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Let E be a non-Archimedean Banach space over a non-Archimedean locally compact non-
trivially valued field K := (K, |.|). Let E′′ be its bidual and M a bounded set in E. We say that

M is ε−weakly relatively compact ifM
σ(E′′,E′)

⊂ E+BE′′,ε, where BE′′,ε is the closed ball in E′′

with the radius ε ≥ 0. In this paper we describe measures of noncompactness γ, k and De Blasi
measure ω. We show that γ (M) ≤ k (M) ≤ ω (M) = ω(acoM) ≤ 1

|ρ|γ (M), where ρ (|ρ| < 1)

is an uniformizing element in K, and ω(M) = sup{limm dist (xm, [x1, . . . , xm−1]) : (xm) ⊂ M};
the latter equality is purely non-Archimedean. In particular, assuming |K| = {||x|| : x ∈ E},
we prove that the absolutely convex hull acoM of a ε−weakly relatively compact subset M in
E is ε−weakly relatively compact. In fact we show that in this case for a bounded set M in E

we have γ (M) = γ (acoM) = k (M) = k(acoM) = ω (M). Note that the above equalities fail
in general for real Banach spaces by results of Granero ([9]) and Astalla and Tilly ([5]). Most
of proofs are strictly non-Archimedean. A non-Archimedean variant of another quantitative
Krein’s theorem due to Fabian, Hajek, Montesinos and Zizler is also provided, see Corollary
3.9.
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1. Introduction

Several theorems related with compactness both in functional analysis and topol-
ogy can be detected from suitable inequalities about distances to spaces of contin-
uous functions. This motivated specialists to study quantitative counterparts of
some classical results. The reader is addressed to works [1], [4], [6], [7], [10], [11]
also as a good source of references. These papers provided some tools which have
been used for new quantitative versions of Gantmacher’s theorem about weak
compactness of adjoint operators in Banach spaces, Eberlein–Grothendieck’s the-
orem, Grothendieck’s characterization of weak compactness in real Banach spaces
C(X,R), and the classical Krein-Smulyan’s theorem.

The classical Krein’s theorem states [8, Theorem 7.1] that in a real or complex
Banach space E the convex hull coM is weakly relatively compact for a weakly
relatively compact set M ⊂ E. A quantitative version of this theorem has been
proved by Fabian, Hajek, Montesinos and Zizler [7, Theorems 2 and 13]. They
asked:

(*) Assume that M is a bounded set in a Banach space E and let BE′′ be the
closed unit ball in the bidual E ′′ of E. Assume that M is a ε-weakly relatively

compact set, i.e. M
σ(E′′,E′)

⊂ E + εBE′′ for some ε ≥ 0. Does the same hold for
its convex envelope coM?

The case ε = 0 is the classical Krein’s theorem. In [7, Theorem 2] it was proved
that whenever M is ε-weakly relatively compact for some ε > 0, then coM is
2ε-weakly relatively compact. Moreover if BE′ is σ(E ′, E)-angelic, then coM is
ε-weakly relatively compact.

The Krein’s theorem apparently plays a very important role both in functional
analysis and topology, so it is natural to ask if its non-Archimedean version holds
also for non-Archimedean Banach spaces.

In [12, Proposition 2.2] we proved that the absolutely convex hull of a weakly
relatively compact subset of a non-Archimedean Banach space (over a non-Archi-
medean locally compact non-trivially valued field) is weakly relatively compact
(see also [17, Theorem 1.5 and Proposition 1.6]). The situation for function spaces
Cp(X,K) with the pointwise topology is totally different. In contrast to real
spaces, we showed also in [12, Example 2.3] that for an infinite zero-dimensional
compact space X the absolutely convex hull acoH of a τp−relatively compact
and uniformly bounded set H in C(X,K) need not be τp−relatively compact for a
locally compact non-Archimedean K. Nevertheless, the main result of [12] stated
that if H ⊂ C(X,K) is uniformly bounded, then acoH is τp−relatively compact
if and only if H is weakly relatively compact (see [12, Theorem 2.8]). This line
of research is continued in the present paper for non-Archimedean Banach spaces
E.

We provide a non-Archimedean version of Fabian, Hajek, Montesinos and Zizler
result (Theorem 3.3) as well as quantitative versions of Krein’s theorem (Proposi-
tion 3.5, (3) and Corollary 3.9). Working with measures of weak noncompactness
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we show (Theorem 3.10) the following formula for a bounded set M ⊂ E:

γ (M) ≤ k (M) ≤ k (acoM) ≤ ω (M) = ω (acoM) ≤ |ρ|−1γ (M) ,

where γ (M) is the worst distance between iterated limits for sequences in M and
sequences in the dual unit ball BE′ , k (M) is the worst distance to E of points
of the σ (E ′′, E′)−closure of M in the bidual space E ′′, and ω denotes the De
Blasi measure of weak noncompactness. This proves also that γ, k and ω are
equivalent, which for the real case fails in general (see [5, p. 372]). Nevertheless,
for the case |K| = {||x|| : x ∈ E} we show the chain of equalities

γ (M) = γ (acoM) = k (M) = k(acoM) = ω (M) = ω(acoM).

In this case we note that the absolutely convex hull acoM of a ε-weakly rela-
tively compact subset M of a non-Archimedean Banach space over K is ε-weakly
relatively compact. Note that such a result fails in general for real Banach spaces
[9, Theorem 7].

Note also that Proposition 3.5 describes the De Blasi measure purely non-Archi-
medean as ω(M) = sup{limm dist (xm, [x1, . . . , xm−1]) : (xm) ⊂ M}.

