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1. Introduction

Let A and B nonempty subsets of a metric space (X, d). Anoperator T: A — Bis
said to be a k-contraction if there exists a k € [0, 1) such that d(Tz, Ty) < kd(x,y)
for any x,y € A. Banach’s contraction principle states that, when A is a complete
subset of X and T is a k-contraction which maps A into itself then T" has a unique
fixed point in A.

Due to its wide applications in various fields, a huge number of generalizations
and extended versions of this principle appear in the literature (see [8, 9]).

The following notion of a weakly contractive mapping was introduced by Alber
and Guerre-Delabriere in the context of Hilbert spaces in [2] and Rhoades proved
that the result of [2] is also valid in complete metric spaces.
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Definition 1.1 ([10]). Let (X, d) be a metric space and T: X — X a mapping.
T is said to be weakly contractive if

ATz, Ty) < d(z,y) — 6 (d(x,y)), forall 2,y € X,

where ¢: [0,00) — [0,00) is a continuous and nondecreasing function such that
¢(t) =0 if and only if ¢ = 0.

Notice that if ¢(t) = kt with k € [0,1) then T is a (1 — k)-contraction.

The following result is due to Rhoades [10].

Theorem 1.2 ([10]). Let (X,d) be a complete metric space and T: X — X a
weakly contractive mapping. Then T has a unique fized point in X.

In [4], Dutta and Choudhury present the following generalization of Theorem 1.2.

Theorem 1.3 ([4]). Let (X,d) be a complete metric space and T: X — X a
mapping satisfying

p (d(Tz,Ty)) < ¢ (d(z,y)) — ¢ (d(z,y)), forallx,y € X,

where v, ¢: [0,00) — [0,00) are continuous and nondecreasing functions such
that ¢(t) = p(t) = 0 if and only if t = 0. Then T has a unique fized point.

In this paper, we present a best proximity point theorem for generalized weakly
contractive non self mappings.

First, we present a brief discussion about best proximity points

Let A be a nonempty subset of a metric space (X,d) and T: A — X a mapping.
The solutions of the equation Tx = x are fixed points of T. Consequently,
T(A)N A # 0 is a necessary condition for the existence of a fixed point for the
operator T'. If this necessary condition does not hold then d(7T'z,z) > 0 for any
x € A and the mapping T: A — X does not have any fixed point. In this setting,
our aim is to find an element z € A such that d(z,Tz) is a minimum. Best
approximation theory has been developed in this direction.

In our context we consider two nonempty subsets A and B of a complete metric
space and a mapping T: A — B. A natural question is whether one can find an
element xy € A such that d(zg, Txy) = min{d(x,Tz): x € A.}. Since d(x,Tz) >
d(A, B) for any x € A, the optimal solution to this problem will be the one for
which the value d(A, B) is attained by the real valued function p: A — R given
by ¢(z) = d(x, Tz).

Some results about best proximity points can be found in [1, 5, 7, 11, 12].
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2. Preliminaries
Let A and B be two nonempty subsets of a metric space (X, d). Denote by Ay
and By the following sets:

Ag={zx € A: d(z,y) = d(A, B) for some y € B},

By ={y € B: d(z,y) = d(A, B) for some z € A},

where d(A, B) = inf{d(z,y): v € A and y € B}.

In [7], the authors present sufficient conditions which guarantee when the sets Ay
and By are nonempty. Moreover, in [11] the authors proved that A, is contained
in the boundary of A.

Now we present the notion of a generalized weakly contractive non self mapping.

Definition 2.1. Let A and B be two nonempty subsets of a metric space (X, d).
A mapping T: A — B is said to be generalized weakly contractive if

U (d(Tz, Ty)) < (M(z,y) — d(A, B)) — ¢ (d(v,y)), for any z,y € A,
where ¢: [0,00) — [0,00) is a continuous and nondecreasing function such that

(t) = 0 if and only if t = 0 and ¢: [0,00) — [0, 00) is a nondecreasing function
such that ¢(t) = 0 if and only if ¢ = 0, and where

N —

M (z,y) := max {d(m, y),d(z, Tx),d(y, Ty), = [d(z, Ty) + d(y, Tx)]} :

Notice that in the case A = B every operator T: A — A satisfying the contractive
condition appearing in Theorem 1.3 is a generalized weakly contractive mapping,
since in this case d(A, A) = 0 and

p (d(Tz, Ty)) < ¢ (d(z,y)) — ¢ (d(z,y)) < o (M(z,y)) — ¢ (d(z,y)).

