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Let E be a non-Archimedean Banach space over a non-Archimedean locally compact non-
trivially valued field K := (K, |.]). Let E” be its bidual and M a bounded set in E. We say that

M is e—weakly relatively compact if MJ(E ) C E+Bgr ., where Bgr . is the closed ball in E”

with the radius € > 0. In this paper we describe measures of noncompactness v, k and De Blasi
measure w. We show that v (M) < k(M) <w (M) = w(acoM) < 1‘7(M), where p (Jp| < 1)

lp

is an uniformizing element in K, and w(M) = sup{lim,, dist (2, [71, ..., Tm_1]) : (Tm) C M};
the latter equality is purely non-Archimedean. In particular, assuming |[K| = {||z|| : z € E},
we prove that the absolutely convex hull aco M of a e—weakly relatively compact subset M in
FE is e—weakly relatively compact. In fact we show that in this case for a bounded set M in FE
we have v (M) =y (acoM) = k(M) = k(aco M) = w (M). Note that the above equalities fail
in general for real Banach spaces by results of Granero ([9]) and Astalla and Tilly ([5]). Most
of proofs are strictly non-Archimedean. A non-Archimedean variant of another quantitative
Krein’s theorem due to Fabian, Hajek, Montesinos and Zizler is also provided, see Corollary
3.9.
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1. Introduction

Several theorems related with compactness both in functional analysis and topol-
ogy can be detected from suitable inequalities about distances to spaces of contin-
uous functions. This motivated specialists to study quantitative counterparts of
some classical results. The reader is addressed to works [1], [4], [6], [7], [10], [11]
also as a good source of references. These papers provided some tools which have
been used for new quantitative versions of Gantmacher’s theorem about weak
compactness of adjoint operators in Banach spaces, Eberlein-Grothendieck’s the-
orem, Grothendieck’s characterization of weak compactness in real Banach spaces
C(X,R), and the classical Krein-Smulyan’s theorem.

The classical Krein’s theorem states [8, Theorem 7.1 that in a real or complex
Banach space F the convex hull co M is weakly relatively compact for a weakly
relatively compact set M C E. A quantitative version of this theorem has been
proved by Fabian, Hajek, Montesinos and Zizler [7, Theorems 2 and 13]. They
asked:

(*) Assume that M is a bounded set in a Banach space E and let B~ be the

closed unit ball in the bidual E” of E. Assume that M is a e-weakly relatively

compact set, i.e. MU(E ) C E + eBpgr for some € > 0. Does the same hold for

its convex envelope co M?

The case € = 0 is the classical Krein’s theorem. In [7, Theorem 2] it was proved
that whenever M is e-weakly relatively compact for some £ > 0, then co M is
2e-weakly relatively compact. Moreover if Bp: is o(E’, E)-angelic, then co M is
e-weakly relatively compact.

The Krein’s theorem apparently plays a very important role both in functional
analysis and topology, so it is natural to ask if its non-Archimedean version holds
also for non-Archimedean Banach spaces.

In [12, Proposition 2.2] we proved that the absolutely convex hull of a weakly
relatively compact subset of a non-Archimedean Banach space (over a non-Archi-
medean locally compact non-trivially valued field) is weakly relatively compact
(see also [17, Theorem 1.5 and Proposition 1.6]). The situation for function spaces
Cp(X,K) with the pointwise topology is totally different. In contrast to real
spaces, we showed also in [12, Example 2.3| that for an infinite zero-dimensional
compact space X the absolutely convex hull aco H of a 7,—relatively compact
and uniformly bounded set H in C'(X, K) need not be 7,—relatively compact for a
locally compact non-Archimedean K. Nevertheless, the main result of [12] stated
that if H C C(X,K) is uniformly bounded, then aco H is 7,—relatively compact
if and only if H is weakly relatively compact (see [12, Theorem 2.8]). This line
of research is continued in the present paper for non-Archimedean Banach spaces
E.

We provide a non-Archimedean version of Fabian, Hajek, Montesinos and Zizler
result (Theorem 3.3) as well as quantitative versions of Krein’s theorem (Proposi-
tion 3.5, (3) and Corollary 3.9). Working with measures of weak noncompactness



C. Angosto, J. Kgkol, A. Kubzdela / Measures of Weak Noncompactness ... 835
we show (Theorem 3.10) the following formula for a bounded set M C E:
¥ (M) < k(M) < k(aco M) <w (M) =w(aco M) < [p| 'y (M),

where vy (M) is the worst distance between iterated limits for sequences in M and
sequences in the dual unit ball Bg/, k(M) is the worst distance to E of points
of the o (E”, E') —closure of M in the bidual space E”, and w denotes the De
Blasi measure of weak noncompactness. This proves also that v,k and w are
equivalent, which for the real case fails in general (see [5, p. 372]). Nevertheless,
for the case |[K| = {||z|| : # € £} we show the chain of equalities

y(M) =v(acoM) =k (M) = k(acoM) = w (M) = w(aco M).

