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Departamento de Matemática Aplicada, E.T.S.I. Industriales, UNED,
C/ Juan del Rosal 12, Ciudad Universitaria, 28040 Madrid, Spain

lhuerga@bec.uned.es

B. Jiménez
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1. Introduction

In [7] we introduced and studied a proper ε-subdifferential in the sense of Benson
for extended vector-valued mappings, which is defined by means of a generaliza-
tion of a Benson proper ε-efficiency notion due to Gao, Yang and Teo [5], based on
an ε-efficiency concept introduced by Gutiérrez, Jiménez and Novo (see [9, 10]).
This proper ε-subdifferential, called Benson (C, ε)-proper subdifferential, gener-
alizes the proper ε-subdifferential defined by El Maghri [14] and Tuan [20] and
improves them, in the sense that it has a better limit behaviour when the error
ε tends to zero (see Sections 3 and 4 in [7]).

The main aim of this work is to obtain Moreau-Rockafellar type theorems, i.e.,
some exact rules to calculate the Benson (C, ε)-proper subdifferential of the sum
of two mappings. These results are obtained by scalarization, under certain con-
vexity assumptions, via well-known properties of the Brøndsted-Rockafellar ε-
subdifferential of an extended real-valued convex mapping.

For this aim, we introduce and study a strong ε-subdifferential related to a new
concept of approximate strong solution of vector optimization problems, and
a regularity condition that extends the well-known regularity condition due to
Raffin [18] (see also [14, 15, 21, 25]) to the Benson (C, ε)-proper subdifferential.

Several results of this work extend other similar in [14, 15] referred to proper
subdifferentials and ε-subdifferentials of extended vector-valued mappings, since
they are based on a more general proper ε-efficiency concept, and also because
they have been obtained under weaker convexity assumptions.

This work is structured as follows. In Section 2, we fix the framework, the
notations and the main concepts that are going to be used along the paper.
In Section 3, we define and study a new approximate strong solution concept of
vector optimization problems, which generalizes the approximate strong solution
concept due to Kutateladze (see [13]). These solutions are characterized through
linear scalarizations without assuming any convexity assumption.

In Section 4, we introduce and study a strong ε-subdifferential for extended
vector-valued mappings in connection with the approximate strong solution no-
tion defined in Section 3. In particular, we characterize it through ε-subgradients
of extended real-valued mappings without assuming any convexity assumption,
and we obtain a simple formula for it when the objective space of the mapping
is finite-dimensional and the ordering cone is the nonnegative orthant.

This strong ε-subdifferential, called (C, ε)-strong subdifferential, motivates a re-
gularity condition that is defined and studied in Section 5. It is more general
than the regularity condition introduced by El Maghri [15]. However, we show
some conditions under which both coincide.

Finally, in Section 6, we prove two Moreau-Rockafellar type theorems for Benson
(C, ε)-proper subdifferentials. The first one is based on the regularity condition
due to El Maghri [15] and involves strong ε-subgradients associated with approxi-
mate strong solutions in the sense of Kutateladze. The second one considers the



C. Gutiérrez et al. / Proper Approximate Solutions and ε-Subdifferentials 859

regularity condition defined in Section 5 and involves (C, ε)-strong subgradients.
Both sum rules are exact and from them we state the gap between the Benson
(C, ε)-proper subdifferential and the (C, ε)-strong subdifferential.

2. Preliminaries

Let X be a topological vector space and Y be an ordered Hausdorff locally convex
topological vector space with ordering cone D. We consider that D is nontrivial
(D 6= {0}), pointed (D ∩ (−D) = {0}), convex and closed. As usual, the order
in Y is given by D as follows:

y1, y2 ∈ Y, y1 ≤D y2 ⇐⇒ y2 − y1 ∈ D.

The topological dual spaces of X and Y are denoted by X∗ and Y ∗, respectively
and the duality pairing in X (resp. Y ) is denoted by 〈x∗, x〉 := x∗(x), x∗ ∈ X∗,
x ∈ X (resp. 〈y∗, y〉 := y∗(y), y∗ ∈ Y ∗, y ∈ Y ). We consider a locally convex
topology T on Y ∗ compatible with the dual pair, i.e., (Y ∗, T )∗ = Y (see [16, 17]).
Recall that the Mackey topology of Y ∗ is the finest topology with this property.
The set of continuous linear mappings from X to Y is denoted by L(X, Y ).

For a set F ⊂ Y , we denote by intF , clF , coF and coneF the topological
interior, the closure, the convex hull and the cone generated by F , respectively.
Moreover, it is said that F is solid if intF 6= ∅ and F is coradiant if αF ⊂ F ,
∀α ≥ 1. We denote the coradiant set generated by F by shwF (“shadow� of F ,
see [23]), i.e.,

shwF =
⋃

α≥1

αF.

We adjoint to Y an abstract element +∞Y so that extending the ordering ≤D to
Y := Y ∪{+∞Y } by setting y ≤D +∞Y for all y ∈ Y , the element +∞Y appears
as the greatest one of the ordered set (Y ,≤D). The usual algebraic operations
are extended as follows:

+∞Y + y = y + (+∞Y ) = +∞Y , α · (+∞Y ) = +∞Y , ∀ y ∈ Y, ∀α > 0.

We assume that 0·(+∞Y ) = 0 and we denoteR = R∪{+∞}, where +∞ := +∞R.

We denote the positive and the strict positive polar cones of D by D+ and Ds+,
respectively, i.e.,

D+ = {µ ∈ Y ∗ : 〈µ, d〉 ≥ 0,∀ d ∈ D},
Ds+ = {µ ∈ Y ∗ : 〈µ, d〉 > 0,∀ d ∈ D\{0}}.

The nonnegative orthant of Rp is denoted by R
p
+ and R+ := R

1
+.

The cone D is said to be based if there exists a nonempty convex set B ⊂ D,
which is called a base of D, such that 0 /∈ clB and coneB = D (see [6, Definiton
2.2.14(i)]).
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Given an arbitrary mapping f : X → Y , we denote the effective domain of f by
dom f , i.e., dom f = {x ∈ X : f(x) ∈ Y }, and we say that f is proper if dom f 6=
∅. For each y∗ ∈ D+\{0} we assume that 〈y∗, f(x)〉 = +∞, ∀x ∈ X, x /∈ dom f
(see [14, 15]). Thus, y∗ ◦ f : X → R and dom(y∗ ◦ f) = dom f .

We study the following vector optimization problem:

Minimize f(x) subject to x ∈ S, (PS)

where f is proper and S ⊂ X is nonempty. We assume that S0 := S ∩dom f 6= ∅
in order to avoid trivial problems. We say that (PS) is a Pareto problem when
Y = R

p and D = R
p
+. In this case we write f as f = (f1, f2, . . . , fp).

Let us recall that f is D-convex on S if S is convex and

f(αx1 + (1− α)x2) ≤D αf(x1) + (1− α)f(x2), ∀x1, x2 ∈ S, ∀α ∈ [0, 1].

In particular, if f is D-convex on S, then S0 is convex.

Now, we recall two classical solution notions of problem (PS). It is said, (see, for
instance, [6, 11, 19]) that a feasible point x0 ∈ S is a strong solution of problem
(PS), denoted by x0 ∈ SE(f, S), if f(x0) ≤D f(x), for all x ∈ S. Moreover, a
point x0 ∈ S0 is a Benson proper efficient solution of problem (PS), denoted by
x0 ∈ Be(f, S), if

cl cone(f(S0)− f(x0) +D) ∩ (−D) = {0}.
It is clear that SE(f, S) ⊂ Be(f, S) ⊂ dom f .

In the sequel we show some well-known approximate solution notions of problem
(PS), which will be used in the paper. The first one was introduced by Kutateladze
(see [13]) and generalizes the concept of strong solution from an approximate point
of view. The second one was introduced by Tuan [20] and is an approximate
version of the Benson proper efficient solution notion of (PS) (see [1]).

Definition 2.1. Let q ∈ D. It is said that x0 ∈ S is a strong q-efficient solution
of (PS), denoted by SE(f, S, q), if

f(x0)− q ≤D f(x), ∀x ∈ S.

Definition 2.2. Consider q ∈ D and ε ≥ 0. A point x0 ∈ S0 is a Benson ε-
proper solution of problem (PS) with respect to q, denoted by x0 ∈ Be(f, S, q, ε),
if

cl cone(f(S0) + εq − f(x0) +D) ∩ (−D) = {0}.

Clearly, SE(f, S, 0) = SE(f, S), Be(f, S, q, 0) = Be(f, S) and

SE(f, S, εq) ⊂ Be(f, S, q, ε) ⊂ dom f, ∀ q ∈ D.

For each nonempty set C ⊂ Y , we define the set-valued mapping C : R+ → 2Y

as follows:

C(ε) =

{

εC if ε > 0

coneC if ε = 0.
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The following notion of approximate efficiency was introduced by Gutiérrez,
Jiménez and Novo (see [9, 10]) and generalizes the most important approximate
efficiency notions in the literature.

Definition 2.3. Let C ⊂ Y be nonempty and ε ≥ 0. We say that x0 ∈ S0 is a
(C, ε)-efficient solution of problem (PS), denoted by x0 ∈ AE(f, S, C, ε), if

(f(S0)− f(x0)) ∩ (−C(ε)\{0}) = ∅.

Obviously, if coneC = D, then AE(f, S, C, 0) = E(f, S), where E(f, S) denotes
the set of exact efficient solutions of (PS).

Next, we recall a meaningful generalization of the proper ε-efficiency notion due
to Gao, Yang and Teo [5] (see Remark 2.4 in [7]). It can be considered as a
proper version in the sense of Benson of the ε-efficiency notion due to Gutiérrez,
Jiménez and Novo [9, 10].

Definition 2.4 ([7, Definition 2.3]). Consider ε ≥ 0 and a nonempty set C ⊂
Y such that clC ∩ (−D\{0}) = ∅. A point x0 ∈ S0 is a Benson (C, ε)-proper
solution of (PS), denoted by x0 ∈ Be(f, S, C, ε), if

cl cone(f(S0) + C(ε)− f(x0)) ∩ (−D) = {0}.

