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1. Introduction

In [7] we introduced and studied a proper e-subdifferential in the sense of Benson
for extended vector-valued mappings, which is defined by means of a generaliza-
tion of a Benson proper e-efficiency notion due to Gao, Yang and Teo [5], based on
an e-efficiency concept introduced by Gutiérrez, Jiménez and Novo (see [9, 10]).
This proper e-subdifferential, called Benson (C, ¢)-proper subdifferential, gener-
alizes the proper e-subdifferential defined by El Maghri [14] and Tuan [20] and
improves them, in the sense that it has a better limit behaviour when the error
e tends to zero (see Sections 3 and 4 in [7]).

The main aim of this work is to obtain Moreau-Rockafellar type theorems, i.e.,
some exact rules to calculate the Benson (C, e)-proper subdifferential of the sum
of two mappings. These results are obtained by scalarization, under certain con-
vexity assumptions, via well-known properties of the Brgndsted-Rockafellar e-
subdifferential of an extended real-valued convex mapping.

For this aim, we introduce and study a strong e-subdifferential related to a new
concept of approximate strong solution of vector optimization problems, and
a regularity condition that extends the well-known regularity condition due to
Raffin [18] (see also [14, 15, 21, 25]) to the Benson (C, €)-proper subdifferential.

Several results of this work extend other similar in [14, 15] referred to proper
subdifferentials and e-subdifferentials of extended vector-valued mappings, since
they are based on a more general proper e-efficiency concept, and also because
they have been obtained under weaker convexity assumptions.

This work is structured as follows. In Section 2, we fix the framework, the
notations and the main concepts that are going to be used along the paper.
In Section 3, we define and study a new approximate strong solution concept of
vector optimization problems, which generalizes the approximate strong solution
concept due to Kutateladze (see [13]). These solutions are characterized through
linear scalarizations without assuming any convexity assumption.

In Section 4, we introduce and study a strong e-subdifferential for extended
vector-valued mappings in connection with the approximate strong solution no-
tion defined in Section 3. In particular, we characterize it through e-subgradients
of extended real-valued mappings without assuming any convexity assumption,
and we obtain a simple formula for it when the objective space of the mapping
is finite-dimensional and the ordering cone is the nonnegative orthant.

This strong e-subdifferential, called (C, ¢)-strong subdifferential, motivates a re-
gularity condition that is defined and studied in Section 5. It is more general
than the regularity condition introduced by El Maghri [15]. However, we show
some conditions under which both coincide.

Finally, in Section 6, we prove two Moreau-Rockafellar type theorems for Benson
(C, e)-proper subdifferentials. The first one is based on the regularity condition
due to El Maghri [15] and involves strong e-subgradients associated with approxi-
mate strong solutions in the sense of Kutateladze. The second one considers the
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regularity condition defined in Section 5 and involves (C, £)-strong subgradients.
Both sum rules are exact and from them we state the gap between the Benson
(C, e)-proper subdifferential and the (C, ¢)-strong subdifferential.

2. Preliminaries

Let X be a topological vector space and Y be an ordered Hausdorff locally convex
topological vector space with ordering cone D. We consider that D is nontrivial
(D # {0}), pointed (D N (—D) = {0}), convex and closed. As usual, the order
in Y is given by D as follows:

yLy2 €Y, i <py &=y — 1 € D.

The topological dual spaces of X and Y are denoted by X* and Y™, respectively
and the duality pairing in X (resp. V') is denoted by (z*, x) := z*(x), z* € X*,
r € X (resp. (y*,y) = vy"(y), y* € Y*, y € Y). We consider a locally convex
topology 7 on Y* compatible with the dual pair, i.e., (Y*,7)* =Y (see [16, 17]).
Recall that the Mackey topology of Y* is the finest topology with this property.
The set of continuous linear mappings from X to Y is denoted by L(X,Y).

For a set ' C Y, we denote by int ', cl F, co F' and cone F' the topological
interior, the closure, the convex hull and the cone generated by F', respectively.
Moreover, it is said that F' is solid if int F' # () and F is coradiant if oF C F,
Va > 1. We denote the coradiant set generated by F' by shw F' (“shadow” of F,
see [23]), i.e.,

shw F' = U afF.

a>1

We adjoint to Y an abstract element +o0oy so that extending the ordering <p to
Y:=YU {+o0y } by setting y <p +ooy for all y € Y, the element 400y appears
as the greatest one of the ordered set (Y, <p). The usual algebraic operations
are extended as follows:

+ooy +y =y + (+ooy) = ooy, - (+ooy) = +ooy, Vy €Y, Va > 0.

We assume that 0-(+ocoy) = 0 and we denote R = RU{+00}, where +00 := +00g.

We denote the positive and the strict positive polar cones of D by DT and D5*,
respectively, i.e.,

Dt ={pueY*:{ud) >0,Vd e D},
D" ={peY":{ud) >0,Vde D\{0}}.

The nonnegative orthant of R? is denoted by Rf and R, :=R!.

The cone D is said to be based if there exists a nonempty convex set B C D,
which is called a base of D, such that 0 ¢ ¢l B and cone B = D (see [6, Definiton
2.2.14(1))).
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Given an arbitrary mapping f : X — Y, we denote the effective domain of f by
dom f,i.e., dom f = {x € X : f(x) € Y}, and we say that f is proper if dom f #
(). For each y* € DT\{0} we assume that (y*, f(x)) = +o0, Vo € X,z ¢ dom f
(see [14, 15]). Thus, y* o f : X — R and dom(y* o f) = dom f.

We study the following vector optimization problem:
Minimize f(x) subject to z € S, (Ps)

where f is proper and S C X is nonempty. We assume that Sy := SNdom f # ()
in order to avoid trivial problems. We say that (Ps) is a Pareto problem when
Y =RP and D = R%. In this case we write f as f = (f1, fo,..., [,)-

Let us recall that f is D-convex on S if S is convex and
flazy + (1 —a)xs) <p af(z1) + (1 —a)f(zy), YVai,20€ S, Yae0,1].
In particular, if f is D-convex on S, then Sy is convex.

Now, we recall two classical solution notions of problem (Pg). It is said, (see, for
instance, [6, 11, 19]) that a feasible point zo € S is a strong solution of problem

(Ps), denoted by zo € SE(f,S), if f(xg) <p f(x), for all z € S. Moreover, a
point 2y € Sy is a Benson proper efficient solution of problem (Ps), denoted by
zo € Be(f,9), if

cleone(f(So) — f(xo) + D) N (—D) = {0}.
It is clear that SE(f,S) C Be(f,S) C dom f.

In the sequel we show some well-known approximate solution notions of problem
(Ps), which will be used in the paper. The first one was introduced by Kutateladze
(see [13]) and generalizes the concept of strong solution from an approximate point
of view. The second one was introduced by Tuan [20] and is an approximate
version of the Benson proper efficient solution notion of (Ps) (see [1]).

Definition 2.1. Let ¢ € D. It is said that zy € S is a strong g-efficient solution
of (Ps), denoted by SE(f, S, q), if

f(zo) —q <p f(z), Yz es.

Definition 2.2. Consider ¢ € D and ¢ > 0. A point zy € Sy is a Benson &-
proper solution of problem (Ps) with respect to ¢, denoted by z € Be(f, S, q,¢),

if
cleone(f(So) +eq — f(zo) + D) N (—D) = {0}.
Clearly, SE(f,S,0) = SE(f,5), Be(f,S,q,0) = Be(f,S) and
SE(f,S,eq) C Be(f,S,q,e) Cdom f, Vqe€ D.

For each nonempty set C' C Y, we define the set-valued mapping C' : R, — 2Y

as follows:
C if 0
C(e) = € 1 g >
coneC ife=0.
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The following notion of approximate efficiency was introduced by Gutiérrez,
Jiménez and Novo (see [9, 10]) and generalizes the most important approximate
efficiency notions in the literature.

