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1. Introduction

This paper deals with some duality principles for the convex infinite programming
problem
(P) Minimize f(x)
subject to fi(z) <0, t €T, (1)
x e,
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where T' is an arbitrary (possibly infinite) index set, C' is a non-empty convex
subset of a locally convex Hausdorff topological vector space X, whose zero is
represented by Ox, and f, f; : X — R U {400} are proper convex functions on
X. The feasible set of (P) is F'NC, where

F={zeX: fi(x)<0,teT}.
Throughout the paper we assume that
E:=Cndom fNF #0, (2)

which amounts to saying that the optimal value of (P), inf(P), is not equal to
+00. The optimal set of (P), say

S(P)={xz € E: f(zx)=inf(P)},

is possibly empty.

We represent by RS_T) the non-negative cone in R, the so-called space of gener-
alized finite sequences A = (\;)er such that A, € R, for each ¢ € T, and with only
finitely many A, different from zero. We denote by 07 the element (\;);er € ]RSFT)

such that Ay =0 for all t € T. Given A € ]R(f), we define for every x € X

0, if A = Op,
A fi(x) = )
2 M) {zteT, oo M fi(@), if A # Op.

teT

The Lagrangian dual problem of (P) is, by definition ([8], [13]-[17]),

(D) Maximize infpec (f(2)+ Y ep Mfi(2))
subject to A € RELT).

(3)

The optimal value of (D), sup(D), is always less or equal to inf(P), i.e. the weak
dual inequality holds:
sup(D) < inf(P).

Several closedness criteria have been provided (see [8], [13]-[17]) ensuring that the
strong Lagrangian duality holds between (P) and (D). This means that there is
no duality gap (i.e., sup(D) = inf(P)) and the dual problem (D) has an optimal
solution:

X e R : inf(P) = inf (f(:p) + thft(x)> € RU {—o0},
e teT
a property that we can summarize by

inf(P) = max(D) € RU{—o0}.
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The aim of this paper is to give conditions under which the so-called converse
strong Lagrangian duality holds, i.e.

min(P) = sup(D) € R.
To this end we introduce the surrogate Lagrangian dual (A) of (P) by setting

(A) Maximize infoec (f(2) + X er Afi(2))
subject to A € P(T)),

where P(T") = R(f)\ {07}, Since Y ,.p Aefi(z) = 0 for A = Op, it holds that

+00 > inf (P) > sup(D) = max (Sup(A),igff) > sup(A) > —o0. (4)

It may happen that sup(A) < sup(D), even if the familiar Slater condition holds.
This is, for instance, the case if X = C = R, f(z) = exp(z), T = {1}, and
fi(z) = z. One has

sup(A) = sup inf{exp(z) + Az} = —oo < 0 = inf f = sup(D).
A>0 TER C

Let us now consider an important case in which sup(A) = sup(D).

Proposition 1.1. Assume that there exists X € P(T) such that > ,cp Aef: is
bounded below on C'Ndom f. Then we have sup(A) = sup(D).

Proof. By hypothesis, there exist A € P(T") and K € R such that Y oter Mfi > K
on C'Ndom f. Since E # () one has K < 0 and

sup(A) > sup inf{f%—TZtht} Zosup igf{quTK}

o<r<1 € py <r<1

= inf f + su K) =inff,
¢ d 0<TI§)1<T ) c f

and according to (4), sup(D) = max (sup(A), infe f) = sup(A). O
We intend to give conditions ensuring that
min(P) = sup(A) € R.
This amounts to the existence of ¥ € E such that
f(T) = sup(A).
In such a case we have also, by (4),

min(P) = sup(D) € R.
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To the best of our knowledge, this topic has not been tackled in full generality
in the frame of convex infinite optimization (see however [28, Theorem 2], [22,
Proposition 7.9.8], [31, Proposition 3.3|, and [16, Theorem 8.8], where special
cases are investigated).

The paper is organized as follows. Section 2 introduces the necessary preliminar-
ies. Section 3 and 4 provide results guaranteeing the minsup duality by assuming
the weakly-inf-(locally) compactness and the linearity of suitable functions and
sets, respectively. Finally, Section 5 provides a characterization of the minsup
duality for a modified surrogate Lagrange dual of (P) under a closedness as-
sumption. The strategy used in the latter section, consisting of modifying one of
the problems in duality in order to get minsup duality, traces back to R. J. Duf-
fin ([9]), who replaced feasible points of the primal problem by feasible sequences
in linear infinite programming. The results are illustrated with applications to
different instances of the optimization convex problem (P), including linear and
non-linear, ordinary, semi-infinite, and infinite programs.

2. Notation and convex analysis requirements

Aset K C Xisaconeif A >0 and z € K implies Ax € K. Given B C X,

we denote by co B, cone B, cone B, and aff B the convex hull of B, the smallest
convex cone containing B, the smallest convex cone containing B U {0Ox}, and
the smallest linear manifold containing B, respectively. Obviously,

covneB:{)\m:/\>0 and x € co B}

and
cone B = co\ﬁe(BU {0x}) ={ Az :A>0and x € coB}.