In this case we note that the absolutely convex hull aco M of a e-weakly rela-
tively compact subset M of a non-Archimedean Banach space over K is e-weakly
relatively compact. Note that such a result fails in general for real Banach spaces
9, Theorem 7.

Note also that Proposition 3.5 describes the De Blasi measure purely non-Archi-
medean as w(M) = sup{lim,, dist (2, [x1, ..., Tm_1]) : () C M}.

2. Definitions and Notations

Let K be a non-Archimedean non-trivially valued field, i.e. equipped with the non-
Archimedean valuation |.| : K — [0, 00), satisfying the strong triangle inequality:
AN+ ) < max{|A|,|x]} (A peK). Note that every complete valued field is
isomorphic to R or C or is non-Archimedean, [13, Theorem 1.2.18]. Recall that
if K is locally compact, then |K| := {|\| : A € K} is discretely valued, i.e. 0 is the
only accumulation point of |K| ([13, Theorem 1.2.8]) and |[K| = {|p|" : n € Z} U
{0} for some uniformizing element p € K, |p| < 1 (see [13, Chapter 1.2]).

We say that a normed space E over K is non-Archimedean if ||z +y|| <
mesx {|J21], |91} for all 2,y € E.

Let Bp, :=={z € E: |[z|| <r} and By, :={z € E : [[z]]| < r}; we will write

Bg (By) instead of Bg (Bg ). In particular, Bx = {A € K: [A[ < 1}. It follows
directly from the strong triangle inequality that

BE,rl + BE,T‘Q - BE,max{rl,rg}‘ (1)

For a set A C E, we define the absolutely convex hull of A as
aco A = {ZAiai nmeNA,...,\, € Bg,a,...,a, € A};
i=1

we say that A is absolutely convex if A = aco A. A subset X of F, 0 ¢ X, is called
orthogonal if for each z € X we have dist (z, [X\ {z}]) = ||z||, where [X\ {z}]
means the linear span of the set X\ {z}. A projection P : E — E is called an
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orthoprojection if ||z 4 y|| = max {||z||,||y||} for all x € P (F), y € Ker P. For
more background on normed spaces over non-Archimedean valued fields we refer
the reader to the monographs [13] and [15].

By E’ we denote a topological dual of E. We define the natural map jg : £ — E”
by the formula jg (x) (2*) := 2* (z) forallz € E, 2* € E’. jg is an isometry; using
the natural identification, we will identify F with jg (E) C E” and for x € F we
will write x € E” instead of jg(z) € E”.

Let M C F be a bounded set. Then M is relatively weakly compact if and only
if 3777 C E. We say that M is e—weakly relatively compact if VA
E + Bgr.. We shall say that M e—interchanges limits with B if for any two
sequences (x,) C M and (z}) C Bp, assuming that the limits lim,, lim,, 2% (z,)
and lim,, lim,, 2% (x,) exist, we have

|limlim 2, (z,,) — limlim 2, (z,,)] < e.

Define the following three functions - measures of weak noncompactness, men-
tioned above.

w(M):=inf{e >0: M C K.+ Bg.; K.is o (E,E') — compact},

k(M) = sup  dist(z™, E)
I**EMO-(EHVE/)

v(M) :=sup{|limlim 2 (z,,) — limlim 2, (z,)| : (2};,) C Bgr, (z,) C M}.
assuming the involved limits exist. By [14, Theorem 5.2] (see also [16, Theorem
2.3] and [18, Propositions 18, 19 and 20]) every compact (closed) set of E over
locally compact K is weakly compact (weakly closed), thus the measure of weak
noncompactness w introduced by De Blasi compares with the Hausdorff measure
of noncompactness.

Clearly, for each bounded set M C E k(M) = 0 if and only if M) E that

is equivalent to the fact that M is relatively weakly compact. Since 0 is the only
accumulation point of |K|, we observe that for each bounded M C E we have
v (M) € |K|. If ||E|| # |K| the defined functions w, k and v may have different
sets of values, as Example 3.12 shows.

