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1. Introduction

Convex functions appear in many important problems in pure and applied math-
ematics. In many literatures on convex analysis [2, 8, 9], convex functions are
usually defined only on convex domains. Moreover, convex functions are often
extended to the whole linear space by setting the value to be 400 out of the
convex domain, so that the extended function is still convex. While such treat-
ment is preferred in some applications (e.g., optimization, convex programming)
and some theories (e.g., duality), it may not be the desirable thing to do if the
problem is more analytic (e.g., variational problems).

In more analytic applications, the convexity of a C%-function f often means that
its Hessian Hf(v) = ) %a];jvivj is a positive semidefinite (or positive definite
for strict convexity) quadratic form of vectors v = (vy, ..., v,). This “Hessian ap-
proach” to convexity is clearly local and does not require the domain to be convex.
Moreover, the differentiable function cannot take the infinity value. Therefore on
a non-convex domain, there are distinct global and local versions of the convexity,
and it is worthwhile to study the relation between the two. The natural connec-
tion between the two is the question whether a convex function on a non-convex
domain can be extended to a convex function on the convex hull of the domain.
Moreover, in many applications, it is also desirable to know whether a convex
function can be extended beyond the convex hull.
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The extension of convex functions has wide ranging applications in geometric
analysis [12], nonlinear dynamics [15], quantum computing [13, 14, 16] and eco-
nomics [7]. Peters and Wakker [7], in their study of decision making under
risk, gave the necessary and sufficient condition for extending a function on
a non-convex domain to a convex function on the convex hull of the domain.
Dragomirescu and Ivan [5] constructed the minimal convex extension of a convex
function on a convex domain to the whole linear space. Researchers also studied
the problem of extending a function on a subset of the boundary of a convex
subset to a convex function on the convex subset [3, 6, 10]. All these works did
not address the extension of the Hessian version of convexity.

The purpose of this paper is to clarify the global and local versions of the con-
vexity and to study the extensions of convex functions. We emphasize that the
functions and their extensions do not take the infinity value in this paper. We
also study the extension of the Hessian version of convexity. We restrict ourselves
to the Euclidean space, although some results remain valid in more general locally
convex topological vector spaces.

In Section 2, we introduce three types of convexities (and their strict versions):
Convex, locally convex, and interval convex. As explained above, the first two
concepts address the core issue concerning us. The third concept is included
because it is the weakest version of convexity and plays a very useful technical
role. We discuss the relation between various convexities and show that they are
generally not equivalent.

In Section 3, we reformulate the results by Peters and Wakker into Theorem 3.1
that gives convex extensions avoiding the infinity value. In Theorem 3.4, we show
the similar extension problem for C*-functions with positive definite Hessian can
be solved as long as the general convex extension problem can be solved.

In Section 4, we try to extend the convexity out of the convex hull of the do-
main, while avoiding the infinity value. Theorem 4.1 says that, the condition for
extending the convexity of a function on a bounded convex domain to the whole
linear space is exactly the Lipschitz property. Theorem 4.2 gives one case that
Theorem 3.1 (the extension to the convex hull) and Theorem 4.1 (the extension
out of the convex hull) can be combined. Theorems 4.4 and 4.5 give the Hessian
version of the extension out of the convex hull. Since the Hessian convexity is
local, we do not require the domain 2 to be convex in general, and the extension
is actually to a subset slightly smaller than Q U (R™ — ).

In Section 5, we study in more detail the equivalence between various convexities.
We conclude that, roughly speaking, if the domain is convex up to deleting a
subset of codimension > 2, then all convexities are equivalent. However, the
equivalence no longer holds if the domain is only convex up to deleting a subset
of codimension 1.

Throughout the paper, all functions take ordinary values and never take the
infinity value. Moreover, <, QO Q1 Q¢ denote the convex hull, the affine hull,
the relative interior, and the e-neighborhood of a subset 2.
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Finally, for more practical purpose, such as certain specific estimations in fluid
dynamics, it would be even more useful if we can control the size of the Hessian
of the extension. This leads to the following conjecture.

Conjecture. Suppose f is a C*-function on a compact convex subset €2, such
that the Hessian satisfies A||v||* < H;(v) < Bljv||* for some constants A and B.
Then f can be extended to a C?-function on the whole linear space such that the
Hessian satisfies the same bound.

Theorem 4.5 gives the affirmative answer to the special case A = 0 and B = +o0.

2. Convex, locally convex, and interval convex

A convex combination of several points x1,...,x; € R" is

The convezx hull Q2° of a subset 2 C R™ is the collection of all convex combinations
of all points in 2. The subset is conver if and only if Q% = Q.

A function f on €2 is usually defined as convex if

(@) < Af(zy) + -+ A f () (2)

for any convex combination (1). However, if €2 is not convex, then we may have
x; € Q but x € ). We clarify the definition for not necessarily convex domain by
introducing different kinds of convexities.

Definition. Let f be a function with domain 2 C R".

1. f is convex if (2) is satisfied whenever zy,...,z; € Q and their convex
combination £ = A\jxy + - - + Az € L

2. fis locally convex if at any x € €), there is a ball B around z, such that the
restriction of f to BN {2 is convex.

3. f is interval convez if the restriction of f to any interval (i.e., straight line
segment) inside {2 is convex.

If the inequality in (2) is changed to strict inequality when all x; # x, then we
get the strict version of various convexities.

The convexity is the global property that we try to achieve.