Definition 2.3. Let C' C Y be nonempty and € > 0. We say that xq € 5j is a
(C, e)-efficient solution of problem (Ps), denoted by xy € AE(f, S,C,¢), if

(f(So) = f(=0)) N (=C(e)\{0}) = 0.

Obviously, if coneC' = D, then AE(f,S,C,0) = E(f,S), where E(f,S) denotes
the set of exact efficient solutions of (Ps).

Next, we recall a meaningful generalization of the proper e-efficiency notion due
to Gao, Yang and Teo [5] (see Remark 2.4 in [7]). It can be considered as a
proper version in the sense of Benson of the e-efficiency notion due to Gutiérrez,
Jiménez and Novo [9, 10].

Definition 2.4 ([7, Definition 2.3]). Consider ¢ > 0 and a nonempty set C' C
Y such that c1C' N (—=D\{0}) = 0. A point zq € Sy is a Benson (C,e)-proper
solution of (Ps), denoted by xy € Be(f, S, C,¢), if

cleone(f(So) + C(e) — f(zo)) N (—D) = {0}
It follows that
Be(f, S, q,¢) = Be(f, S, Cye) = Be(f,5,CLe), Vge D, Ve >0,

where C; := ¢+ D and C; := ¢+ D\{0}.

In the following definition, we recall the Brgnsted-Rockafellar e-subdifferential
[4].

Definition 2.5. Let h : X — R be a proper mapping and € > 0. The e-
subdifferential of h at a point xy € dom h is defined as follows:

O-h(zo) = {z" € X* : h(x) > h(xg) — e+ (2", 2 — xo), Vo € X}.
The elements of 0.h(xy) are called e-subgradients of h at z.

Given a proper mapping h : X — R, a nonempty set M C X such that M, :=
M Ndomh # () and € > 0, we denote

e-argmin,h ={x € M : h(x) —e < h(z),Vz € M} C domh

and argmin, h := 0-argmin,,h. The elements of e-argmin,;h are the suboptimal
solutions with error € of the following scalar optimization problem:

Minimize h(z) subject to x € M.
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For ¢ > 0 and xy € domh, we have that 2* € 0.h(xy) if and only if xy €
g-argminy (h — 2*). In particular, given zy € dom f and two arbitrary mappings
y* € DT\{0} and A € L(X,Y), it follows that

o € e-argming (y* o (f — A)) <= y o A€ 0.(y" o f)(zo). (1)

In the following definition we recall a generalized convexity notion introduced by
Gutiérrez, Huerga and Novo [8]. It is an “approximate” version of the well-known
nearly subconvexlikeness concept due to Yang, Li and Wang [22]. Theorem 2.7 in
[7] provides sufficient conditions for checking the nearly (C,)-subconvexlikeness
ofamap f: X — Y on M.

Definition 2.6. Consider ¢ > 0, two nonempty sets M C X and C'C Y and a
proper vector-valued mapping f : X — Y such that My # 0. It is said that f is
nearly (C, €)-subconvexlike on M if clcone(f(My) + C(g)) is convex.

Finally, for a nonempty set C' C Y, we define the mapping 7 : Y* — RU{—o0}
as follows:

Te(y’) = f{(y"y)}, Vyr eV
We also denote
Chi={y" €Y 1 10(y") = 0},
F={CCY:C#0,D"nC™ £ 0}.
Given two nonempty sets C',Cy C Y and aq, s € R, observe that
70y (an)+Cala) (U7) = 007, (Y7) + 0270, (y7), Vy" € CTT N CTT (2)
It is clear that
DTN O™ #£ (= cl(C(0)) N (=D\{0}) = 0.

Moreover, if C' is convex and int D™ # (), by [3, Proposition 2] the reciprocal
implication is also true.

3. (C,e)-strong efficiency

The following new concept of approximate strong solution of problem (Ps) is
motivated by the (C,¢)-efficiency notion due to Gutiérrez, Jiménez and Novo
(see Definition 2.3) and it generalizes the strong g-efficiency notion (see Definition
2.1).

Definition 3.1. Let ¢ > 0 and a nonempty set C C D. A point 5 € S is a
(C, ¢)-strong efficient solution of (Ps), denoted by x¢ € SE(f, S,C,¢), if

f(xo) —q<p f(x), Vqe C(e), Vz €S. (3)



C. Gutiérrez et al. / Proper Approzimate Solutions and e-Subdifferentials 863

It is clear from Definitions 2.1 and 3.1 that zg is a (C, €)-strong efficient solution
of (Ps) if and only if z¢ is a strong g-efficient solution of (Ps) for each g € C(e),
ie.,

vy € SE(f,8,C.e) <= f(So) C () (f(xo) —q+D) (4)

q€C(e)
<~ f(So) — f(xg) + C(e) C D.

Moreover, SE(f, S,C,e) C dom f and then statement (3) can be checked only for
points © € Sy. In the following proposition we show the main properties of this
new kind of approximate strong solution of problem (Ps). Several of them are
consequence of the following previous lemma.

Lemma 3.2. Consider ) # F CY and ) # C,Cy C Y. If Cy C cl(Cy + D),
then
F+CiCcD=F+coCy,CD,

and if Cy C D, then

F+CyC D= F+shw(coCy) C D.

Proof. Suppose that Cy C cl(Cy + D) and let y € F and ¢ € Cy. There exist
two nets (¢;) C Cy and (d;) C D such that ¢;+d; — ¢q. As F+Cy C D and D is
closed we deduce that

y+q=1lm((y+¢q)+d)ec(D+D)=D

and then we have
F+Cy,CD. (5)

Consider ¢ € coCy. There exist ¢; € Cy and o; € [0,1], 1 < j <k, ke N, k> 1,
such that Z?:laj =1land ¢ = Z?Zlajqj. Thus, by (5) we have

k
F+qC) aj(F+¢)CD

j=1
and then we deduce that

F+CyCD=F+coCyCD. (6)

Suppose that Cy C D, F+ Cy C D and let g € shw(coCy). There exist o > 1
and d € coCy C D such that ¢ = ad and by (6) it follows that

F+g¢g=F+d+(a—1)dcCD,
i.e., ' 4 shw(coCy) C D, which finishes the proof. Il

Recall that an element y € Y is the infimum of a nonempty set F© C Y if the
following two properties hold:
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(a) y<puy,foralyekF.
(b) If for some ¢y € Y one has 3/ <p y for all y € F, then ¢/ <p 7.

If there exists an infimum of F, it is unique and we denote it by Infp F'.
Proposition 3.3. Consider ¢ > 0 and a nonempty set C' C D. It follows that
(a) SE(f,S) C SE(f,5,C,2) = ;.. SE(f, 5, C, ).

(b) SE(f,S,C,e) =SE(f,S), if 0 € c1C(e).

(¢) Consider a nonempty set G C D and § > 0 satisfying G(6) C cl(C(e)+ D).
Then SE(f,S,C,e) C SE(f,S,G, ). In particular,

SE(f,S,C,¢) C SE(f,S,C + ("), ¥C' C D,C" #10), (7)
SE(f,S,C,¢) = SE(f,S,C + "), ¥YC'C D,0€clC. (8)

(d) SE(f,S,C,e) =SE(f,S,coC,e) = SE(f, S,shw C,¢) = SE(f, S,clC,¢).
(e) Ifq=1InfpC, then SE(f,S,C,e) = SE(f, S,&q).
() If Nueo(—c+ D) = D, then SE(f, S, C, <) = SE(f, S).

Proof. (a) Let 2y € SE(f,S). By applying Lemma 3.2 to F' = f(Sp) — f(z0),
C1 = {0} and Cy = C(g) we deduce f(Sy) — f(zg) + C(e) C D, ie., xg €
SE(f,S,C,¢) by (4).

Analogously, let 2y € SE(f,S,C,¢) and 6 > . It is clear that C'(0) C C(e) + D.
Then, by applying Lemma 3.2 to F' = f(Sy) — f(z¢), C1 = C(e) and Cy = C(6)
we deduce that zq € SE(f, S, C,J).