2. Definitions and Notations

LetK be a non-Archimedean non-trivially valued field, i.e. equipped with the non-
Archimedean valuation |.| : K → [0,∞), satisfying the strong triangle inequality:
|λ+ µ| ≤ max {|λ| , |µ|} (λ, µ ∈ K). Note that every complete valued field is
isomorphic to R or C or is non-Archimedean, [13, Theorem 1.2.18]. Recall that
if K is locally compact, then |K| := {|λ| : λ ∈ K} is discretely valued, i.e. 0 is the
only accumulation point of |K| ([13, Theorem 1.2.8]) and |K| = {|ρ|n : n ∈ Z} ∪
{0} for some uniformizing element ρ ∈ K, |ρ| < 1 (see [13, Chapter 1.2]).

We say that a normed space E over K is non-Archimedean if ||x+ y|| ≤
max {||x|| , ||y||} for all x, y ∈ E.

Let BE,r := {x ∈ E : | |x| | ≤ r} and B−
E,r := {x ∈ E : | |x| | < r}; we will write

BE (B−
E ) instead of BE,1 (B

−
E,1). In particular, BK = {λ ∈ K : |λ| ≤ 1}. It follows

directly from the strong triangle inequality that

BE,r1 +BE,r2 = BE,max{r1,r2}. (1)

For a set A ⊂ E, we define the absolutely convex hull of A as

acoA =

{

n
∑

i=1

λiai : n ∈ N, λ1, . . . , λn ∈ BK, a1, . . . , an ∈ A

}

;

we say that A is absolutely convex if A = acoA. A subset X of E, 0 /∈ X, is called
orthogonal if for each x ∈ X we have dist (x, [X\ {x}]) = ||x||, where [X\ {x}]
means the linear span of the set X\ {x}. A projection P : E → E is called an
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orthoprojection if ||x+ y|| = max {||x|| , ||y||} for all x ∈ P (E), y ∈ KerP . For
more background on normed spaces over non-Archimedean valued fields we refer
the reader to the monographs [13] and [15].

By E ′ we denote a topological dual of E. We define the natural map jE : E → E ′′

by the formula jE (x) (z∗) := z∗ (x) for all x ∈ E, z∗ ∈ E ′. jE is an isometry; using
the natural identification, we will identify E with jE (E) ⊂ E ′′ and for x ∈ E we
will write x ∈ E ′′ instead of jE(x) ∈ E ′′.

Let M ⊂ E be a bounded set. Then M is relatively weakly compact if and only

if M
σ(E′′,E′)

⊂ E. We say that M is ε−weakly relatively compact if M
σ(E′′,E′)

⊂
E + BE′′,ε. We shall say that M ε−interchanges limits with BE′ if for any two
sequences (xn) ⊂ M and (z∗n) ⊂ BE′ , assuming that the limits limm limn z

∗
m(xn)

and limn limm z∗m(xn) exist, we have

| lim
m

lim
n

z∗m(xn)− lim
n

lim
m

z∗m(xn)| ≤ ε.

Define the following three functions - measures of weak noncompactness, men-
tioned above.

ω (M) := inf {ε > 0 : M ⊂ Kε +BE,ε; Kε is σ (E,E′)− compact} ,

k(M) := sup
x∗∗∈M

σ(E′′,E′)

dist(x∗∗, E)

γ(M) := sup{| lim
m

lim
n

z∗m(xn)− lim
n

lim
m

z∗m(xn)| : (z
∗
m) ⊂ BE′ , (xn) ⊂ M}.

assuming the involved limits exist. By [14, Theorem 5.2] (see also [16, Theorem
2.3] and [18, Propositions 18, 19 and 20]) every compact (closed) set of E over
locally compact K is weakly compact (weakly closed), thus the measure of weak
noncompactness ω introduced by De Blasi compares with the Hausdorff measure
of noncompactness.

Clearly, for each bounded set M ⊂ E k(M) = 0 if and only if M
σ(E′′,E′)

⊂ E that
is equivalent to the fact that M is relatively weakly compact. Since 0 is the only
accumulation point of |K|, we observe that for each bounded M ⊂ E we have
γ (M) ∈ |K|. If ||E|| 6= |K| the defined functions ω, k and γ may have different
sets of values, as Example 3.12 shows.

Define
φK (ε) := max{|λ| : λ ∈ K, |λ| ≤ ε};

clearly, φK (ε) ∈ |K| and φK (ε) = ε if ε ∈ |K|. We say that t > 0 is an upper
accumulation point of ||E|| if there exists (xn) ⊂ E such that ||x1|| < ||x2|| <
... < t and limn ||xn|| = t.

3. Results and proofs

Throughout by K we will denote a non-Archimedean locally compact and non-
trivially valued field. By ρ we denote an uniformizing element of K with |ρ| < 1;
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by E we will denote a non-Archimedean Banach space over K; we assume |K| ⊂
||E||, where ||E|| := {||x|| : x ∈ E}.

We start with some facts which will be used in the sequel.

Proposition 3.1.

(a) jE′

(

B−
E′

)σ(E′′′,E′′)
= B−

E′′′.

(b) If 1 is not an upper accumulation point of ||E||, then jE′ (BE′)
σ(E′′′,E′′)

=
BE′′′.

Proof. (a) follows from [13, Corollary 7.4.8]. (b) Since jE′ is an isometry and

BE′′′ is σ (E ′′′, E′′)-closed, we have jE′ (BE′)
σ(E′′′,E′′)

⊂ BE′′′ . Assume that there
exists

f ∈ BE′′′\jE′ (BE′)
σ(E′′′,E′′)

.

It follows from [13, Theorem 7.4.6] that there exists x∗∗ ∈ E ′′ such that |f (x∗∗)| ≥
1
|ρ|

and |x∗∗ (z∗)| ≤ 1 for all z∗ ∈ BE′ ; thus, we can easily deduce that ||x∗∗|| ≤ 1
|ρ|
.