In [13], the author introduced the following definition.

Definition 2.2 ([13]). Let (A, B) be a pair of nonempty subsets of a metric
space (X, d) with Ag # (). Then the pair (A, B) is said to have the P-property if
and only if for any x1, x5 € Ay and y1,y2 € By

d(w1,31) = d(A, B) )
d(x2,y2) = d(A, B) } = d(z1,22) = d(y1, y2).

It is easily seen that for any nonempty subset A of (X, d), the pair (A, A) has the
P-property.

In [13], the author proves that any pair (A4, B) of nonempty closed convex subsets
of a real Hilbert space H satisfies the P-property.
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3. Main results
We start this section presenting our main result.

Theorem 3.1. Let (A, B) be a pair of nonempty closed subsets of a complete
metric space (X,d) such that Ay # 0. Let T: A — B be a continuous generalized
weakly contractive mapping satisfying T'(Ag) C By. Suppose that the pair (A, B)
has the P-property. Then there exists a unique x* € A such that d(z*,Tx*) =
d(A, B).

Proof. Since Ay es nonempty, we take zg € A. As Txg € T'(Ap) C By, we can
find z1 € Ag such that d(zy,Tzo) = d(A, B). Similarly, since Tz, € T'(Ap) C By,
there exists xo € Ag such that d(x9, Tx1) = d(A, B). Repeating this process, we
obtain a sequence (z,) in Aq satisfying

d(xps1, Tzy,) = d(A, B), for any n € N. (1)
Since (A, B) has the P-property, we have that
d(xpi1,x,) = d(Txy, Tx, 1), for any n € N.

Now, suppose that there exists an ng € N with d(z,,41, Zn,) = 0. In this case we
have
0= d(mno-i-lv wno) = d(Txnoa Txno—l)v

and, consequently, T'x,,,—1 = T'x,,. Therefore,
d(A, B) = d(xpy, Txng—1) = d(xpy, Tp,),

and the part of existence is proved.

On the contrary, suppose that d(x,41,x,) > 0 for any n € N. Taking into account
the contractive condition and (1) we have

Y (d(@pi1, 7))

2
= ¢ (d(Txn7 Tmn—l)) < ¢ (M(‘T’m xn—l) - d(A7 B)) - Qs(d(xm xn—l))‘ ( )

We can distinguish four cases.

Case 1. Suppose that M(z,,z,_1) = d(x,,x,—1). In this case, from the last
inequality and the fact that ¢ is nondecreasing, we get

Y (d(Tni1,20)) = (d(T2n, Trp1))
< (d(n, 2p—1) — d(A, B)) — ¢ (d(2n, Tn-1)) (3)
< (d(zn, Ta-1)) — ¢ (d(Tn, Tp-1))
< ¥ (d(zn, Tn-1)),

and, again, as v is nondecreasing,

d(xn+1) xn) S d('rn’ xn—l)‘
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Case 2: Suppose that M (z,, x,—1) = d(z,, Tx,). Since d(zp41,Tz,) = d(A, B),
we have

M(zp, xy—1) —d(A, B) = d(x,, Tx,) — d(A, B)
< d(zp, Tpi1) + d(Tpy1, Txy) — d(A, B)
= d(xp, Tpy1)-
This and (2) give us
CACICANRPE)

WV (d(Txy, Trp_1))
w (d(LEn, T:Ij‘n) - d<A7 B)) - (b (d(xm xnfl))
U (d(xn, Tnia)) — ¢ (d(2n, n-1)) -

Since d(xy,, x,—1) > 0 and ¢(t) = 0 if and only if ¢ = 0, the last inequality implies
that

IN A

U (d(@ni1,20)) <P (A2, Tn11)) = ¢ (d(Tn, Tn1)) <P (d(Zn, Tnia))

which is a contradiction.