Define
ox (e) == max{|\| : N e K, |\ < e}

clearly, ¢k (¢) € |K| and ¢k (¢) = ¢ if ¢ € |[K|. We say that ¢ > 0 is an upper
accumulation point of ||E|| if there exists (x,) C E such that ||z;|] < ||xs]| <
... < tand lim, ||z,|| =t.

3. Results and proofs

Throughout by K we will denote a non-Archimedean locally compact and non-
trivially valued field. By p we denote an uniformizing element of K with |p| < 1;
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by E we will denote a non-Archimedean Banach space over K; we assume |K| C
1|, where ||E|] := {||z]| : © € E}.

We start with some facts which will be used in the sequel.

Proposition 3.1.
- — O'(E’”,E”) _
(a> jE/ (BE/) = BE///-
O'(E///,E//)

(b) If 1 is not an upper accumulation point of ||E||, then jg (Bgr) =
BE///,

Proof. (a) follows from [13, Corollary 7.4.8]. (b) Since jg is an isometry and

Bpm is o (E", E")-closed, we have jg (BE/)U(E .

exists

C Bpmw. Assume that there

.—O'(E/”,EH)
f € Bem\jr (Bgr) :

It follows from [13, Theorem 7.4.6] that there exists 2** € E” such that | f (z**)| >
%| and |z** (2*)| < 1 for all z* € Bgs; thus, we can easily deduce that ||z**|| < ﬁ.

1mece
1> = Ml
]
we obtain
LS el 2 1f @) = & = o] = If @)] = 2)
— > ||| > | f (&™) > — | =|f ()] = —.
p] 1P| 9|
On the other hand,
= s 2

~epnjoy  |127]]

Hence, we can select (z)) C Bpg/, assuming that ||z}|| > |p| for all n € N, such

that [|o|| = lim, 5]

. Suppose that there is ng € N for which

oo = 12 o)l
15|
Then, by (2), we get
12011 = % = |2 (zn,)| - el < ol

which contradicts the assumption that ||z%|| > |p| for all n € N. So, we can
assume, selecting a subsequence, if necessary, that

r* (Z:H-l) |

23] |

|27 (2]

1<

<[« =

1d

*
“n+l ‘ |
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for every n € N. Then, for every k£ € N we can choose n;, € N such that

e )l 11

| ol K

z;;k
Thus,
1]
E=lol 7 o (5,)]
But then, for every £ € N we can choose z; € F satistying

k 2, (x1)]
— ol > === > |pl.
k—pl |||

= ||zl > 1el-

lp| >

Without loss of generality, we can assume that |z (zx)| = |p| for all k € N.

Then, we obtain
k—lpl
k

Hence, limy ||zx|| = 1 and we deduce that 1 is an upper accumulation point of
[|E||, a contradiction. O

< ||zgl] < 1.

Lemma 3.2. Let 2™ € E” and assume that d = dist (z**, E) > 0. For every
T1,..., T, € E, a non-zero A € K and ¢ > 0 with 0 < ¢ < |A| < d there exist
2* € Bpr and Ay € K, |No| < €, such that x** (2*) = A+ \g and |z; (2*)] < € for
each i € {1,...,n}. If 1 is not an upper accumulation point of ||E|| then we can
even assume that || < d.

Proof. First, define a linear functional fj : £ + [z**] — K for which fy (z**) = A

and fo(y) = 0 for all y € E. Then, ||fo]] = % < 1 if we assume that |A| <

d (|[fo]] < 1 if we assume that |A\| < d ). Applying Ingleton’s theorem ([13,
Corollary 4.1.2]), define f € E" such that ||f|| = ||fo|| and f|g4@+) = fo. Let
V={geE":|(g—f)@)|<e [(g—f)(z;)] <eforalli=1,...,n}.

Then, since jp (Bg) is o (E"”, E")-dense in Bg, (and jp (Bg) is o (E", E")-
dense in B if 1 is not an upper accumulation point of || E||) by Proposition 3.1,
there exists z* € VN Bpr. Let \g = (2" — f) (¢*). Then

Since f is zero on F, we finally obtain
i (2%)| = [2" (@) = fz)| = [(z" = [) (@i)| <e
fort=1,...,n. Il

We are ready to prove a non-Archimedean version of Fabian, Hajek, Montesinos
and Zizler result.
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Theorem 3.3. Let M C E be a bounded set and let € > 0. Then,

(a) if M is e—weakly relatively compact, then M ¢k () —interchanges limits
with BE/,'

(b) if M e—interchanges limits with Bgs, then there exists 0. < ﬁgbK(s)such
that M is 6.—weakly relatively compact. If 1 is not an upper accumulation
point of ||E||,then we can select such 6. with 0. < ﬁqﬁK(a).

