at x in the direction v.)

We say that A C X is directionally porous if A is directionally porous at each
point z € A.

We say that A C X is o-directionally porous if it is a countable union of direc-
tionally porous sets.

We will need the obvious fact that A is not porous at x in the direction v # 0 if
and only if

for each w > 0 there exists ¢ > 0 such that B(x + tv,wt) N A # () for 0 <t <.
(1)

It is easy to see that if, for some v € Sx, § > 0, r > 0,

C(x,v,0) N B(z,r) N A =10, then A is porous at x in direction v. (2)
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Moreover, we will need the following results from [7].

Proposition 2.5 ([7, Proposition 3.2]). Let X be a separable Banach space, Y
a Banach space, G C X an open set, and f : G — Y a mapping. Let M be the
set of all x € G at which f is Lipschitz and there exists v € X such that f' (z,v)
exists but fi;, (x,v) does not exist. Then M is o-directionally porous.

Proposition 2.6 ([7, Proposition 3.1]). Let X be a separable Banach space, Y
a Banach space, G C X an open set, and f : G — Y a mapping. Let A be
the set of all points x € G for which there ezists a cone C = C(x,v,0) such

that lim SUPy 2 yeC W

o-directionally porous set.

< oo and f is not Lipschitz at x. Then A is a

3. Main results

Lemma 3.1. Let X be a separable Banach space, Y a Banach space, G C X an
open set, and f : G — Y a mapping. Let A be the set of all x € G at which f
is Lipschitz, and for which there exist v,w € X such that fi (x,v) and f\(x,w)
exist but either f\ (x,v—w) does not exist or f' (zv,v—w) # fi(z,v) = fi(z,w).
Then A s a o-directionally porous set.

Proof. Let M be the o-directionally porous set from Proposition 2.5. It is suffi-
cient to prove that A* := A\ M is o-directionally porous. For each z € A, choose
a corresponding pair v = v,, w = w,. Let {d; : j € N} be a dense subset of X.

Now consider an arbitrary z € A*. We can choose n, € N such that

1 (y) = f@) < nally — 2| whenever [y — zf| < ni (3)

T

Further, we can choose p, € N and a sequence 1 > ¥ N\ 0 such that, for each
1 €N,

S8 W

T

Hf(x + 17 (v —wy)) — fx) (fi(z,v,) — fi(2,w,))

t*

)

Since = ¢ M, we have f! (v,w;) = fy,(z,w,) and so we can choose k, € N such
that

— 1 1 1
fletiz) = @) fi(z,w,)|| < — whenever ||z—w,|| < — and 0 <t < —,
(5)
and
tvg) — 1 1
Hﬂx i Ut) ) iz, v)|] < o whenever 0 < ¢t < o (6)

Finally choose j, € N such that ||w, —d;, || < (4k,)~".
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Now, for natural numbers n,p, k,j denote by A7 . . the set of all x € A* for

which n, = n, p, = p, k., = k, j. = j. It is clearly sufficient to prove that, for

any fixed quadruple n,p, k, j, the set S := A}, . is directionally porous.

So fix an arbitrary = € S. Denote ¢; := t7 and choose 1 such that
0 < n < min((pn)~ %, (2k) ). (7)
We will prove that S is porous at z in the direction v, — w,.
To show this, it is sufficient to prove that there exists ig € N such that
SN B(x+ t(ve —wy),nt;) =0 whenever i > 1. (8)

To this end, consider ¢ € N and y; € S N B(x + t;(v, — wy), nt;).

First observe that ||(z + t;(vy — w,)) — yi|| < nt; < n < (pn)~! and so (3) (with
x:=vy; and y := = + t;(v, — w,)) implies

W@+h@wﬂ%»—ﬂwH§mm<%- (9)

Now we will show (and this is the main trick of the proof) that, if i is sufficiently
large, then the difference of f! (z,w,) and f (y;, wy,) is “small” (see (12)). To
this end, set t* := (2k)~! and ¢ := z + t*w,. By (5) we immediately obtain

Hf(f) — f@)
.

1
< —. 10
; (10)
Further set z* := (+*)7}(£ — ;). Then

* * * 1
12" = wy || < 12" = wall + llwe = djf| + llwy, = dsll < [l2" —wal| + o

and

12" = wall = 1) 71§ — ) = ()7 (§ — )]
= [1(t") " (@ — w)ll < 2kti([lvs — wall + ).

So there exists 7; € N such that ¢ > ¢; implies ||2* —w,,|| < 1/k, and consequently
also (by (5) with z :=y; € 5)

Hf(é) — [ (i)
.

_ Hf(yi +t*;") — )

 F (e wy) —ﬂ@w@<§.un

Further there exists i; < 75 € N such that 7 > iy implies

1 -1

12 = gill < ti([lve = wall + 1) < 2knp)™" <n
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and consequently also (by (3))

Hf(f) — flx) _ f(&) = fy)
t* t*

\ = K1) — S@)] < 2y — o] < .