Case 3 Suppose that M(x,,x,—1) = d(x,—1,Tx,—_1). In this case, by an argu-
ment similar to the one used in Case 2, we have

M(zp, xp1) —d(A,B) = d(xp—1,Txn_1) — d(A, B)
S d(xn—la xn) + d(.fl?n, T:Bn—l) - d(A> B) = d(xn—la xn)7

and, therefore,

U (d(@nt1, 7)) = U (d(Tx, Trp 1))
< Y (d(@n-1, Trn1) — d(A, B)) — ¢ (d(wn, 2n-1))
< Y (d(zn-1, 7)) — ¢ (d(Tn, Tn-1)) (4)
< (d(Tn-1,20))

By using the fact that ¢ is nondecreasing,

d(xn—i-la xn) < d<xn—1a xn)

Case 4: Suppose that M(z,,x,_1) = %[d(xn,Txn,l) +d(xp—1,Tx,)]. In this
case, we have

M(zn, 2 1) — d(A, B) = % (@, Tan 1) + d(n 1, T)] — d(A, B)
< % [d(A7 B) + d(xnflv xn+1) + d<xn+17 Txn)] o d(A’ B)
= 2 [d(A, B) + (a1, 70sr) +d(A, B)] — d(4, B)
— % [d<xn—17 xn+1)]
< 5 [, z1) + 0]
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and, therefore,

Y (d(Tpt1,0)) =

Since 1 is nondecreasing
1
d(xn+1a xn) S 5 [d(ilfn, xn—l) + d(l’n, xn—i—l)] )

and, consequently,
d('xn+17 xn) S d(xny $n,1). (6)

From (5) and (6) we infer that

1/} (d<xn+1a xn)) S w (d(xnv xnfl)) - d) (d(xm xn71>> : (7)

Summarizing, in any case we get d(T,41,%,) < d(Tp, Tp_1).
This means that (d(z,41,%,)) is a decreasing sequence of nonnegative real num-

bers and, consequently, there exists an » > 0 such that

lim d(z,i1,2,) =1

n—oo

We shall now prove that r = 0.
Notice that the previously discussed Cases 1, 3 and 4 are the only ones possible.

In these cases we obtained (see (3), (4) and (7))

Y (d(Tns1,70)) (d(@n, Tn-1)) — ¢ (d(Tn, Tp—1))
(d(xy,xy—1)) for any n € N.

IA N

(G
(G
Suppose that r > 0.

Taking n — oo in the last inequality, and, by using the continuity of ¢, we infer

that
U(r) < ¢(r) — lim ¢ (d(zn, Tn-1)) < (1),

n—oo

which implies that
lim ¢ (d(xy, x,-1)) = 0. (8)

n—oo

On the other hand, since r > 0, we have

0<r<d(x,,x, 1) forany n € N,
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and, since ¢ is nondecreasing and ¢(t) = 0 if and only if £ = 0, we get

0<o(r) < o¢(d(rp, 1)) for any n € N.
Therefore, 0 < ¢(r) < lim,,_o ¢ (d(xy, T,—1)) and this contradicts (8).
Consequently r = 0; i.e.,

lim d(zp41,2,) = 0. (9)

n—oo

We now prove that (z,) is a Cauchy sequence

In the contrary case, by using Lemma 2.1 of [6], we can find an ¢ > 0 and
subsequences (k) and (Tpm)) de (z,,) satisfying:

(i)  n(k) >m(k) >k for k> 0.
(i) € < d(zpry, Tmu)) and d(xn(k),l, Tp(ry) < € for k > 'O.
(i) lim d(l’n(k), T(k)) = Jim d(Zn(ky, Tm(ky+1) = Jim (T (k) Tr(k)+1)

k—oo

- 1}520 d(xn )+1’$m(k)+1) =€

Since, for any k > 0, d(zpp)41, TTnwy) = d(A,B) and d(Zm@)+1, TTmp)y =
d(A, B)), and, as the pair (A, B) has the P-property, we infer that
ATty 41, Tm)+1) = AT Tny, TTm@y) for any k > 0.
Using the contractive condition, for any & > 0, we have
O (d( @)1, Tmiey+1)) = U (AT Tnry, TZmr))) (10)
<Y (M(Tnry, Tmey) — d(A, B)) ) (d(xn(k),xm(k))) :

We distinguish four cases.