Proof. (a) Assume that M is e—weakly relatively compact. Let (z,) C M and
(%) C Bpr be sequences such that

limlimz, (z),), limlimx, (z,)

exist. We prove that

limlimz, (z;,) — limlimz, (2| < ¢k (€) .
Let 2 € 77" be a o(E", E")—cluster point of the sequence (z,). By the
definition of e—weakly relatively compactness, dist(z**, F) < ¢; fix § > 0 and
choose x € F for which

||z — ™| < dist(x™, E) + 4.

Next, take z* € F’, a o(E', E)—cluster point of (z},). Since z and 1, zs, ... are
in F, z(z*) and z, (z*) (n = 1,2,...) are cluster points of z(z}) and z, (2,
respectively. Thus, we can select a subsequence of (z ), denoted again by (z},),

such that lim,, x (z},) exists. Hence, we obtain

lim (:,) = o(=") )

and

*

limz, (2)) =z, (")

for every n € N. Clearly,

limaz, (2),) = 2™ (2,) (4)
for every m € N and
limlimz, (2),) = limz, (%) = 2™ (27). (5)

Thus, by (4), (3) and (5) we have

limlimz, (2),) — limlim z,, (z,)

= |2 (") —limz (2,) + limz (2,) — lim 2™ (z;)‘

= |27 (") = (<) + lim (2 — ™) (2,)

< max {|(a* ~2) ("),

lim ( — 2°*) (:3,)

b <l = all.
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Since

m

lim (2 = 2 (z3,)] |z = ™) (=")] € K],

[|lo** — z|| < e+ 0 and 6 > 0 is arbitrary, we conclude that

me{h?(x—mw)@;)

N —a") ()]} < ok (&)

It finishes the proof of part (a).

(b) Now, suppose that M e—interchanges limits with Bgs; i.e. for any two se-
quences (x,) C M and (z}) C Bg we have

|lim lim 2, (z,,) — limlim 2 (z,,)| < e, (6)

assuming that the involved limits exist. Since the value of the left side of (6) is
an element of |K|, we deduce

|limlim 2, (z,,) — limlim 2, (z,)| < ¢k (€). (7)
—o(E",E")

Take ™ € M and suppose that dy = dist (z**, F) > 0. Set ; € M and
Ao € K such that [\g| = |p| - dp if dy € |K]| and 1 is an upper accumulation point
of [|E||, and |Xo| = ¢k (dp), otherwise. Applying Lemma 3.2, we select A\; € K,

|A1] < IA_20\7 and 2] € By for which 2™ (2{) = A\ + A1 and |y (2])] < |32]. Let

V:{ueE"qgw—uan<Q?}.

Taking x5 € M NV, and applying again Lemma 3.2, we choose Ay € K with

|Ao| < @ and z5 € Bp for which 2* (25) = Ao + A1 + A2 and |z; (25)] < @

for i = 1,2. Continuing on this direction in the n-th step we choose x,, € M for
which
Aol

n+1’

|(z™" — ) (2])] < i=1,...,n—1. (8)

Next, using Lemma 3.2, we select A, € K with |\,| < % and z} € Bp for which
T (2) =X+ A1+ ... + A, and

n

. Aol
i < 9
o 5] < 0L )
fori =1,...,n. This procedure enables us to form sequences (x,) C M, (A\,) C K

and (z) C Bps such that for every n € N

() =X+ A+ A, |27 ()] = |

| Aol
n+1

|z; (z0)] < forie{1,...,n}.



C. Angosto, J. Kgkol, A. Kubzdela / Measures of Weak Noncompactness ... 841

Clearly, by (8), for every m € N we have xz, (z},) — 2™ (2},) if n — oo; hence,

m

limlimz, (2),) = hmac Z i

m n

On the other hand, it follows from (9) that for every n € N one has |z, (%) — 0
if m — oo; thus, lim, lim,, x,, (25,) = 0. Hence, we conclude that

lim lim z, (z;;)‘ = Mol

limlim z, (2);,) — limlim z,, (Z:n)) =

n m m

thus, [Xo| < ¢x(e) by (7).

Assume that dy € |K| (dy = dist (z**, E')) and 1 is an upper accumulation point
of ||E||; recall that in this case || = |p| - do, so dy < I—l1)|¢K(€). Suppose now

that dog ¢ |K|. Then, ¢k (dy) = |Xo| and |Ag| < dp. Hence, dy € (|No], ﬁ |Ao|) and

dy < r})@gg(&). Setting . := sup e e BB d(x**, E), we obtain ¢, < ﬁqﬁK(e).