Since

1 ≥ ||f || ≥
|f (x∗∗)|

||x∗∗||
,

we obtain

1

|ρ|
≥ ||x∗∗|| ≥ |f (x∗∗)| ≥

1

|ρ|
=⇒ ||x∗∗|| = |f (x∗∗)| =

1

|ρ|
. (2)

On the other hand,

||x∗∗|| = sup
z∗∈E′\{0}

|x∗∗ (z∗)|

||z∗||
.

Hence, we can select (z∗n) ⊂ BE′ , assuming that ||z∗n|| > |ρ| for all n ∈ N, such

that ||x∗∗|| = limn
|x∗∗(z∗n)|
||z∗n||

. Suppose that there is n0 ∈ N for which

||x∗∗|| =

∣

∣x∗∗
(

z∗n0

)
∣

∣

∣

∣

∣

∣z∗n0

∣

∣

∣

∣

.

Then, by (2), we get

∣

∣

∣

∣z∗n0

∣

∣

∣

∣ =

∣

∣x∗∗
(

z∗n0

)
∣

∣

||x∗∗||
=

∣

∣x∗∗
(

z∗n0

)
∣

∣ · |ρ| ≤ |ρ| ,

which contradicts the assumption that ||z∗n|| > |ρ| for all n ∈ N. So, we can
assume, selecting a subsequence, if necessary, that

1 <
|x∗∗ (z∗n)|

||z∗n||
<

∣

∣x∗∗
(

z∗n+1

)
∣

∣

∣

∣

∣

∣z∗n+1

∣

∣

∣

∣

< ||x∗∗|| =
1

|ρ|
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for every n ∈ N. Then, for every k ∈ N we can choose nk ∈ N such that

∣

∣x∗∗
(

z∗nk

)
∣

∣

∣

∣

∣

∣z∗nk

∣

∣

∣

∣

>
1

|ρ|
−

1

k
.

Thus,

k

k − |ρ|
|ρ| >

∣

∣

∣

∣z∗nk

∣

∣

∣

∣

∣

∣x∗∗
(

z∗nk

)
∣

∣

≥
∣

∣

∣

∣z∗nk

∣

∣

∣

∣ > |ρ| .

But then, for every k ∈ N we can choose xk ∈ E satisfying

k

k − |ρ|
|ρ| >

∣

∣z∗nk
(xk)

∣

∣

||xk||
> |ρ| .

Without loss of generality, we can assume that
∣

∣z∗nk
(xk)

∣

∣ = |ρ| for all k ∈ N.
Then, we obtain

k − |ρ|

k
< ||xk|| < 1.

Hence, limk ||xk|| = 1 and we deduce that 1 is an upper accumulation point of
||E||, a contradiction.

Lemma 3.2. Let x∗∗ ∈ E ′′ and assume that d = dist (x∗∗, E) > 0. For every

x1, . . . , xn ∈ E, a non-zero λ ∈ K and ε > 0 with 0 < ε < |λ| < d there exist

z∗ ∈ BE′ and λ0 ∈ K, |λ0| < ε, such that x∗∗ (z∗) = λ + λ0 and |xi (z
∗)| < ε for

each i ∈ {1, . . . , n}. If 1 is not an upper accumulation point of ||E|| then we can

even assume that |λ| ≤ d.

Proof. First, define a linear functional f0 : E + [x∗∗] → K for which f0 (x
∗∗) = λ

and f0 (y) = 0 for all y ∈ E. Then, ||f0|| =
|λ|
d

< 1 if we assume that |λ| <
d (||f0|| ≤ 1 if we assume that |λ| ≤ d ). Applying Ingleton’s theorem ([13,
Corollary 4.1.2]), define f ∈ E ′′′ such that ||f || = ||f0|| and f |E+[x∗∗] = f0. Let

V = {g ∈ E ′′′ : |(g − f) (x∗∗)| < ε, |(g − f) (xi)| < ε for all i = 1, . . . , n}.

Then, since jE′

(

B−
E′

)

is σ (E ′′′, E′′)-dense in B−
E′′′ (and jE′ (BE′) is σ (E ′′′, E′′)-

dense in BE′′′ if 1 is not an upper accumulation point of ||E||) by Proposition 3.1,
there exists z∗ ∈ V ∩BE′ . Let λ0 = (z∗ − f) (x∗∗). Then

x∗∗ (z∗) = f (x∗∗)− f (x∗∗) + z∗ (x∗∗) = f (x∗∗) + (z∗ − f) (x∗∗) = λ+ λ0.

Since f is zero on E, we finally obtain

|xi (z
∗)| = |z∗ (xi)− f (xi)| = |(z∗ − f) (xi)| < ε

for i = 1, . . . , n.

We are ready to prove a non-Archimedean version of Fabian, Hajek, Montesinos
and Zizler result.
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Theorem 3.3. Let M ⊂ E be a bounded set and let ε > 0. Then,

(a) if M is ε−weakly relatively compact, then M φK (ε)−interchanges limits

with BE′;

(b) if M ε−interchanges limits with BE′, then there exists δε ≤ 1
|ρ|
φK(ε)such

that M is δε−weakly relatively compact. If 1 is not an upper accumulation

point of ||E|| ,then we can select such δε with δε <
1
|ρ|
φK(ε).

Proof. (a) Assume that M is ε−weakly relatively compact. Let (xn) ⊂ M and
(z∗n) ⊂ BE′ be sequences such that

lim
n

lim
m

xn (z
∗
m) , lim

m
lim
n

xn (z
∗
m)

exist. We prove that
∣

∣

∣
lim
n

lim
m

xn (z
∗
m)− lim

m
lim
n

xn (z
∗
m)

∣

∣

∣
≤ φK (ε) .

Let x∗∗ ∈ M
σ(E′′,E′)

be a σ(E ′′, E′)−cluster point of the sequence (xn). By the
definition of ε−weakly relatively compactness, dist(x∗∗, E) ≤ ε; fix δ > 0 and
choose x ∈ E for which

||x− x∗∗|| ≤ dist(x∗∗, E) + δ.