Case 1: Suppose that M (), Tmk)) = d(Tn(k), Tmk)). In this case, from the last
inequality and by using the fact that 1 is nondecreasing and ¢ is nonnegative,
we obtain

(d(2nry, Tmery) — d(A, B)) — ¢ (d(@nwy, Tmr)))
(d(@ ey Tmwy)) = & (A@n@)s Tmry)) (11)
(d(@ ey Tmary)) -

U (@) 41, Ty +1))

IN N TN
< & =

Case 2: Suppose that M (Znk), Tmk)) = d(Tn), Tnr). In this case,
M(xn(k),acm( ) d(A B) = (l‘n Txn( ) — d(A B)
= d(ﬂfnuc), xn(k>+1)>
and inequality (10) takes the form
U (d(@nmy 11 Tmmy1)) < (A Zngry, Tayi1)) — & (d(@ngr)s Tmry))
<P (d(@ngry, Tary11)) - (12)
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Case 3: Suppose that M (Tnw), Tmm)) = A @m@), TTmk)). Using an argument
similar to that in Case 2, we have

M(:cn(k),a:m(k)) —d(A,B) < d(xm(k)vxm(k)-&-l)?

and, from (10), we have

(d(@mrys Tmry+1)) = 6 (A(@n)s Tmer)))

U (d(Tnie)+1, Tmpy+1)) < ¥
< O (d(Zm(ry, Tm(r)+1)) - (13)

Case 4: Suppose that M(Tnk), Tmeky) = 3 [d(@nw), TTmk)) + ATy, TTngwy)] -
In this case, we have that

M(J,’n(k), [Em(k)) — d(A, B)
1
=35 [y, TTm(y) + ATy, TTn))] — d(A, B)
1
= 9 [d(%(k)’ xm(k)+1) + d(xm(k)H,TIBm(k))
+d(Tm(), Tagey+1) + A(@ney+1), TTowy)] — d(A, B)
1
1
D) [d(xn(k)vxm(k)ﬂ) + d(fm(kz)wn(k)ﬂ)} ;

and, consequently, from (10) we infer that

U (d(@n(ky+1, Tm()+1))

14
< ?/)( [d( k) Tmry 1) + d(Z i), $n(k>+1)]) — & (d(@n(r)s Tm(r))) - )

Now, put

C = {k > 0: k satisfies Case 2},
D = {k > 0: k satisfies Case 3}, and
E = {k > 0: k satisfies Case 4} .

If Card C' = oo or Card D = oo then, taking k& — oo in (12) or (13) and, taking
into account the properties of the subsequences (2,x)) and (Zmu)), (9) and the
continuity of v, we get

0 < () = ¥ ( lim d(@age;@ain)) = (0) =0

or

0<(e) = (hm A(Z (k) xm(k)+1)> =(0)=0

k—oo

which is a contradiction.
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Therefore Card C < oo and Card D < 0.
If Card E = oo then taking k — oo in (14), we have

0 < 0(6) £ (3le+0)) = Jim o(dlen. e < V1e)

which implies that

lim ¢ (d(zn@), Tmw)) = 0. (15)

k—oo

Since 0 < € < d(Zp(k), Tm(r)) for any £ > 0 and ¢ is nondecreasing, we get

0< ¢( ) ¢( (xn k)vxm(k)))a for any k > 0.

Therefore Card E < oo.
which contradicts (15).
This means that, for all £ > 0 except for a finite number, Case 1 is satisfied.

Taking k — oo in (11) we obtain
0< ¢(€) < ¢( ) - hm ¢( (xn (k)» Tm(k) )) < ¢(€)7

which implies that
lim QS( (zn, k),zm(k))) =0. (16)

k—o00

But, since
0 < € < d(@pky, Tm)) for all k>0,

by using the nondecreasing character of ¢, we have

0 < ¢(€) < ¢ (d(Tn), Tmy)) for all k >0,

and, from this fact, we infer that

0 < ¢(e) < lim ¢ (d(Tn), Tmny)) »

k—o00

which contradicts (16).
Therefore, {z,} is a Cauchy sequence.