Assume now that 1 is not an upper accumulation point of ||F||. Then |—;|gbK(5)

is not an accumulation point of ||E||, either. Thus, we can choose r > 0
such that dist (z**, E) < ﬁqﬁK r for every z** € M’ o(EE) Defining 9,
SUD__, 7o(B",5") d(z**, F') similarly as above, we get promised J. < ﬁqbK(a). O
Corollary 3.4. If M C E is bounded, then M 1is weakly relatively compact if and
only if v (M) = 0.

The next proposition gives some properties of the measure w.
Proposition 3.5. Let M C E be a bounded set. Then
(1)  for every e > w(M) there exist y,...,yr € E such that

M C {yla"'7yk}+BE,€ Caco{y17'~'7yk}+BE,€ C [yh'-'ayk]—'—BE,a;

(2) w(M)=inf{e >0: M C [F.] + Bg. where F. C E is finite};
(3) w(M) = w(aco M);

(4)  w(M) = sup{lim,, dist (2, [T1, ..., Zm-1]) : (xm) C M}.

(5) k(M) <w(M).

Proof. (1) Let € > 0. If ¢ > w(M), then, by definition, there exists a weakly
compact set K. (in fact compact by [14, Theorem 5.2]), for which M C K.+ Bpg..

By compactness of K. we can select y, ...,y € E such that K. C Ule U;, where
U={reE:|lr—yll <e}={yi} + B, i=1,...,k

Since Bg. + Bg. = Bg. (sce (1)), we get

k
M C U ({vi} + Bre) + B C{y1,-.. . yx} + Bp.
=1
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The other inclusions in (1) are obvious.

(2) Denote
wp :=inf{e > 0: M C [F.] + Bg. where F. C E is finite}.

To prove wy > w (M) take e > 0, and assume that there exists a finite set F. C E
such that M C [F.]+ Bg.. Since M is bounded, there exists r > ¢ > 0 for which
M C Bg,. Then, K! = [F.] N Bg, is compact. Set € M. Then, z = zp + z.,
where xp € [F.] and z. € Bg,. Clearly,

Tp € [Fa] N (M + BE@) C [FE] N (BE,T + BE,e) = [FE] N BE,r
by (1). Thus, z € K. + Bg. and we imply M C K.+ Bg.. Hence, w (M) < wy.
The inequality wy < w (M) follows directly from (7).

(3) Clearly w(M) < w(acoM). Assume that M C F + Bg. for some finite-
dimensional subspace FF C FE and € > 0. Take z € aco M. Then z = Z?zl i
for some \; € Bx andx; € M,i=1,...,n. Since x; € M for every i € {1,...,n},
we can choose z; € F' and 25 € Bp, such that x; = 2} + 7. Then we have

z= zn:% () +25) = Zn:/\ix; + Xn:m%
i=1 =1 =1

and conclude that z € F' + Bg,, since Y ., \jz; € F and > Nzf € Bp..
Hence, aco M C F + Bg,. and w(M) > w(aco M).

(4) Denote

wna = sup{limdist (2, [21, ..., Zm-1]) : (xm) C M}.

Let g = w(M). Fix € > gy and assume that there exists a sequence (z,) C M
for which

lim dist (z,,, [21, ..., 2p_1]) > €.

Then we can choose a subsequence (z,, ) of (z,) for which limy, dist(z,, , [z1, ...,
Tn,—1]) > € and even, removing finitely many elements, such that

dist (z,, [T1,. .., Ty, —1]) > € (10)

for all k € N. Clearly, ||z, || > ¢ forall k € N. By (1), we can select yy,...,y, € E
such that M C {yi,...,yp} + Bge; we can assume that ||y; —y;|| > ¢ for all
i,7 €{1,...,p} with ¢ # j. Since z,, € M, we find 7; € {1,...,p} for which

||xm - yj1|| Se. (11)
By (10), dist (zpy, [T1, .- ., Tny—1]) > €, hence, we have

||xn2 —CL’mH > €.
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Applying (11), we obtain
e = yill = llZne — Ty + @0y — Yiull = |20, — 2ns[| > €.

Thus, we can choose jo € {1,...,p}\ {1} for which ||z,, —y,,|| < e. Con-
tinuing on this direction, we show that ||z, —y;|| < € for each ¢ = 1,...,p,
where {j1,....,75,} = {1,...,p}. Hence, M C {xm,...,xnp} + Bg.. Then,
||#n,s0 — @n;|| < € for some i € {1, ..., p}. But, by (10)

dist (xan, [a:l, . ,xnpD > €,

providing a contradiction. Thus wy4 < e, and we conclude wy s < w(M).