The local convexity is introduced to accommodate the second derivative test, or
the Hessian version of the convexity. So a typical example is a C*-function on
an open domain, such that the Hessian is positive semidefinite everywhere. The
classical Busemann-Feller-Aleksandrov theorem [1, 4] says that the local convexity
on an open domain is not far off from the Hessian convexity.

The interval convexity means

SOy 4 Aawa) < Af(r) + Ao f(z2) for any \yay + Aaxs € [21,20] C Q. (3)
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Here we use [x1, 23] to denote the interval between z; and 5. We introduce the
interval convexity because it is the weakest form of convexity. Therefore if the
interval convexity implies the convexity, then many other kinds of convexities will
also imply the convexity.

The three kinds of convexities are related by
convex = locally convex = interval convex.

The first implication is due to the fact that the convexity on {2 implies the convex-
ity on subsets of €2. For the second implication, we first note that it is sufficient
to consider compact intervals only. Suppose f is locally convex and I C (2 is a
compact interval. Then we have I = I} U ---U I, such that I, N [;;; are open
intervals in I, and f is convex on each I;. We know that, if a single variable
function is convex on each of two intervals that overlap at more than one point,
then the function is convex on the union of the two intervals. This enables us to
conclude that f is convex on I.

It is well known that, on a convex domain €2, the usual convexity is equivalent
to the property (2) for the special case k = 2 (the combination Az + Agxg is
convex)

f()\lfL‘l + Agl'g) S /\1f([L‘1) + /\Qf(ZL'Q) for any ri, Io, )\11‘1 + /\21‘2 c Q. (4)

Since the convexity of €2 implies that the interval [z, 23] is automatically con-
tained in €2, the property (4) is the same as (3). This shows that for convex
domains, the interval convexity is the same as the convexity, so that the three
kinds of convexities are the same.

If © is locally conver in the sense that for any x € €2, there is a ball B around
x, such that BN {2 is convex, then the local convexity and the interval convexity
are the same. Open subsets are examples of such €.

For general not necessarily convex €2, the property (4) actually means that f is
convex on L N () for any line L. It is tempting to define the property as the
1-dimensional convexity (and further explore the m-dimensional convexity), but
we already have enough number of convexities. The property (4) is generally
stronger than the interval convexity (3), and actually implies the convexity when
the domain is open.

Proposition 2.1. A function on an open subset 2 is convex if and only if the
function is convexr on L N ) for any straight line L. The strict version is also
true.

Proof. The necessity follows from the fact the (strict) convexity on  implies
the (strict) convexity on any subset of €. It remains to prove the sufficiency.

Consider a convex combination (1) with all z; # x. Since 2 is open, we have a
small ball B C €2 around x. Then f is convex on L N B for any straight line L.
As explained above, since B is a convex subset, we conclude that f is convex on

B.
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Figure 2.1: 1-dimensional convexity on open subsets implies convexity.

Let L; be the line connecting z and x;. See Fig. 2.1. For a small § > 0, we have
y; = 0x; + (1 —0)x € L; N B. Since f is convex on L; N (), we have

flyi) < of(xi) + (1 —6)f(x). (5)

Since f is convex on B, y; € B, and © = A\y; + - - - + \yyr € B, we also have

f@) < Mf(yr) +- -+ M f(ye)
SM[0f(x) + (A =0) f(x)] + -+ Mo f (zr) + (1 = 0) f()]
=0 f(xr) + -+ M f ()] + (1= 6) f(2). (6)

This is the same as (2).

For the strict version, the inequality (5) becomes strict, so that (6) is overall a
strict inequality:. O

Example 2.2. Suppose 2 consists of three vertices of a triangle and an interior
point of the triangle. Assigning any four values gives a function that is convex
on any L N . For the function to be convex, however, the four values must
satisfy one non-trivial relation. Therefore the open condition in Proposition 2.1
is necessary.

Example 2.3. The local convexity does not generally imply the convexity. For
example, given convex functions on disjoint open convex domains 2; and €2, the
combined function on 2 = Q; U Qs is still locally convex, but not necessarily
convex. A specific counterexample is

1, if x>0,

Jx) = {—1, itz <0.

The example has non-connected domain. For a counterexample on a connected
domain, see Example 3.2.

Example 2.4. The interval convexity does not generally imply the local convex-
ity. Since we do have the implication for open subsets, counterexamples can be
constructed only for domains of lower dimension.
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Consider the subset Q = {re?: r >0, 6 = 0, %7‘(‘, %7?} of the plane. The function
(r—1)? expressed in the polar coordinates is convex on each of the three branches
of Q2 and is therefore interval convex on ). However, the function is not locally
convex at 0 because the convexity fails for the convex combination 0 = %7“ +

-2 -4
ére%” + %7’625”, 0<r <2

By similar thinking, we have the implications
strictly convex = strictly locally convex = strictly interval convex.

On a convex subset, the three kinds of strict convexities are equivalent. More-
over, on a locally convex subset, the strict local convexity and the strict interval
convexity are the same. The idea of Example 2.3 (and Example 3.2) shows that
the strict local convexity does not generally imply the strict convexity. Example
2.4 shows that the strict interval convexity does not generally imply the strict
local convexity.

The following result shows that, on open domains, the “strict” part of the strict
convexity is a local requirement.

Proposition 2.5. A function on an open subset is strictly convex if and only if
it 1s convex and strictly locally convex.