It follows that

Be(f, S, q, ε) = Be(f, S, Cq, ε) = Be(f, S, C0
q , ε), ∀ q ∈ D, ∀ ε ≥ 0,

where Cq := q +D and C0
q := q +D\{0}.

In the following definition, we recall the Brønsted-Rockafellar ε-subdifferential
[4].

Definition 2.5. Let h : X → R be a proper mapping and ε ≥ 0. The ε-
subdifferential of h at a point x0 ∈ domh is defined as follows:

∂εh(x0) = {x∗ ∈ X∗ : h(x) ≥ h(x0)− ε+ 〈x∗, x− x0〉, ∀x ∈ X}.

The elements of ∂εh(x0) are called ε-subgradients of h at x0.

Given a proper mapping h : X → R, a nonempty set M ⊂ X such that M0 :=
M ∩ domh 6= ∅ and ε ≥ 0, we denote

ε-argminMh = {x ∈ M : h(x)− ε ≤ h(z),∀ z ∈ M} ⊂ domh

and argminMh := 0-argminMh. The elements of ε-argminMh are the suboptimal
solutions with error ε of the following scalar optimization problem:

Minimize h(x) subject to x ∈ M.
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For ε ≥ 0 and x0 ∈ domh, we have that x∗ ∈ ∂εh(x0) if and only if x0 ∈
ε-argminX(h− x∗). In particular, given x0 ∈ dom f and two arbitrary mappings
y∗ ∈ D+\{0} and A ∈ L(X, Y ), it follows that

x0 ∈ ε-argminX(y
∗ ◦ (f − A)) ⇐⇒ y∗ ◦ A ∈ ∂ε(y

∗ ◦ f)(x0). (1)

In the following definition we recall a generalized convexity notion introduced by
Gutiérrez, Huerga and Novo [8]. It is an “approximate� version of the well-known
nearly subconvexlikeness concept due to Yang, Li and Wang [22]. Theorem 2.7 in
[7] provides sufficient conditions for checking the nearly (C, ε)-subconvexlikeness
of a map f : X → Y on M .

Definition 2.6. Consider ε ≥ 0, two nonempty sets M ⊂ X and C ⊂ Y and a
proper vector-valued mapping f : X → Y such that M0 6= ∅. It is said that f is
nearly (C, ε)-subconvexlike on M if cl cone(f(M0) + C(ε)) is convex.

Finally, for a nonempty set C ⊂ Y , we define the mapping τC : Y ∗ → R∪ {−∞}
as follows:

τC(y
∗) = inf

y∈C
{〈y∗, y〉}, ∀ y∗ ∈ Y ∗.

We also denote

Cτ+ := {y∗ ∈ Y ∗ : τC(y
∗) ≥ 0},

F := {C ⊂ Y : C 6= ∅, Ds+ ∩ Cτ+ 6= ∅}.

Given two nonempty sets C1, C2 ⊂ Y and α1, α2 ∈ R+, observe that

τC1(α1)+C2(α2)(y
∗) = α1τC1(y

∗) + α2τC2(y
∗), ∀ y∗ ∈ Cτ+

1 ∩ Cτ+
2 . (2)

It is clear that

Ds+ ∩ Cτ+ 6= ∅ ⇒ cl(C(0)) ∩ (−D\{0}) = ∅.

Moreover, if C is convex and intD+ 6= ∅, by [3, Proposition 2] the reciprocal
implication is also true.

3. (C, ε)-strong efficiency

The following new concept of approximate strong solution of problem (PS) is
motivated by the (C, ε)-efficiency notion due to Gutiérrez, Jiménez and Novo
(see Definition 2.3) and it generalizes the strong q-efficiency notion (see Definition
2.1).

Definition 3.1. Let ε ≥ 0 and a nonempty set C ⊂ D. A point x0 ∈ S is a
(C, ε)-strong efficient solution of (PS), denoted by x0 ∈ SE(f, S, C, ε), if

f(x0)− q ≤D f(x), ∀ q ∈ C(ε), ∀x ∈ S. (3)
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It is clear from Definitions 2.1 and 3.1 that x0 is a (C, ε)-strong efficient solution
of (PS) if and only if x0 is a strong q-efficient solution of (PS) for each q ∈ C(ε),
i.e.,

x0 ∈ SE(f, S, C, ε) ⇐⇒ f(S0) ⊂
⋂

q∈C(ε)

(f(x0)− q +D) (4)

⇐⇒ f(S0)− f(x0) + C(ε) ⊂ D.

Moreover, SE(f, S, C, ε) ⊂ dom f and then statement (3) can be checked only for
points x ∈ S0. In the following proposition we show the main properties of this
new kind of approximate strong solution of problem (PS). Several of them are
consequence of the following previous lemma.

Lemma 3.2. Consider ∅ 6= F ⊂ Y and ∅ 6= C1, C2 ⊂ Y . If C2 ⊂ cl(C1 + D),
then

F + C1 ⊂ D ⇒ F + coC2 ⊂ D,

and if C2 ⊂ D, then

F + C2 ⊂ D ⇒ F + shw(coC2) ⊂ D.

Proof. Suppose that C2 ⊂ cl(C1 + D) and let y ∈ F and q ∈ C2. There exist
two nets (qi) ⊂ C1 and (di) ⊂ D such that qi + di → q. As F +C1 ⊂ D and D is
closed we deduce that

y + q = lim((y + qi) + di) ∈ cl(D +D) = D

and then we have
F + C2 ⊂ D. (5)

Consider q ∈ coC2. There exist qj ∈ C2 and αj ∈ [0, 1], 1 ≤ j ≤ k, k ∈ N, k ≥ 1,

such that
∑k

j=1αj = 1 and q =
∑k

j=1αjqj. Thus, by (5) we have

F + q ⊂
k
∑

j=1

αj(F + qj) ⊂ D

and then we deduce that

F + C2 ⊂ D ⇒ F + coC2 ⊂ D. (6)

Suppose that C2 ⊂ D, F + C2 ⊂ D and let q ∈ shw(coC2). There exist α ≥ 1
and d ∈ coC2 ⊂ D such that q = αd and by (6) it follows that

F + q = F + d+ (α− 1)d ⊂ D,

i.e., F + shw(coC2) ⊂ D, which finishes the proof.

Recall that an element ȳ ∈ Y is the infimum of a nonempty set F ⊂ Y if the
following two properties hold:
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(a) ȳ ≤D y, for all y ∈ F .

(b) If for some y′ ∈ Y one has y′ ≤D y for all y ∈ F , then y′ ≤D ȳ.

If there exists an infimum of F , it is unique and we denote it by InfDF .

Proposition 3.3. Consider ε ≥ 0 and a nonempty set C ⊂ D. It follows that

(a) SE(f, S) ⊂ SE(f, S, C, ε) =
⋂

δ>ε SE(f, S, C, δ).

(b) SE(f, S, C, ε) = SE(f, S), if 0 ∈ clC(ε).

(c) Consider a nonempty set G ⊂ D and δ ≥ 0 satisfying G(δ) ⊂ cl(C(ε)+D).
Then SE(f, S, C, ε) ⊂ SE(f, S,G, δ). In particular,

SE(f, S, C, ε) ⊂ SE(f, S, C + C ′, ε), ∀C ′ ⊂ D,C ′ 6= ∅, (7)

SE(f, S, C, ε) = SE(f, S, C + C ′, ε), ∀C ′ ⊂ D, 0 ∈ clC ′. (8)

(d) SE(f, S, C, ε) = SE(f, S, coC, ε) = SE(f, S, shwC, ε) = SE(f, S, clC, ε).

(e) If q̄ = InfDC, then SE(f, S, C, ε) = SE(f, S, εq̄).

(f) If
⋂

c∈C(−c+D) = D, then SE(f, S, C, ε) = SE(f, S).

Proof. (a) Let x0 ∈ SE(f, S). By applying Lemma 3.2 to F = f(S0) − f(x0),
C1 = {0} and C2 = C(ε) we deduce f(S0) − f(x0) + C(ε) ⊂ D, i.e., x0 ∈
SE(f, S, C, ε) by (4).

Analogously, let x0 ∈ SE(f, S, C, ε) and δ > ε. It is clear that C(δ) ⊂ C(ε) +D.
Then, by applying Lemma 3.2 to F = f(S0)− f(x0), C1 = C(ε) and C2 = C(δ)
we deduce that x0 ∈ SE(f, S, C, δ).

Reciprocally, let x0 ∈
⋂

δ>ε SE(f, S, C, δ). As

C(ε) ⊂ cl

(

⋃

δ>ε

C(δ)

)

,

by applying Lemma 3.2 to F = f(S0)− f(x0), C1 =
⋃

δ>εC(δ) and C2 = C(ε) we
deduce that x0 ∈ SE(f, S, C, ε) by (4).

(b) Suppose that 0 ∈ clC(ε) and consider x0 ∈ SE(f, S, C, ε). Then by applying
Lemma 3.2 to F = f(S0) − f(x0), C1 = C(ε) and C2 = {0} we deduce that
f(S0) − f(x0) ⊂ D, i.e., x0 ∈ SE(f, S). The reciprocal inclusion follows by part
(a).

(c) The inclusion

SE(f, S, C, ε) ⊂ SE(f, S,G, δ) (9)

is a direct consequence of Lemma 3.2 and (4). Moreover, statement (7) follows
by applying (9) to G = C+C ′ and δ = ε, and statement (8) follows from (7) and
by applying (9) to G = C, C + C ′ instead of C and δ = ε.
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(d ) By part (c) we see that

SE(f, S, coC, ε) ⊂ SE(f, S, C, ε),

SE(f, S, shwC, ε) ⊂ SE(f, S, C, ε),

SE(f, S, clC, ε) ⊂ SE(f, S, C, ε).

The reciprocal inclusions are consequence of applying Lemma 3.2 to F = f(S0)−
f(x0) and C1 = C2 = C(ε) (for the first two inclusions) and C1 = C(ε), C2 =
(clC)(ε) = clC(ε) (for the last inclusion).