Reciprocally, let 2y € (.. SE(f,S,C,d). As

C(e) C cl (UC(6)> :

o>¢e

by applying Lemma 3.2 to F' = f(Sy) — f(20), C1 = Us-.C(0) and Cy = C(e) we
deduce that zg € SE(f, S,C,¢) by (4).
(b) Suppose that 0 € c1C(e) and consider zo € SE(f, S,C,¢). Then by applying

Lemma 3.2 to F' = f(Sy) — f(z0), C1 = C(e) and Cy = {0} we deduce that
f(So) = f(xg) C D, ie., zg € SE(f,S). The reciprocal inclusion follows by part

(a).
(¢) The inclusion

SE(f,S,C,¢) C SE(f, S, G, 6) (9)

is a direct consequence of Lemma 3.2 and (4). Moreover, statement (7) follows
by applying (9) to G = C'+ C" and 6 = ¢, and statement (8) follows from (7) and
by applying (9) to G = C, C + C’ instead of C' and § = ¢.
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(d) By part (¢) we see that

SE(f,S,coC,e) C SE(f,S,C,¢),
SE(f, S,shw C,e) C SE(f, S,C,¢),
SE(f,S,clC,e) C SE(f,S,C,¢).
The reciprocal inclusions are consequence of applying Lemma 3.2 to F' = f(.Sy) —

f(zo) and Cy = Cy = C(e) (for the first two inclusions) and C; = C(g), Cy =
(c1C)(e) = clC(e) (for the last inclusion).

(e) The result is clear for ¢ = 0 by part (b). Suppose that ¢ > 0 and let
xo € SE(f,S5,2q). Then zy € Sy and f(x¢) —eq <p f(x), for all x € Sy. Since
q = InfpC, it follows that

f(Io) — f(l') <peq <p ec, Vee C, Vo e SO.
Hence, z¢ € SE(f,S,C,¢). Now, take o € SE(f,S,C,¢). Then, z5 € Sy and
f(xg) — f(x) <pec, Ve €Sy Vece .

Therefore, as ¢ = InfpC, for each fixed x € Sy it follows that f(zo) — f(z) <p £q.
This inequality holds for every x € Sy and so xy € SE(f, S, £q).

(f) The result is clear for ¢ = 0 by part (b). Suppose that ¢ > 0 and let
xo € SE(f,S,C,¢). By (4) we have that

f(So) = f(wo) € () (~¢+D)=()(~ec+D)=¢c(\(—c+D)=D.

qeC(e) ceC ceC

Hence, xy € SE(f,S) and so SE(f,S,C,e) C SE(f,S). The reciprocal inclusion
follows by part (a) and the proof is complete. O

Remark 3.4. By Proposition 3.3 (¢), (d) it follows that
SE(f,S,C,e) = SE(f,S,coC+ D, ¢)

i.e., we can deal with (C, )-strong efficient solutions of problem (Ps) by assuming
that C' is convex and C' = C'+ D, which implies that C' is coradiant.

Next we characterize the (C, €)-strong efficient solutions of problem (Ps) through
approximate solutions of associated scalar optimization problems.

Theorem 3.5. Consider € > 0 and a nonempty set C C D. Then,

SE(f,5,C.e)= (] erc(n)-argming(po f).

peD\{0}
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Proof. By the bipolar theorem (see for instance [14, Proposition 2.1(1)]) we
deduce that

xo € ﬂ ete(p)-argming(p o f)

pneDT\{0}
(b, f(@0)) < (p, f(2)) + 7o) (1), V€ Sy, Ve DT\{0}
{1y f (o)) < A, f(2)) + (1, q), Vg€ C(e), Vo € Sy, Vi€ DT\{0}
(, f(z) — f(xo) +q) >0, Vge Cle),Va € Sy, V€ DT\{0}
flz) = f(zg) +q€ D, YqeCle),Vz €Sy
xo € SE(f, S,C,¢)

HMM

and the proof is complete. n

4. (C,¢)-strong subdifferential

In this section, we introduce and study a new notion of strong e-subdifferential
for extended vector-valued mappings. After that, we characterize it through e-
subgradients of associated scalar mappings.

Definition 4.1. Let ¢ > 0 and let C' C D be a nonempty set. The (C, ¢)-strong
subdifferential of f at a point xq € dom f is defined as follows:

Opof(xo) ={T € L(X,Y) 120 € SE(f - T,X,C,¢e)}.

In the sequel, the usual (exact) strong subdifferential of f at zy € dom f is
denoted by 0°f(xg), i.e. (see, for instance, [15]),
Ff(xo) ={T € LIX,Y) : f(x) >p f(xo) + T(x — x0), Vo € X}
={TeL(X,)Y):zgeSE(f—-T,X)}.

Remark 4.2. Definition 4.1 reduces to the e-subdifferential notion introduced
by Kutatelazde [13] by taking a singleton C' = {q}, ¢ € D (see also [14]).

As a direct consequence of Proposition 3.3, we obtain the following properties.

Proposition 4.3. Let 2y € dom f, € > 0 and a nonempty set C C D. It follows
that:

(a) O f(wo) C I f(wo) = M508,5 (o).

(0)  0&.f(wo) = O°f(w0), if 0 € clC(e).

(¢) Consider a nonempty set G C D and § > 0 satisfying G(0) C cl(C(e) + D).
Then O . f(x0) C 04 5f(w0). In particular,

0. f(20) C Frycr e f(w0), ¥C'C D,C"#0,
0% f(x0) = Opyerof (o), VC' C D, 0ecll.

(d) aé’,ef(xo) = aioC,ef(xO) = a:hWC,af(x()) - ailC,ef(‘rO)'
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(e) If g=1InfpC, then Oz f(xo) = Ofy f(20).
f) If nc€C<_C + D) = D, then asc,gf(ﬂff’o) = O f(xo).

In the following result we characterize the (C, ¢)-strong subdifferential of f at a
point zy € dom f in terms of approximate subgradients of scalar mappings.

Theorem 4.4. Let xq € dom f, € > 0 and a nonempty set C C D. Then,
Rocf(xo) = [ AT € LX,Y): 0T € Dempuy(o f)(wo)}.

peD\{0}

Proof. Let A € £(X,Y). From Definition 4.1 and Theorem 3.5 we have that
A€ 0g f(xo) if and only if

To € m e7c(p)-argminy (o (f — A)).
peDT\{0}

Hence, by applying (1) it follows that

A€y f(xo) = Ae [ {Te€LXY): poT € derpqy(po f)(z0)}
peDF\{0}

and the proof is complete. O]

Remark 4.5. (a) Let C C D and ¢ € D. By Proposition 4.3(b) and Theorem
4.4 we have

Of(x0) = o f(wo) = () {T€LX,Y):poT €d(no f)(w)},

peDT\{0}

Oipaf@)= [ {T€LX,Y): poT € dyglmo f)(zo)}.

peDT\{0}

Therefore, Theorem 4.4 generalizes the first parts of [14, Theorem 3.2 and [15,
Theorem 3.2].

(b) Let Y =R, D = R,, zg € dom f, ¢ > 0 and a nonempty set C C R,. It
follows that

e f(w0) = Ocint f (20), (10)
where inf C' := Infg, C denotes the infimum of C. Indeed, given 7" € L(X,Y), it
follows that

T € dg f(wo) <= o € SE(f —T,X,C,¢) by Definition 4.1
< z9 € SE(f — T, X, {infC}, ¢) by Proposition 3.3(e)
<= 1 € einfC-argminy (f — T) by Definition 3.1
<= T € O-intcf(x0), by (1).

By statement (10) we see that the (C,¢)-strong subdifferential reduces to the
e-subdifferential of a scalar mapping when infC' = 1.
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Next theorem provides an easy calculus rule to obtain the (C, €)-strong subdiffe-
rential in the Pareto case.