Proof. The proof follows the same idea as Proposition 2.1. By the strict local
convexity, f is strictly convex on a ball B C Q around x. We have (5) by the
convexity of f on ). We also have (6), in which the first inequality is strict by
the strict convexity of f on B. Then we get (2) with strict inequality. O

Example 2.6. The open condition in Proposition 2.5 is necessary. Consider the
subset 2 of the plane consisting of the intervals [—1,1] x {1}, [-1,1] x {—1} and
the origin (0,0). The function z? is convex on the whole plane and is therefore
convex on 2. The function is also locally strictly convex on €2 because it is strictly
convex on the two intervals. However, the function fails the strict convexity for
the convex combination (0,0) = 3(0,1) + 3(0,—1).

3. Extension to the Convex Hull

The following is the well known result [7, Theorem 1 and Corollary 2] about
extending the convexity to the convex hull. We modify the result to avoid the
infinity value.

Theorem 3.1. Suppose f is a convexr function on ). Then under either of the
following assumptions, f can be extended to a convex function on the convex hull

Q.
1. f s bounded below.
2. Q contains a point in the relative interior of the convex hull €.
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Figure 3.1: T is in the relative interior of the convex hull of z,z;,,..., z;,.

Proof. If f is extended to the convex hull, and x € Q2% is expressed as a convex
combination (1) with z; € Q, then (2) gives an upper bound for the value of the
extension at x. So it is natural to take the infimum of all such upper bounds.
Therefore, to adopt a terminology from quantum computing, we introduce the
conver roof

f(@) =inf{\ f(21) + -+ M f(zp)}, 7 €Q°,

where the infimum runs over all the possible convex combinations (1) with x; € €.
The convex roof can be constructed for any function (but with possible —oo
value), and is actually the biggest convex function on Q2 satisfying f < f on €.
It is easy to see that f extends f when f is already convex.

The first assumption implies that f does not take the infinity value.

Under the second assumption, let Q*F be the affine span of  and d = dim Q*° =
dim Q2. The assumption implies that there are (necessarily affinely independent)
To,...,2q € € that affinely span Q2% and there is z € Q lying in the relative
interior of the convex hull of xg, ..., z4.

For any x € Q° — {Z,x¢,..., 24}, we can always find 0 < i3 < --- < i, < d,
such that z,z;,,...,z;, are affinely independent and 7 is in the relative interior
of the convex hull of z, 2;,, ..., x;,. The collection {x,z;,...,x;,} depends on the
location of x. See Fig. 3.1, in which some possible locations of x are indicated by
dots, and the corresponding collections {x, z;,,...,;,} are also indicated next to
the dots. Therefore we have a convex combination T = Az + Az, + -+ - + A\pwy,

with A, A; € (0,1). For the convex roof extension f, we then have f(z) < Af(z)+
M f (i) + -+ Apf(x,). This gives the lower bound A\ (f(Z) — Ay f(ay,) —- - —

Apf(25,)) for the value f(x). Therefore f does not take the infinity value. O

Example 3.2. In terms of the polar coordinates on R?, consider f = r? + af on
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the connected domain
Q={(r0):|r—1| <e¢, 0< 0 <2m}.

Note that the Hessian H,2(u,v) = 2u® + 2v? of r? = x? + y* has positive lower
bound on 2. Moreover, for sufficiently small a and €, the second order derivatives
of af) are uniformly small on 2. Therefore the Hessian Hy = H,2 + aHy remains
positive definite on €2, so that f is locally convex on 2. In fact, |a| < 2(1 —€)? is
enough.

If f is convex, then by Theorem 3.1, f extends to a convex function on the
convex hull Q° = {(z,y): 22+ y* < (1+¢€)?}. In particular, by the continuity of
convex functions (see [9, Theorem 10.1], for example), f extends to a continuous
function on Q. Since lim, o+ f(1,y) =1 and lim, ,o- f(1,y) = 1+ 27a, we get
a contradiction.

The example shows that even on a connected domain, the local convexity does
not always imply the convexity.

Example 3.3. The strict version of Theorem 3.1 is not true. The function
f(x,y) = e®y? is strictly convex on Q = R x (R — 0). The continuity of con-
vex functions implies that the only convex extension is f (x,y) = e*y? throughout
R2. The extension is not strictly convex along the z-axis.

Despite the counterexample, there is still the possibility that the strict version
of Theorem 3.1 may hold for compact subsets. Indeed this is the case for the
Hessian convezity.

We recall that, if the Hessian of a second order differentiable function is positive
semidefinite at every point of the domain, then the function is locally convex. If
the Hessian is positive definite, then the function is strictly locally convex. Here,
in case the domain is not open, we mean that the second order differentiability
happens on an open subset containing the domain. In particular, if the domain is a
compact subset €2, then a C%-function on € is a C*-function on the e-neighborhood

Q° ={z: |Jzr —y| < € for some y € Q}
for some € > 0.

We note that the convex hull of the e-neighborhood €29° is the same as the
e-neighborhood of the convex hull Q.

Theorem 3.4. If a C%-function f is convex and has positive definite Hessian on
an open neighborhood of a compact subset Q C R™, then f|q can be extended to a
C?-function on the convex hull Q% with positive definite Hessian.

The proof shows that if the function is C", r > 2, then we can make the extended
function C".