Since {x,} C A and A is a closed subset of the complete metric space (X, d), we
can find an z* € A such that z,, — z*.

Now, since T' is continuous, Tz, — T'x*.

Therefore, we have that d(x,,1, Tx,) — d(z*, Tx*). Taking into account that the
sequence d(z,11,Tx,) is a constant sequence with value d(A, B), we deduce that

d(z*,Tx") = d(A, B).

This means that x* is a best proximity point of 7.
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This proves the existence part of our theorem.

To prove uniqueness, suppose that x; and x5 are two best proximity points of T
and x1 # x5. This means that

d(x;, Tz;) = d(A,B) fori=1,2.
By using the P-property of the pair (A4, B), we have
d(z1,x9) = d(Txy, Txs).
Now, taking into account the contractive condition, we get

Y (d(z1,29)) = ¥ (d(Tx1, Txg)) < (M(21,29) — d(A, B)) — ¢ (d(w1,29)) . (17)

There are four cases.

Case 1: Suppose that M (z1,x9) = d(z1,22). In this case inequality (17) takes
the form

Y (d(z1,22)) < (d(21,22) — d(A, B)) — ¢ (d(x1,22))
and, since x; # x5 and ¢(t) = 0 if and only if ¢ = 0, we have that ¢ (d(z1, x2)) > 0.
Consequently, the last inequality gives us
Y (d(z1,72)) < Y (d(21,22) — d(A, B)) — ¢ (d(21,22))
< ¢ (d(l‘l, l’g) — d(A, B )

< 1/} (d(xh xQ)) )

~—

and this is a contradiction.
Case 2: Suppose that M(z1,25) = d(z1,Tx1). Since d(z1,Tx;) = d(A, B), the
inequality (17) takes the form
¥ (d(z1,22)) < ¢ (d(z1, Ta1) — d(A, B)) — ¢ (d(x1, 22))
= ¢ (d(A, B) = d(A, B)) — ¢ (d(21, 22))
= ¢(0) — ¢ (d(21, 72)) -

As ¥(0) = 0 and x; # 5 and, consequently, ¢ (d(z1,x2)) > 0, we have

Y (d(21,12)) < —¢ (d(z1,22)) <O,

which is a contradiction.

Case 8 Suppose that M(xq,x2) = d(x2, Txs). Using the same argument as in
Case 2, we obtain

Y (d(71,72)) < —¢ (d(1,22)) <0,

which is a contradiction.
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Case 4: Suppose that M(xy,x3) = 3 [d(xy, Tas) + d(x, Txy)]. Since

M(Jfl, .IQ) — d(A, B)

= % [d($1, Tl’g) + d(-TQa Tml)] - d(Av B)

< £ (e, Tm) + d(Tey, Ta) + dlws, Ty + d(Tar, Trs))] — d(A, B)
_ % [d(A, B) + 2d(Txy, Tas) + d(A, B)] — d(A, B)

= d(TZEhTI'g),

from (17), we get
Y (d(w1, 72))
=V (d(Tx1, Taz)) < ¢ (d(Tw1, Taz)) — ¢ (d(w1, 22)) < ¢ (d(Tx1, Tas)) .

Consequently, ¢ (d(z1,z2)) = 0.
This is a contradiction since x, # 5.

Therefore x; = 5. O

In what follows we will present some particular cases and their consequences.

When the mapping ¢ in Theorem 3.1 is the identity, we obtain the following
corollary.

Corollary 3.2. Let (A, B) a pair of nonempty closed subsets of a complete metric
space (X, d) such that Ag # 0. Let T: A — B be a continuous mapping satisfying
that T(Ag) C By and such that

d(Tz,Ty) < M(z,y) — d(A, B) — ¢ (d(z,y)) for anyz,y € A.

Suppose that the pair (A, B) has the P-property. Then there ezists a unique
z* € A such that d(z*, Tx*) = d(A, B).

When d(A, B) = 0, Corollary 3.2 takes the following form.

