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1. Introduction and main notations

We denote by E a Banach space, and by ‘H a Hilbert space, over R. For a point p
from the topological dual space E* and for x € E we define by (p, z) the value of
the functional p at the point x. Also (p,z) will be the scalar product for vectors
p and z from H. Let B.(a) ={z € E | ||x —al| < r}. For a subset A C E we
denote by bd A, int A, cl A the boundary, the interior and the closure of the set
A, respectively. The diameter of a set A is defined by diam A = sup,, ¢ 4 ||z —y]|.

Recall that Minkowskii sum and difference of two subsets A, B C E are defined
as follows
A+B=JA+b), AZB=(A-b)={reE|z+BCA}.
beB beB

Let A C E. The distance function from the point x € E to the set A is given by
the formula
d(z) = da(x) = in£ |z — al|.
ac
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For points xg, 21 € E, a number A € [0,1] and a function f : F — R we put
zy = (1= Nxo+ Ay, [, 1] = {zx | XA €]0,1]},
=0 =XN)f(xo) + Af(xq).
For a subset A C E and a number § > 0 we define
Ua(0) ={zx € E]0<dy(x) <d}.
We denote by s(p, A) the supporting function of the set A C E: s(p,A) =

SUP,ea (D, a) for any p € E*.

Definition 1.1. Let A C E be a closed convex bounded subset. Then the func-
tion f4: E — [0, +o0],
fa(z) =sup ||z — a|
acA

is called the antidistance from the point x to the set A.

It is easy to see that the function f4 is convex as supremum of convex functions.

Definition 1.2. Let A C FE be a closed convex bounded subset, » > 0. Then
the set

Tu(r) ={z € E| fa(z) >r}
is called the antineighborhood of radius r for the set A.

Note that equality fa(z) = r entails that ||z — al| < r for any point @ € A. The
latter means that * — a € B,(0) for any a € A and hence = + (—A) C B,.(0).
Thus = € B,(0)*(—A) and moreover, z € bd (B,(0)*(—A)). The last inclusion
follows from the fact that the Minkowskii difference is continuous with respect to
the radius r when int (B,(0)=(—A)) # 0, see [21, §3] for details.

It is easy to see that the inclusion z € bd (B,(0)=(—A)) entails the equality
fa(z) =r. Indeed, if fa(z) =d < r, then z € By(0)=(—A). We have

B, (0) (- A)
= (Br-al0) + Ba(0) =(=4) > (Ba(0)=(=4)) + Br4(0) > By—alz).

The last inclusion contradicts the fact that x is boundary point of B,.(0)*=(—A).
Thus bd T4(r) = bd (B,(0)*(—A)) and hence

*

Ta(r) = B\ (B,(0)= (=) = (E\B,(0)) + A. (1)

The last equality in the previous formula proved for example in [20, Proposition
1.1.1]. Formula (1) permits to calculate the set T)s(r) for any subset A C E.
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We use the term antidistance because the meaning of the function f4(x) is the
value of the worst approximation for the point x by elements of the set A in the
sense of the norm, instead of the best approximation in the case of the distance
function.

Definition 1.3. We shall say that a closed convex subset A C F is a summand
of the ball Br(0) C E of radius R if there exists another closed convex subset
B C E with A+ B = Bg(0).

We shall say that a subset A C FE is strongly convez of radius R (or R-strongly
conver) if it can be represented as intersection of closed balls of radius R.

In the real Hilbert space every nonempty R-strongly convex set, i.e. subset of the
form A = NyexBr(x) # 0 is a summand of the ball Bg(0) [4, Theorems 2.6, 1.1].

If in a Banach space a set A C F is a summand of the ball Bg(0) then by
Definition 1.3 A + B = Bg(0) for some closed convex set B and hence A =
NzepBr(—2) = Br(0)=B. But a set of the form A = N,cx Br(x) is not necessary
a summand of the ball Bg(0). We mention some properties of summands of the
ball in Appendix A.

In the case when a closed convex subset A C F is a summand of the ball Bg(0),
this set satisfies some special supporting condition.