Proof. Suppose f is convex and has positive definite Hessian on the 3e-neighbor-
hood 3¢, By Theorem 3.1, we have a convex extension f on the convex hull ¢3¢,
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Let ¢ > 0 be a smooth function supported on the ball By of radius 6 € (0, ¢) and
centered at the origin, such that [ ¢(x)dz = 1. Then

o(z) = / )l — y)dy = / F(x — )o()dy

is a smooth function on Q2. The second expression for g and the convexity of
f imply that g is convex on Q°%. Let 0 < o < 1 be a smooth function, such
that a =1 on 2 and o = 0 outside 2°. Construct

h=af+(1—a)g+clz|®)=f+Q—a)g—f+clz]?),

where ¢ > 0 is a very small constant to be determined. The function h is C? on
Qco,2e.

On 2, we have h = f. Therefore h extends f|q.

On Q%2 — Q¢ we have h = g + ¢||z||>. Since g is convex and ¢ > 0, the Hessian
of h is positive definite.

For x € Qf, by ¢(y) =0 for ||y|| > € and = — y € Q* for ||y|| < €, we have

Diig(x) — By, () = / (0 f (@ — ) — 0y £ (2))b(y)dy
_ / (B (x — y) — 0 £ (2))dly)dy

and the similar equalities for 0,9 — 0;f and g — f. Since the derivatives of f
up to the second order are uniformly continuous on the compact subset Q2€, for
sufficiently small 4, the differences |0;; f(x —y) — 0;; f(2)|, |0:f (x — y) — 0; f(2)],
|f(z —y) — f(x)] can be uniformly small for x € Q° and |ly|| < J. Since ¢ is
supported on By, we conclude that 0;;9(x)—0;; f(z), 0;g—0; f and g— f can also be
uniformly small on Q¢. By further choosing ¢ to be sufficiently small (in addition
to the already small §), the second order derivatives of (1 —a)(g— f +c||z||*) can
be uniformly small on €2°.

On the other hand, the Hessian of f is positive definite on the compact subset
Q¢ and therefore has a positive definite lower bound on Q°¢. This means that
Hy(v) > C||v]|* on Q¢ for some constant C' > 0 and any vector v. By choosing
sufficiently small § and ¢, the absolute value of the Hessian of a(g — f + c||z[|?)
is < C||v||* on Q. Then the Hessian of h is still positive definite on Q. O

Example 3.5. In Theorem 3.4, the convexity is assumed on a neighborhood of
2. To sees why this cannot be weakened to the convexity on 2 only, consider
Q = {0,1,2} C R. Let the function f on a neighborhood of €2 be given by
f(x) = (x — m0)? near any zy € Q. Then f has positive definite Hessian, and is
convex but not strictly convex on . Therefore any extension of f to Q2% = [0, 2]
cannot have positive definite Hessian at every point.
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Despite the counterexample, it is conceivable to replace “convex on a neighbor-
hood of 7 by “strictly convex on €27 in Theorem 3.4. The key is the following:
Suppose f is a function on a neighborhood of compact 2, satisfying the following:

1. f is strictly convex on €.
2. For any x € ), f is strictly convex on a neighborhood of z.

Then I suspect that f is strictly convex on a neighborhood of §2.

4. Extension out of the Convex Hull

Not every convex function on a convex subset (2 can be extended to a convex
function on the whole space without taking the infinity value. For example, a
convex continuous function f(z) on [a,b] can be extended to a convex function
on R without taking the infinity if and only if the one-sided derivatives f’ (a)
and f’ (b) are finite. Equivalently, this means that f is Lipschitz on the whole
interval. The observation can be extended to multivariable convex functions.
The following construction is essentially the same as the one by Dragomirescu
and Ivan [5] and is reformulated to avoid the infinity value.

Theorem 4.1. A convex function on a bounded convexr subset can be extended
to a convexr function on the whole linear space if and only if it is a Lipschitz
function.

Proof. The necessity follows from [9, Theorem 10.4]. For the sufficiency, we
first consider the case that () affinely spans the whole space. Then any point
x € R* — Q is of the form

r= y+(1—-XNz y,z€Q, A> 1.

If f extends to a convex function f on the whole R™, then we must have

fx) = M (y) + (1 =2 f(2).
Therefore we define
fla) =sup{Af(y) + (1= Nf(2): 2= y+ (1 =Nz, y,2€Q, A > 1}
The convexity of f implies that f extends f.
Suppose |f(x) — f(z)] < ||z —2/|| on Q. Then for y, z € €, we have
Af(y) + (A=) f()] < Af(y) = F)]+1(2)]

< My =zl + [f(2)]
=z =zl + [f(2)].

Since (2 is bounded and a Lipschitz function on bounded €2 is bounded, the right
side is bounded for fixed x. This proves that f does not take the infinity value.

To prove f is convex, we only need to prove that it is interval convex. Consider a
convex combination x = pyxy + pexs. Suppose x = Ay + (1 — A)z for some A > 1
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Figure 4.1: Prove the interval convexity of the extension.

and y,z € Q. Since  is assumed to affinely span the whole space, we have a
small interval I C €2 such that I is parallel to [z, z2] and y is in the interior of I.
Then we choose a point 2’ in the interior of the interval [y, z] sufficiently close to
y, such that the intervals [zq, z'] and [z, 2/] intersect I at y; and y,. See Fig. 4.1.

Write z = Ny + (1 —\X)z'. Then X > 1, and by the convexity of f on the interval
[z, z], on which x,y, 2/, 2 form a monotone sequence, we have

Nf(y)+ @ =N)f(E) =M (y)+ (1= N)f(2).

Since I is parallel to [z, 23], we have y = piy; + poye, 1 = Nyg + (1 — N)2/,
xo = Nybh+ (1 — X)z2'. Then the convexity of f on I tells us

fQy) < paf () + paf (y2).