(e) The result is clear for ε = 0 by part (b). Suppose that ε > 0 and let
x0 ∈ SE(f, S, εq̄). Then x0 ∈ S0 and f(x0) − εq̄ ≤D f(x), for all x ∈ S0. Since
q̄ = InfDC, it follows that

f(x0)− f(x) ≤D εq̄ ≤D εc, ∀ c ∈ C, ∀x ∈ S0.

Hence, x0 ∈ SE(f, S, C, ε). Now, take x0 ∈ SE(f, S, C, ε). Then, x0 ∈ S0 and

f(x0)− f(x) ≤D εc, ∀x ∈ S0, ∀ c ∈ C.

Therefore, as q̄ = InfDC, for each fixed x ∈ S0 it follows that f(x0)−f(x) ≤D εq̄.
This inequality holds for every x ∈ S0 and so x0 ∈ SE(f, S, εq̄).

(f ) The result is clear for ε = 0 by part (b). Suppose that ε > 0 and let
x0 ∈ SE(f, S, C, ε). By (4) we have that

f(S0)− f(x0) ⊂
⋂

q∈C(ε)

(−q +D) =
⋂

c∈C

(−εc+D) = ε
⋂

c∈C

(−c+D) = D.

Hence, x0 ∈ SE(f, S) and so SE(f, S, C, ε) ⊂ SE(f, S). The reciprocal inclusion
follows by part (a) and the proof is complete.

Remark 3.4. By Proposition 3.3 (c), (d) it follows that

SE(f, S, C, ε) = SE(f, S, coC +D, ε)

i.e., we can deal with (C, ε)-strong efficient solutions of problem (PS) by assuming
that C is convex and C = C +D, which implies that C is coradiant.

Next we characterize the (C, ε)-strong efficient solutions of problem (PS) through
approximate solutions of associated scalar optimization problems.

Theorem 3.5. Consider ε ≥ 0 and a nonempty set C ⊂ D. Then,

SE(f, S, C, ε) =
⋂

µ∈D+\{0}

ετC(µ)-argminS(µ ◦ f).
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Proof. By the bipolar theorem (see for instance [14, Proposition 2.1(1)]) we
deduce that

x0 ∈
⋂

µ∈D+\{0}

ετC(µ)-argminS(µ ◦ f)

⇐⇒ 〈µ, f(x0)〉 ≤ 〈µ, f(x)〉+ τC(ε)(µ), ∀x ∈ S0, ∀µ ∈ D+\{0}
⇐⇒ 〈µ, f(x0)〉 ≤ 〈µ, f(x)〉+ 〈µ, q〉, ∀ q ∈ C(ε), ∀x ∈ S0, ∀µ ∈ D+\{0}
⇐⇒ 〈µ, f(x)− f(x0) + q〉 ≥ 0, ∀ q ∈ C(ε), ∀x ∈ S0, ∀µ ∈ D+\{0}
⇐⇒ f(x)− f(x0) + q ∈ D, ∀ q ∈ C(ε), ∀x ∈ S0

⇐⇒ x0 ∈ SE(f, S, C, ε)

and the proof is complete.

4. (C, ε)-strong subdifferential

In this section, we introduce and study a new notion of strong ε-subdifferential
for extended vector-valued mappings. After that, we characterize it through ε-
subgradients of associated scalar mappings.

Definition 4.1. Let ε ≥ 0 and let C ⊂ D be a nonempty set. The (C, ε)-strong
subdifferential of f at a point x0 ∈ dom f is defined as follows:

∂s
C,εf(x0) := {T ∈ L(X, Y ) : x0 ∈ SE(f − T,X,C, ε)}.

In the sequel, the usual (exact) strong subdifferential of f at x0 ∈ dom f is
denoted by ∂sf(x0), i.e. (see, for instance, [15]),

∂sf(x0) = {T ∈ L(X, Y ) : f(x) ≥D f(x0) + T (x− x0), ∀x ∈ X}
= {T ∈ L(X, Y ) : x0 ∈ SE(f − T,X)}.

Remark 4.2. Definition 4.1 reduces to the ε-subdifferential notion introduced
by Kutatelazde [13] by taking a singleton C = {q}, q ∈ D (see also [14]).

As a direct consequence of Proposition 3.3, we obtain the following properties.

Proposition 4.3. Let x0 ∈ dom f , ε ≥ 0 and a nonempty set C ⊂ D. It follows

that:

(a) ∂sf(x0) ⊂ ∂s
C,εf(x0) =

⋂

δ>ε∂
s
C,δf(x0).

(b) ∂s
C,εf(x0) = ∂sf(x0), if 0 ∈ clC(ε).

(c) Consider a nonempty set G ⊂ D and δ ≥ 0 satisfying G(δ) ⊂ cl(C(ε)+D).
Then ∂s

C,εf(x0) ⊂ ∂s
G,δf(x0). In particular,

∂s
C,εf(x0) ⊂ ∂s

C+C′,εf(x0), ∀C ′ ⊂ D,C ′ 6= ∅,
∂s
C,εf(x0) = ∂s

C+C′,εf(x0), ∀C ′ ⊂ D, 0 ∈ clC ′.

(d) ∂s
C,εf(x0) = ∂s

coC,εf(x0) = ∂s
shwC,εf(x0) = ∂s

clC,εf(x0).
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(e) If q̄ = InfDC, then ∂s
C,εf(x0) = ∂s

{q̄},εf(x0).

(f) If
⋂

c∈C(−c+D) = D, then ∂s
C,εf(x0) = ∂sf(x0).

In the following result we characterize the (C, ε)-strong subdifferential of f at a
point x0 ∈ dom f in terms of approximate subgradients of scalar mappings.

Theorem 4.4. Let x0 ∈ dom f , ε ≥ 0 and a nonempty set C ⊂ D. Then,

∂s
C,εf(x0) =

⋂

µ∈D+\{0}

{T ∈ L(X, Y ) : µ ◦ T ∈ ∂ετC(µ)(µ ◦ f)(x0)}.

Proof. Let A ∈ L(X, Y ). From Definition 4.1 and Theorem 3.5 we have that
A ∈ ∂s

C,εf(x0) if and only if

x0 ∈
⋂

µ∈D+\{0}

ετC(µ)-argminX(µ ◦ (f − A)).

Hence, by applying (1) it follows that

A ∈ ∂s
C,εf(x0) ⇐⇒ A ∈

⋂

µ∈D+\{0}

{T ∈ L(X, Y ) : µ ◦ T ∈ ∂ετC(µ)(µ ◦ f)(x0)}

and the proof is complete.

Remark 4.5. (a) Let C ⊂ D and q ∈ D. By Proposition 4.3(b) and Theorem
4.4 we have

∂sf(x0) = ∂s
C,0f(x0) =

⋂

µ∈D+\{0}

{T ∈ L(X, Y ) : µ ◦ T ∈ ∂(µ ◦ f)(x0)},

∂s
{q},1f(x0) =

⋂

µ∈D+\{0}

{T ∈ L(X, Y ) : µ ◦ T ∈ ∂〈µ,q〉(µ ◦ f)(x0)}.

Therefore, Theorem 4.4 generalizes the first parts of [14, Theorem 3.2] and [15,
Theorem 3.2].

(b) Let Y = R, D = R+, x0 ∈ dom f , ε ≥ 0 and a nonempty set C ⊂ R+. It
follows that

∂s
C,εf(x0) = ∂ε infCf(x0), (10)

where infC := InfR+C denotes the infimum of C. Indeed, given T ∈ L(X, Y ), it
follows that

T ∈ ∂s
C,εf(x0) ⇐⇒ x0 ∈ SE(f − T,X,C, ε) by Definition 4.1

⇐⇒ x0 ∈ SE(f − T,X, {infC}, ε) by Proposition 3.3(e)

⇐⇒ x0 ∈ ε infC-argminX(f − T ) by Definition 3.1

⇐⇒ T ∈ ∂ε infCf(x0), by (1).

By statement (10) we see that the (C, ε)-strong subdifferential reduces to the
ε-subdifferential of a scalar mapping when infC = 1.
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Next theorem provides an easy calculus rule to obtain the (C, ε)-strong subdiffe-
rential in the Pareto case.

Theorem 4.6. Let Y = R
p, D = R

p
+, x0 ∈ dom f , ε ≥ 0 and a nonempty set

C ⊂ R
p
+. It follows that

∂s
C,εf(x0) =

p
∏

i=1

∂ετC(ēi)fi(x0),

where {ēi}1≤i≤p is the canonical base of Rp.

Proof. Let T = (T1, T2, . . . , Tp) ∈ ∂s
C,εf(x0). From Theorem 4.4 we have that

µ ◦ T ∈ ∂ετC(µ)(µ ◦ f)(x0), ∀µ ∈ R
p
+\{0}.

Then, for µ = ēi it follows that

Ti ∈ ∂ετC(ēi)fi(x0), ∀ i = 1, 2, . . . , p,

and so T ∈∏p
i=1∂ετC(ēi)fi(x0).

For checking the reciprocal inclusion, let us consider T ∈ ∏p
i=1∂ετC(ēi)fi(x0) and

µ ∈ R
p
+\{0}. Then, for each i = 1, 2, . . . , p, Ti ∈ ∂ετC(ēi)fi(x0) and µi ≥ 0, and so

µifi(x) ≥ µifi(x0)− µiετC(ēi) + µiTi(x− x0), ∀x ∈ X, i = 1, 2, . . . , p. (11)

By adding in (11) we obtain that

〈µ, f(x)〉 ≥ 〈µ, f(x0)〉 − ε

p
∑

i=1

µiτC(ēi) + 〈µ, T (x− x0)〉, ∀x ∈ X. (12)

Moreover,

p
∑

i=1

µiτC(ēi) = inf
c∈C

{µ1c1}+ · · ·+ inf
c∈C

{µpcp} ≤ inf
c∈C

{〈µ, c〉} = τC(µ). (13)

Hence, from (12) and (13) we deduce that

〈µ, f(x)〉 ≥ 〈µ, f(x0)〉 − ετC(µ) + 〈µ, T (x− x0)〉, ∀x ∈ X,

so µ ◦ T ∈ ∂ετC(µ)(µ ◦ f)(x0). Applying Theorem 4.4 we conclude that T ∈
∂s
C,εf(x0), and the proof is finished.