Proposition 1.4. Let E be a reflexive strictly convex Banach space and A be a
closed convex bounded subset of . Then the following statements are equivalent:

1) The subset A is a summand of the ball Br(0).
2)  For any point a € bd A and for any unit vector p € E* with (p,a) > s(p, A),
we have

A C Bg(a— Re),

where e € E with |le|]| =1 = (p,e).

The proof of Proposition 1.4 can be given similarly with the proof of Theorem 1.1
from [4], but instead of the property of the ball to be a generating set in Theorem
1.1 one should use the property of the set A to be a summand of the ball.

Further we need some local variant of Proposition 1.4 in the Hilbert space. It
was proved in a very interesting and admirable paper [26].

Proposition 1.5 [26, see Theorem 1.2, Remark after the proof of Theo-
rem 1.2 and Proposition 3.3]. Suppose that A C 'H is a convez closed bounded
subset, int A # (). Then the following properties are equivalent:

1)  For any point x € bd A there exist an open neighborhood U (U may be
depends on x) of zero and some unit vector p with (p,x) > s(p, A) such that

(x+U)NAC Bgr(x — Rp).

2)  The set A is strongly convex of radius R.
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For a subset A C F and x € F we define the antiprojection as follows
APyx ={a € A | |z —al| = fa(z)}.

Definition 1.6. Let U C H be an open subset. A function f : U — R is called
weakly concave with the constant C' > 0 on the set U, if it is continuous on the
set U and the function f(z) — £||z||* is concave on each convex subset V C U.

It is easy to see that the condition of concavity in Definition 1.6 is equivalent to
the next inequality: for each pair of points g, x; € U, such that [xg, 2] C U,
and for any number A € [0, 1], we have

F(oa) 2 o = S A= Nl = )

So, we shall use Definition 1.6 as well as Formula (2) when speaking about weakly
concave function with the constant C' > 0 in the space H.

Definition 1.7. Let U C E be an open subset. A function f : U — R is called
weakly concave with the modulus p : [0,diamU) — [0,+00), (u(t) increasing,
1(0) = 0) on the set U, if it is continuous on the set U and for any pair of points
xg,x1 € U, such that [xg,z1] C U, and for any number X\ € [0, 1], we have

flax) = o= ML = Nu(llzo — z4)). (3)
Note, that the function f : U — R is weakly concave if and only if the function
—f: U — R is weakly convex, see [1, Definition 1.2].

To our knowledge the definition of weakly convex function appeared in the papers
of S. Rolewicz [23, 24] as strong «(-) paraconvezity. See the details in [24]. The
works [25, 6, 27, 15] were also devoted to this concept.

It is easy to see that Definition 1.6 is some special case of Definition 1.7 for the
modulus p(t) = $¢? in the case E = .

Each function which is pointwise not less than

fr—=fz)
po(t) = sup VR
z0,21€U: ||zo—z1||=t, A€(0,1) )‘(1 - )\)

can be taken in Definition 1.7 as the modulus of weak concavity pu.
We shall call the function ug the precise modulus of weak concavity.

For nonconcave function the precise modulus of weak concavity can not be an
arbitrary function. Using ideas from [1, Lemma 1.3] we shall prove the next
result.

Lemma 1.8. Let U C E be an open set and f : U — R be a weakly concave
function with the precise modulus of weak concavity pog. Then for any number
c > 1 we have the next inequality

po(ct) < ¢*puo(t) (4)
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for all permissible t > 0. In particular, if the function f is not concave, then
t* = O(uo(t)), ast— +0. (5)

Proof. The proof follows from [1, Lemma 1.3] and the fact that the function — f
is weakly convex with the precise modulus of weak convexity . O

The purpose of the present paper is to characterize convex closed bounded subsets
A C FE with weakly concave antidistance function on some antineighborhood
T4 (r) of the set A, where r > 0.

The modulus of convezity of a Banach space E is the function g : (0;2] — R,
which is defined by the formula

, 1
ou(e) =inf{1 = Slle+yl | wye B o] <1, Jyl <1, llo -yl e},

A Banach space FE is called uniformly convez, if 0g(e) > 0 for all € € (0;2].