Theorem 4.6. Let Y =RP, D =RY | 25 € dom f, € > 0 and a nonempty set
C C RE. It follows that

aSC,Ef('TO) = Hasﬂ'c(éi)fi(x[))>

i=1
where {€;}1<i<p s the canonical base of RP.
Proof. Let T'= (13,13, ...,T,) € 05 .f(%0). From Theorem 4.4 we have that
HoT € g (o), ¥p € RE\{O.
Then, for u = ¢; it follows that
T; € Ocrp (e filwo), Yi=1,2,....p,

and so T € Hleach(éi)fi(‘rO)'

For checking the reciprocal inclusion, let us consider T' € Hlec‘?wc(éi) fi(zg) and
p € REN{0}. Then, for each i =1,2,...,p, T} € Ocry(e) fi(20) and p; > 0, and so

/Llfl(l'> Z /,szl(ajo) — ,ui€7-0<éi) + /LlTlL(l' — l’o), Vax c X, 1= 1, 2, .o, P (11)

By adding in (11) we obtain that

(s (@) = (s f(wo)) —e Y pure(@) + (0, T(x —x0)), YeeX.  (12)

i=1
Moreover,
p
;“m(ei) = et + -+ mbfpe < i o)} = 1o(p). (13)

Hence, from (12) and (13) we deduce that

(o f(2)) = (s f(20)) — eme(p) + (1, T2 — x0)), Ve X,

$O 1o T € Ocrp(uy(pt © f)(w0). Applying Theorem 4.4 we conclude that T' €
0¢,.f (z0), and the proof is finished. ]

Theorem 4.6 reduces to [14, statement (6)] and [15, statement (3.6)] by consid-
ering ¢ = 1 and the sets C' = {q} and C = D, respectively.
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5. Regularity condition

In this section, we introduce and study a new regularity condition for extended
vector-valued mappings, which is defined in terms of (C, €)-strong subdifferentials.
For this aim we assume that C' is a nonempty subset of D and we denote

Cti={y e Y 1c(y") > 0}

Definition 5.1. Let 2y € dom f and € > 0. We say that f is regularly (C,¢)-
subdifferentiable at xg if ¢ = 0 and

Ao f)(zo) = po 0 f(wg), Vpe D™, (14)
or e >0 and
(o f)(zo) = U o O flxzg), Ve DT NCTT.
c’'cb
Tor(m)=1

When statement (14) holds, we say that f is p-regularly subdifferentiable at z.

Remark 5.2. For all C" C D, ¢ > 0 and for all A € ¢, _f(xo), by Theorem 4.4
we have that

100 A€ Oerpyuy(po f)(zo), V€ DT\{0}. (15)
Hence, f is regularly (C, ¢)-subdifferentiable at ¢ if and only if ¢ = 0 and

O(po f)(wo) C o0 f(xo), Y€ D™,

or € >0 and
(o f)lwo) € | wod flw), YpeDnCT,
C’(C)D L
Tor (k)=

For each p € Dt N C*™" and € > 0, the set

U wod . f(xo)

c’'cp
Tor()=1

can be rewritten in different ways and from them, several equivalent formulations

of the regularly (C,e)-subdifferentiablity are obtained, as it is showed in the
following results.

Theorem 5.3. Let xg € dom f and € > 0. The following statements are equiva-
lent:

(a) f is reqularly (C,e)-subdifferentiable at x.
(b) 85(,uof)(x0) :U C’CD( >MOaS/7%f(ZL‘0), V/,LGDS+OCST+.

Tor(w)=rc(p el

(6) Bulwo f)lae) =U_crcn 03, flao). Vi€ DFNCT.

Tor (m)=¢
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Proof. The result is a consequence of the equalities

U wede - flao)= J o flw) (16)
c/'cD © c’'cb
Tc/(H):TC(H) TC/(M):E
= |J wodu flzo), (17)
c’'cD
Tor(w)=1

where 4 is an arbitrary element of D*F N C5™*. Let us prove the equalities (16)
and (17).

Consider C" C D such that 7¢/(p) = 7¢(p). It is obvious that

Oy 00) = 0y (o)

ol )

and by (2), C" := " <L> C D satisfies 7o (1) = —=—7c (1) = €. Therefore,

T (1) T (1)

U ot - fla)c |J pode,fluw)

c’'cp c’'cp
Tor(W)=Tc (k) Tor (p)=e

Consider C" C D such that 7o/ () = €. It is clear that
52*/,1f(330) = az”(l/a),ef(x())

and by (2), C" := C'(1/¢) C D satisfies 7, (1) = (1/€)7cr () = 1. Thus, we see
that

U wedsf@)c |J wode . flxo).

c’'cb c'co
o (m)=¢ o (=1

Finally, let C" C D such that 7¢/(u) = 1. It follows that

880',5f(55'0) = asc'(fc(u)) f(x0)

[
PTo (k)

1!

and by (2), C" = C'(1¢(p)) C D satisfies 7 (1) = 7o(p) 700 (1) = 7¢ (). There-
fore,
U woedeflw)c |J modu - flxo)
o (1)
c’'cb c'cb
Tor ()=1 Tor (=T (1)
and the proof is complete. Il

For certain vector optimization problems it is possible to give a unified formu-
lation of the regularly (C,¢)-subdifferentiability notion, as it is showed in the
following corollary.
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Corollary 5.4. Let xo € dom f and € > 0. Assume that
0¢clC, argmingou#0, Vue D', (18)

Then Dt C C*™" and [ is regqularly (C,€)-subdifferentiable at xq if and only if

d.(po f)we) = |J nod . flxo), Vue D™ (19)

c’'cp
Tor(w)=1

Proof. If ¢ = 0, by Proposition 4.3(b) we deduce that ¢, o f(zo) = 0°f(x0), for
all C" C D. Then statement (19) says that f is p-regularly subdifferentiable at
xo.-

On the other hand, if € > 0 then statement (19) reduces to the notion of regularly
(C, e)-subdifferentiability of f at xg, since D*F C C*7*. Indeed, for each u € D%,
as argming - # (), there exists ¢ € ¢l C' such that

To(p) = inf{(p,d) : d € C} = inf{(p,d) : d € 1 C} = (u,q) > 0, (20)

since ¢ € c1C' € D\{0} and p € D*F. O
Remark 5.5. In order to apply Corollary 5.4, let us observe that the assumption

argminelc’u 7é Q)a VIU/ € DS+

is satisfied if some of the following conditions holds (for part (e), see for instance
[12, Theorem 7.3.7], where the coercivity condition can be checked via [2, Lemma

2.7]):

a) C'is compact.

b) C=P+Q, with P C D compact and Q) C D.
c¢) D has a compact base.

d) Y is finite dimensional.

e) Y isreflexive, C is convex and int Dt # ().

~— — T

~—

In the following important result, we show that if € > 0, then the regularly (C, ¢)-
subdifferentiability condition can be checked by considering convex sets C' C D
such that C" = C" + D. This class of sets will be denoted in the sequel by A, i.e.,

A={C"CcD:C"#0,C'=C"+ D,C" is convex}.

Let us observe that each C’ € A is a coradiant set.

Theorem 5.6. Let xo € dom f and e > 0. The following statements are equiva-
lent:

(a) [ is regularly (C,e)-subdifferentiable at xq.
(b) 86(,u e} f)(ZE()) = U cleA I,LL 9 8scv/7€f<l’0), VM € .DSJr N OSTJr.

To! (w)=

(¢) O(pof)(xo)=U crea ( )uoas,7ﬁf(xo), Vue Dt N,

To! (wW)=1c(p
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(d) Do Nwo) =U cen 1103, flxo), ¥pu € DA CTH.