Theorem 4.6 reduces to [14, statement (6)] and [15, statement (3.6)] by consid-
ering ε = 1 and the sets C = {q} and C = D, respectively.
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5. Regularity condition

In this section, we introduce and study a new regularity condition for extended
vector-valued mappings, which is defined in terms of (C, ε)-strong subdifferentials.
For this aim we assume that C is a nonempty subset of D and we denote

Csτ+ := {y∗ ∈ Y ∗ : τC(y
∗) > 0}.

Definition 5.1. Let x0 ∈ dom f and ε ≥ 0. We say that f is regularly (C, ε)-
subdifferentiable at x0 if ε = 0 and

∂(µ ◦ f)(x0) = µ ◦ ∂sf(x0), ∀µ ∈ Ds+, (14)

or ε > 0 and

∂ε(µ ◦ f)(x0) =
⋃

C′⊂D
τC′ (µ)=1

µ ◦ ∂s
C′,εf(x0), ∀µ ∈ Ds+ ∩ Csτ+.

When statement (14) holds, we say that f is p-regularly subdifferentiable at x0.

Remark 5.2. For all C ′ ⊂ D, ε ≥ 0 and for all A ∈ ∂s
C′,εf(x0), by Theorem 4.4

we have that
µ ◦ A ∈ ∂ετC′ (µ)(µ ◦ f)(x0), ∀µ ∈ D+\{0}. (15)

Hence, f is regularly (C, ε)-subdifferentiable at x0 if and only if ε = 0 and

∂(µ ◦ f)(x0) ⊂ µ ◦ ∂sf(x0), ∀µ ∈ Ds+,

or ε > 0 and

∂ε(µ ◦ f)(x0) ⊂
⋃

C′⊂D
τC′ (µ)=1

µ ◦ ∂s
C′,εf(x0), ∀µ ∈ Ds+ ∩ Csτ+.

For each µ ∈ Ds+ ∩ Csτ+ and ε > 0, the set

⋃

C′⊂D
τC′ (µ)=1

µ ◦ ∂s
C′,εf(x0)

can be rewritten in different ways and from them, several equivalent formulations
of the regularly (C, ε)-subdifferentiablity are obtained, as it is showed in the
following results.

Theorem 5.3. Let x0 ∈ dom f and ε > 0. The following statements are equiva-

lent:

(a) f is regularly (C, ε)-subdifferentiable at x0.

(b) ∂ε(µ ◦ f)(x0) =
⋃

C′⊂D
τC′ (µ)=τC (µ)

µ ◦ ∂s
C′, ε

τC (µ)
f(x0), ∀µ ∈ Ds+ ∩ Csτ+.

(c) ∂ε(µ ◦ f)(x0) =
⋃

C′⊂D
τC′ (µ)=ε

µ ◦ ∂s
C′,1f(x0), ∀µ ∈ Ds+ ∩ Csτ+.
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Proof. The result is a consequence of the equalities

⋃

C′⊂D
τC′ (µ)=τC (µ)

µ ◦ ∂s
C′, ε

τC (µ)
f(x0) =

⋃

C′⊂D
τC′ (µ)=ε

µ ◦ ∂s
C′,1f(x0) (16)

=
⋃

C′⊂D
τC′ (µ)=1

µ ◦ ∂s
C′,εf(x0), (17)

where µ is an arbitrary element of Ds+ ∩ Csτ+. Let us prove the equalities (16)
and (17).

Consider C ′ ⊂ D such that τC′(µ) = τC(µ). It is obvious that

∂s
C′, ε

τC (µ)
f(x0) = ∂s

C′
(

ε
τC (µ)

)

,1
f(x0)

and by (2), C
′′
:= C ′

(

ε
τC(µ)

)

⊂ D satisfies τC′′ (µ) = ε
τC(µ)

τC′(µ) = ε. Therefore,

⋃

C′⊂D
τC′ (µ)=τC (µ)

µ ◦ ∂s
C′, ε

τC (µ)
f(x0) ⊂

⋃

C′⊂D
τC′ (µ)=ε

µ ◦ ∂s
C′,1f(x0).

Consider C ′ ⊂ D such that τC′(µ) = ε. It is clear that

∂s
C′,1f(x0) = ∂s

C′(1/ε),εf(x0)

and by (2), C
′′
:= C ′(1/ε) ⊂ D satisfies τC′′ (µ) = (1/ε)τC′(µ) = 1. Thus, we see

that
⋃

C′⊂D
τC′ (µ)=ε

µ ◦ ∂s
C′,1f(x0) ⊂

⋃

C′⊂D
τC′ (µ)=1

µ ◦ ∂s
C′,εf(x0).

Finally, let C ′ ⊂ D such that τC′(µ) = 1. It follows that

∂s
C′,εf(x0) = ∂s

C′(τC(µ)), ε
τC (µ)

f(x0)

and by (2), C
′′
:= C ′(τC(µ)) ⊂ D satisfies τC′′ (µ) = τC(µ)τC′(µ) = τC(µ). There-

fore,
⋃

C′⊂D
τC′ (µ)=1

µ ◦ ∂s
C′,εf(x0) ⊂

⋃

C′⊂D
τC′ (µ)=τC (µ)

µ ◦ ∂s
C′, ε

τC (µ)
f(x0)

and the proof is complete.

For certain vector optimization problems it is possible to give a unified formu-
lation of the regularly (C, ε)-subdifferentiability notion, as it is showed in the
following corollary.



C. Gutiérrez et al. / Proper Approximate Solutions and ε-Subdifferentials 871

Corollary 5.4. Let x0 ∈ dom f and ε ≥ 0. Assume that

0 /∈ clC, argminclCµ 6= ∅, ∀µ ∈ Ds+. (18)

Then Ds+ ⊂ Csτ+ and f is regularly (C, ε)-subdifferentiable at x0 if and only if

∂ε(µ ◦ f)(x0) =
⋃

C′⊂D
τC′ (µ)=1

µ ◦ ∂s
C′,εf(x0), ∀µ ∈ Ds+. (19)

Proof. If ε = 0, by Proposition 4.3(b) we deduce that ∂s
C′,0f(x0) = ∂sf(x0), for

all C ′ ⊂ D. Then statement (19) says that f is p-regularly subdifferentiable at
x0.

On the other hand, if ε > 0 then statement (19) reduces to the notion of regularly
(C, ε)-subdifferentiability of f at x0, sinceD

s+ ⊂ Csτ+. Indeed, for each µ ∈ Ds+,
as argminclCµ 6= ∅, there exists q ∈ clC such that

τC(µ) = inf{〈µ, d〉 : d ∈ C} = inf{〈µ, d〉 : d ∈ clC} = 〈µ, q〉 > 0, (20)

since q ∈ clC ⊂ D\{0} and µ ∈ Ds+.

Remark 5.5. In order to apply Corollary 5.4, let us observe that the assumption

argminclCµ 6= ∅, ∀µ ∈ Ds+

is satisfied if some of the following conditions holds (for part (e), see for instance
[12, Theorem 7.3.7], where the coercivity condition can be checked via [2, Lemma
2.7]):

(a) C is compact.

(b) C = P +Q, with P ⊂ D compact and Q ⊂ D.

(c) D has a compact base.

(d) Y is finite dimensional.

(e) Y is reflexive, C is convex and intD+ 6= ∅.

In the following important result, we show that if ε > 0, then the regularly (C, ε)-
subdifferentiability condition can be checked by considering convex sets C ′ ⊂ D
such that C ′ = C ′ +D. This class of sets will be denoted in the sequel by Λ, i.e.,

Λ := {C ′ ⊂ D : C ′ 6= ∅, C ′ = C ′ +D,C ′ is convex}.

Let us observe that each C ′ ∈ Λ is a coradiant set.

Theorem 5.6. Let x0 ∈ dom f and ε > 0. The following statements are equiva-

lent:

(a) f is regularly (C, ε)-subdifferentiable at x0.

(b) ∂ε(µ ◦ f)(x0) =
⋃

C′∈Λ
τC′ (µ)=1

µ ◦ ∂s
C′,εf(x0), ∀µ ∈ Ds+ ∩ Csτ+.

(c) ∂ε(µ ◦ f)(x0) =
⋃

C′∈Λ
τC′ (µ)=τC (µ)

µ ◦ ∂s
C′, ε

τC (µ)
f(x0), ∀µ ∈ Ds+ ∩ Csτ+.
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(d) ∂ε(µ ◦ f)(x0) =
⋃

C′∈Λ
τC′ (µ)=ε

µ ◦ ∂s
C′,1f(x0), ∀µ ∈ Ds+ ∩ Csτ+.

Proof. Fix µ ∈ Ds+ ∩ Csτ+. Clearly,

⋃

C′∈Λ
τC′ (µ)=1

µ ◦ ∂s
C′,εf(x0) ⊂

⋃

C′⊂D
τC′ (µ)=1

µ ◦ ∂s
C′,εf(x0).

Now, let C ′ ⊂ D such that τC′(µ) = 1. By applying Proposition 4.3(c), (d ), we
know that

∂s
C′,εf(x0) = ∂s

coC′,εf(x0) = ∂s
coC′+D,εf(x0). (21)

Observe that coC ′ + D ∈ Λ and τC′(µ) = −σ−C′(µ), where σ−C′ : Y ∗ → R

denotes the support function of −C ′, i.e.,

σ−C′(µ) = sup
y∈−C′

〈µ, y〉.

Hence, by the well-known properties of the support function (see for instance
[24]) and by (2) it follows that

τcoC′+D(µ) = τcoC′(µ) = −σ− coC′(µ) = −σ−C′(µ) = τC′(µ) = 1. (22)

From the equalities (21) and (22) we deduce that

⋃

C′⊂D
τC′ (µ)=1

µ ◦ ∂s
C′,εf(x0) ⊂

⋃

C′∈Λ
τC′ (µ)=1

µ ◦ ∂s
C′,εf(x0)

and so parts (a) and (b) are equivalent.