The modulus of smoothness of a Banach space F is the function gg : [0; +00) — R,
which is defined by the formula

T+
05(T) =Sup{H 5 yH +

T —y
= RS

A Banach space F is called uniformly smooth, if

lim
T—+0 T

Remark 1.9. Any uniformly convex or uniformly smooth Banach space, as well
as it dual Banach space, is reflexive [8, Chapter 2, §4, Theorem 2 and Corollary 2].

Proposition 1.10 ([2, 14]). Let E be a uniformly convex and uniformly smooth
Banach space. If a closed convex bounded set A C E is a summand of the ball
Bgr(0), then, for anyr > R and x € T4(r), the antiprojection APsx is a singleton
and continuously depends on x.

For the subset A C E and the point © € E define max = {a € A | ||z —al| =
da(z)}.
Definition 1.11 ([7]). A subset A C E is called prozimally smooth with the

constant R > 0, if the distance function x — d4(z) is continuously differentiable
on the set Us(R).

Definition 1.12. We say that a subset A C E satisfies the P-supporting condi-
tion with the constant R > 0, if for any point z € U4(R) such that a € myx, we

have the inequality
R
da (a—l——(m—a)) > R. (6)
[l — all
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Proposition 1.13. Let E be a uniformly convex and uniformly smooth Banach
space. Let A C E be a closed subset, R > 0. The next conditions are equivalent:

(1) The set A satisfies the P-supporting condition with the constant R.
(2) The set A is proximally smooth with the constant R.
(3)  The projection mapping x — maz is a singleton and continuous on the set

UA(R).

Equivalences in Proposition 1.13 were established in the papers [9, 22, 25] in the
finite dimension case. In the case of the real Hilbert space Proposition 1.13 was
proved in the papers [7, 19]. In arbitrary uniformly convex and uniformly smooth
Banach space Proposition 1.13 was established in [5].

Proposition 1.14 ([18, Lemma 4.1]). Let E be a uniformly convex and uni-
formly smooth Banach space with the modulus of uniform smoothness og. Suppose
that a subset A C E satisfies the P-supporting condition with the constant R. Let
zo,x1 € A and X € [0,1]. Then

da(zy) < SRA(1 — N o (M) .

2. Weak concavity of the antidistance function in uniformly convex
and uniformly smooth Banach spaces

Throughout this section F is a uniformly convex and uniformly smooth Banach
space.

For points z,y € E, x # y, define l(z,y) = {z+ My —z) | A > 0}.

Theorem 2.1. Let A C E be a closed convexr bounded subset, r > 0. Assume
that the antidistance function fa(x) is weakly concave on the set Ta(r) with the
modulus of weak concavity u(t), u(t) = o(t), t — +0. Then the set A is a
summand of the ball B,(0).

Proof. Put for simplicity f := fa. For any segment [zq,z1] C Ta(r) and \ €
[0, 1] we have

) < (0 @) < (H)x+ A0 = Mudllzo — 21]). (7)

The first inequality in (7) follows from the convexity of the function f, the second
follows from the weak concavity of f.

Thus the functions f and —f are strongly p(t)-paraconvex (and even @—Semi—

convex) on Tyu(r), see [11, §6]. These functions are also called weakly convex
[1].
By [11, Theorem 6.1, part (a)] the function f continuously differentiable on the

set T4(r). From results of G. Ivanov [14, Theorem 1 part (a), Theorem 2 part
(h)] the set A is a summand of the ball B,.(0). O
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Theorem 2.2. Let A C E be summand of the ball Bg(0), r > R > 0. Then the
antidistance function fa is weakly concave on the set Ta(r) with the modulus

ule) =80 = Ree (27,

where o is the modulus of smoothness for the space E.

Proof. Put f := fa. Let [xg,21] C Ta(r), A € (0,1). Let ay = AP4x,, where
the existence follows from Proposition 1.10. By Proposition 1.4 we have

A C Br(z)=: B,

Tr—ax

where z = a .
N ey

Suppose that r < f(z) < f(x1). Let &g € I(2,x0) such that ||Zg—z|| = ||x1—z2|| =
fe(x1) — R; and let ; € [z, x;] such that ||Z; — z|| = ||xo — z|| = fB(z0) — R. Put
Ty = (1 — )\)3:0 + )\ii’o, T = (1 — )\)ii‘l + )\iL‘l.