Using this together with (10) and (11), we obtain that ¢ > iy implies

3
< . (12)

1F% (2, wa) = £ (i wy,)

Denote a; := x + t;v,. There exists iy > is such that i > iy implies ¢; < 1/k, and
consequently also (by (6))

Hf(ai) — f(=)
ti

— [i(@,v)|| < %. (13)

Set Zi = (ti)_l(ai — yz) = (tz)_l(fﬂ + ti’Ux — y7,> Then

1
< lzi = wall + [lws = dyl| + llwy, = djll < flzi = wall + o7

Hzi — Wy, 2k
and
i — Wgl| = z|| = SN< o
|2 — wal t t; " 2k

So ||z — wy,|| < 1/k and @ > 4y implies t; < 1/k, and consequently (by (5) with

H flai) — f(y:)
ti

_f;(yivai) _f-/l-(yi7wyi)

_ H i +tizi) — fui)
t;

1
< . (14)

Thus, if i > ig, then (9), (12), (13) and (14) imply

fla+ tio, ;wz)) —I@ 0, f;(:c,wx))H
< M — (f(,v0) - f’+(%ww>>H +%
- M — () (2 vn) — fi(yi,wy»)H +§
_ (M - fi(%vz)) + (fi(yz»wyﬂ - M) H ! % ) g
which contradicts (4). So we have proved (8). -

Lemma 3.2. Let X, Y be Banach spaces, G C X an open set, f : G — Y a
mapping. For each x € G denote by U, the set of all v € X such that f' (x,v)
exists. Then the set B of all x € G such that f is Lipschitz at x and U, is not
closed is o-directionally porous.
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Proof. For each k € N, set
By :={z e B: ||f(y) = f(@)| < klly — z| whenever [ly — || <1/k}.

It is clearly sufficient to prove that each B, is directionally porous. So suppose
that £ € N and © € By are given. Since U, is not closed, it is easy to see
(using Fact 2.1(iv)) that we can find v € Sx \ U, and a sequence v, — v with
v, € Sx NU,.

We will show that
By, is porous at z in the direction v. (15)

Suppose, to the contrary, that (15) does not hold. We will obtain a contradiction
by proving that v € U,, i.e., that lim; o, t 7' (f(z + tv) — f(x)) exists. Since YV’
is a complete space, it is sufficient to prove that for each € > 0 there exists § > 0
such that

Hf(ﬂtw) —fe) _ flz+tv) = f(2)

; " < e whenever 0 < t; <ty <d. (16)
1 2

So, let 1 > & > 0 be given. Since (15) does not hold, by (1) we can find §; > 0
such that
B(x + tv,et/12k) N By, # (0 whenever 0 < ¢ < d;. (17)

Now choose n € N such that ||[v — v, || < €/12k. Since v,, € U,, we can find d5 > 0
such that

H flx+tv) = fx)  fle+ton) = f(2)

tl t2

€
< 3 whenever 0 < t; < ty < ds.

(18)
Put 0 := min(dy,d2). It is sufficient to prove (16). To this end, let arbitrary
numbers 0 < t; <ty < J be given. By (18), we have

< % (19)

tl t2

H flo+twn) = flx) [z +tv) — f(z)

By (17), we can choose points y; € B(x + t1v,et1/12k) N By, and yo € B(z +
tov, ety /12k) N Bg. Observe that

ly1 — (x4 t10)|| < tre/12k < 1/k,
|(x + t1v) — (z + t1v,) || = t1]|v — vnl| < t1e/12k,
and therefore ||yy — (2 + t1v,)|| < t1e/6k < 1/k. Since y; € By, we obtain
1 (1) = fz + t0)l] < ktae/12k = te/12,
lf(v1) — fz+ tiv,)|| < ktie/6k = t1e/6.
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Consequently
If (@ +t1v) = flz + tiva)|| < t1e/3. (20)

By the same way we obtain
[ (& +t20) = [z + tavn)|| < 12e/3. (21)

So, for i € {1,2} we obtain

fla+twn) = f() _ flot i)~ f@)| _ < )
t; t; -3
Using (19) and (22) we obtain
flz+tw) = flx)  flz+tw) - flz) e
tl t2
which completes the proof of (16). O

Theorem 3.3. Let X be a separable Banach space, Y a Banach space, G C X
an open set, and f : G — Y a mapping. Then there exists a o-directionally
porous set C' C G such that if v € G\ C and f is Lipschitz at x, then the set
U, of those directions uw € X in which the one-sided derivative f' (x,u) exists is
a closed linear subspace of X. Moreover, the mapping u — f' (z,u) is linear on

Us.

Proof. Let A be the set from Lemma 3.1 and B be the set from Lemma 3.2. We
will show that it is sufficient to set C' := AU B. Obviously, C is o-directionally
porous.