Moreover, by the definition of f, we have

fla) =2 XNf(y) + A= N)f(),  flae) 2 Nfy2) + (1= N)f(&).

Consequently,

g f (1) + paf (22) > N (ua f(y1) + paf (y2)) + (1= X) f(2)
> Nf(y) + (1= XN)f(2)
> M(y)+ (=N f(2).

The Lipschitz property of f on € implies that it is continuous, so that the supre-
mum of the right side for all 3,z € Q" is the same as the supremum f(z) for all
Y,z € €.

Finally, if €2 does not affinely span the whole space, then the argument above
produces an extension to a convex function on the affine span of 2. It is very
easy to further extend the convex function on an affine subspace to a convex
function on the whole space. O

We may try to combine Theorems 3.1 and 4.1. The key is to verify that the
extension to the convex hull is still Lipschitz. While this may not be true in
general, the following shows that, if the domain is a “convex boundary band”,
then this is true.
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Figure 4.2: Verify the Lipschitz property.

Theorem 4.2. Suppose () is a bounded convez subset, and A is a subset satisfying
A C . Then a convex function on Q — A can be extended to a convex function
on the whole linear space if and only if it is Lipschitz.

Proof. The necessity follows from [9, Theorem 10.4]. It remains to prove the
sufficiency.

By Theorem 3.1, a convex function f on {2 — A can be extended to a convex
function f on ( — A)® = Q (the equality is a consequence of A € Q). We will
show that | f(x) — f(y)| < ]|z —y| on @ — A implies |f(z) — f(y)| <[l -yl on
Q). Then by Theorem 4.1, f can be further extended to a convex function on the
whole linear space.

Let 2,y € Q. Let L be the straight line connecting  and y. Then L N A
is a compact subset inside the open interval L N Q. Therefore we can find
T1, Y1, T2, Y2 € LN (QF — A), such that z1, y1, 2, y, T2, yo form a strictly monotone
sequence on L. See Fig. 4.2. Then by the convexity of f on the interval [x1, ys],
we have

F) — Fl _ f1f@) — ] 1)~ Fw)
eyl - { ool e — el }Sl'

So we proved |f(z) — f(y)| < Il — y]| for any interior points z and y of the
interval L N Q. If 2 & O, then x is an end point of the interval L N €, and
z € LN (Q— A). Therefore we can find a sequence x; € LN (2" — A) converging
to z. Since f is Lipschitz on 2 — flAand is therefore continuous at z, taking
the limit of [f(xz:) — f(y)| = [f(2:) = F(y)] < lllws —yl| gives us [f(z) = f(y)| =
|f(z) — f(y)| <l||lx — y||. Same argument can be made when y ¢ Q" and even
when both z,y & Q. O

Example 4.3. To see the necessity of the condition A C Q™ in Theorem 4.2, let
Q2 be the disk of radius 2 centered at the origin (0,0), and let A be the disk of
radius 1 centered at the point (1,0). Then f(z,y) = 51 is convex on {2 — A, but
any convex extension that includes the point (2,0) must take the value +o00 at

(2,0).
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Figure 4.3: Repeatedly extend the Hessian convexity.

Example 3.3 can be slightly modified to show that Theorems 4.1 and 4.2 do not
hold for strictly convex functions. On the other hand, Theorem 3.4 suggests that
it is still possible to consider the extension of C2-functions with positive definite
Hessian beyond the convex hull. For such Hessian convex functions, it is natural
to allow non-convex domains.

Theorem 4.4. Suppose f is a C*-function with positive definite Hessian on a
compact subset Q. Then for any open subset Q' containing Q°° and sufficiently
small € > 0, f can be extended to a C?-function on QU (R™ — Q') with positive
definite Hessian.

The theorem suggests that Q U (R™ — Q) is roughly a “universal extendable
region” for the Hessian convexity. However, the theorem can be used repeatedly
to extend to bigger regions. The key point is that the Hessian convexity is a
local property, so that we do not need to maintain the (global) convexity for the
extension. For example, in Fig. 4.3, we may start with a function with positive
definite Hessian on €2, extend to a function with positive definite Hessian on €25,
and then further extend to a function with positive definite Hessian on €25.

Proof. Suppose f has positive definite Hessian on the 2e-neighborhood Q2.
Since €2 is compact, we know 2° is compact, and can find finitely many big

balls B; = B(x;,1;), such that

QCQ®°cnB; CcNB; CONOe-

Let v(t) be a smooth function on [0, 00), such that v = 0 on [0, 1] and ¢~ 1/(¢) is
strictly increasing on (1,00). The Hessian of v(||x]|) is
(l‘ ’ U)2> )
t=lx|]

which is zero for ||z|| <1 and positive definite for ||z| > 1. Then

g(@) = v (M)

H gy () = (7’(“1«”)”@”2 + w

]
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Figure 4.4: Extend the Hessian convexity outside the convex hull.

is a smooth function on R, such that g = 0 on NB;. Moreover, the Hessian of g
is positive semidefinite on R™ and positive definite on R™ — NB;.

Let 0 < a <1 be a smooth function on R”, such that « = 1 on Q° and a =0
outside Q2. Then
h=af +cg

is a C%-function on R”™. Here ¢ > 0 is a large constant to be determined.
Since g = 0 on Q2 C NB;, h extends f.

We have h = f + cg on Q°. Since the Hessian of f is positive definite and the
Hessian of ¢ is positive semidefinite, the Hessian of h is positive definite.