Moreover, for each C ∈ Λ and α > 0 it is obvious that αC ∈ Λ. Then, by using
the same reasonings as in the proof of Theorem 5.3 it is easy to check that

⋃

C′∈Λ
τC′ (µ)=1

µ ◦ ∂s
C′,εf(x0) =

⋃

C′∈Λ
τC′ (µ)=τC (µ)

µ ◦ ∂s
C′, ε

τC (µ)
f(x0)

=
⋃

C′∈Λ
τC′ (µ)=ε

µ ◦ ∂s
C′,1f(x0), ∀µ ∈ Ds+ ∩ Csτ+

and so parts (b), (c) and (d ) are equivalent, which finishes the proof.

It is obvious that the regularly (C, ε)-subdifferentiability condition reduces to the
p-regularly subdifferentiability due to El Maghri and Laghdir (see [15, pg. 1977])
when ε = 0. In the sequel, we relate the notion of p-regularly ε-subdifferentiabi-
lity introduced by El Maghri in [14] with the regularly (C, ε)-subdifferentiability
condition.
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Definition 5.7 ([14, Definition 3.1(ii) and σ = p]). Let x0 ∈ dom f and ε ≥
0. It is said that f is p-regularly ε-subdifferentiable at x0 if ε = 0 and

∂(µ ◦ f)(x0) = µ ◦ ∂sf(x0), ∀µ ∈ Ds+

or ε > 0 and

∂ε(µ ◦ f)(x0) =
⋃

q∈D
〈µ,q〉=ε

µ ◦ ∂s
{q},1f(x0), ∀µ ∈ Ds+.

Proposition 5.8. Let x0 ∈ dom f and ε ≥ 0. If f is p-regularly ε-subdiffe-
rentiable at x0 then f is regularly (C, ε)-subdifferentiable at x0.

Proof. Suppose that ε > 0, since the result is obvious when ε = 0. Then,

∂ε(µ ◦ f)(x0) =
⋃

q∈D
〈µ,q〉=ε

µ ◦ ∂s
{q},1f(x0)

⊂
⋃

C′⊂D
τC′ (µ)=ε

µ ◦ ∂s
C′,1f(x0), ∀µ ∈ Ds+

and by (16)–(17) and Remark 5.2 we deduce that f is regularly (C, ε)-subdiffe-
rentiable at x0.

By Proposition 5.8 we see that, in general, the concept of regularly (C, ε)-subdiffe-
rentiability is weaker than the notion of p-regularly ε-subdifferentiability. Next
we show that both notions are the same if

argminclC′µ 6= ∅, ∀µ ∈ Ds+, ∀C ′ ∈ Λ, 0 /∈ clC ′. (23)

Proposition 5.9. Let x0 ∈ dom f and ε ≥ 0. Assume that conditions (18) and
(23) are fulfilled. If f is regularly (C, ε)-subdifferentiable at x0 then f is p-regularly
ε-subdifferentiable at x0.

Proof. Suppose that ε > 0, since the result is obvious for ε = 0. Then, by
Corollary 5.4 and Theorem 5.6 we have that

∂ε(µ ◦ f)(x0) =
⋃

C′∈Λ
τC′ (µ)=ε

µ ◦ ∂s
C′,1f(x0), ∀µ ∈ Ds+. (24)

Consider C ′ ∈ Λ such that τC′(µ) = ε. Then 0 /∈ clC ′ and by using the same
reasoning as in (20) we deduce that there exists q′ ∈ clC ′ such that τC′(µ) =
〈µ, q′〉. By Proposition 4.3(c) we deduce that ∂s

C′,1f(x0) ⊂ ∂s
{q′},1f(x0) and by

(24) we obtain that

∂ε(µ ◦ f)(x0) ⊂
⋃

q∈D
〈µ,q〉=ε

µ ◦ ∂s
{q},1f(x0), ∀µ ∈ Ds+.

By (15) we conclude that f is p-regularly ε-subdifferentiable at x0, which finishes
the proof.
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In the next result we show that the regularly (C, ε)-subdifferentiability notion re-
duces in the Pareto context to the well-known calculus rule on the ε-subdifferential
of a sum of convex mappings.

Proposition 5.10. Let Y = R
p, D = R

p
+, x0 ∈ dom f , ε ≥ 0 and suppose that

0 /∈ clC. Then f is regularly (C, ε)-subdifferentiable at x0 if and only if for all

µ = (µ1, µ2, . . . , µp) ∈ intRp
+ one has

∂ε(µ ◦ f)(x0) =
⋃

(ε1,ε2,...,εp)∈R
p
+

ε1+ε2+···+εp=ε

p
∑

i=1

∂εi(µifi)(x0). (25)

Proof. The case ε = 0 is clear by applying Proposition 4.3(b) and Theorem 4.6
to an arbitrary nonempty set C ⊂ R

p
+ and ε = 0. If ε > 0, by Remark 5.5(d) and

Propositions 5.8 and 5.9 we deduce that f is regularly (C, ε)-subdifferentiable at
x0 if and only if

∂ε(µ ◦ f)(x0) =
⋃

q∈R
p
+

〈µ,q〉=ε

µ ◦ ∂s
{q},1f(x0), ∀µ ∈ intRp

+. (26)

By applying Theorem 4.6 it follows that for all µ = (µ1, µ2, . . . , µp) ∈ intRp
+

µ ◦ ∂s
{q},1f(x0) =

p
∑

i=1

µi∂qifi(x0) =

p
∑

i=1

∂εi(µifi)(x0),

where εi = µiqi for all i = 1, 2, . . . , p. Therefore, by (26) and (27) we obtain that

∂ε(µ ◦ f)(x0) =
⋃

(ε1,ε2,...,εp)∈R
p
+

ε1+ε2+···+εp=ε

p
∑

i=1

∂εi(µifi)(x0), ∀µ = (µ1, µ2, . . . , µp) ∈ intRp
+,

which finishes the proof.

Remark 5.11. The previous proposition can be used, in connection with some
constraint qualifications, to check the regularly (C, ε)-subdifferentiability of objec-
tive mappings of Pareto problems. For example, it is well-known (see for instance
[24]) that calculus rule (25) is fulfilled under the well-known Moreau-Rockafellar
constraint qualification (MRCQ in short form): X is a Hausdorff locally convex
space, all objectives fi are convex and there exists x ∈ ⋂p

i=1 dom fi such that
p−1 objectives fi are continuous at x. Then, (MRCQ) implies that the objective
mappings of Pareto problems are regularly (C, ε)-subdifferentiable at every point
in the effective domain.

6. Moreau-Rockafellar type theorems for Benson (C, ε)-proper sub-
differentials

In this section, we provide some calculus rules for the Benson (C, ε)-subdifferential
of the sum of two vector-valued mappings. In particular, we obtain two Moreau-
Rockafellar type theorems, and as a consequence, two formulae that reveal the
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gap between the strong (C, ε)-subdifferential and the Benson (C, ε)-proper sub-
differential. First, we recall the notion of Benson (C, ε)-proper subdifferential of
f (Definition 4.1 in [7]) and some related results.

Definition 6.1. Let x0 ∈ dom f , ε ≥ 0 and C ∈ F . We define the (C, ε)-proper
subdifferential of f at x0 in the sense of Benson as follows:

∂Be
C,εf(x0) := {T ∈ L(X, Y ) : x0 ∈ Be(f − T,X,C, ε)}.

Remark 6.2. If C ∈ F satisfies that cl coneC = D, from [7, Remark 2.4(a)] we
have that

∂Be
C,0f(x0) := {T ∈ L(X, Y ) : x0 ∈ Be(f − T,X)}.

This exact proper subdifferential is denoted by ∂Bef(x0).

From now on, let fT := f − T , where T ∈ L(X, Y ). The following results were
obtained in [7] and will be used in this section. They provide a characteriza-
tion of the (C, ε)-proper subdifferential of f through approximate subgradients
of associated scalar mappings.

Theorem 6.3 ([7, Theorem 4.4]). Suppose that intD+ 6= ∅. Let x0 ∈ dom f ,
ε ≥ 0, and C ∈ F . If T ∈ ∂Be

C,εf(x0) and fT −fT (x0) is nearly (C, ε)-subconvexlike

on X, then there exists µ ∈ Ds+ ∩ Cτ+ such that

µ ◦ T ∈ ∂ετC(µ)(µ ◦ f)(x0).

Theorem 6.4 ([7, Theorem 4.5]). Let x0 ∈ dom f , ε ≥ 0 and C ∈ F . It

follows that

⋃

µ∈Ds+∩Cτ+

{T ∈ L(X, Y ) : µ ◦ T ∈ ∂ετC(µ)(µ ◦ f)(x0)} ⊂ ∂Be
C,εf(x0).

Corollary 6.5 ([7, Corollary 4.6]). Let x0 ∈ dom f , ε ≥ 0 and C ∈ F . Sup-

pose that intD+ 6= ∅ and fT − fT (x0) is nearly (C, ε)-subconvexlike on X, for all

T ∈ L(X, Y ). Then,

∂Be
C,εf(x0) =

⋃

µ∈Ds+∩Cτ+

{T ∈ L(X, Y ) : µ ◦ T ∈ ∂ετC(µ)(µ ◦ f)(x0)}.

The next result will be very useful in the following (see Theorem 2.7 and Remark
2.8 in [7]).

Theorem 6.6. Let A ∈ L(X, Y ) and y ∈ Y . If the mapping f is D-convex on

S, then the mapping f + A+ y : X → Y is nearly (C, ε)-subconvexlike on S, for
all ε ≥ 0 and for all nonempty convex set C ⊂ Y such that C +D = C.

For an arbitrary set C ∈ F and ε ≥ 0, we denote

SC(ε) := {(C1, C2) ∈ F × 2D : C(ε) ⊂ C1 + C2}
and SC := SC(1).
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Theorem 6.7. Let ε ≥ 0, C ∈ F and consider two proper mappings f, g : X →
Y and x0 ∈ dom f ∩ dom g. It follows that

∂Be
C,ε(f + g)(x0) ⊃

⋃

(C1,C2)∈SC(ε)
C1+D⊂clC1

{∂Be
C1,1

f(x0) + ∂s
C2,1

g(x0)}.

Moreover, if D has a compact base, then

∂Be
C,ε(f + g)(x0) ⊃

⋃

(C1,C2)∈SC(ε)

{∂Be
C1,1

f(x0) + ∂s
C2,1

g(x0)}.