Corollary 3.3. Let (A, B) be a pair of nonempty closed subsets of a complete
metric space (X,d) such that Ay # 0 and d(A,B) = 0. Let T: A — B be a
continuous mapping such that T(Ag) C By and satisfying

d(Tz,Ty) < M(z,y) — ¢ (d(z,y)) for anyz,y € A.
Then there exists a unique x* € A such that Tx* = x*.
Proof. Notice that, if d(A, B) = 0, then (A, B) has the P-property. ]
The condition

d(Tz,Ty) < d(z,y) — ¢ (d(z,y)), forany z,y € A
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implies that
d(Tz, Ty) <d(xz,y) — ¢ (d(z,y)) < d(x,y) for any z,y € A.
Thus T is continuous and satisfies
d(Tz, Ty) < d(z,y) — ¢ (d(z,y)) < M(2,y) — ¢ (d(x,y)) for any z,y € A.

By Theorem 3.1 we obtain the desired result.
As a consequence of Corollary 3.3 we have the following result.

Corollary 3.4. Let (A, B) be a pair of nonempty closed subsets of a complete
metric space (X,d) such that Ay # and d(A,B) = 0. Let T: A — B be a
mapping such that T(Ay) C By and satisfies

d(Tz,Ty) < d(z,y) — ¢ (d(z,y)), for any z,y € A.

Then there exists a unique x* € A such that Tx* = x*.

Corollary 3.4 is Theorem 3.1 of [12] for the particular case d(A, B) = 0.
The following result presents a best proximity point theorem for a mapping sat-
isfying a Kannan type contractive condition.

Corollary 3.5. Let (A, B) be a pair of nonempty closed subsets of a complete
metric space (X,d) such that Ay # 0. Let T: A — B be a continuous mapping
satisfying T'(Ao) C By and such that

¥ (d(Tx, Ty))

< v (GldCe. o) + dly 7o) = A B)) = 0(dlo), for any vy € A

where 1: [0,00) — [0,00) is a continuous and nondecreasing function such that
Y(t) =0 if and only if t =0 and ¢: [0,00) — [0,00) is a nondecreasing function
such that ¢(t) = 0 if and only if t = 0.

Suppose that the pair (A, B) has the P-property. Then there ezists a unique
z* € A such that d(z*, Tx*) = d(A, B).

Proof. First, notice that

Sld(e, ) +d(y, Ty) > Sd(A, B) + d(A, B)] = d(A, B),

and, consequently, the contractive condition is well defined.

On the other hand, since

[M(z,y) + M(z,y)] = M(z,y)

N | —

Sl 7o) + d(y, Ty)] <
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we have, by virtue of the nondecreasing character of ¢ that, for any x,y € A

6 (. T) < 0 (Gl Ta) + dn o) (A B)) 6 (d(o.y)
<0 (M(a,9) ~ d(A, B) ~ 6 (d(z.v)),

and the desired result is obtained by applying Theorem 3.1. O]

The following consequence is a best proximity point theorem for mappings satis-
fying a condition of integral type in the case d(A, B) = 0.

Corollary 3.6. Let (A, B) be a pair of nonempty closed subsets of a complete
metric space (X,d) such that d(A,B) = 0 and Ay # 0. Let T: A — B be
a continuous mapping such that T(Ag) C By and suppose that there exists a
k€ 10,1) such that

d(Tz,Ty) M(z,y)
/ o(t)dt < k:/ o(t)dt for any x,y € A,
0 0

where p: Ry — Ry is a Lebesque-integrable mapping such that foe p(t)dt > 0 for
e > 0.

Then there exists a unique x* € A such that Tx* = x*.

Proof. First notice that, if d(A, B) = 0, then it is easily seen that (A, B) has the
P-property. On the other hand, it is easily seen that the function v¢: [0, 00) —
[0,00) defined by

is continuous and nondecreasing and, since [ ¢(t) dt > 0 for each € > 0, 1(t) = 0
if and only if ¢t = 0.

Let ¢ be the function defined by ¢(t) = (1 — k)¥(t) on [0,00). Therefore our
contractive mapping can be rewritten of the following way
U (d(Tz, Ty)) < kip (M(x,y))
= ¢ (M(z,y)) — (1= k)¢ (M(z,y))
:¢( y))_¢<M(x7y))7 foraﬂyxa?JEA

By using the nondecreasing character of ¢, the last inequality implies that

M(
M(

z,

U (d(Tx, Ty)) < ¢ (M(z,y)) — ¢ (d(x,y)), for any z,y € A.