Next, take z∗ ∈ E ′, a σ(E ′, E)−cluster point of (z∗m). Since x and x1, x2, ... are
in E, x(z∗) and xn (z

∗) (n = 1, 2, ...) are cluster points of x(z∗m) and xn (z
∗
m) ,

respectively. Thus, we can select a subsequence of (z∗m), denoted again by (z∗m),
such that limm x (z∗m) exists. Hence, we obtain

lim
m

x (z∗m) = x(z∗), (3)

and
lim
m

xn (z
∗
m) = xn (z

∗)

for every n ∈ N. Clearly,
lim
n

xn (z
∗
m) = x∗∗ (z∗m) (4)

for every m ∈ N and

lim
n

lim
m

xn (z
∗
m) = lim

n
xn (z

∗) = x∗∗ (z∗) . (5)

Thus, by (4), (3) and (5) we have
∣

∣

∣
lim
n

lim
m

xn (z
∗
m)− lim

m
lim
n

xn (z
∗
m)

∣

∣

∣
=

∣

∣

∣
x∗∗ (z∗)− lim

m
x∗∗ (z∗m)

∣

∣

∣

=
∣

∣

∣
x∗∗ (z∗)− lim

m
x (z∗m) + lim

m
x (z∗m)− lim

m
x∗∗ (z∗m)

∣

∣

∣

=
∣

∣

∣
x∗∗ (z∗)− x (z∗) + lim

m
(x− x∗∗) (z∗m)

∣

∣

∣

≤ max
{

|(x∗∗ − x) (z∗)| ,
∣

∣

∣
lim
m

(x− x∗∗) (z∗m)
∣

∣

∣

}

≤ ||x∗∗ − x|| .
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Since
∣

∣

∣
lim
m

(x− x∗∗) (z∗m)
∣

∣

∣
, |(x− x∗∗) (z∗)| ∈ |K| ,

||x∗∗ − x|| ≤ ε+ δ and δ > 0 is arbitrary, we conclude that

max
{
∣

∣

∣
lim
m

(x− x∗∗) (z∗m)
∣

∣

∣
, |(x− x∗∗) (z∗)|

}

≤ φK (ε) .

It finishes the proof of part (a).

(b) Now, suppose that M ε−interchanges limits with BE′ ; i.e. for any two se-
quences (xn) ⊂ M and (z∗n) ⊂ BE′ we have

| lim
m

lim
n

z∗m(xn)− lim
n

lim
m

z∗m(xn)| ≤ ε, (6)

assuming that the involved limits exist. Since the value of the left side of (6) is
an element of |K|, we deduce

| lim
m

lim
n

z∗m(xn)− lim
n

lim
m

z∗m(xn)| ≤ φK (ε) . (7)

Take x∗∗ ∈ M
σ(E′′,E′)

and suppose that d0 = dist (x∗∗, E) > 0. Set x1 ∈ M and
λ0 ∈ K such that |λ0| = |ρ| · d0 if d0 ∈ |K| and 1 is an upper accumulation point
of ||E||, and |λ0| = φK (d0), otherwise. Applying Lemma 3.2, we select λ1 ∈ K,

|λ1| <
|λ0|
2
, and z∗1 ∈ BE′ for which x∗∗ (z∗1) = λ0 + λ1 and |x1 (z

∗
1)| <

∣

∣

λ0

2

∣

∣. Let

V =

{

u ∈ E ′′ : |(x∗∗ − u) (z∗1)| <
|λ0|

3

}

.

Taking x2 ∈ M ∩ V , and applying again Lemma 3.2, we choose λ2 ∈ K with
|λ2| <

|λ0|
3

and z∗2 ∈ BE′ for which x∗∗ (z∗2) = λ0 + λ1 + λ2 and |xi (z
∗
2)| <

|λ0|
3

for i = 1, 2. Continuing on this direction in the n-th step we choose xn ∈ M for
which

|(x∗∗ − xn) (z
∗
i )| <

|λ0|

n+ 1
, i = 1, . . . , n− 1. (8)

Next, using Lemma 3.2, we select λn ∈ K with |λn| <
|λ0|
n+1

and z∗n ∈ BE′ for which
x∗∗ (z∗n) = λ0 + λ1 + ...+ λn and

|xi (z
∗
n)| <

|λ0|

n+ 1
(9)

for i = 1, . . . , n. This procedure enables us to form sequences (xn) ⊂ M , (λn) ⊂ K
and (z∗n) ⊂ BE′ such that for every n ∈ N

x∗∗ (z∗n) = λ0 + λ1 + ...+ λn, |x∗∗ (z∗n)| = |λ0|

|xi (z
∗
n)| <

|λ0|

n+ 1
for i ∈ {1, . . . , n} .
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Clearly, by (8) , for every m ∈ N we have xn (z
∗
m) → x∗∗ (z∗m) if n → ∞; hence,

lim
m

lim
n

xn (z
∗
m) = lim

m
x∗∗ (z∗m) =

∞
∑

i=0

λi.

On the other hand, it follows from (9) that for every n ∈ N one has |xn (z
∗
m)| → 0

if m → ∞; thus, limn limm xn (z
∗
m) = 0. Hence, we conclude that

∣

∣

∣
lim
n

lim
m

xn (z
∗
m)− lim

m
lim
n

xn (z
∗
m)

∣

∣

∣
=

∣

∣

∣
lim
m

lim
n

xn (z
∗
m)

∣

∣

∣
= |λ0| ,

thus, |λ0| ≤ φK(ε) by (7).