The Hessian of af is bounded on the compact subset €202¢ — /. The Hessian
of g is positive definite on Q2 — () € R* — Q' C R” — NB; and therefore has
positive lower bound on the compact subset. By choosing sufficiently big ¢, the
Hessian of h is positive definite on 2 — (V.

We have h = cg on R" — Q2 Since the Hessian of ¢ is positive definite on
R™ — Qc2¢ ¢ R® — NB;, h is positive definite on R™ — Qco2¢, n

A special case of Theorem 4.4 is the convex boundary band in Theorem 4.2.

Theorem 4.5. Suppose () is a compact convex subsel, and A is a subset salisfy-
ing A C Q. Then a C?-function with positive definite Hessian on Q — A can be
extended to a C?*-function with positive definite Hessian on R™ — A.

In case A is empty, the theorem says that a C2-function with positive definite Hes-
sian on a compact convex subset can be extended to a C?-function with positive
definite Hessian on the whole R™.

5. Equivalence between Different Convexities

We know the three kinds of convexities are equivalent on convex subsets. The
following shows that the equivalence still holds if the subset is not too far from
being convex.
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Theorem 5.1. Suppose ) is a convex subset, and A is a closed subset of dimen-
sion < dim$Q — 2. Then for continuous functions on €2 — A, the convezity, the
local convexity and the interval convexity are equivalent.

The dimension can be defined in various ways, depending whether A is a union
of finitely many submanifolds, or a polyhedron, or some other topologically nice
subset. The only key point we will use about the dimension condition is the
consequence that topologists call “general position”. This means that if z,y are
outside A, then we can move y a little bit, so that the straight line connecting
x and y avoids A. Such type of condition appeared in [11], in which the main
result is closely related to Theorems 5.1 and 5.2.

The theorem basically concludes that the interval convexity on {2 — A implies the
convexity. Since A is closed and Q' is relatively open, the interval convexity on
' — A implies the local convexity. By [9, Theorem 10.1], the function is always
continuous on O — A. Therefore the continuity condition is really imposed on
the boundary of €.

Proof. We need to show that the property (3) implies the property (2). The
proof follows the classical proof that, on a convex subset, the property (4) implies
the property (2) (i.e., the case k = 2 implies the general case).

Step 1: Review of the classical proof for the convex domain. The key point of
the classical proof is to express a general convex combination as a sequence of
convex combinations of two vectors. Consider a convex combination (1) lying in
2. Without loss of generality, we may assume all \; € (0,1). Then the convex
combination can be decomposed into convex combinations of two vectors

r =z + (1= p1)y,
Y1 = pars + (1 — o)y,

Yk—2 = fk—1Tk—1 + (1 — flr—1)Yr—1,
Yk—1 = Tk,
where \; = (1 — pq) -+ (1 — pi—1)pi, i € (0,1) for i < k, and py, = 1. In the

subsequent argument, the convex combination is fixed, so that A\; and pu; are all
fixed.

Applying (4) to each convex combination above, we have

f(x) <pnf(xn) + (1 — ) f(y),
f(y1) < paf(w2) + (1 — p2) f(y2),

fr—2) < 1 f(@r—1) + (1 — pie—1) f (Yr—1),
f(yr—1) = f(zp).
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Figure 5.1: Approximate convex combination, with dashed lines avoiding A.

Combining all the inequalities together, we get

flx) < puf (@) + (1 = pa) f(y1)
= Mf(x1) + (1 =) f(y1)
< Af(@n) + (1= p)[paf (22) + (1 — p2) £ (2)]
= Af(@1) + Ao f (22) + (1 — pa) (1 — p2) f (92)

< A f(@) + Xaf(we) + -+ (1 — ) - (1= p—1) f(Yr-1)
= A f(z1) + Xaf(@2) + -+ A f ().

Step 2: Approximate convex combination decomposition. Under the assumption
of the theorem, however, we only know f is interval convex on {2— A. This means
that (4) holds only when the interval [x;, y;] is contained in 2 — A. Although this
may not always hold, we will argue that for any ¢ > 0, there are 2}, y. satisfying

||I'Z—ZL‘;|| <€, ["L‘;ay;] GQ_Av
such that

=y + (1 — )y,
Yo = oy + (1 — p2)ys,

91;72 = Mk—lx;cfl +(1 - Mk—l)yl,cfl’

Y1 = T
Then the classical proof gives us
flx) S Af(ah) + A f(ah) + -+ A f ().

As e — 0, by the continuity of f at z;, the limit of the inequality gives (2).

Step 3 Construction of the approximation in the relative interior. We first
construct the approximation for the case z,z,..., 2, € Q" — A. The cases that
some points may lie in Q — O will be the limit of this first case.
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The first approximation x = gy + (1 — p1)y; asks us to move x; to x} € Q by
a small distance, such that the line connecting x to z} avoids A, and y; = %
still lies in €2. Since the dimension of A is < dim €2 — 2, by the general position in
topology, it is possible to move x; to | € € by arbitrarily small distance, such
that the line avoids A. The small move of x; implies the correspondingly small
move of y;. If we start with z1,7y; € !, then we may choose the move of z; to

be so small that both z/,y; still lie in Q.