Proof. Consider (C1, C2) ∈ SC(ε) and let A ∈ ∂Be
C1,1

f(x0), B ∈ ∂s
C2,1

g(x0). Sup-

pose by contradiction that A+B /∈ ∂Be
C,ε(f + g)(x0). Then x0 /∈ Be(f + g − (A+

B), X, C, ε), i.e., there exists d0 ∈ D\{0} such that

−d0 ∈ cl cone((f + g)A+B(dom(f + g)) + C(ε)− (f + g)A+B(x0)).

Hence, there exist nets (αi) ⊂ R+, (xi) ⊂ dom(f + g), (di) ⊂ C(ε) such that

αi((f − A)(xi) + di − (f − A)(x0) + (g −B)(xi)− (g −B)(x0)) → −d0.

As C(ε) ⊂ C1+C2 there exist nets (ui) ⊂ C1 and (vi) ⊂ C2 such that di = ui+vi
for all i, and so

αi(fA(xi) + ui − fA(x0) + gB(xi) + vi − gB(x0)) → −d0. (27)

Since B ∈ ∂s
C2,1

g(x0), it follows that x0 ∈ SE(g −B,X,C2, 1) and then

(g −B)(xi) + vi − (g −B)(x0) ∈ D, ∀ i.

By denoting yi := ui + (g −B)(xi) + vi − (g −B)(x0) ∈ C1 +D we deduce from
(27) that

αi((f − A)(xi) + yi − (f − A)(x0)) → −d0. (28)

If C1 +D ⊂ clC1, then yi ∈ clC1 for all i and (28) is a contradiction, since by [7,
Proposition 4.3(b)] with C ′ = {0} it follows that A ∈ ∂Be

C1,1
f(x0) = ∂Be

clC1,1
f(x0)

and so x0 ∈ Be(f − A,X, clC1, 1).

On the other hand, if D has a compact base, by [7, Proposition 3.1(e)] we have
that

Be(f − A,X,C1 +D, 1) = Be(f − A,X,C1, 1).

Therefore, by (28) we see that x0 /∈ Be(f−A,X,C1, 1), i.e, A /∈ ∂Be
C1,1

f(x0), which
is a contradiction.

Remark 6.8. Let x0 ∈ dom f and ε ≥ 0. Suppose that intD+ 6= ∅ and fT −
fT (x0) is nearly (Cq, ε)-subconvexlike on X, for all T ∈ L(X, Y ) and for all
q ∈ Y \(−D\{0}). Let q, q1, q2 ∈ Y be such that q, q1 /∈ −D\{0}, q2 ∈ D and
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q = q1+q2. By applying the first part of Theorem 6.7 to C = Cq, ε = 1, C1 = Cq1

and C2 = {q2} we obtain that

∂Be
Cq1 ,1

f(x0) + ∂s
{q2},1

g(x0) ⊂ ∂Be
Cq ,ε(f + g)(x0)

and by Remark 4.7(b) in [7] we see that the first part of Theorem 6.7 reduces to
the first part of [14, Theorem 4.1, σ = p]. Analogously, by applying the first part
of Theorem 6.7 to C = C1 = D, C2 = {0} and ε = 1 it follows by the definitions
that

∂Bef(x0) + ∂sg(x0) ⊂ ∂Be(f + g)(x0)

and then the first part of Theorem 6.7 reduces to the first part of [15, Theorem
4.1, σ = p].

The following notion is motivated by [14, Definition 2.1(ii)].

Definition 6.9. We say that f is star D-continuous at a point x0 ∈ dom f if
µ ◦ f is continuous at x0, for all µ ∈ Ds+.

Theorem 6.10. Assume that intD+ 6= ∅. Let ε ≥ 0, C ∈ F , f, g : X → Y ,

x0 ∈ dom f ∩ dom g. Suppose that (f + g)T − (f + g)T (x0) is nearly (C, ε)-
subconvexlike on X for all T ∈ L(X, Y ), g is p-regularly ε′-subdifferentiable at x0

for all ε′ ≥ 0, and the following qualification condition (QC) holds:

(QC) f, g are D-convex on X and there exists x̄ ∈ dom f ∩ dom g

such that f or g is star D-continuous at x̄.

Then,

∂Be
C,ε(f + g)(x0)

⊂
⋃

µ∈Ds+∩Cτ+

⋃

(C1,q)∈F×D,C(ε)=C1+{q}
τC1

(µ)≥0

{∂Be
C1,1

f(x0) + ∂s
{q},1g(x0)}. (29)

If additionally C +D = C or D has a compact base, then

∂Be
C,ε(f + g)(x0) =

⋃

(C1,q)∈F×D
C(ε)=C1+{q}

{∂Be
C1,1

f(x0) + ∂s
{q},1g(x0)}.

Proof. In order to prove inclusion (29), let us consider T ∈ ∂Be
C,ε(f+g)(x0). Since

(f+g)T − (f+g)T (x0) is nearly (C, ε)-subconvexlike on X, by Theorem 6.3 there
exists µ ∈ Ds+ ∩ Cτ+ such that

µ ◦ T ∈ ∂ετC(µ)(µ ◦ (f + g))(x0) = ∂ετC(µ)(µ ◦ f + µ ◦ g)(x0).

As condition (QC) holds, we can apply the well-known ε-subdifferential sum rule
for proper extended real-valued convex mappings (see, e.g., [24, Theorem 2.8.7])
obtaining that

∂ετC(µ)(µ ◦ f + µ ◦ g)(x0) =
⋃

ε1,ε2≥0
ε1+ε2=ετC (µ)

{∂ε1(µ ◦ f)(x0) + ∂ε2(µ ◦ g)(x0)}.
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Hence, there exist ε̄1, ε̄2 ≥ 0, with ε̄1 + ε̄2 = ετC(µ), x
∗
1 ∈ ∂ε̄1(µ ◦ f)(x0) and

x∗
2 ∈ ∂ε̄2(µ ◦ g)(x0) such that µ ◦ T = x∗

1 + x∗
2.

Suppose that ε̄2 > 0. As g is p-regularly ε̄2-subdifferentiable at x0, there exists
q ∈ D such that 〈µ, q〉 = ε̄2 and x∗

2 ∈ µ ◦ ∂s
{q},1g(x0). Hence, there exists B ∈

∂s
{q},1g(x0) such that µ◦(T−B) = x∗

1 ∈ ∂ε̄1(µ◦f)(x0). By defining C1 := C(ε)−{q}
we obtain C(ε) = C1+{q} and τC1(µ) = ετC(µ)−〈µ, q〉 = ε̄1. Thus, µ ∈ Ds+∩Cτ+

1

and C1 ∈ F . Moreover, by Theorem 6.4 we see that T −B ∈ ∂Be
C1,1

f(x0) and so

T = (T −B) +B ∈ ∂Be
C1,1

f(x0) + ∂s
{q},1g(x0).

If ε̄2 = 0, by applying the p-regularity condition and Proposition 4.3(b) we deduce
that x∗

2 ∈ µ ◦ ∂sg(x0) = µ ◦ ∂s
{q},1g(x0), where q = 0. From here we obtain the

same conclusions as in the case ε̄2 > 0 by following the same reasonings, and so
the proof of inclusion (29) is complete.

On the other hand, it is clear that
⋃

µ∈Ds+∩Cτ+

⋃

(C1,q)∈F×D,C(ε)=C1+{q}
τC1

(µ)≥0

{∂Be
C1,1

f(x0) + ∂s
{q},1g(x0)}

⊂
⋃

(C1,q)∈F×D
C(ε)=C1+{q}

{∂Be
C1,1

f(x0) + ∂s
{q},1g(x0)}. (30)

If C(ε) = C1 + {q} and C +D = C, then it is easy to prove that C1 +D ⊂ clC1.
Therefore, by Theorem 6.7 we deduce that (30) is included in ∂Be

C,ε(f + g)(x0),
which finishes the proof.

By using the same reasonings as in Remark 6.8 we see that Theorem 6.10 gener-
alizes [14, Theorem 4.1, σ = p] and the second part of [15, Theorem 4.1, σ = p].

Next, we prove other Moreau-Rockafellar type results based on regularly (C, ε)-
subdifferentiable mappings. For an arbitrary set C ∈ F , ε ≥ 0 and x0 ∈ dom f ,
we define the set-valued mapping ΓC,εf(x0) : D

s+ ∩ Cτ+ → 2L(X,Y ) as follows:

ΓC,εf(x0)(µ) := {T ∈ L(X, Y ) : µ ◦ T ∈ ∂ετC(µ)(µ ◦ f)(x0)}.
Remark 6.11. By Theorem 6.4 it is clear that

ImΓC,εf(x0) :=
⋃

µ∈Ds+∩Cτ+

ΓC,εf(x0)(µ) ⊂ ∂Be
C,εf(x0)

and by Corollary 6.5, if intD+ 6= ∅ and fT −fT (x0) is nearly (C, ε)-subconvexlike
on X, for all T ∈ L(X, Y ), then

ImΓC,εf(x0) = ∂Be
C,εf(x0).

For each C ∈ F and µ ∈ Ds+ ∩ Cτ+ we denote

SC(µ) := {(C1, C2) ∈ 2Y × 2Y : τC1(µ) ≥ 0, τC(µ) ≥ τC1+C2(µ)}.
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Proposition 6.12. Let f, g : X → Y , x0 ∈ dom f ∩ dom g, ε ≥ 0 and C ∈ F .

Then,

∂Be
C,ε(f + g)(x0) ⊃

⋃

µ∈Ds+∩Cτ+

⋃

ε1,ε2≥0

(C1,C2)∈F×2D

(C1(ε1),C2(ε2))∈SC(ε)(µ)

{ΓC1,ε1f(x0)(µ) + ∂s
C2,ε2

g(x0)}.