Assume that d0 ∈ |K| (d0 = dist (x∗∗, E)) and 1 is an upper accumulation point
of ||E|| ; recall that in this case |λ0| = |ρ| · d0, so d0 ≤ 1

|ρ|
φK(ε). Suppose now

that d0 /∈ |K|. Then, φK (d0) = |λ0| and |λ0| < d0. Hence, d0 ∈ (|λ0| ,
1
|ρ|

|λ0|) and

d0 <
1
|ρ|
φK(ε). Setting δε := sup

x∗∗∈M
σ(E′′,E′) d(x∗∗, E), we obtain δε ≤

1
|ρ|
φK(ε).

Assume now that 1 is not an upper accumulation point of ||E||. Then 1
|ρ|
φK(ε)

is not an accumulation point of ||E||, either. Thus, we can choose r > 0

such that dist (x∗∗, E) < 1
|ρ|
φK − r for every x∗∗ ∈ M

σ(E′′,E′)
. Defining δε :=

sup
x∗∗∈M

σ(E′′,E′) d(x∗∗, E) similarly as above, we get promised δε <
1
|ρ|
φK(ε).

Corollary 3.4. If M ⊂ E is bounded, then M is weakly relatively compact if and

only if γ (M) = 0.

The next proposition gives some properties of the measure ω.

Proposition 3.5. Let M ⊂ E be a bounded set. Then

(1) for every ε > ω(M) there exist y1, . . . , yk ∈ E such that

M ⊂ {y1, . . . , yk}+BE,ε ⊂ aco {y1, . . . , yk}+BE,ε ⊂ [y1, . . . , yk] +BE,ε;

(2) ω(M) = inf {ε > 0 : M ⊂ [Fε] +BE,ε where Fε ⊂ E is finite} ;

(3) ω(M) = ω(acoM);

(4) ω(M) = sup{limm dist (xm, [x1, . . . , xm−1]) : (xm) ⊂ M}.

(5) k (M) ≤ ω (M).

Proof. (1 ) Let ε > 0. If ε > ω(M), then, by definition, there exists a weakly
compact set Kε (in fact compact by [14, Theorem 5.2]), for whichM ⊂ Kε+BE,ε.

By compactness of Kε we can select y1, . . . , yk ∈ E such that Kε ⊂
⋃k

i=1 Ui, where

Ui = {x ∈ E : ||x− yi|| ≤ ε} = {yi}+BE,ε, i = 1, . . . , k.

Since BE,ε +BE,ε = BE,ε (see (1)), we get

M ⊂
k
⋃

i=1

({yi}+BE,ε) +BE,ε ⊂ {y1, . . . , yk}+BE,ε.
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The other inclusions in (1) are obvious.

(2) Denote

ω0 := inf {ε > 0 : M ⊂ [Fε] +BE,ε where Fε ⊂ E is finite} .

To prove ω0 ≥ ω (M) take ε > 0, and assume that there exists a finite set Fε ⊂ E
such that M ⊂ [Fε] +BE,ε. Since M is bounded, there exists r > ε > 0 for which
M ⊂ BE,r. Then, K

′
ε = [Fε] ∩ BE,r is compact. Set x ∈ M . Then, x = xF + xε,

where xF ∈ [Fε] and xε ∈ BE,ε. Clearly,

xF ∈ [Fε] ∩ (M +BE,ε) ⊂ [Fε] ∩ (BE,r +BE,ε) = [Fε] ∩BE,r

by (1). Thus, x ∈ K ′
ε +BE,ε and we imply M ⊂ K ′

ε +BE,ε. Hence, ω (M) ≤ ω0.
The inequality ω0 ≤ ω (M) follows directly from (1 ).

(3 ) Clearly ω(M) ≤ ω(acoM). Assume that M ⊂ F + BE,ε for some finite-
dimensional subspace F ⊂ E and ε > 0. Take z ∈ acoM . Then z =

∑n

i=1 λixi

for some λi ∈ BK and xi ∈ M , i = 1, . . . , n. Since xi ∈ M for every i ∈ {1, . . . , n},
we can choose x′

i ∈ F and xε
i ∈ BE,ε such that xi = x′

i + xε
i . Then we have

z =
n

∑

i=1

λi (x
′
i + xε

i ) =
n

∑

i=1

λix
′
i +

n
∑

i=1

λix
ε
i ,

and conclude that z ∈ F + BE,ε, since
∑n

i=1 λix
′
i ∈ F and

∑n

i=1 λix
ε
i ∈ BE,ε.

Hence, acoM ⊂ F +BE,ε and ω(M) ≥ ω(acoM).

(4) Denote

ωNA = sup{lim
m

dist (xm, [x1, . . . , xm−1]) : (xm) ⊂ M}.

Let ε0 = ω(M). Fix ε > ε0 and assume that there exists a sequence (xn) ⊂ M
for which

lim
n

dist (xn, [x1, . . . , xn−1]) > ε.

Then we can choose a subsequence (xnk
) of (xn) for which limk dist(xnk

, [x1, . . . ,
xnk−1]) > ε and even, removing finitely many elements, such that

dist (xnk
, [x1, . . . , xnk−1]) > ε (10)

for all k ∈ N. Clearly, ||xnk
|| > ε for all k ∈ N. By (1), we can select y1, . . . , yp ∈ E

such that M ⊂ {y1, . . . , yp} + BE,ε; we can assume that ||yi − yj|| > ε for all
i, j ∈ {1, . . . , p} with i 6= j. Since xn1 ∈ M , we find j1 ∈ {1, . . . , p} for which

||xn1 − yj1|| ≤ ε. (11)

By (10), dist (xn2 , [x1, . . . , xn2−1]) > ε, hence, we have

||xn2 − xn1|| > ε.
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Applying (11), we obtain

||xn2 − yj1|| = ||xn2 − xn1 + xn1 − yj1|| = ||xn2 − xn1|| > ε.