By applying Theorem 3.1, we obtain the desired result. O

When A = B Theorem 3.1 has, as consequences, the following fixed point theo-
rems.
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Corollary 3.7. Let (X,d) be a complete metric space and let T: X — X be a
mapping satisfying

¢ (d(T, Ty)) <o (M(x,y)) — ¢ (d(x,y)), forany z,y € X,

where 1: [0,00) — [0,00) is a continuous and nondecreasing function such that
W(t) =0 if and only if t =0 and ¢: [0,00) — [0,00) is a nondecreasing function
such that ¢(t) =0 if and only if t = 0. Then T has a unique fized point.

Corollary 3.7 has as a consequence, the following result.
Corollary 3.8. Let (X,d) be a complete metric space and let T: X — X be a
mapping satisfying

Y (d(Tx, Ty)) < ¢ (d(x,y)) — ¢ (d(x,y)), for any z,y € X,

where 1 and ¢ satisfy the same conditions as those in Corollary 3.7. Then T has
a unique fized point.

Proof. Notice that, since 1 is nondecreasing, for any x,y € X

P (d(Tx, Ty)) < (d(z,y)) — ¢ (d(z,y)) < ¢ (M(z,y)) — ¢ (d(z,y))

Moreover, since ¥ (d(Tx,Ty)) < v (d(z,y)) for any z,y € X and ¢ is nonde-
creasing, d(Tz,Ty) < d(z,y) for any z,y € X and thus 7T is continuous. Finally,
Corollary 3.7 give us the desired result. Il

Corollary 3.8 improves Theorem 2.1 of [4] since we do not assume the continuity
of ¢.

If we put ¢ = 1x(identity mapping) in Corollary 3.8 then we obtain the following
result.

Corollary 3.9. Let (X,d) be a complete metric space and T: X — X a mapping
satisfying
d(Tz, Ty) < d(z,y) — ¢ (d(z,y)), foranyz,ye€ X

where ¢ satisfies the same conditions as in Corollary 3.7. Then T has a unique
fixed point.

Corollary 3.9 improves Theorem 1 of [10] because we do not impose the continuity

of ¢.

A consequence of Corollary 3.6 is the following fixed point theorem with a con-
dition of integral type.

Corollary 3.10. Let (X,d) be a complete metric space and k € [0,1) and let
T: X — X be a mapping such that for each x,y € X

d(Tz,Ty) M (z,y)
/ Sty dt <k / (1) dt.
0 0
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where ¢: R, — Ry is a Lebesgque-integrable mapping such that foe o(t)dt > 0 for
e > 0. Then T has a unique fixed point.

Since the contractive condition

d(Tz,Ty) d(z,y)
/ o(t)dt < k/ (t)dt for any z,y € X
0 0

implies the one appearing in Corollary 3.10, we have the following result.

Corollary 3.11. Let (X, d) be a complete metric space andk € [0,1) andT: X —
X a continuous mapping satisfying

d(Tz,Ty) d(z,y)
/ o(t)dt < k/ o(t)dt for any x,y € X
0 0

where ¢ satisfies the same conditions that in Corollary 3.10. Then T" has a unique
fixed point.

Corollary 3.11 is the main result of [3] when T is continuous.

The following example shows that the P-property condition cannot be relaxed
from Theorem 3.1.

Example 3.12. Consider X = R with the usual metric and A = {8, —8} and
B={1,-1}.

Obviously, A and B are closed subsets of X with Ay = A, By = B and d(A, B) =
7. Let T: A — B be the mapping defined by T'(8) = —1 and 7'(—8) = 1. It is
easily seen that

1
d(T.CC,Ty) < 5 (d(l’,y) o d(A7 B)) for T,y € Aa

and, thus, T satisfies the contractive condition appearing in Theorem 3.1. On
the other hand, since d(z,Tx) =9 > d(A,B) = 7 for any z,y € A, T does not
have a best proximity point.

Notice that the pair (A, B) does not have the P-property

4. Examples.

In order to illustrate our results, we present some examples.