Proof. Consider µ ∈ Ds+ ∩ Cτ+, ε1, ε2 ≥ 0, C1 ∈ F and C2 ⊂ D such that

(C1(ε1), C2(ε2)) ∈ SC(ε)(µ), (31)

and let A ∈ ΓC1,ε1f(x0)(µ) and B ∈ ∂s
C2,ε2

g(x0). By Theorem 4.4 it follows that

µ ◦B ∈ ∂ε2τC2
(µ)(µ ◦ g)(x0) and then we deduce that

µ ◦ (A+B) ∈ ∂ε1τC1
(µ)+ε2τC2

(µ)(µ ◦ (f + g))(x0). (32)

Moreover, by (31) and (2) we deduce that

ε1τC1(µ) + ε2τC2(µ) = τC1(ε1)+C2(ε2)(µ) ≤ τC(ε)(µ)

and by (32) we have that µ◦(A+B) ∈ ∂τC(ε)(µ)(µ◦(f+g))(x0). Then, by Theorem

6.4 we deduce that A+B ∈ ∂Be
C,ε(f + g)(x0) and the proof is complete.

In the sequel, we denote

FD := {C ∈ F : C = C +D,C is convex}.

It is clear that Λ = FD ∩ 2D.

Theorem 6.13. Suppose that intD+ 6= ∅. Let ε ≥ 0, C ∈ F , f, g : X → Y and

x0 ∈ dom f ∩ dom g. Suppose that f is D-convex on X. Then,

∂Be
C,ε(f + g)(x0) ⊃

⋃

ε1,ε2≥0

(C1,C2)∈FD×2D

(C1(ε1),C2(ε2))∈SC(ε)

{∂Be
C1,ε1

f(x0) + ∂s
C2,ε2

g(x0)}.

Proof. Let ε1, ε2 ≥ 0, C1 ∈ FD, C2 ⊂ D such that (C1(ε1), C2(ε2)) ∈ SC(ε) and

let A ∈ ∂Be
C1,ε1

f(x0) and B ∈ ∂s
C2,ε2

g(x0). Since C1 ∈ FD and f is D-convex on

X, we know from Theorem 6.6 that fT − fT (x0) is nearly (C1, ε1)-subconvexlike
on X, for all T ∈ L(X, Y ). Then, from Theorem 6.3 there exists µ ∈ Ds+ ∩ Cτ+

1

such that µ ◦ A ∈ ∂ε1τC1
(µ)(µ ◦ f)(x0) and so

A+B ∈ ΓC1,ε1f(x0)(µ) + ∂s
C2,ε2

g(x0).

Since µ ∈ Cτ+
1 and (C1(ε1), C2(ε2)) ∈ SC(ε) we see that

(C1(ε1), C2(ε2)) ∈ SC(ε)(µ)

and the result follows by Proposition 6.12.
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Given a set C ∈ F and µ ∈ Ds+ ∩ Cτ+, we denote

Cτ
µ = {y ∈ Y : 〈µ, y〉 ≥ τC(µ)}

and we define

ΛC(µ) := {C ′ ∈ Λ : τC′(µ) = τC(µ)},

FC(µ) := {C ′ ∈ FD : τC′(µ) = τC(µ)}.

It is clear that FC(µ) ∩ 2D = ΛC(µ). Moreover, given ε ≥ 0 and x0 ∈ dom f , for
all C ′, C ′′ ∈ FC(µ) it follows that

ΓC′,εf(x0)(µ) = ΓC′′,εf(x0)(µ). (33)

Theorem 6.14. Assume that intD+ 6= ∅. Let ε ≥ 0, C ∈ F , f, g : X → Y ,

x0 ∈ dom f ∩ dom g. Suppose that (f + g)T − (f + g)T (x0) is nearly (C, ε)-
subconvexlike on X for all T ∈ L(X, Y ), g is regularly (C, ε′)-subdifferentiable at

x0 for all ε′ ≥ 0 and the qualification condition (QC) holds. Then,

∂Be
C,ε(f + g)(x0)

⊂
⋃

µ∈Ds+∩Cτ+

ε1,ε2≥0
ε1+ε2=ε

⋃

C2∈ΛC(µ)

⋂

C1∈FC(µ)

{ΓC1,ε1f(x0)(µ) + ∂s
C2,ε2

g(x0)} (34)

=
⋃

µ∈Ds+∩Cτ+

ε1,ε2≥0
ε1+ε2=ε

⋃

C2∈ΛC(µ)

{ΓCτ
µ ,ε1f(x0)(µ) + ∂s

C2,ε2
g(x0)}. (35)

Proof. Let T ∈ ∂Be
C,ε(f + g)(x0). By reasoning as in the proof of Theorem 6.10

we deduce that there exist µ ∈ Ds+ ∩ Cτ+, ε̄1, ε̄2 ≥ 0, x∗
1 ∈ ∂ε̄1(µ ◦ f)(x0) and

x∗
2 ∈ ∂ε̄2(µ ◦ g)(x0) such that ε̄1 + ε̄2 = ετC(µ) and µ ◦ T = x∗

1 + x∗
2.

Suppose that µ ∈ Csτ+. If ε̄2 > 0, since g is (C, ε̄2)-regularly subdifferentiable at
x0, by Theorem 5.6(c), there exists C2 ∈ ΛC(µ) satisfying

x∗
2 ∈ µ ◦ ∂s

C2,
ε̄2

τC (µ)

g(x0).

Hence, there exists B ∈ ∂s
C2,

ε̄2
τC (µ)

g(x0) such that µ◦(T−B) = x∗
1. Let C1 ∈ FC(µ)

be arbitrary. It follows that T −B ∈ ΓC1,
ε̄1

τC (µ)
f(x0)(µ) and so

T = (T −B) +B ∈ ΓC1,ε1f(x0)(µ) + ∂s
C2,ε2

g(x0),

where ε1 :=
ε̄1

τC(µ)
≥ 0 and ε2 :=

ε̄2
τC(µ)

≥ 0 satisfy ε1+ε2 = ε, as we want to prove.

If ε̄2 = 0, by the regularly (C, 0)-subdifferentiability property of g at x0 we see that
x∗
2 ∈ µ◦∂sg(x0). By Proposition 4.3(b) it follows that µ◦∂sg(x0) = µ◦∂s

C2,0
g(x0),

where
C2 = {q ∈ D : 〈µ, q〉 ≥ τC(µ)} = Cτ

µ ∩D ∈ ΛC(µ).
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Then, reasoning in the same way as above we deduce that

T ∈ ΓC1,ε1f(x0)(µ) + ∂s
C2,ε2

g(x0)

and ε1 =
ε̄1

τC(µ)
= ε and ε2 = 0.

On the other hand, if τC(µ) = 0, then ε̄1 = ε̄2 = 0. By the regularly (C, 0)-
subdifferentiability property of g at x0 and Proposition 4.3(b) we obtain that
x∗
2 ∈ µ ◦ ∂sg(x0) = µ ◦ ∂s

D,0g(x0). Thus, there exists B ∈ ∂s
D,0g(x0) such that

µ ◦ (T − B) = x∗
1 ∈ ∂(µ ◦ f)(x0) and we deduce that T − B ∈ ΓC1,εf(x0)(µ) for

all C1 ∈ FC(µ). Therefore,

T = (T −B) +B ∈ ΓC1,ε1f(x0)(µ) + ∂s
C2,ε2

g(x0),

where C2 := D ∈ ΛC(µ), ε1 = ε, ε2 = 0 and C1 ∈ FC(µ) is arbitrary, and the
proof of inclusion (34) is complete.

Finally, equality (35) is clear by statement (33), because Cτ
µ ∈ FC(µ), for all

µ ∈ Ds+ ∩ Cτ+.

Theorem 6.15. Let ε ≥ 0, C ∈ F , f, g : X → Y and x0 ∈ dom f ∩ dom g.
Then,

⋃

µ∈Ds+∩Cτ+

ε1,ε2≥0
ε1+ε2≤ε

⋃

C2∈ΛC(µ)

{ΓCτ
µ ,ε1f(x0)(µ) + ∂s

C2,ε2
g(x0)} ⊂ ∂Be

C,ε(f + g).

Proof. For each µ ∈ Ds+ ∩ Cτ+ it is easy to check that

(Cτ
µ(ε1), C2(ε2)) ∈ SC(ε)(µ), ∀ ε1, ε2 ≥ 0, ε1 + ε2 ≤ ε, ∀C2 ∈ ΛC(µ),

and so the result is a direct consequence of Proposition 6.12.

By Theorems 6.14 and 6.15 we deduce the following Moreau-Rockafellar theorem
for Benson (C, ε)-proper subdifferentials.

Corollary 6.16. Assume that intD+ 6= ∅. Let ε ≥ 0, C ∈ F , f, g : X → Y ,

x0 ∈ dom f ∩ dom g. Suppose that (f + g)T − (f + g)T (x0) is nearly (C, ε)-
subconvexlike on X for all T ∈ L(X, Y ), g is regularly (C, ε′)-subdifferentiable at

x0 for all ε′ ≥ 0 and the qualification condition (QC) holds. Then,

∂Be
C,ε(f + g)(x0) =

⋃

µ∈Ds+∩Cτ+

ε1,ε2≥0
ε1+ε2≤ε

⋃

C2∈ΛC(µ)

{ΓCτ
µ ,ε1f(x0)(µ) + ∂s

C2,ε2
g(x0)}.

Remark 6.17. If C ∈ FD and f, g are D-convex, then by Theorem 6.6 we see
that (f + g)T − (f + g)T (x0) is nearly (C, ε)-subconvexlike on X, for all x0 ∈
dom f ∩dom g and for all T ∈ L(X, Y ). Then the nearly (C, ε)-subconvexlikeness
assumption of Theorems 6.10 and 6.14 and Corollary 6.16 on the mapping (f +
g)T − (f + g)T (x0) can be removed when C ∈ FD.
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In the sequel we focus on the gap between the (C, ε)-strong subdifferential and
the Benson (C, ε)-proper subdifferential, which is obtained for regularly (C, ε)-
subdifferentiable and p-regularly ε-subdifferentiable mappings. For µ ∈ Ds+ and
C ∈ F , we denote

K(µ) := {T ∈ L(X, Y ) : µ ◦ T = 0},
K(C) :=

⋃

µ∈Ds+∩Cτ+

K(µ).

Theorem 6.18. Suppose that intD+ 6= ∅. Let ε ≥ 0, C ∈ F , g : X → Y and

x0 ∈ dom g. Assume that gT − gT (x0) is nearly (C, ε)-subconvexlike on X, for all

T ∈ L(X, Y ) and g is D-convex on X.