From the above definitions we have
|To — 2| = |71 — 2|| = f8(To) — R = fe(T1) — R

and
fzo =Tl A lwo—a |31 =7

[To— 2ol  1—=A  Jlaa—al |7 —a’

hence x) € [To, 7). Let
w = l(a,\, ZL‘)\) N bd B”fO,Z”(Z).

Then by Proposition 1.14

To— T
o = wll = Oba 3y .y (22) < ML= N[0 = 2]l0 (_” 0 1||> |

7o — 2]
From the equality ||Zo — z|| = |Jw — z|| and the inequality
s — 21l = = w) — (2~ w)|
2 |z = wll = llox —wll = (1 = Mllzo — 2l + A2y — 2] = [lzx — wl]

we obtain that

o — T
|MA—ZH2(1—AHMO—ZW+MMA—ZH—8M1—Amfm—dwE(ﬂﬁ——iﬂ)-(&

7o — =]l

Note that
|Zo — 2]l = f5(To) = R > f(To) - R>r—R. (9)

Due to homothety with center z we get

1Zo — T1l| < [|Zo — 24].
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By the triangle inequality
120 — z1[] < |20 — woll + [lzo — 24,
|20 — @ol| = Oba By, (=) (T0) < [lmo — 21,
and finally
[To — T[] < 2[lzo — @1 ]]. (10)

Using Formulae (8, 9, 10) and the fact that gg is increasing function with the

property lim,_ @ET(T) = 0, we have the next estimates

lex =zl + R = (1= M) ([[xo — 2]l + R) + Alllz1 — 2] + R)

—8\(1 = \)(r — R)os (2”%}“”) :

f@y) = [lox = ax|| = [lox = 2] + R,
f(xo) < fo(x0) = lro — 2|+ R, f(x1) < fp(1) = [o1 — 2] + R,

and

Fl) = (1= N f(x0) + Af(21) = 8A(1 = N)(r — R)og (W) ' -

3. Weak concavity of the antidistance function in a Hilbert space

In the present section we consider the quite important case when E = H. Our
purpose is to give precise relationship between the next three parameters: radius
R of strong convexity of the set A, radius r (r > R) of the antineighborhood
T4(r) and the constant of weak concavity C' of the antidistance function f4 on
the set T(r).

Theorem 3.1. Let A C H be a strongly convex set of radius R (and hence a
summand of the ball Br(0)). Let r > R. Then the antidistance function fa(zx) is
weakly concave on the set T(r) with the constant
1
r—R

Proof. Let [zg,x1] C Ta(r). By Proposition 1.10 define a1 = APjx:.

Proposition 1.4

VI

1
2

AC BR(Z) = B7

where z = at + R

Let b; = APBR(z)Ii, fi= fA(l’z‘)a fiB = fB(xi)v 1 =0,1, f% = % (fA(xo) + fA<$1))-
Then by the parallelogram equality we have

2)lzo — 2|* + 2l|lzy — 2l|* = llwo — @1 * + 4|y — 2], (11)
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Note that Hx% - a%H = fa(z1). By Formulae (11, 12)

1
2

B 2 B 2 2 2
2(f8 = R)* +2(JF = B)” = llzg — 21| + 4 (falz;) - R)

3
and ) ,

2(fo—R’+2(h—-R?*<2(ff - R) +2(fF - R)".
It results that

(£t

or equivalently

)= R) 27— R +2(f ~ R~ llzo —a|P).

1 B lwo — w2 = (o — £)°
)2 5 (fo+ i ﬂ%Jl T

From the asymptotic formula /1 — 7 —1~ —Z, 7 — +0, we obtain that for any
t > 1 there exists 6 > 0 such that /1 —7 —1> —Z for all 7 € (0,0). Thus for
any t > 1 there exists § > 0 such that for any x¢,z; such that [xo,z1] C Ta(r)
and ||zg — x1|| < 6 we have

tllzo — x1]?