TC/(N):E

Proof. Fix p € Dt N C*™". Clearly,

U wo az",sf(xo) - U o az”,af(xo)'

clen c’'cp
Tor (p)=1 Tor (p)=1

Now, let C" C D such that 7/ (1) = 1. By applying Proposition 4.3(c¢), (d), we
know that

9en e f(w0) = Oy or o (20) = T crip. J (20)- (21)

Observe that coC’ + D € A and 7¢o/(p) = —o_cr(p), where o_¢v @ Y* — R
denotes the support function of —C", i.e.,

o_c(p) = sup {(u,y).
ye—C"

Hence, by the well-known properties of the support function (see for instance
[24]) and by (2) it follows that

Teocr+D (1) = Teocr (1) = —0-cocr (1) = —0-cr(p) =T (p) = 1. (22)
From the equalities (21) and (22) we deduce that

U no aSC’,sf(xO) C U wo aé’,sf(xO)

c'cb C’en
Tor(k)=1 Tor(k)=1

and so parts (a) and (b) are equivalent.

Moreover, for each C' € A and « > 0 it is obvious that aC' € A. Then, by using
the same reasonings as in the proof of Theorem 5.3 it is easy to check that

U wodefl@) = U wode - fla)
C’eA Cclen ke
Ter(w)=1 Tor(w=rc (1)

= | wodu,f(zo), Yue DT nCT

c’en
To! (n)=¢

and so parts (b), (¢) and (d) are equivalent, which finishes the proof. O

It is obvious that the regularly (C, €)-subdifferentiability condition reduces to the
p-regularly subdifferentiability due to E1 Maghri and Laghdir (see [15, pg. 1977])
when € = 0. In the sequel, we relate the notion of p-regularly e-subdifferentiabi-
lity introduced by El Maghri in [14] with the regularly (C, ¢)-subdifferentiability
condition.
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Definition 5.7 ([14, Definition 3.1(ii) and ¢ = p]). Let 2y € dom f and € >
0. It is said that f is p-regularly e-subdifferentiable at x; if ¢ = 0 and

Opo f)(xo) = pod fxo), Yue D™

or € >0 and

Oe(p o f)(xo) = U {10 Ofgy 1 f (o), Ve D

qeD
(,q)=e

Proposition 5.8. Let xg € dom f and € > 0. If [ is p-reqularly e-subdiffe-
rentiable at xo then f is reqularly (C,e)-subdifferentiable at xq.

Proof. Suppose that £ > 0, since the result is obvious when ¢ = 0. Then,

O-(po f)(zo) = |J wodiy.f(zo)

(-
c U wod flx), YueD
c¢’'cb
TC’(“):E
and by (16)—(17) and Remark 5.2 we deduce that f is regularly (C,¢)-subdiffe-
rentiable at xg. O

By Proposition 5.8 we see that, in general, the concept of regularly (C, £)-subdiffe-
rentiability is weaker than the notion of p-regularly e-subdifferentiability. Next
we show that both notions are the same if

argming o pu #0, Vue D*F, VC' €A, 0¢ . (23)

Proposition 5.9. Let xg € dom f and ¢ > 0. Assume that conditions (18) and
(23) are fulfilled. If f is reqularly (C, )-subdifferentiable at xo then f is p-regularly
e-subdifferentiable at x.

Proof. Suppose that € > 0, since the result is obvious for ¢ = 0. Then, by
Corollary 5.4 and Theorem 5.6 we have that

O:(wo fwo) = | wodiflwo), Yue D™ (24)

CleA
TC/(M):E

Consider C" € A such that 7¢/(u) = €. Then 0 ¢ c1C” and by using the same
reasoning as in (20) we deduce that there exists ¢’ € clC” such that 7¢/(u) =
(1. ¢'). By Proposition 4.3(c) we deduce that 9¢. ; f(zo) C 9y 1 f(x0) and by
(24) we obtain that

O:(po f)(wo) C U fro i1 f(xo), Ve D

qeD
(1,q)=¢

By (15) we conclude that f is p-regularly e-subdifferentiable at xy, which finishes
the proof. n
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In the next result we show that the regularly (C, £)-subdifferentiability notion re-
duces in the Pareto context to the well-known calculus rule on the e-subdifferential
of a sum of convex mappings.

Proposition 5.10. Let Y = RP, D = R" | x5 € dom f, € > 0 and suppose that
0 ¢ clC. Then f is reqularly (C,e)-subdifferentiable at xo if and only if for all
= (p, pa, .., pp) € It RL one has

O-(no o) = |J D 0(ufi)(xo). (25)

(1,69, sp)ERg_ =1
e1teg+--tep=e

Proof. The case € = 0 is clear by applying Proposition 4.3(b) and Theorem 4.6
to an arbitrary nonempty set C C RY and ¢ = 0. If ¢ > 0, by Remark 5.5(d) and
Propositions 5.8 and 5.9 we deduce that f is regularly (C, )-subdifferentiable at
xo if and only if

(o f) U podip.f(xo), Vp€intRE. (26)

P
qeRY.

(,q)=¢

By applying Theorem 4.6 it follows that for all u = (u1, pia, . . ., p1,) € iInt RY.

Moa{q}1f To) ZM28 fi(20) Zé‘al i fi) (o),

where g; = p;q; for all i = 1,2,... p. Therefore, by (26) and (27) we obtain that

p
aﬁ(uof)(xo) = U Za&(ﬂlfl)<x0)a V/L: (ﬂl?ﬂ%"'nup) EintRﬁ?
(61,8255 Ep)eRi =1
€1+eg+-+ep=¢

which finishes the proof. Il

Remark 5.11. The previous proposition can be used, in connection with some
constraint qualifications, to check the regularly (C, ¢)-subdifferentiability of objec-
tive mappings of Pareto problems. For example, it is well-known (see for instance
[24]) that calculus rule (25) is fulfilled under the well-known Moreau-Rockafellar
constraint qualification (MRCQ in short form): X is a Hausdorff locally convex
space, all objectives f; are convex and there exists T € [,_, dom f; such that
p—1 objectives f; are continuous at Z. Then, (MRCQ) implies that the objective
mappings of Pareto problems are regularly (C, )-subdifferentiable at every point
in the effective domain.

6. Moreau-Rockafellar type theorems for Benson (C,¢)-proper sub-
differentials

In this section, we provide some calculus rules for the Benson (C, ¢)-subdifferential
of the sum of two vector-valued mappings. In particular, we obtain two Moreau-
Rockafellar type theorems, and as a consequence, two formulae that reveal the



C. Gutiérrez et al. / Proper Approzimate Solutions and e-Subdifferentials 875

gap between the strong (C, ¢)-subdifferential and the Benson (C,e)-proper sub-
differential. First, we recall the notion of Benson (C, ¢)-proper subdifferential of
f (Definition 4.1 in [7]) and some related results.

Definition 6.1. Let x5 € dom f, e > 0 and C € F. We define the (C,e)-proper
subdifferential of f at zy in the sense of Benson as follows:

0% f(wo) =={T € L(X,Y) :z9 € Be(f = T, X, C,¢)}.

Remark 6.2. If C € F satisfies that clcone C' = D, from [7, Remark 2.4(a)] we
have that
83?0 (o) :={T € L(X,Y) :xg € Be(f =T, X)}.

This exact proper subdifferential is denoted by 9%¢ f(z).

From now on, let fr := f — T, where T" € L(X,Y). The following results were
obtained in [7] and will be used in this section. They provide a characteriza-
tion of the (C,e)-proper subdifferential of f through approximate subgradients
of associated scalar mappings.

Theorem 6.3 ([7, Theorem 4.4]). Suppose that int Dt # (). Let xy € dom f,
>0, andC € F. If T € 05 f(wo) and fr— fr(xo) is nearly (C, ¢)-subconvealike
on X, then there exists p € DT N C™ such that

poTl e asTc(u) (M © f)(x())

Theorem 6.4 ([7, Theorem 4.5]). Let zyp € domf, ¢ > 0 and C € F. It
follows that

U {TeLX.Y):poT €druqylpo f)lwo)} C S (o).
pEDSTNCT+

Corollary 6.5 ([7, Corollary 4.6]). Let xy € dom f, € > 0 and C € F. Sup-
pose that int DT #£ () and fr — fr(xo) is nearly (C,e)-subconvezlike on X, for all
T e L(X,Y). Then,

@)= | {TeLEY):poT € diuluo f)lxo).

peDstNOT+

The next result will be very useful in the following (see Theorem 2.7 and Remark
2.8 in [7]).