Thus, we can choose j2 ∈ {1, . . . , p} \ {j1} for which ||xn2 − yj2|| ≤ ε. Con-
tinuing on this direction, we show that ||xni

− yji|| ≤ ε for each i = 1, ..., p,
where {j1, ..., jp} = {1, . . . , p}. Hence, M ⊂

{

xn1 , . . . , xnp

}

+ BE,ε. Then,
∣

∣

∣

∣xnp+1 − xni

∣

∣

∣

∣ ≤ ε for some i ∈ {1, ..., p}. But, by (10)

dist
(

xnp+1 ,
[

x1, . . . , xnp

])

> ε,

providing a contradiction. Thus ωNA ≤ ε, and we conclude ωNA ≤ ω(M).

In order to show ωNA ≥ ω(M) take ε < ω(M). Since, by (1 ), M * F + BE,ε for
every finite-dimensional subspace F ⊂ E, setting x1 ∈ M , we deduce

M * [x1] +BE,ε.

Hence there exists x2 ∈ M such that dist (x2, [x1]) > ε. Inductively, we select a
sequence (xn) ⊂ M for which dist(xn, [x1, . . . , xn−1]) > ε. Thus

lim
n

(dist (xn, [x1, . . . , xn−1])) ≥ ε,

and the proof of this part is completed.

(5) Observe that for ε > 0 and a weakly compact set Kε ⊂ E such that M ⊂
Kε +BE,ε we have

M
σ(E′′,E′)

⊂ Kε +BE′′,ε ⊂ E +BE′′,ε.

Hence k (M) ≤ ω (M).

Let I be any set. Recall that l∞
K
(I) is the set of all bounded maps I → K. It is

a Banach space under pointwise operations and norm

||.||∞ :
(

λi
)

i∈I
→ sup

i∈I

∣

∣λi
∣

∣ .

By c0
K
(I) ⊂ l∞

K
(I) we will denote the closed subspace of all (λi)i∈I ∈ l∞

K
(I) such

that for every ε > 0 there exists a finite set J ⊂ I with |λi| < ε for all i ∈ I\J .
Clearly, ||c0

K
(I)|| = |K| ; thus ω (M) ∈ |K| for any bounded set M ⊂ c0

K
(I). For

the case E being the space c0
K
(I) we have the following

Lemma 3.6. Let ε > 0. If (wn) ⊂ c0
K
(I) is a bounded sequence for which there

exists an infinite subset J ⊂ I such that maxn |w
i
n| = ε for all i ∈ J then

• there exists (un) ∈ aco {w1, w2, ...} and {k1, k2, ...} ⊂ J such that for every

n ∈ N
∣

∣ukn
n

∣

∣ = ε, ukm
n = 0 if m ∈ {1, ..., n− 1} and

∣

∣ukm
n

∣

∣ < ε for all m > n,

• ω({w1, w2, ...}) ≥ ε.
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Proof. Take n1 ∈ N and k1 ∈ J for which
∣

∣wk1
n1

∣

∣ = ε. Note that J1 = {i ∈
I :

∣

∣wi
n1

∣

∣ ≥ ε} is finite, since wn1 is an element of c0
K
(I). Thus, we can find

n2 > n1 and k2 ∈ J\J1 such that
∣

∣wk2
n2

∣

∣ = ε; then, clearly
∣

∣wk2
n1

∣

∣ < ε. Next,
we find n3 > n2 and k3 ∈ J\(J1 ∪ J2), where J2 =

{

i ∈ I :
∣

∣wi
n2

∣

∣ ≥ ε
}

, such
that

∣

∣wk3
n3

∣

∣ = ε. Continuing on this direction we select sequences (kj) ⊂ J and

(nj) ⊂ N such that |w
kj
nj | = ε and |w

kj
ni | < ε for each i ∈ {1, ..., j − 1}.

Define u1 := wn1 . Suppose that we have defined u1, u2, . . . , um−1 satisfying the
required properties. Then we define

um,1 := wnm
−

wk1
nm

uk1
1

u1,

um,n := um,n−1 −
u
kn−1

m,n−1

ukn
n

un for n = 2, 3, . . . ,m− 1.

Next we set um := um,m−1. We can easily verify that (um) ⊂ aco {w1, w2, ...}

and (um) satisfies the required properties, i.e. for every i ∈ N
∣

∣uki
i

∣

∣ = ε, u
kj
i = 0

for each j < i, and |u
kj
i | < ε for all j > i. Let P : c0

K
(I) → c0

K
(J0), where

J0 = {k1, k2, ...}, be the natural orthoprojection. Clearly, ||P (un)|| = ε for every
n ∈ N. Then, applying [13, Theorem 2.2.9], we can easily deduce that (P (un))
is orthogonal. Hence for fixed m ∈ N, we have

dist (P (um) , [P (u1) , . . . , P (um−1)]) = ε.

But,

dist (um, [u1, . . . , um−1]) ≥ dist (P (um) , [P (u1) , . . . , P (um−1)]) ,

since P is orthoprojection; hence, using Proposition 3.5, (3 ) and (4), we finally
obtain

ω ({w1, w2, ...}) = ω (aco {w1, w2, ...}) ≥ ε.

Proposition 3.7. Let E = c0
K
(I), ε > 0 and M ⊂ E be a bounded and infinite

set. Then,

(1) ω(M) = ε if and only if there exists x = (xi)i∈I ∈ l∞
K
(I) such that the

following conditions hold:

(a) |wi| ≤ |xi| for every w = (wj)j∈I ∈ M and i ∈ I, and {i ∈ I : |xi| 6= ε}
is finite;

(b) there exists (wn) ⊂ M and infinite J = {k1, k2, ...} ⊂ I such that
∣

∣xkn
∣

∣ =
∣

∣wkn
n

∣

∣ for every n ∈ N.
(2) γ (M) = ω (M).

(3) M is weakly relatively compact if and only if there exists x = (xi)i∈I ∈ c0
K
(I)

such that |wi| ≤ |xi| for every w = (wj)j∈I ∈ M and i ∈ I.
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Proof. (1 ) Suppose that x = (xi)i∈I ∈ l∞
K
(I) is such that (a) and (b) are satisfied.