2 4(fo+ /1 — 2R)

 tlzo — @ |

=R (13)

> f1
2

Formula (13) means that the function ¢:(z) = fa(x) — manQ satisfies the

inequality of concavity with A = 1 on each subset T4(r) Nint Bs(z), z € Ta(r).

From continuity of the function g, it is concave on each subset T4 () Nint Bs(x).

From the local concavity we obtain that the function g¢; is concave on each convex

subset of the antineighborhood T4(r). Passing the limit ¢ — 1+ 0, we obtain
1

concavity of the function fa(x) — m”xﬂz Thus the function f4 is weakly

concave with the constant —. O
Lemma 3.2. Let A, B C H be closed strictly convex bounded subsets, ||p|| = 1.
Let a € A and b € B be such that (p,a) = s(p,A), (p,b) = s(p,B). Lett >0
and U = {x € H | (p,x) > —t}. Let x € A, y € B satisfy the inclusion

r+yc(a+b+U)N(A+B). Thenz € (a+U)NAandy e (b+U)N B.
Proof. Suppose that x € A\(a +U), y € B. Then (p,z) < s(p, A) —t, (p,y) <
s(p,B), (p,x+vy) <s(pA+B)—t. Hencex+y ¢ a+b+U. O

Lemma 3.3. Let A, B,C C 'H be closed strictly convex sets, ||p|| = 1. Let a €
AN B be such that (p,a) = s(p, A) = s(p, B) and ¢ € C such that (p,c) = s(p, C).
Suppose that there exists t > 0 such that, for U :={x € H | (p,x) > —t}

(a+U)NBC (a+U)NA.

Then
(a+c+U)N(B+C)Cla+c+U)N(A+C).
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Proof. Let z € (a+c+U)N(B + C). This implies that z = z+y, x € B,y € C.
By Lemma 3.2z € (a+U)N B,y € (c+U)NC, and from the condition of the
present lemma we have x € (a +U) N A. Thus z € A. O

Theorem 3.4. Let A C 'H be a closed convexr bounded subset and r > 0. Suppose
that the antidistance fa is weakly concave on the set Ta(r) with the constant
1

C > 0. Then the set A is strongly convex of radius r — .

Proof. Let R > 0 be the minimal number for which the set A can be represented
as intersection of balls of radius R. By Theorem 2.1 the set A is a summand of
the ball B,.(0), hence R < r.

Let B; = B;(0)=(—A), t > R. In the Hilbert space we have B; + (—A) = B(0)
for any ¢ > R [4].

Fix r; > r such that “5+ <
|0 — 1] < %5, Then [zg, 2]

Consider two points zg,x; € clT4(r;) with

5.
C T4(r) and

5 (Fale0) + fa(e0) 2 falay) > 5 (Falwn) + Falan)) = 5 o —

From Proposition 1.10 there exists a; = APz, Let w = l(ar,z1) NbdTa(ry).

Then

1 1
27732

C
falwy) = lley = ayll 2 5 (falwo) + Falen)) = ¢ llzo — 2l

and hence (in the case z1 ¢ clTa(r1))

da 7y () :L‘%)

< dpa,, (1) < lzy —w| = flw —as| = [lz; —ayp]|
1 1

<3 (fa(wo) + fa(21)) — (5 (fa(wo) + fa(21)) — g”ib’o - fL’1H2>
C

= g”mo - leQ

1T
2

Thus for any points g, 1 € clTa(r1), ||z0 — 21| < , we have

C
daz, () < g”ﬂfo — x|
From the convexity of the set B, and the equality B,, = B, + B,,_.(0) we obtain
that clT4(r1) = H\ int B,, is proximally smooth with the constant  —r. By [3,
Theorem 2.7] for any point & € clT4(r1) the set Bry—r (x)NclT4(r1) is connected.
3