Theorem 6.6. Let A € L(X,Y) and y € Y. If the mapping f is D-convex on
S, then the mapping f + A+y: X — Y is nearly (C,¢)-subconvexlike on S, for
all € > 0 and for all nonempty convexr set C' C'Y such that C'+ D = C.
For an arbitrary set C' € F and ¢ > 0, we denote

SC(E) = {(01,02) c Fx2P: C(E) cCy+ CQ}
and SC = SO(l)-
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Theorem 6.7. Let ¢ > 0, C € F and consider two proper mappings f,g: X —
Y and zo € dom f Ndom g. It follows that

BL(f+9)x) > | {9851 (o) + 8, 19(20)}.

(C1,02)€5¢(¢)
Ci1+Dca 0y

Moreover, if D has a compact base, then

Re(f+9)x) > | {881/ (o) + 8, 19(0)}-

(C1,C2)ES¢(e)

Proof. Consider (C1,C3) € Sy and let A € 98¢, f(xo), B € 98, ,9(x0). Sup-
pose by contradiction that A+ B ¢ 95%(f 4 g)(xo). Then xo ¢ Be(f +g — (A +
B), X, C,¢), i.e., there exists dy € D\{0} such that

—do € cleone((f + g)asp(dom(f + g)) + C(e) — (f + g)at+5(w0))-

Hence, there exist nets («;) C Ry, (2;) C dom(f + g), (d;) C C(g) such that

ai((f = A) (i) +di — (f — A)(w0) + (g9 — B)(w:) — (9 — B)(w0)) — —do.

As C(e) C Oy + Oy there exist nets (u;) C Cy and (v;) C Cy such that d; = u; +v;
for all 7, and so

ai(fa(w;) +u; — fa(xo) + gp(z:) + vi — gB(20)) — —do. (27)

Since B € 02, 19(w0), it follows that zy € SE(g — B, X, C5,1) and then
(9 — B)(x;) +v; — (g — B)(xo) € D, Vi.

By denoting y; := u; + (9 — B)(x;) + v; — (9 — B)(x0) € C1 + D we deduce from
(27) that

ai((f = A) (@) +yi — (f — A)(20)) = —do. (28)
If C1+ D C clCh, then y; € clCy for all ¢ and (28) is a contradiction, since by [7,
Proposition 4.3(b)] with C" = {0} it follows that A € 0¢¢, f(x0) = O4%, 1.f(w0)
and so xg € Be(f — A, X, clCy, 1).
On the other hand, if D has a compact base, by [7, Proposition 3.1(e)] we have

that
Be(f — A, X,Cy+ D, 1) = Be(f — A, X, Cy, 1),
Therefore, by (28) we see that o ¢ Be(f—A, X,C1,1), i.e, A ¢ 95, f(x0), which

is a contradiction. O

Remark 6.8. Let 2y € dom f and € > 0. Suppose that int D" # () and fr —
fr(xo) is nearly (Cy,e)-subconvexlike on X, for all T € L£(X,Y) and for all
qg € Y\(=D\{0}). Let q,q1,q2 € Y be such that ¢,q; ¢ —D\{0}, ¢ € D and
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q¢ = ¢1 +¢o. By applying the first part of Theorem 6.7to C' = Cy, e =1, C; = C,
and Cy = {¢q2} we obtain that

08 1 f(w0) + Bpy19(x0) C OE2(f + 9)(0)

and by Remark 4.7(b) in [7] we see that the first part of Theorem 6.7 reduces to
the first part of [14, Theorem 4.1, ¢ = p]. Analogously, by applying the first part
of Theorem 6.7 to C' = C} = D, Cy = {0} and ¢ = 1 it follows by the definitions
that

0% f (o) + 8 g(wo) C O°°(f + g)(x0)
and then the first part of Theorem 6.7 reduces to the first part of [15, Theorem
4.1, 0 =p].

The following notion is motivated by [14, Definition 2.1(ii)].

Definition 6.9. We say that f is star D-continuous at a point zo € dom f if
(o fis continuous at xg, for all y € D5T.

Theorem 6.10. Assume that int D¥ # (. Lete >0, C € F, f,g: X — Y,
g € dom f Ndomg. Suppose that (f + g)r — (f + g)r(xo) is nearly (C,¢)-
subconvezlike on X for all'T € L(X,Y), g is p-reqularly ' -subdifferentiable at x
for all &’ > 0, and the following qualification condition (QC) holds:

(QC) f,g are D-convexr on X and there exists T € dom f N dom g

such that f or g is star D-continuous at T.
Then,
9e(f + 9)(x0)
- U U {agf,1f($o) + a«?q},lg(x())}‘ (29)

peDstNCT™+ (C1,9)€F XD, C(e)=C1+{q}
¢y ()20

If additionally C + D = C or D has a compact base, then
0L (f+a)wo) = | {0851 (o) + 07y 19(x0) ).

(C1,9)€F XD
C(e)=C1+{q}

Proof. In order to prove inclusion (29), let us consider T' € g% (f +g)(xo). Since
(f+9)r— (f+9)7r(x0) is nearly (C, €)-subconvexlike on X, by Theorem 6.3 there
exists p € D*T N C™" such that

10T € Oerpyy (o (f +9))(0) = Ocreuy (0 f + 10 g)(20).

As condition (QC) holds, we can apply the well-known e-subdifferential sum rule
for proper extended real-valued convex mappings (see, e.g., [24, Theorem 2.8.7])
obtaining that

Orog(po f+mog)(zo) = | {00 (o) + 0, (10 g)(x0)}-

€1,692>0
e1+eg=e7c (1)
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Hence, there exist &1,&y > 0, with &, + & = eto(n), 2] € 05 (p o f)(zo) and
xy € O, (p o g)(xo) such that poT = xf + z3.

Suppose that &5 > 0. As g is p-regularly &;-subdifferentiable at x, there exists
q € D such that (u,q) = & and 23 € pod, 9(zo). Hence, there exists B €

9 p19(@o) such that po(T'—B) = a7 € O (o f)(xo). By defining C := C(e)—{q}
we obtain C(e) = C1+{q} and 7¢, (1) = et () —{, q¢) = &. Thus, up € DTNCT
and Cy € F. Moreover, by Theorem 6.4 we see that T'— B € 82?71]”(1’0) and so

T'=(l'-B)+Be agf@f(%) + 9p.19(0)-

If &5 = 0, by applying the p-regularity condition and Proposition 4.3(b) we deduce
that 23 € po &g(xo) = po 9}y ,9(xo), where ¢ = 0. From here we obtain the
same conclusions as in the case & > 0 by following the same reasonings, and so
the proof of inclusion (29) is complete.

On the other hand, it is clear that

U U {achilf(acO) + a?q}@g(a?o)}

uEDSTNCT+ (C1,9)€F XD, C(e)=C1+{aq}
¢y ()20

c U {98 f (o) + Fgpa9(x0)} (30)
(C1,9)€F XD
C(e)=C1+{qa}

If C(e) =Cy +{q} and C+ D = C, then it is easy to prove that C; + D C ¢l Cy.
Therefore, by Theorem 6.7 we deduce that (30) is included in 92%(f + g)(zo),
which finishes the proof. ]

By using the same reasonings as in Remark 6.8 we see that Theorem 6.10 gener-
alizes [14, Theorem 4.1, 0 = p| and the second part of [15, Theorem 4.1, o = p|.