(a) If g is regularly (C, ε′)-subdifferentiable at x0, for all ε′ ≥ 0, then,

∂Be
C,εg(x0) =

⋃

µ∈Ds+∩Cτ+







K(µ) +
⋃

C′∈ΛC(µ)

∂s
C′,εg(x0)







.

(b) If C is convex, C +D = C or D has a compact base, and g is p-regularly
ε′-subdifferentiable at x0, for all ε′ ≥ 0, then,

∂Be
C,εg(x0) =

⋃

q∈D
C(ε)−{q}∈F

⋃

µ∈Ds+

〈µ,q〉≤ετC (µ)

{

K(µ) + ∂s
{q},1g(x0)

}

. (36)

Proof. (a) By applying Corollary 6.16 to the mappings f ≡ 0 and g we obtain
that

∂Be
C,εg(x0) =

⋃

µ∈Ds+∩Cτ+

ε1,ε2≥0
ε1+ε2≤ε

⋃

C2∈ΛC(µ)

{ΓCτ
µ ,ε10(x0)(µ) + ∂s

C2,ε2
g(x0)}.

It is easy to see that ΓCτ
µ ,ε10(x0)(µ) = K(µ), for all ε1 ≥ 0. Thus, it follows that

∂Be
C,εg(x0) =

⋃

µ∈Ds+∩Cτ+

0≤ε2≤ε

⋃

C2∈ΛC(µ)

{K(µ) + ∂s
C2,ε2

g(x0)}

=
⋃

µ∈Ds+∩Cτ+











K(µ) +
⋃

0≤ε2≤ε
C2∈ΛC (µ)

∂s
C2,ε2

g(x0)











=
⋃

µ∈Ds+∩Cτ+







K(µ) +
⋃

C′∈ΛC(µ)

∂s
C′,εg(x0)







,

where the last equality follows by applying Proposition 4.3(a).

(b) For a nonempty and convex set C ′ ∈ F , it is easy to check via Corollary 6.5
that

∂Be
C′,ε0(x0) = K(C ′), ∀ ε ≥ 0.
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Then, by applying Theorem 6.10 to f ≡ 0 and g it follows that

∂Be
C,εg(x0) =

⋃

(C1,q)∈F×D
C(ε)=C1+{q}

{

K(C1) + ∂s
{q},1g(x0)

}

=
⋃

q∈D
C(ε)−{q}∈F

{

K(C(ε)− {q}) + ∂s
{q},1g(x0)

}

=
⋃

q∈D
C(ε)−{q}∈F

⋃

µ∈Ds+

〈µ,q〉≤ετC (µ)

{

K(µ) + ∂s
{q},1g(x0)

}

.

Remark 6.19. Part (b) of Theorem 6.18 reduces to the following formula by
considering q̄ ∈ Y \(−D\{0}), C = Cq̄ and ε = 1:

∂Be
Cq̄,1g(x0) =

⋃

q∈D\(q̄+D\{0})

⋃

µ∈Ds+

〈µ,q〉≤〈µ,q̄〉

{

K(µ) + ∂s
{q},1g(x0)

}

. (37)

Indeed, by Example 2.10 in [7] it is easy to check that

Cq̄ − {q} = Cq̄−q ∈ F ⇐⇒ q̄ − q /∈ −D\{0}

and formula (37) is obtained by statement (36). In view of Remark 4.7(b) in [7],
it can be checked that part (b) of Theorem 6.18 does not reduce to [14, Theorem
4.2] in this case. Next, we give a counterexample that shows that [14, Theorem
4.2] is not correct.

Example 6.20. Consider X = R, Y = R
2 and the mapping f : R → R

2 defined
by f(t) = (0, t), for all t ∈ R. Let D = R

2
+, q̄ = (1,−1) and x0 = 0. Clearly,

f is R2
+-convex and p-regularly ε-subdifferentiable at 0, for all ε ≥ 0. Moreover,

−q̄ /∈ R
2
+\{(0, 0)}. Hence, applying [14, Theorem 4.2] we obtain that

∂Be
Cq̄ ,1f(0) =

⋃

q∈R2+

q/∈q̄+R2+\{(0,0)}

{

∂s
{q},1f(0) + Zp(R,R

2)
}

, (38)

where Zp(R,R
2) = {A ∈ L(R,R2) : ∃µ ∈ intR2

+, µ ◦ A = 0}. By Theorem 4.6 we
deduce that ∂s

{q},1f(0) = {(0, 1)} and with easy calculus we have that

Zp(R,R
2) = {(a1, a2) ∈ R

2 : a1a2 < 0} ∪ {(0, 0)}.

Therefore, by statement (38) it follows that

∂Be
Cq̄ ,1f(0) = {(a1, a2) ∈ R

2 : a1(a2 − 1) < 0} ∪ {(0, 1)}. (39)

Now, we determinate ∂Be
Cq̄ ,1

f(0) applying formula (37). Denoting µ = (µ1, µ2) it

is clear that
K(µ) = {(a1, a2) ∈ R

2 : a1µ1 + a2µ2 = 0}.
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Hence,

∂Be
Cq̄ ,1f(0) =

⋃

q1∈[0,1)
q2∈[0,+∞)

⋃

µ1,µ2>0
µ2
µ1

≤
1−q1
1+q2

{

(a1, a2) ∈ R
2 : a1µ1 + a2(µ2 − 1) = 0

}

=
⋃

µ1,µ2>0
µ1≥µ2

{

(a1, a2) ∈ R
2 : a1µ1 + a2(µ2 − 1) = 0

}

=
{

(a1, a2) ∈ R
2 : a1 < 0, a1 + a2 ≥ 1

}

∪
{

(a1, a2) ∈ R
2 : a1 > 0, a1 + a2 ≤ 1

}

∪ {(0, 1)}. (40)

Since from Theorem 6.6, fT − fT (0) is nearly (Cq̄, 1)-subconvexlike on R for all

T ∈ L(R,R2), we can also apply Corollary 6.5 to calculate ∂Be
Cq̄ ,1

f(0), and it can

be checked that we obtain the same result as in statement (40). As it is observed,
statements (39) and (40) do not coincide, which proves that [14, Theorem 4.2] is
incorrect.

Next, as another application of Theorem 6.18, we present an example in which we
determinate the approximate Benson proper subdifferential of a map at a point,
for more general sets C ∈ F .

Example 6.21. Let X = Y = R
2 and consider the map f : R2 → R

2 given by

f(x1, x2) = (x1 + x2, (x1 − x2)
2).

LetD = R
2
+, ε ≥ 0, x0 = (0, 0) and C ∈ F a convex set such that C+R

2
+ = C and

0 /∈ clC. It is easy to check that f is R2
+-convex on R

2 and by Theorem 6.6 we

have that fT −fT (0, 0) is nearly (C, ε)-subconvexlike on R
2, for all T ∈ L(R2,R2).

Moreover, from Remarks 5.11 and 5.5 and Proposition 5.9 we deduce that f is
p-regularly ε′-subdifferentiable at (0, 0), for all ε′ ≥ 0. Hence, by Theorem 6.18
(b) we know that

∂Be
C,εf(0, 0) =

⋃

q∈R2+
C(ε)−{q}∈F

⋃

µ∈intR2+
〈µ,q〉≤ετC (µ)

{

K(µ) + ∂s
{q},1f(0, 0)

}

.

For each µ = (µ1, µ2) ∈ intR2
+ we have that

K(µ) =

{(

α β
−µ1

µ2
α −µ1

µ2
β

)

: α, β ∈ R

}

. (41)

Applying Theorem 4.6, for q = (q1, q2) ∈ R
2
+ it follows that ∂s

{q},1f(0, 0) =

∂q1f1(0, 0)× ∂q2f2(0, 0), where f = (f1, f2). For δ ≥ 0, it is easy to check that

∂δf1(0, 0) = {(1, 1)},
∂δf2(0, 0) = {(w1, w2) ∈ R

2 : w1 = −w2,−2
√
δ ≤ w2 ≤ 2

√
δ}.
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Therefore,

∂s
{q},1f(0, 0) =

{(

1 1
w −w

)

: −2
√
q2 ≤ w ≤ 2

√
q2

}

. (42)

Taking into account statements (41) and (42) we obtain that

∂Be
C,εf(0, 0)

=
⋃

q∈R2+
C(ε)−{q}∈F

⋃

µ∈intR2+
〈µ,q〉≤ετC (µ)

{(

α+ 1 β + 1
w − µ1

µ2
α −w − µ1

µ2
β

)

:
α, β ∈ R

−2
√
q2 ≤ w ≤ 2

√
q2

}

=
⋃

µ∈intR2
+∩Cτ+

{(

α+ 1 β + 1
w − µ1

µ2
α −w − µ1

µ2
β

)

:
α, β ∈ R

−2
√

δµ ≤ w ≤ 2
√

δµ

}

,

where δµ := ετC(µ)
µ2

. Inclusion “⊂� in last equality is obtained by taking into

account that q2 ≤ δµ, for all µ ∈ intR2
+ and for all q ∈ R

2
+ such that 〈µ, q〉 ≤

ετC(µ). The reverse inclusion follows by considering for each µ ∈ intR2
+ ∩ Cτ+

the point qµ = (0, δµ).
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[7] C. Gutiérrez, L. Huerga, B. Jiménez, V. Novo: Proper approximate solutions and
ε-subdifferentials in vector optimization: Basic properties and limit behaviour,
Nonlinear Anal. 79 (2013) 52–67.

[8] C. Gutiérrez, L. Huerga, V. Novo: Scalarization and saddle points of approximate
proper solutions in nearly subconvexlike vector optimization problems, J. Math.
Anal. Appl. 389 (2012) 1046–1058.
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vectoriel ordonné, Math. Scand. 30 (1972) 65–74.

[22] X. M. Yang, D. Li, S. Y. Wang: Near-subconvexlikeness in vector optimization
with set-valued functions, J. Optim. Theory Appl. 110 (2001) 413–427.

[23] A. Zaffaroni: Superlinear separation for radiant and coradiant sets, Optimization
56 (2007) 267–285.
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