In order to show wya > w(M) take e < w(M). Since, by (1), M € F + Bg, for
every finite-dimensional subspace F' C E, setting z; € M, we deduce

M ¢ [x1] + Bg,.

Hence there exists xo € M such that dist (z2, [z1]) > . Inductively, we select a
sequence (z,,) C M for which dist(z,, [z1,...,2,-1]) > . Thus

lim (dist (2, [21, ..., 20_1])) > ¢,

and the proof of this part is completed.

(5) Observe that for ¢ > 0 and a weakly compact set K. C E such that M C
K. + Bg. we have
(E//,E/)

MU C KE + BE”,& Cc F + BEII7E,

Hence k(M) < w (M). O

Let I be any set. Recall that I (I) is the set of all bounded maps I — K. It is
a Banach space under pointwise operations and norm

[Hleo 2 Ay = sup X

By ¢ (1) C I2 (I) we will denote the closed subspace of all ()., € I (1) such
that for every € > 0 there exists a finite set J C I with |\'| < & for all ¢ € I\ J.
Clearly, ||c% (I)|| = |K]; thus w (M) € |K| for any bounded set M C ¢ (I). For

the case F being the space % (I) we have the following

Lemma 3.6. Let € > 0. If (w,) C % (I) is a bounded sequence for which there
exists an infinite subset J C I such that max, |w'| =€ for all i € J then

3 there exists (uy,) € aco{wy, wy, ...} and {ki,ks,...} C J such that for every
neN ‘ufﬁ”‘ =g, utm=0ifme{l,..,n—1} and {uf{”’ < e for allm > n,
. w{wy, we,...}) > €.
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Proof. Take n; € N and k; € J for which ‘wﬁll‘ = e. Note that J; = {i €
I : |wl | > e} is finite, since w,, is an element of ¢% (I). Thus, we can find
ny > ny and ky € J\Jj such that ‘w7’j§| = ¢; then, clearly |w7’fj| < e. Next,
we find ng > ny and k3 € J\(J; U Jy), where Jo = {z cl: |w@2’ > 5}, such
that |wﬁ§‘ = ¢. Continuing on this direction we select sequences (k;) C J and

(n;) C N such that |wa§| = ¢ and |w)

< ¢ foreachi e {1,....5 —1}.

Define u; := w,,. Suppose that we have defined wuy,us, ..., u,_1 satisfying the
required properties. Then we define

k1
e n
um,l = wnm k;n Uy,

Uy

knfl
Smnly forn = 2,3 1
U = Umn—1 Uy forn=23,...,m-—
un
Next we set u, 1= Up,m—1. We can easily verify that (u,,) C aco{w;,ws, ...}

and (u,,) satisfies the required properties, i.e. for every ¢ € N }uf’ =g, uf’ =0

for each j < i, and |u’| < ¢ for all j > i. Let P : % (I) — ¢ (Jo), where
Jo = {k1, ka2, ...}, be the natural orthoprojection. Clearly, ||P (u,)|| = € for every
n € N. Then, applying [13, Theorem 2.2.9], we can easily deduce that (P (u,))
is orthogonal. Hence for fixed m € N, we have

dist (P (), [P (u1),..., P(um_1)]) =¢.
But,
dist (wpm, [U1, oy Upm—1]) > dist (P (wp), [P (u1),..., P (um-1)]),

since P is orthoprojection; hence, using Proposition 3.5, () and (4), we finally
obtain

w ({wy, we, ...}) = w (aco {wy, wy, ...}) > €. O

Proposition 3.7. Let E =% (I), e > 0 and M C E be a bounded and infinite
set. Then,

(1) w(M) = e if and only if there exists v = (a'),c; € I (I) such that the
following conditions hold:
(a) |w'| < 2’| for every w = (w’),.; € M andi € I, and {i € I : || # ¢}

is finite;
(b) there exists (w,) C M and infinite J = {ki,ka,...} C I such that
|xk"| = ’wa"| for every n € N.

(2) (M) =w (M), |
(3) M is weakly relatively compact if and only if there exists v = (%), ; € ¢ (I)
such that |w'| < |2°| for every w = (w’);.; € M andi € I.
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Proof. (1) Suppose that z = (z'),.; € I° (1) is such that (a) and (b) are satisfied.
Let ‘
My={z'e;:iel} Ccy(l).