Repeating the proof of Theorem 2.1 [1] (note, that 5~ < Z) we obtain that

for any x € clT4(r1) the set By (x) NclTa(ry) is proximally smooth with the
3

constant % Using convexity of the set B,, and [13, Theorem 3| we obtain that
bd B,, is a smooth manifold of codimension 1. By [12, Theorem 6.1] we can
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write the last fact as follows: for any # € bdT(r;) = bd B,, and ||p|| = 1,
(p, ) = s(p, Br),

B%(x) NclTy(r) Nint B1 <I — ép) =0. (14)

Fix any such points z and p. By uniform convexity of the space H and Proposition
1.4 there exist t > 0 and U = {y € H | (p,y) > —t} such that

(l“f— U) mBrl C B%(l‘) mBT‘17

. 1 , 1
(:E—i—U)ﬂlntB% (m—ap) C B¥(x)ﬂ1nt3% (a:—ap).

Using the last two formulae and Formula (14) for the complementary sets we get
1
(a:-I—U)ﬂB% (:p—ap) C(z+U)NB,.

Note that by Theorem 2.1 the set A is strongly convex of radius r» and hence of
r1. Let a € (—A) satistying (p,a) = s(p, —A). By Lemma 3.3 we obtain that

(x+a+U)N <Bé (x—ép) +(—A)) C(x+a+U)N (B, +(—4)
= (z+a+U)N B, 0).

The last inclusion is valid for any = € bd B,, and unit p with (p, z) = s(p, B,,).

By Proposition 1.5 the set B1 (0) 4+ (—A) is strongly convex of radius r; and (in

the Hilbert space) summand of the ball B, (0) [4, Theorems 2.6, 1.1]. From this
fact we obtain that there exists another closed convex set D C H with

B (0) + (=A) + D = B,,(0)

c

and hence N

(_A) = B’I‘l—é (O> _‘D
Thus the set A is strongly convex of radius r; — % for any ry € (7", r+ %) Taking
the limit 7, — r + 0 we obtain that A is strongly convex of radius r — % m

A. Appendix: about summands of the ball

In this small section we collect few important facts about summands of the balls.

Definition A.1 ([4]). Let E be areflexive Banach space. A closed convex subset
M C E is called generating if for any nonempty subset A = (), o¢(M + )
(X C E) there exists another closed and convex set B C E with A+ B = M.
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It is obvious that if the ball in the space F is a generating set then each strongly
convex subset A C E of radius R is a summand of the ball Bg(0).

Proposition A.2. The ball in the real Hilbert space is generating set.

Proposition A.2 was proved for the case of R™ in [10], for infinite dimension case
in [4].

Properties of generating sets were studied in works [4, 20, 17].

Unfortunately, balls in most important cases of uniformly convex and smooth
Banach spaces (except the Hilbert space) are not generating sets. For example,
the ball in [,, p € [1,2) U (2, +00) is not generating set. The idea for proving
this is to consider a special vector z € [, and the set A = B1(0) N By(z). The
vector z can be taken such that Proposition 1.4 2) is false in some point a €
bd B,(0) Nbd By(z) C bd A at some unit vector ¢ € Iy with (g, a) = s(q, A).

Nevertheless there exist summands of the ball from spaces [,,. Ivanov [16] proved
the next proposition.

Proposition A.3. Let E be a Banach space. Let M C R x E be a set of the type
M ={(t,z) | t€domf, z € f(t)B},

where the function f: R — RU{—o0} is concave with f(t) > 0 for allt € dom f
and the set B C E is conver and 0 € B. Let f1, fo : R — R U {—00} be concave
functions (with f;(t) >0 for allt € dom f;, i = 1,2) such that

hypo f = hypo fi + hypo fs.

Then the set
A={(t2) |t edomfi, v € fi(t)B}

1s summand of the set M, i.e. there exists another set B C Rx E with A+B = M.
Here hypo f is the hypograph of the function f, i.e. the set

hypo f ={(x,t) e ExR |t < f(x), x € dom f}.

With the help of Proposition A.3 Ivanov [16] proved that the set
{LE = (.1}1,%2,%3, .. ) S lp ‘ (’131| + 9)p + Z |$k|p < 1}
k=2
is summand of the ball B;(0) C [, for any § € (0,1) and p € (1, 400).
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