Example 4.1. Consider X = R? with the usual metric and the closed subsets
A=10,00) x {0} and B = (—00,0]x {0}.

Obviously, d(A, B) = 0 and, consequently, the pair (A, B) has the P-property.
Notice that Ay = {(0,0)} and By = {(0,0)}.

Let T: A — B be the mapping defined by
T(x,0) = (—log(l + z),0).
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Obviously T'(Ag) C By.

In the sequel, we will prove that T satisfies the contractive condition of Theo-
rem 3.1.

In fact, for (z,0), (y,0) € A, we have

d(T(x,0),T(y,0)) = d ((—log(1 + x),0), (—log(1 + y),0))
= |log(1 + =) — log(1 + y)|

| 1+z
0 .
& 1+y

<log(1+ |z —yl).

We claim that ‘log (fﬁ)

Suppose that x > y(the same argument works for y > x).

Since ¢(t) = log(1 + t) is strictly increasing in [0, 00), we have

1 1 — —
1+y 1+y I1+y

< log(l+z—y)=log(l+[x—y|).

This prove our claim.

Therefore, for (x,0), (y,0) € A, we have
d(T(x,0),T(y,0))
o (1 + a:)
& 1+y

< log(1 + |z —yl)

= log (1 +d((z,0),(y,0)))
In our case, ¢ = 1jg ) (identity mapping) and ¢ is given by ¢(t) =t — log(1 + ¢)
which is nondecreasing and satisfies that ¢(t) = 0 if and only if ¢t = 0. T is

obviously continuous and, therefore, the assumptions of Theorem 3.1 are satisfied.
Consequently, by Theorem 3.1 there exists a unique (z*,0) € A such that

(d((z*,0), T(z*,0)) = 0 = d(A, B).

Notice that (z*,0) € A is the point (0, 0).

The following example shows that the condition A and B are closed subsets of
(X,d) is not a necessary condition for the existence of a unique best proximity
point.

Example 4.2. Consider X = R? with the usual metric and the subsets

A=1[0,00) x {0} and B:(—g,o]x{()}.
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Notice that B is not a closed subset of X.

It is easily seen that d(A, B) =0, Ag = {(0,0)} and By = {(0,0)}.
Since d(A, B) = 0 then the pair (A, B) has the P-property.

Let T: A — B the mapping defined by

T(x,0) = (—arctanz,0).

Obviously, T'(Ag) C By.
Now, we check that T satisfies the contractive condition of Theorem 3.1.

In fact, for (z,0), (y,0) € A, we have
d(T(z,0),T(y,0)) = d((—arctanz,0), (—arctany, 0)) = |arctan z — arctany| .

We claim that |arctan x — arctan y| < arctan |z — y|.
In fact, suppose that & > y(the same reasoning works for y > x).

Put arctan x = o and arctany = 3 (notice that « > (3 since the function arctant
for t > 0 is strictly increasing).

Now, since

tan( 3) tan o — tan 3
an(a — ) =
1 +tanatan 3’

and, since a, § € [0, g), we have that tana,tan 5 € [0,00). Thus, from the last
expression it follows that

tan(a — ) < tana — tan 3.

Applying ¢ to the last inequality (where ¢(t) = arctant) and, by using the
nondecreasing character of ¢, we infer that

a — ( < arctan(tan a — tan f3).
This means that
arctanz — arctany = a — § < arctan(z — y).

This proves our claim.
Therefore, we get, for (z,0), (y,0) € A
d(T(z,0),T(y,0))
= |arctan x — arctan y|
< arctan |z — y|
= arctan (d ((x,0), (y,0)))
= d((z,0),(y,0)) — (d((#,0), (y,0)) — arctan (d ((z, 0), (y,0)))) -
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In our case, ¥ = 1jg o (identity mapping) and ¢ is given by ¢(t) =t —arctant. It
is easily seen that ¢ is nondecreasing and ¢(t) = 0 if and only if ¢ = 0. Obviously,
T is continuous, and satisfies assumptions of Theorem 3.1.

Notice that (0,0) € A is the unique best proximity point of T, since
d((0,0),7(0,0)) = 0 = d(A, B).

Therefore, the conclusion of Theorem 3.1 is satisfied, but B is not a closed subset.
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