Let
M0 =

{

xiei : i ∈ I
}

⊂ c0
K
(I) .

ThenM0 is an orthogonal set. Using Proposition 3.5, (4) we deduce that ω(M0) =
ε. Clearly, M ⊂ acoM0 since |wi| ≤ |xi| for every w = (wj)j∈I ∈ M and i ∈ I.
Hence, by Proposition 3.5, (3 ) we note

ω(M) ≤ ω(acoM0) = ω(M0) = ε.

On the other hand, taking a sequence (wn) ∈ M defined as in (b), Lemma 3.6
implies ω(M) ≥ ε, so we conclude that ω(M) = ε.

Now, suppose that ω(M) = ε. Since K is discretely valued and M is bounded,
for every i ∈ I we can choose λi ∈ K such that

|λi| = max
{

∣

∣wi
∣

∣ : w =
(

wj
)

j∈I
∈ M

}

.

Take λ0 ∈ K for which |λ0| = ε. Next, define x = (xi)i∈I ∈ l∞
K
(I), setting xi = λi

if |λi| ≥ ε and xi = λ0, otherwise. Assume that we can select an infinite set
{n1, n2, ...} ⊂ I such that |xnj | > ε, j ∈ N. But then, for every j ∈ N we can
find wj ∈ M for which

∣

∣w
nj

j

∣

∣ = |xnj |. Choosing a subsequence (jk) such that
∣

∣w
njk

jk

∣

∣ = |xnjk | = ε0 for some ε0 > ε and applying Lemma 3.6, we deduce that
ω({w1, w2, ...}) ≥ ε0 > ε. This yields ω(M) > ε, a contradiction. Hence, the set
J0 = {i : |xi| > ε, i ∈ I} is finite and (a) is established. To prove (b) it is enough
to show that the set

J1 := {i : |λi| = ε, i ∈ I}

is infinite. Having this one can easily form a required sequence (wn) ⊂ M .
Indeed, assume that J1 is finite. Then, |wi| < ε for every w = (wj)j∈I ∈ M and
i ∈ I\ (J0 ∪ J1). But then, we can easily deduce that

M ⊂ [{ei : i ∈ J0 ∪ J1}] +BE,ε|ρ|,

a contradiction.

(2) γ (M) ≤ ω (M) by Theorem 3.3 and Proposition 3.5, (5). Let ε = ω (M). Ap-
plying (1 ), we can select a finite I0 ⊂ I, (wn) ⊂ M and infinite J = {k1, k2, ...} ⊂
I\I0 such that |wj

n| ≤ ε for every n ∈ N and every j ∈ I\I0, and
∣

∣wkn
n

∣

∣ = ε for
all n ∈ N. Additionally, since for every n ∈ N |wj

n| = ε only for finitely many
j ∈ I\I0, passing to a subsequence, if necessary, we can assume that

∣

∣wkn
m

∣

∣ < ε
for all n ∈ N and each m < n. Let T : c0

K
(I) → c0

K
(I\I0) be a natural orthopro-

jection. Denote vn = T (wn), n ∈ N. Then, ||vn|| = ε for all n ∈ N. We prove
that (vn) is orthogonal. Take any {p1, ..., pl} ⊂ N, p1 < ... < pl, and a1, ..., al ∈ K
with |ai| = 1 for each i ∈ {1, ..., l}. Then,

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

l
∑

i=1

aivpi

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

≥

∣

∣

∣

∣

∣

l
∑

i=1

aiv
kpl
pi

∣

∣

∣

∣

∣

=
∣

∣

∣
v
kpl
pn

∣

∣

∣
= ε = max

i=1,...,l
||aivpi||
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since, by assumption, |v
kpl
pi | < ε for each i < l; thus, (vn) is orthogonal. Fix

λ0 ∈ K with |λ0| = ε. Let v∗n (n ∈ N) denotes a linear functional spanned
on [v1, v2, ...] given by v∗n (vm) := 0 if n 6= m and v∗n (vn) := λ0; since (vn) is
orthogonal, ||v∗n|| = 1 for all n ∈ N. Using Ingleton’s theorem ([13, Corollary
4.1.2]), for every n ∈ N we find a preserving norm extension of v∗n on the whole of
c0
K
(I\I0), denoted again by v∗n, and define z∗n =

∑n

i=1 v
∗
i ◦ T , a linear functional

on c0
K
(I). Clearly, ||z∗n|| ≤ 1 (n ∈ N) . Observe that z∗m (wn) = 0 if n > m

and z∗m (wn) = λ0 if n ≤ m. Hence, limm z∗m (wn) = λ0 for any n ∈ N and
limn z

∗
m (wn) = 0 for every m ∈ N. Thus,

∣

∣

∣
lim
n

lim
m

z∗m (wn)− lim
m

lim
n

z∗m (wn)
∣

∣

∣
= |λ0| = ε

and we conclude γ (M) ≥ ω (M).

(3 ) Suppose that M is weakly relatively compact. For every i ∈ I choose ai ∈ K
such that

|ai| = max
{

∣

∣wi
∣

∣ : w =
(

wj
)

j∈I
∈ M

}

,

and define M0 = {aiei : i ∈ I}. Assume that there exists ε > 0 and an infinite
J ⊂ I such that |ai| > ε for all i ∈ J . Then, we can select (wn) ⊂ M and
{n1, n2, ...} ⊂ J for which

∣

∣w
nj

j

∣

∣ =
∣

∣anj

∣

∣ = ε0 for some ε0 > ε. But applying
Lemma 3.6, we conclude that ω(M) > ε, a contradiction. Hence, setting yi := ai,
i ∈ I, we obtain (yi)i∈I ∈ c0

K
(I). Now assume that there exists x = (xi)i∈I ∈

c0
K
(I) such that |wi| ≤ |xi| for every w = (wi)i∈I ∈ M and i ∈ I. Define

M0 =
{

xiei : i ∈ I
}

⊂ c0
K
(I) .