Now consider an arbitrary x € G\ C' = G \ (AU B) at which f is Lipschitz. It is
obvious that 0 € U, f (x,0) = 0 and (see Fact 2.1(iv))

if u e U, and ¢t > 0, then tu € U, and f) (z,tu) = tf} (z,u). (23)
If we Uy, set v:=0 and obtain (since x ¢ A)
file, —w) = fi(2,0) = filz,w) = —fi(z,w). (24)
Obviously, (23) and (24) imply that
if ue U, and t € R, then tu € U, and f} (z,tu) = tf} (z,u). (25)

Further consider arbitrary vectors v, u € U,. Setting w := —u and using = ¢ A
and (24), we obtain

filzv+u) = filz,v—w) = fl(z,0) = fi(z,w) = fi(z,0) + f(z,u). (26)

Thus (25) and (26) imply that U, is a linear subspace of X and the mapping
u — f!(x,u) is linear on U,. Since x ¢ B, we have that U, is closed. O
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Theorem 3.3 and Fact 2.1(4), (v) immediately imply the following corollaries.

Corollary 3.4. Let X be a separable Banach space, Y a Banach space, G C X
an open set, and f : G — 'Y an arbitrary mapping. Then the following implication
holds at each point x € G except a o-directionally porous set:

If f is Lipschitz at x and the one-sided directional derivative f(x,u) ezists in
all directions u from a set S, C X whose linear span is dense in X, then f is
Gateaux differentiable at x.

Corollary 3.5. Let X be a separable Banach space, Y a Banach space, G C X
an open set, and f : G — Y a pointwise Lipschitz mapping. Then there exists
a o-directionally porous set A C G such that for every x € G\ A the set U, of
those directions u € X in which the one-sided derivative f' (x,u) exists is a closed
linear subspace of X. Moreover, the mapping v — f' (z,u) is linear on U,.

Corollary 3.6. Let X be a separable Banach space, Y a Banach space, G C X
an open set, and f : G — 'Y a pointwise Lipschitz mapping. Then the following
implication holds at each point x € G except a o-directionally porous set:

If the one-sided directional derivative f' (x,u) exists in all directions u from a set
S: C X whose linear span is dense in X, then [ is Gateaux differentiable at x.

Our main result on Hadamard derivatives is the following.

Theorem 3.7. Let X be a separable Banach space, Y a Banach space, G C X
an open set, and f : G — 'Y a mapping. Then there exists a o-directionally porous
set D C G such that if v € G\ D, then either the set 'V, of those directions u € X
in which the one-sided Hadamard derivative f;, (x,u) exists is an empty set or
Vy is a closed linear subspace of X and the mapping u — fy (x,u) is linear on

V.

Proof. Let C be the set from Theorem 3.3, M the set from Proposition 2.5
and A the set from Proposition 2.6. Set D :== CUM U A. Then D C G is a
o-directionally porous set. Now suppose that a point x € G\ D is given and

Ve # 0.

Choose w € V. If w = 0, then we obtain that f is Lipschitz at x by Lemma
2.2. If w # 0, then we set v := w/||lw|| and apply Fact 2.1(iv), (vii). We obtain

I/ ()~ f(x)

that there exists a cone C':= C(z,v,0) such that limsup, ., ¢ = | « 0.

Since z ¢ A, we obtain that f is Lipschitz at z also in this case.

Since x ¢ M, we obtain that f(z,u) = fi;, (x,u) whenever one of these two
derivatives exists. So, since f is Lipschitz at x and x ¢ C, we obtain our assertion.
[

Remark 3.8. If we have in our disposal Proposition 2.5, Proposition 2.6 and
Lemma 2.2, then we can consider our two main theorems as “equivalent”. Indeed,
we have already shown how Theorem 3.3 (and the above mentioned propositions)
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easily implies Theorem 3.7. Further, Theorem 3.7 and Proposition 2.6 almost
immediately imply Theorem 3.3.

Using Theorem 3.7, Fact 2.1(i), (vi) and Lemma 2.3, we immediately obtain the
following result, which improves and generalizes [2, Theorem 3.7(b)] (see Remark
3.10 below).

Corollary 3.9. Let X be a separable Banach space, Y a Banach space, G C X
an open set, and f : G — Y an arbitrary mapping. Then the following implication
holds at each point x € G except a o-directionally porous set:

If the one-sided Hadamard derivative [1;, (x,u) exists in all directions u from a
set S, C X whose linear span is dense in X, then f is Hadamard differentiable
at x.

Remark 3.10. Ioffe’s [2, Theorem 3.7(b)] works with f : X — [—o0,00] and
dom(f) := {z € X : |f(x)] < oo}. Denote by B the set of all z € dom(f) \
int(dom(f)) for which there exists 0 # v € X such that fy, (z,v) =

lim, .y o+ w exists and is finite. If z € B, then (cf. Fact 2.1(vii))

there exists a cone C' = C(r,v,0) such that limsup, ,, ¢ % < 00, which

implies that B C X \ int(dom(f)) is directionally porous at = (see (2)). So B is
a directionally porous set.

This simple observation shows that Corollary 3.9 remains true, if we work with
[+ X — [-00,00] (and fp, (x,u) is, by definition, finite). In other words, the
assumption of [2, Theorem 3.7(b)] that the linear span of S, equals to X can be
relaxed to the assumption that the linear span of S, is dense in X.
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