Then M, is an orthogonal set. Using Proposition 3.5, (4) we deduce that w(My) =
e. Clearly, M C aco My since |w'| < |27| for every w = (w’);., € M and i € I.
Hence, by Proposition 3.5, (8) we note

w(M) < w(aco My) = w(My) = e.

On the other hand, taking a sequence (w,) € M defined as in (b), Lemma 3.6
implies w(M) > ¢, so we conclude that w(M) = ¢.

Now, suppose that w(M) = . Since K is discretely valued and M is bounded,
for every ¢ € I we can choose \; € K such that

|Ai| = max{!w’| Tw = (wj)jel € M} :
Take Ao € K for which [Ao| = . Next, define z = (2'),; € I (1), setting ' = X
if [\i| > e and 2 = \j, otherwise. Assume that we can select an infinite set
{n1,ng,...} C I such that |2"| > ¢, j € N. But then, for every j € N we can

find w; € M for which ‘w;”| = |2"|. Choosing a subsequence (ji) such that

w;:’“‘ = |x"k| = g for some gy > ¢ and applying Lemma 3.6, we deduce that
w({wy, ws,...}) > eo > . This yields w(M) > €, a contradiction. Hence, the set
Jo={i:|z'| > ¢, i € I} is finite and (a) is established. To prove (b) it is enough
to show that the set

Jy={i:|N|=¢, i€}

is infinite. Having this one can easily form a required sequence (w,) C M.
Indeed, assume that J; is finite. Then, [w’| < ¢ for every w = (w’);.; € M and
i €I\ (JyUJp). But then, we can easily deduce that

M C [{Gl 1€ JyU Jl}] + BE,s\p|a

a contradiction.

(2) v (M) <w(M) by Theorem 3.3 and Proposition 3.5, (5). Let e = w (M). Ap-
plying (1), we can select a finite Iy C I, (w,) C M and infinite J = {ky, ks, ...} C
I\I, such that |w!| < ¢ for every n € N and every j € I\Iy, and |wk"| = ¢ for
all n € N. Additionally, since for every n € N |w’| = ¢ only for finitely many
j € I\ly, passing to a subsequence, if necessary, we can assume that ‘wﬁﬂ <€
for all n € N and each m < n. Let T : ¢% (I) — % (I\I) be a natural orthopro-
jection. Denote v, = T (w,), n € N. Then, ||v,|| = ¢ for all n € N. We prove
that (v,,) is orthogonal. Take any {p1,....,m} C N, p; < ... < p, and aq,...,q; € K
with |a;| = 1 for each i € {1,...,1}. Then,

l
kp .
E ;Up;

=1

l

§ : a;Up;

i=1

kp,
= |Upn

>

,,,,,
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since, by assumption, \vﬁf ‘| < e for each ¢ < [; thus, (v,) is orthogonal. Fix
Ao € K with [A\] = €. Let v} (n € N) denotes a linear functional spanned
on [v1,ve,...] given by v (vy) = 0 if n # m and v} (v,) = Ao; since (v,) is
orthogonal, |[v}|| = 1 for all n € N. Using Ingleton’s theorem ([13, Corollary
4.1.2]), for every n € N we find a preserving norm extension of v on the whole of
& (I\Iy), denoted again by v}, and define 2z = >, vf o T, a linear functional
on & (I). Clearly, ||2%]] < 1 (n€N). Observe that z* (w,) = 0if n > m
and zf (w,) = Ao if n < m. Hence, lim,, z}, (w,) = Ao for any n € N and
lim,, 2}, (w,) = 0 for every m € N. Thus,

limlim 27, (w,) — lim lim 27, (w,)

= ‘)\0‘ =&

and we conclude v (M) > w (M).

(8) Suppose that M is weakly relatively compact. For every ¢ € I choose a; € K
such that ' 4
|ai] = max{}wl‘ Tw = (wj)jel € M} ,

and define My = {a;e; : i € I'}. Assume that there exists ¢ > 0 and an infinite
J C I such that |a;|] > € for all i € J. Then, we can select (w,) C M and
{ni1,ng,...} C J for which ‘w}”’ = ‘anj‘ = go for some gy > . But applying
Lemma 3.6, we conclude that w(M) > ¢, a contradiction. Hence, setting ' := a;,
i € I, we obtain (y'),.; € ¢k (I). Now assume that there exists z = (2%),_; €
cx (I) such that |w'| < |z'| for every w = (w'),., € M and i € I. Define

My={az'e;:iel} Ccyp(l).
Using Proposition 3.5, (4) we deduce that w(My) = 0. Since M C aco My, we

imply w(M) < w(aco My) = w(My) = 0, thus, M is weakly relatively compact.
[l

Corollary 3.8. Let M be a bounded set of E. Then, v (M) > |p| - w (M).