If B is non-empty, then
cone B = (covne B) U{0x}

and y
clcone B = clcone B.

Given a family (B;),., of non-empty convex subsets of X, it holds
cone (U Bt) = U Z)‘tBt
teT AEP(T) teT

and

cone <U Bt> = J DY nB.

teT )\ERSFT) teT

We begin with an easy lemma involving ¢z, the indicator function of F, namely,
ir(r)=0ifx € F,ip(zr) =40 if z € X\F.
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Lemma 2.1. supycpir) >y Afi = SUP (D YDoer AMft =iF
Proof. Let x € F. For any \ € Rf) one has >, . A fi(2) <0 and

sup Z Aiefi(x) < sup Z Mfi(z) <0 =ip ().

AER(T) yep AR ter

If (fi(x)),er = Op we are done. If not, there exists t € T such that fy(x) < 0.
Defining (X"),»; C P(T) by A\f = 7, \f = 0if t # 1, we get

sup SN l) > sup ) = 0

AeP(T) e r>1 T

and we are done.

Assume now that z ¢ F. Then, there exists ¢ € T such that fy(z) > 0. Defining
(A),51 CP(T) by \f =7, Ay = 0if t # ¢, we get

sup Z/\tft( > sup ZAtft > supr f(z) = +o0,

AER&T) teT )\EP tET r>1
which completes the proof. O

The duality product of z* € X* (the topological dual of X) and =z € X is
represented by (z*,z) or by z* (z). The positive and negative dual cones of a
non-empty set C' C X are

={zre X" 2" (x) >0Ve e C}

and
C-={zr"eX":2"(z) <0Vz eC}

while the recession cone of a non-empty convex set C' C X is

Co={veX:c+velVece(C}.

Given f : X — R := RU{£oc} and r € R, [f < 7] denotes the lower-level
set {x € X : f(x) <r}. Such a function is said to be inf-compact (inf-locally-
compact) when [f <r] is a compact set (a locally compact set, respectively)
for every r € R. The domain, the epigraph, and the strict epigraph of f are
domf ={z e X: f(x) <+oo}, epif = {(z,n) € X xR : f(z) < pu}, and
epiy, f ={(x,n) € X xR : f(x) < u}, respectively.

Recall that the Legendre-Fenchel conjugate of f : X — R (respectively, h : X*
R) is the function f*: X* — R (respectively, h* : X — R) defined by

f* (&%) = sup (27 (x) — [ (x))

zeX
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(respectively, h* (x) = supg.cx- (¢* (z) —h(z*))). If f € I'(X), the class of
proper lower semicontinuous (Isc, in brief) convex functions on X, then f** = f.

The support function of C' C X is the conjugate of its indicator, i.e., 7. The
recession function of f € I' (X) 18 foo = iy f+-

For any family (h;),.,; C R" one has

(Pelff hi> = sup h;. (5)

el

A function p : X* — R is said to be subdifferentiable at a point 5 € p~! (R) if
there exists * € X such that

p(x*) >p(T)+ (" =7 (T), Vo' e X"

We then write Z € dp (7*) . For example, a convex function p : X* — R which
is finite and continuous with respect to the the Mackey topology 7 (X*, X) at a
point TF € X* is subdifferentiable at Z* ([11, Proposition 5.2, p. 22]). In the case
when p belongs to I (X*), the set of proper convex functions that are 7 (X*, X)-
Isc or, equivalently, w*-Isc, then one has ([22, Corollary in p. 348])

p is finite and 7 (X*, X) -continuous at T*

) (6)

* e :
p* —T* is w-inf-compact,

i.e., the sublevel sets of p* — T* are o (X, X*)-compact (compact for the weak
topology on X).

According to [30, Theorem 2.4], if X is a Banach space, and p € T' (X*) is such
that p* — 2* attains its minimum on X for any z* € X*, then p* — x* is w-
inf-compact for any z* € X*. [30, Theorem 2.4] gave a positive answer to a
conjecture raised by J. Orihuela and M. Ruiz-Galan in [25], and it furnishes a
sufficient condition for our main assumptions in Section 3.

We shall also use the following subdifferentiability criterion (see, for instance,
Proposition 2.107 in [2]): Let p,q : X* — R be convex functions which are both
finite at a point T € X*. Then,

q is 7 (X*, X)) -continuous at 5 and p < ¢
= pis 7 (X*, X)-continuous at T*. (7)
In that case, dp (T*) # 0.

The infimal convolution of two proper functions f, g : X — R is the function fOg
defined on X by

(f09) () = inf {f (w—w)+ g ()}, Vo€ X,
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with the convention (4+00) 4 (—00) = (—00) + (+00) = +00 when necessary.
If p,q: X* — RU{+00} are convex and p is finite and 7 (X*, X')-continuous at a
point where ¢ is finite, then ([33, Theorem 2.8.7])

(p+q)" =pOq¢;
and for each x € X there exists u € X such that

(p+q) (2)=p" (z—u) +q" (uv). (8)

For any f,g: X — R the next classical relation always holds:

(f+9)" < fOg" (9)
3. Minsup duality under inf-compactness

In this section we consider the problem (P) in (1), assuming that C'is closed and
f, fr € I'(X). We introduce the functions fo := f + ic, and h : X* — R defined
by

h = Aei]{,}(fT) (fc + Z )‘tft> . (10)

teT

Lemma 3.1. The function h defined in (10) is proper and convex, and its con-
Jugate is h* = fo +ip.