Next, we prove other Moreau-Rockafellar type results based on regularly (C,¢)-
subdifferentiable mappings. For an arbitrary set C' € F, ¢ > 0 and xy € dom f,
we define the set-valued mapping I'c. f(x0) : DT N C™F — 2£(5Y) a5 follows:

Loef(wo)(p) :=AT € LIX,Y) : 10T € Oerp (10 f)(20)}-
Remark 6.11. By Theorem 6.4 it is clear that

mlo.f(zo) = | Tosf(eo)n) C OB f(zo)

pEDSTNCT+

and by Corollary 6.5, if int D™ # () and fr — fr(xo) is nearly (C, £)-subconvexlike
on X, forall T'e€ L(X,Y), then

ImDe. f(z0) = 0o f (o).
For each C' € F and p € D" N C™ we denote

So(p) = {(C1,Ca) € 2" x 2V 1 70, (1) > 0,7 (1) > ¢y 405 (1) }-
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Proposition 6.12. Let f,g: X — Y, 2y € dom f Ndomg, € > 0 and C € F.
Then,

BLf+9)x) > U U {Coren f (o) (1) + 08, ,9(0) }-

peDS+NCT+ £1,6220
(Cl,CQ)E}_XQD
(C1(21),C2(£2)) €S ¢y (W)

Proof. Consider € DT NC™, 1,69 >0, C; € F and Cy C D such that

(Ci(e1), Ca(e2)) € Soe) (1), (31)

and let A € I'c, ., f(wo)(p) and B € 0¢, ,9(20). By Theorem 4.4 it follows that
f10 B € Oeyre (uy(1 © 9) (o) and then we deduce that

o(A+B)e€ 8817'01 w)+eatoy (;L)(,u o (f+9))(xo). (32)

Moreover, by (31) and (2) we deduce that

€17, (1) + €270, (1) = 7oy (e)+Caten) () < Toge) (1)
and by (32) we have that o(A+B) € Oy, () (1o (f+9))(20). Then, by Theorem
6.4 we deduce that A+ B € 9g%(f + g)(x0) and the proof is complete. O

In the sequel, we denote
Fp:={CeF:C=C+D,C is convex}.

It is clear that A = Fp N 2P,

Theorem 6.13. Suppose that int D # 0. Lete >0, C € F, f,g: X =Y and
xo € dom f Ndom g. Suppose that f is D-convex on X. Then,

gz (f + g)(xo) O U {085 2, f(20) + 0, 2, 9(w0) }-

€1,69>0
(C1,C2)EFp x2D
(C1(1):C2(£2)) €S ()

Proof. Let 1,69 > 0, Cy € Fp, Cy C D such that (Cy(e1),Ca(e2)) € Se(e) and
let A € 0gc,, f(xo) and B € 0, .,9(x0). Since Cy € Fp and f is D-convex on
X, we know from Theorem 6.6 that fr — fr(zo) is nearly (Cy,e;)-subconvexlike
on X, for all T € L(X,Y). Then, from Theorem 6.3 there exists u € Dt N CT*"
such that po A € 0. 7 (u)(1 o f)(x0) and so

A+ B e lg, e f(xo)(p) + 95, .,9(x0).
Since 1 € C7" and (Ci(g1), Ca(e2)) € Sc(e) we see that

(Ci(e1), Cale2)) € Sce) (1)

and the result follows by Proposition 6.12. O
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Given a set C' € F and u € Dt N C™", we denote

Cr={yeY :(uy) >7c(n)}
and we define
Ac(p) == A{C" € A: 70 (p) = 7o(p)},
Fe(p) :=={C" € Fp : 7or(pn) = 7c(1)}-

It is clear that Fo(u) N 2P = Ag(u). Moreover, given € > 0 and z € dom f, for
all C",C" € Fo(u) it follows that

Leoref(xo) (i) = Ton o f(z0) (1) (33)

Theorem 6.14. Assume that int Dt # 0. Lete >0, C € F, f,g: X — Y,
zo € dom f Ndomg. Suppose that (f + g)r — (f + g)r(xo) is nearly (C,e)-
subconvezlike on X for all T € L(X,Y), g is reqularly (C,&")-subdifferentiable at
xo for all € > 0 and the qualification condition (QC) holds. Then,

P (f + g)(o)
c U U N Toaf@)w+8,.,90)} (34)

peDsTNCTt CoeAc(p) C1€Fc (1)
€1,6220
€1+eg=¢

- U U {Tore (o) () + 02, .,9(x0)}- (35)
pweDsStNCTT CQEAc(u)
€1,69>0
£1+teg=¢

Proof. Let T € 9p%(f + g)(xo). By reasoning as in the proof of Theorem 6.10

we deduce that there exist p € DTN C™F, 1,8, > 0, 27 € 0= (no f)(xy) and
x5 € 0z, (1o g)(xo) such that & + &y = ere(p) and po T = x} + 5.

Suppose that p € C*7*. If &, > 0, since g is (C, &)-regularly subdifferentiable at
xg, by Theorem 5.6(c¢), there exists Cy € Ac(p) satisfying

xy € po b, = g(zo).

YTo(w)

Hence, there exists B € 0, &, g(xo) such that po(T'—B) = z7. Let C; € Fo(p)

Yo (k)

be arbitrary. It follows that T'— B € I',, %f(l‘[))([l,) and so
77—0 n

T=(T=B)+ B el e fxo)(n) + 0, ,9(0),

= = 0 and gy := %(2#) > 0 satisfy e, +5 = €, as we want to prove.

To (1

where g1 :=

If &5 = 0, by the regularly (C, 0)-subdifferentiability property of g at xo we see that
x5 € odg(wo). By Proposition 4.3(b) it follows that pod°g(wg) = podg, 4g(x0),
where

Co={q€D:{uq) >1c(n)} =C;NDecAc(p).
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Then, reasoning in the same way as above we deduce that

T e FC1,€1f(x0)(M) + ang,gzg(mO)
€1
Tc (1)
On the other hand, if 7¢(px) = 0, then & = & = 0. By the regularly (C,0)-
subdifferentiability property of ¢ at xy and Proposition 4.3(b) we obtain that
xy € po Fg(wg) = podpog(wo). Thus, there exists B € 0, ,9(7o) such that
po(T'—B)=u} € 0o f)(zo) and we deduce that T'— B € I'¢, - f(zo) () for

all Cy € Fe(u). Therefore,

and 1 = =c¢ and g5 = 0.

T = (T - B) + B € FC1,€1f(x0)(:u) + aé’g,agg(xo)7

where Cy := D € Ac(p), €1 = ¢, 2 = 0 and C; € Feo(p) is arbitrary, and the
proof of inclusion (34) is complete.

Finally, equality (35) is clear by statement (33), because C] € Fco(u), for all
weDTNCT, O

Theorem 6.15. Let ¢ > 0, C € F, f,g: X — Y and xy € dom f N domg.
Then,

U U {Tepaf(2o)(n) + 8, .,9(x0)} € O2L(f + 9)-

peDStTNCT+ CoeAc(p)
£€1,62>20
e1+e9<e

Proof. For each € Dt N C™" it is easy to check that
(Ch(e1), Ca(e2)) € Soe) (i), Ver,ea > 0,61+ <, VO3 € Ao(p),
and so the result is a direct consequence of Proposition 6.12. O]

By Theorems 6.14 and 6.15 we deduce the following Moreau-Rockafellar theorem
for Benson (C, ¢)-proper subdifferentials.