Using Proposition 3.5, (4) we deduce that ω(M0) = 0. Since M ⊂ acoM0, we
imply ω(M) ≤ ω(acoM0) = ω(M0) = 0, thus, M is weakly relatively compact.

Corollary 3.8. Let M be a bounded set of E. Then, γ (M) ≥ |ρ| · ω (M).

Proof. By [13, Theorem 2.5.4] and [15, Lemma 4.13] there exist a set I and a
linear homeomorphism T : E → c0 (I) such that

|ρ| · ||Tx|| < ||x|| ≤ ||Tx|| .

Hence we have ω (M) ≤ ω (T (M)). Observe that for z∗ ∈ Bc0(I)
′ we derive

||z∗ ◦ T || = sup
x∈E

|(z∗ ◦ T ) (x)|

||x||
≤

1

|ρ|
sup
x∈E

|z∗(T (x))|

||T (x)||
≤

1

|ρ|
.

Hence (ρz∗ ◦ T ) ∈ BE′ , and then γ (M) ≥ |ρ| · γ (T (M)). Applying Proposition
3.7, (2) we finally note that

1

|ρ|
· γ (M) ≥ γ (T (M)) ≥ ω (T (M)) ≥ ω (M) .
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Now we present the following quantitative version of Krein’s theorem.

Corollary 3.9. For a bounded set M ⊂ E we have

γ (M) ≤ γ (acoM) ≤
1

|ρ|
γ (M) .

If |K| = ||E|| then

γ (M) = γ (acoM) .

Proof. Clearly, γ (M) ≤ γ (acoM). To complete the proof, observe that

γ (M) ≤ γ (acoM) ≤ k (acoM) ≤ ω (acoM) = ω (M) ≤
1

|ρ|
γ (M) (12)

by Theorem 3.3, Proposition 3.5, (5), (3 ) and Corollary 3.8. If |K| = ||E||, E
is isometrically isomorphic to c0 (I) for some I (see [13, Theorem 2.5.4]). Thus,
ω (M) = γ (M) by Proposition 3.7, (2), and γ (M) = γ (acoM) by (12).

We complete with the following

Theorem 3.10. If M ⊂ E is bounded, then

γ (M) ≤ k (M) ≤ k (acoM) ≤ ω (M) = ω (acoM) ≤
1

|ρ|
γ (M) . (13)

If additionally |K| = ||E||, then

γ (M) = γ (acoM) = k (M) = k(acoM) = ω (M) = ω(acoM). (14)

Proof. Clearly, k (M) ≤ k (acoM). The rest of (13) follows directly from Theo-
rem 3.3, Proposition 3.5, (5), (3 ) and Proposition 3.7, (2). Now, assume that
|K| = ||E||. Since, by [13, Theorem 2.5.4], E is isometrically isomorphic to c0

K
(I)

for some I, we can apply Proposition 3.7, (2) obtaining γ (M) = ω (M). Thus,
using (13) and Corollary 3.9 we reach (14).

Remark 3.11. 1. Note that in the corresponding real case, for any bounded set
M of a real Banach space we have k (M) ≤ γ (M) ≤ 2k (M), see [4, Theorem
2.3], and the equality k (M) = k (coM) fails in general, see [9, Theorem 7].

2. It follows from Theorem 3.10 that γ and ω are equivalent for every non-
Archimedean Banach space E. This is in contrast to the classical case, where
there exist real Banach spaces for which γ and ω are not equivalent (see [4,
Remark 3.3 and Corollary 3.4] and [5, p. 372]).

In general, if |K| 6= ||E||, the equality (14) does not hold, as the following example
shows.
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Example 3.12. Set a real r0 such that |ρ| < r0 < 1. Let E =
(

c0
K
(N) , ||.||′

)

,
where the norm ||.||′ is defined by the formula

∣

∣

∣

∣

(

x1, x2, ...
)
∣

∣

∣

∣

′
= max

{
∣

∣x1
∣

∣ ,
∣

∣x2
∣

∣ · r0,
∣

∣x3
∣

∣ · r0, ...
}

Then, M = {e2, e3, ...} is a bounded subset of E. We prove that γ (M) = |ρ|.
First, note that for every x ∈ M ||x|| = r0, thus, for every z∗ ∈ BE′ we
get |z∗ (ei)| ≤ |ρ| , i = 2, 3, ...; otherwise, assuming that |z∗ (ej)| > |ρ| for
some j ∈ {2, 3, ...} and z∗ ∈ BE′ we get |z∗ (ej)| ≥ 1, since |K| ∩ (|ρ| ,∞) =
{

1, |ρ|−1 , |ρ|−2 , ...
}

. Thus, ||x∗|| ≥
|x∗(ej)|

||ej ||
≥ 1

r0
> 1, a contradiction. Hence, we

get γ (M) ≤ |ρ|.

Now, let (e∗n) denotes the sequence of functionals such that e∗n (em) = ρ if n = m
and e∗n (em) = 0 if n 6= m. For every n ∈ N define z∗n = e∗1 + ... + e∗n; clearly,
(z∗n) ∈ BE′ . We obtain limm z∗n (em) = 0 for every n ∈ N, and limn z

∗
n (em) = ρ for

every m ∈ {2, 3, ...}. Hence

∣

∣

∣
lim
n

lim
m

z∗n (em)− lim
m

lim
n

z∗n (em)
∣

∣

∣
= |ρ| ,

and we conclude that γ (M) = |ρ|.

On the other hand, ||x− y|| = r0 for any x, y ∈ M , x 6= y. This easily yields the
following formula ω (M) = r0.
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