Proof. By [13, Theorem 2.5.4] and [15, Lemma 4.13] there exist a set I and a
linear homeomorphism 7' : E — ¢ (1) such that

ol - [T < || < [[T]].
Hence we have w (M) < w (T(M)). Observe that for z* € B,y we derive

(To (@) 1 (T @) 1

|2 o T|| = sup < — <.
vk ||7]| Ipl e 1T ()|~ |p]

Hence (pz* oT) € Bgr, and then ~ (M) > |p| -~ (T(M)). Applying Proposition
3.7, (2) we finally note that

ﬁ.ﬂ]\/j)ZV(T(M))Zw(T(M))ZW(M)- U
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Now we present the following quantitative version of Krein’s theorem.

Corollary 3.9. For a bounded set M C E we have

7 (M) < 5 (aco M) < %7 (M)
If (K| = || || then
7 (M) = 7 (aco M)

Proof. Clearly, v (M) <~ (aco M). To complete the proof, observe that

Loon

vy (M) <~(acoM) < k(acoM) <w(acoM) =w (M) < 7

by Theorem 3.3, Proposition 3.5, (5), (8) and Corollary 3.8. If |[K| = ||E||, E
is isometrically isomorphic to ¢q (I) for some I (see [13, Theorem 2.5.4]). Thus,
w (M) =~ (M) by Proposition 3.7, (2), and v (M) = v (aco M) by (12). O

We complete with the following
Theorem 3.10. If M C E is bounded, then

Yy (M) <k(M)<k(acoM) <w(M)=w(acoM) < —~(M). (13)

If additionally |K| = ||E||, then
y(M)=~(acoM) =k (M) =k(acoM) = w (M) = w(aco M). (14)

Proof. Clearly, k(M) < k (aco M). The rest of (13) follows directly from Theo-
rem 3.3, Proposition 3.5, (5), (3) and Proposition 3.7, (2). Now, assume that
|K| = ||E||. Since, by [13, Theorem 2.5.4], E is isometrically isomorphic to ¢¥ (1)
for some I, we can apply Proposition 3.7, (2) obtaining v (M) = w (M). Thus,
using (13) and Corollary 3.9 we reach (14). O

Remark 3.11. 1. Note that in the corresponding real case, for any bounded set
M of a real Banach space we have k(M) < v (M) < 2k (M), see [4, Theorem
2.3], and the equality k (M) = k (co M) fails in general, see [9, Theorem 7).

2. It follows from Theorem 3.10 that + and w are equivalent for every non-
Archimedean Banach space E. This is in contrast to the classical case, where
there exist real Banach spaces for which v and w are not equivalent (see [4,
Remark 3.3 and Corollary 3.4] and [5, p. 372]).

In general, if |K| # || E||, the equality (14) does not hold, as the following example
shows.



848 (. Angosto, J. Kgkol, A. Kubzdela / Measures of Weak Noncompactness ...

Example 3.12. Set a real ro such that |p| < 7o < 1. Let E = (¢ (N),[[.]|"),
where the norm ||.||" is defined by the formula

(", || = max {7, |27

v @] 7o, )
Then, M = {ey,e3,...} is a bounded subset of E. We prove that v (M) = |p|.
First, note that for every x € M ||z|| = 719, thus, for every z* € Bp we
get 2" (e;)] < |p|l, i = 2,3,...; otherwise, assuming that [z*(e;)| > |p| for
some j € {2,3,...} and 2* € Bp we get |2* (e;)] > 1, since |[K| N (|p|,00) =

{1,1pI"",IpI"%,...}. Thus, ||z*]| > |33|Te(jf|)‘ > L > 1, a contradiction. Hence, we
get 7 (M) < |pl.

Now, let (e}) denotes the sequence of functionals such that e’ (e,,) = pif n=m
and e} (e,,) = 0 if n # m. For every n € N define 2z} = e} + ... + ¢€}; clearly,
(2}) € Bg/. We obtain lim,, z* (e,,) = 0 for every n € N, and lim,, 2/ (e,,) = p for
every m € {2,3,...}. Hence

limlim 2} (e,,) — limlim 2 (e,,)| = |p| .

and we conclude that v (M) = |p|.

On the other hand, ||z — y|| = r¢ for any =,y € M, x # y. This easily yields the
following formula w (M) = ry.
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