Corollary 6.16. Assume that int DY £ (. Lete >0, C € F, f,g: X =Y,
zo € dom f Ndomg. Suppose that (f + g)r — (f + g)r(xo) is nearly (C,e)-
subconvezlike on X for all T € L(X,Y), g is regularly (C,&")-subdifferentiable at
xo for all € > 0 and the qualification condition (QC) holds. Then,

oo (f+9) ()= U {Topa flo) () + 82, ,9(x0)}-
neD et Caeho(p)

€1,€2>
g1+e9<e

Remark 6.17. If C' € Fp and f, g are D-convex, then by Theorem 6.6 we see
that (f + g)r — (f + g)r(xo) is nearly (C,e)-subconvexlike on X, for all zq €
dom fNdom g and for all T € £(X,Y). Then the nearly (C, €)-subconvexlikeness
assumption of Theorems 6.10 and 6.14 and Corollary 6.16 on the mapping (f +
9)r — (f + g)r(xo) can be removed when C' € Fp.
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In the sequel we focus on the gap between the (C,¢)-strong subdifferential and
the Benson (C,e)-proper subdifferential, which is obtained for regularly (C,¢)-
subdifferentiable and p-regularly e-subdifferentiable mappings. For u € Dt and
C € F, we denote

K(p):={T € L(X,Y) : poT =0},
KC)= J K.

pEDSTNCT+

Theorem 6.18. Suppose that int DT # (. Lete >0, C € F, g: X — Y and
xo € domg. Assume that gr — gr(xo) is nearly (C,€)-subconvezlike on X, for all
T e L(X,Y) and g is D-convex on X.

(a) If g is regqularly (C,")-subdifferentiable at o, for all €’ > 0, then,

00%9(x0) = U K(u) + U I -9(o)

pEDSTNCT™+ C'eAc(p)

(b) If C is convex, C + D = C or D has a compact base, and g is p-reqularly
' -subdifferentiable at xq, for all &’ >0, then,

ao 29(wo) = U U {K(M) + a?q},lg(-?ﬂo)} . (36)

Ds+
C<5) {‘Z}E}_ (p, q)<57’c(p,)

Proof. (a) By applying Corollary 6.16 to the mappings f = 0 and g we obtain

that
ocsg(x) = | U {Tege000) (1) + 82, ., 9(x0)}-

pweDsStNCTH OQEAc(u)
£1,602>0
e1+e9<e

It is easy to see that I'c; ., 0(xo) (1) = K(u), for all &, > 0. Thus, it follows that

oeey(zo) = | U K@) + 9%, .,9(x0)}

,LLGDSJFﬂCTJF CQGAC(M)
0<eg<e

- U Kw+ |J 9,.,9(0)

MGDSerCTJr 0<eg<e

CoeAc(m)
- U + U gl o
pneDstNC™+ C'eAc(p)

where the last equality follows by applying Proposition 4.3(a).

(b) For a nonempty and convex set C’ € F, it is easy to check via Corollary 6.5
that
95 .0(zo) =K(C"), Ve >0.
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Then, by applying Theorem 6.10 to f = 0 and g it follows that

8613*29(330) = U {K(Cl) + a?q},lg(fco)}

(C1,9)€EFXD
C(e)=C1+{q}

= U {KCE) - {a}) + 3y 9(20)}
C(s)qf{IZ}ef

- U U {K(1) + 97g.19(0) } - O

qeD pweDs+
Ce)—HareF (u,q)<erc(n)

Remark 6.19. Part (b) of Theorem 6.18 reduces to the following formula by
considering ¢ € Y\(—D\{0}), C = C; and € = 1:

96s19(x0) = U U {Kw + .90} (37)
g€D\(g+D\{0}) ( uef’j*,)
Hyq) <{(p,q

Indeed, by Example 2.10 in [7] it is easy to check that
C;—{qg}=C4y e F <= §—q¢ —D\{0}

and formula (37) is obtained by statement (36). In view of Remark 4.7(b) in [7],
it can be checked that part (b) of Theorem 6.18 does not reduce to [14, Theorem
4.2] in this case. Next, we give a counterexample that shows that [14, Theorem
4.2] is not correct.

Example 6.20. Consider X =R, Y = R? and the mapping f : R — R? defined
by f(t) = (0,t), for all t € R. Let D = R%, ¢ = (1,—1) and 2o = 0. Clearly,
[ is R2-convex and p-regularly e-subdifferentiable at 0, for all ¢ > 0. Moreover,
—q ¢ R3\{(0,0)}. Hence, applying [14, Theorem 4.2] we obtain that

o0c, (0= |J {85 f0) + Z,(R, R}, (38)

2
qER+

a#q+R2\{(0,0)}

where Z,(R,R?) = {4 € L(R,R?) : Jpu € int R, 1o A = 0}. By Theorem 4.6 we
deduce that 07, ,f(0) = {(0,1)} and with easy calculus we have that

Z,(R,R?) = {(a1,a5) € R? : ayay < 0} U {(0,0)}.
Therefore, by statement (38) it follows that
82:;1 (0) = {(a1,a2) € R* : ay(ag — 1) < 0} U {(0,1)}. (39)

Now, we determinate 88;1]‘(0) applying formula (37). Denoting p = (1, p2) it
is clear that
K(p) = {(a1,a2) € R* : aypuy + aspis = 0}.
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Hence,
03;1]“(0) = U U {(a1,a2) € R* : aypuy + as(po — 1) = 0}

q1€[0,1)  p1,n2>0
92€[0,+00) %Silgé

= U {(al,ag) ER?:aypuy +ag(pg — 1) = 0}
H1,H12>0
1= p2

= {(al,ag) eER?: a1 <0,a; +as > 1}
U{(a1,a2) ER?*: a3 > 0,a1 +ap <1} U{(0,1)}. (40)

Since from Theorem 6.6, fr — fr(0) is nearly (Cj, 1)-subconvexlike on R for all
T € L(R,R?), we can also apply Corollary 6.5 to calculate 0g¢ , f(0), and it can

be checked that we obtain the same result as in statement (40). As it is observed,
statements (39) and (40) do not coincide, which proves that [14, Theorem 4.2] is
incorrect.

Next, as another application of Theorem 6.18, we present an example in which we
determinate the approximate Benson proper subdifferential of a map at a point,
for more general sets C' € F.

Example 6.21. Let X =Y = R? and consider the map f : R? — R? given by

fz1,29) = (w1 + 39, (21 — 12)?).

Let D =R2,e >0, 2o = (0,0) and C € F a convex set such that C+R? = C and
0 ¢ clC. It is easy to check that f is R?-convex on R? and by Theorem 6.6 we
have that fr— fr(0,0) is nearly (C, ¢)-subconvexlike on R?, for all T' € L(R?, R?).
Moreover, from Remarks 5.11 and 5.5 and Proposition 5.9 we deduce that f is
p-regularly &’-subdifferentiable at (0,0), for all & > 0. Hence, by Theorem 6.18
(b) we know that

ace f(0,00= U {Kw) +8;,./00,0)}.

qer2 uEintRi
C(e)—{q}eF (m,q)<erc(n)

For each p1 = (u, pio) € int R% we have that
o 6
K2 H2

Applying Theorem 4.6, for ¢ = (q1,¢2) € R2 it follows that 97y f(0,0) =
Ogy f1(0,0) X 0y, f2(0,0), where f = (f1, f2). For § > 0, it is easy to check that

95/1(0,0) = {(1, 1)},
95.f2(0,0) = {(wy, ws) € R? - wy = —ws, —2V/8 < wy < 2V}
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Therefore,

oat00={( 2, )i-vaswsiva) (42)

Taking into account statements (41) and (42) we obtain that

where 9,

90 £(0,0)

B a+1 ﬁ‘i‘]. X Oé,ﬁER
- U U {(w—%a —w—ﬁﬂ)‘—z\/q—QSwgwq—g}

qeﬂ%i ;LEmtRQ
Ce)—{a}eF (m,a) <67c(u

B +1 G+1 ‘ a,feR
= {( ﬂ w—%ﬁ)'—Q\/(;_#SU)SQ\/é_u}

pEIint R2 necT+

;= €W Tpelusion “C” in last equality is obtained by taking into

account that g < ¢, for all 4 € intR? and for all ¢ € R such that (i, q) <
e7c(p). The reverse inclusion follows by considering for each p € intR3 N C™F
the point g, = (0,6,).
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