Inductively, after moving z;_; to 2;_, by a small distance, we get y._,. Then we
may move z, by a small distance, such that the line connecting y;_, and 2} avoids

/ /
Yi 1~ HiZ;

A. Moreover, this produces y; = —— satisfying

lys = vill < - Cullas = @il + 1y = yial)
Hi / Hi—1 ,
< Y o
=7 _ L sz xz” + (1 — ,uz>(1 — ILLZ-71> sz 1 xl*l”
ot - s — 3.

(1 —pi) (1= )

By y; € Q" there is € > 0, such that y € Q* and |ly; —y|| < € for some 7 implies
y € Q. Then the estimation above for ||y; — y/|| shows that there is ¢’ > 0, such
that

|o; —zif] < € foralli <j = |y; —yjll <€,

So by making sure that the following is always satisfied in the inductive construc-
tion,
s — ]l <, o — ]| <€, a2} €,

we get ||z; — z}|| < € and %, y! € Q7 at the end. By the convexity of Q, we have
get : d x},yl € Q™ at the end. By th ty of Q2 h
[#},yl] C Q. Moreover, as part of the line connecting y;_; and z/, the interval
[#, y!] avoids A. Thus we conclude that [z}, y!] C Q" — A.

So far we proved the convexity of f on i — A. By Theorem 3.1, we get a convex
extension f on the convex hull of O — A. Due to the low dimension of A, the
convex hull is Q.

Step 4: The case z € Q! but x; may not be in ', We may scale the convex
combination x = A\jxq1 + - - - + Ay by a factor of 1 — § and get

T =\ + A Ay, x = (1—=0)x; + ox.

The idea is similar to the proof of Proposition 2.5, except the convex combination
was shrunken to be within a neighborhood of x in the earlier argument, while
here the convex combination is shrunken just a little bit. Since z € O, we have
2/ € Q. Then the convex extension f on Q' satisfies

f(@) = f(@) < Mf(@) + -+ M f(ah).

Next we will argue that lims o+ f(2}) < f(z;) for each x;. Then taking the limit
of the inequality above gives us the inequality (2).
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Figure 5.2: Prove lims_ o+ f(2]) < f(x1) when [z, z] may intersect A.

If [x;, 2] C Q— A, then the restriction of f on the interval [z;, z] is convex, and we
get limg o+ f(2)) < f(z;) by the property of convex functions on closed interval.
In case [z;, x] intersects A, however, another approximation argument is needed.
In the subsequent argument, ¢ is fixed to be 1.

By 2 € Q" — A and A closed, there is an open ball B C Q% — A around x. Then
we find a convex combination

T = Y1 + -+ HaYd,

where d = dim ), x # y; € B, and x1,y1, ..., yq are affinely independent. By the
general position in topology, we can move each y; to y; € B by a small distance,
so that the line L; connecting x; and y; avoids A. By choosing y; instead to be the
intersection of L; with the affine subspace spanned by v, ..., yq, we may further
make sure that x is still a convex combination of y;. So without loss of generality,
we may additionally assume that the convex combination x = py; + - -+ + fa¥ya
satisfies [x1,y;] C 2 — A for all j. Then by the convexity of f on the interval
(21, 35], we get

lim £(1— 6)ar + dyy) < f(a).

6—0+
On the other hand, by applying the convexity of f on " to the convex combi-
nation in O

= (L= 08)w +0(payr + -+ - + paya)
= ,U,l((l — 5)$1 + 5y1) + -+ ,ud((l — 5)$1 + 5yd),

we get

f(ah) < f((1=8)wy +0y1) + - + paf (1 = 8)a1 + 5ya)
= f((1 = 6)zr +6y1) + - + paf (1 = 6)z1 + 6ya).

Here the equality is due to (1 — §)z; + dy; € Q' — A. Taking the limit, we get

lim f(2)) < f(en) + -+ paf(21) = f(z1),

§—0t
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/ /
7 ! Tg

I T xI9

Figure 5.3: Convexity when z is not in Q.

Step 5: The case x is not in Q. Pick a point z € Q™. For any § > 0, the convex
combination (1) is approximated by

=M+ Ny, o= (1—=08)x; + 6z
By 2 € Q1 we have 2}, 2’ € QO so that

F@) < Mf@h) + -+ Aef(2h).

It remains to show lims o+ f(2') = f(z) and the similar limits for f(z}). Then
we get (2) by taking the limit of the inequality above.

In fact, we will prove lim,cqr 4y f (z') = f(x), which implies what we want.
By the continuity of f at z € 2 — A, for any € > 0, there is § > 0, such that
y€Q—Aand ||y —z| <6 imply |f(y) — f(z)] < e. Now for 2’ € Q" satisfying
|2’ — x| < &, by the low dimension of A and the continuity of f at 2/ € QU
(because convexity implies continuity in the relative interior), we can find y, such
that

yeX =4 fy-al <o [fw) - f@)=1f) - f)l <e

Then R R
1f(@') = f@)] < [f(y) = fF@)][+[f(y) — f2)] < 26
This completes the proof. O

As remarked right before the proof, the interval convexity implies the continuity
on % — A. Therefore the continuity of the function is used only in the fifth step
of the proof. Since z & Q' necessarily forces x; € (', we may add a condition to
avoid the fifth step and get the non-strict part of the following result.

Theorem 5.2. Suppose () is a convex subset with the additional property that, in
every convex combination (1) with x;,z € Q and z; # x, we always have v € Q.
Suppose A is a closed subset of dimension < dim ) — 2. Then the convezity, the
local convexity and the interval convezity are equivalent on 2 — A. Moreover, the
strict versions of the convexity are also equivalent on ) — A.

Open convex subsets have the additional property. Convex subsets with strictly
convex boundaries also have the additional property.
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Example 5.3. Let Q be the open square (0,1) x (0, 1) together with a discrete
subset D C (0,1) x 0 of one side of the square. Let A = (). Then the condition
for 2 — A in Theorem 5.1 is satisfied. On the other hand, a function that takes
0 on the open square and takes arbitrary positive values on D is always locally
convex but may not be convex.

The example shows that, given the lack of continuity assumption, the additional
property in Theorem 5.2 is really needed.

Proof of Theorem 5.2. We only need to explain the strict part. With the
additional property, we only need to consider the case z € ' — A, and may
additionally assume X; € (0,1). Given the interval convexity, we already know
that the non-strict inequality (2) holds. To enhance the inequality to become
strict, we move z a little bit toward and away from x.

For a small > 0, introduce

=0+ (1 —-0)x=2—0z—1x)
= (5 -+ (1 — 5))\1)1‘1 + (1 — (S))\Q.’L’Q + -+ (1 — 5))\kxk7

' =—0n+(1+0r=x+0(x— 1)
=(=0+ (1 +0)A)x1+ (1 4+ 5wy + -+ -+ (1 + ) Ay

If 0 is small enough, then the above are still convex combinations. Moreover, by
r € QO — A, we can also make sure that [2/,z"] C Q" — A.

By the convexity that we have already proved, we have

f@) <0+ (1 =0)A)f(21) + (1= 0)Aaf (wg) + -+ (1 = )M f (w1),
f@") < (=0 + A+ M) f(z1) + (T +0) Ao f (w2) + - - -+ (14 ) A f ()

Then by 2 = 3(2' 4+ 2”) and the strict convexity of f on [#/,2"], we get f(z) <
s(f(@)+ f(2")). Combining the three inequalities together, we get (2) with strict
inequality. O

Can we relax the dimension condition in Theorems 5.1 and 5.27 The following
says that the condition cannot be relaxed to dim A < dim 2 — 1.

Theorem 5.4. Suppose U is an (n — 1)-dimensional submanifold of R™, and
Q C R"—U is a subset. Suppose L is a straight line that intersects U transversely
at an interior point u of U. If there is a point p € L N2 and an open interval
I C LNQ lying in different components of L — u, then there is a locally convex
function on ) that is not convez.

The setup for the theorem is illustrated in Fig. 5.4. The statement uses some
standard topological concepts. For those who are not familiar with the concepts,
an affinely equivalent description is given in the first paragraph of the proof. We
also note that the proof actually constructs a function f on the complement of
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inside €2
T

Figure 5.4: Condition for local convexity not implying convexity.

any (n — 1)-dimensional submanifold, such that f has positive definite Hessian
but is not convex.

Example 5.5. The existence of the interval I in Theorem 5.4 cannot be reduced
to a point. For example, if € consists of exactly two points, then any function on
Q) is convex. More generally, for convex subsets €2; C R™ and a; ¢ €2;, any locally
convex function on Q = (€ X az) U (a1 x Q) C R™*"2 ig convex.

Proof of Theorem 5.4. Write points in R" as # = (t,y), t € R, y € R*L
By an affine transformation, we may assume that U contains the graph G =
{(9(y),y): y € B} of a continuous function g over the unit ball B = {y: ||y|| < 1}.
We may also assume that there is a satisfying

—a<g0)<a, p=1(a,00€, I=(-a—0b—-a+09)x0CQ.

See Fig. 5.5.

Let 3(t) be a smooth function, such that = 1 on (—oo, £] and 8 = 0 on [1, +00).
Let

Flty) = 10U+ @+ Bl fort>g(y), v € B,
’ 2+ b||y||% otherwise in R" — G,

where b and ¢ are constants to be determined. The function is smooth on R" —@.

We have
f(a,O)—f(—a,O):a—i—c ﬁ

a—(—a) 2a ot (-a,0) = —2a.
If we fix ¢ satisfying ¢ < —a — 4a?, then
f(CI')O)_f(_aaO) % .
o (—a) < 675( a,0).

This implies that f is not convex on p U I C €. Note that the interval I C € is

needed here because of the use of the partial derivative %—{ at (—a,0).

It remains to choose b, so that f has positive definite Hessian. The function
2+ b||y||* has positive definite Hessian as long as b > 0. For ¢ > ¢(y) and y € B,
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t* +ally|?

Figure 5.5: Construct locally convex but not convex function.
the Hessian of f at (t,y) is

1
S Hi(7m) = 24+ b+ 278" (ly1)y - n

+ (t+ )8 (lyllP)n” + 2t + ) 8" (w1 (y - n)?
= [T+ 8ylP)y - 0 + bny?
+ @+ )8 yl*)n” + 2+ 8" (lvl*) — B'(wlI*)?(y - n)*

Inside a big ball Bg of radius R and centered at the origin, the sum (¢ +
o)B'(lyl*)n* + [2(t + )8 (lyl1*) = B'(lyl*)*|(y - m)* does not involve 7 and is
bounded (meaning that the absolute value < C/||n||* for some constant C). Then
by choosing b to be bigger than this bound, we get the Hessian of f to be positive
definite on Br — G.

By Theorem 4.5, the function f|g,_¢ can be extended to a function with positive
definite Hessian on R™ — G. Since R” — G D R” — U D (), the extension is also a
function with positive definite Hessian on €. O

Acknowledgements. The author would like to thank the referee for many sugges-
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