Proof. Let us first calculate h*. By (5) one has

W= sup (waAtft) .

AEP(T) teT

Now, for each A € P(T'), the function fo + > .., Aif: is proper (as the set E
defined in (2) is non-empty), convex, and lsc. Consequently, it coincides with its
biconjugate. We thus have

h* = sup <fC+Z>\tft) = fc+ sup <Z)‘tft>

AeP(T) py XeP(T) \ jo7

and, by Lemma 2.1, h* = fo +ir. Let us observe that domh* = FE # (), and this
entails that h does not take the value —oco. On the other hand, fixing A € P(T),
one has h < (fo+ > ,cp Aefi)” which is proper since fo + > ,cp Aefe € T'(X),
so h is proper. It remains to prove that h is convex. Take (u*,r),(v*,s) €

epi;h and v € ]0,1[. Then there exist \,u € P(T) such that R > ' :=
(f+XerAeft) (w) <rand R > = (f+ Y ,cppmfi) (v) <s, that is

(' a) —r' < f (2) + 3N (@),

teT

(0, 2) = < f(2)+ > mfi(x), VoeX.

teT
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Multiplying the terms of the first inequality by + and those of the second one by
(1 — ), then adding term by term, we get

(yu' + (1 =)' 2) — (' + (1 =) )+ wifi(z), VzeX,

teT

where v := YA+ (1 — ) p € P(T). It follows that

h(yu" 4 (1 =) (f+zvtft) (yu”+ (1 —=7)v")

teT
<+ (1—7)s <yr+(1—7)s.
Hence v (u*,r) + (1 — ) (v*, s) € epi,, and so h is convex. O

Lemma 3.2. Let h be as in (10) and T € X. The following statements are
equivalent:

(i) T € 0h(0x+).
(1) T € E and f(T) =sup(A).
(ii) T € S(P) and min (P) = sup (A).

Proof. We first observe that

—h(0x+) = sup —(fc—i—Z)\tft) (0x+)

AEP(T) pym=d
= sup inf( fo+ 3 Nfi | =sup(A).
Aep(T) © ppr

(i) = (ii). Since T € Oh(0x+) one has h*(Z) = —h (0x~) € R. By Lemma 3.1
we thus have h* () = f (7) with T € E.

(7i) = (i). Since oo > sup (A) = f (%) one has f (T) € R and, by Lemma 3.1,
h*(Z) = sup (A) = —h (0x+) € R, and this means that T € dh (0x+).

(11) < (idi). It follows from (4). O

So, if h is subdifferentiable at Ox«, then Oh (0x~) = S (P). In particular, if h is
finite and 7 (X*, X)-continuous at Oy-, then S (P) is weakly compact (see, for
instance, [22, Théoreme 6.4.6]). This is the case in Theorems 3.3 and 3.7 below,
but not necessarily in Theorems 4.7, 4.8, 5.2, and 5.5. We are now in position to
state our first result.

Theorem 3.3. Assume there exists \ € P(T') such that the function o+ ier S
is w-inf-compact. Then,

min(P) = sup(D) = sup(A) € R.
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In other words,

37 € E such that f(T) = inf(P) = sup(D) = sup(A). (11)
Moreover, S (P) is weakly compact.

Proof. We have noticed in the proof of Lemma 3.2 that the proper convex func-
tion h defined by (10) satisfies —h (0x~) = sup (A) < inf(P) < +o0.

Now fo+ >, Mufi belongs to I' (X) and is w-inf-compact, by assumption. By
6), (fo+ ZteTtht)* is finite and 7 (X*, X')-continuous at Ox+. On the other
hand, h < (fc + ZtETtht)*, and so

—h (Ox*> Z H}gl’l (fC’ + thft> € R.

teT

It follows from (7) that h is subdifferentiable at Ox-. Since fo + ip > fo +
Y oter M fis fo +ipis lsc, and fo + Yoter Ao f: is w-inf-compact, fo + ip is w-inf-
compact too. Then (11) holds and S (P) = argmin (fc + ir) is weakly compact
by Lemma 3.2. [

The next result shows that one can take \ € RSFT) instead of A € P(T) in the
assumption of Theorem 3.3.

Corollary 3.4. Assume that fo is w-inf-compact. Then, the conclusions of
Theorem 3.3 still hold.

Proof. By (6), f& is finite and 7(X™, X)-continuous at Ox-, and there will exist
an open neighborhood V' of 0x+ on which f¢ is bounded from above and 7(X*, X)-
continuous (|2, Proposition 2.107]). Pick A € P(T") and, for each ¢ € T such that
A+ > 0, take a continuous affine minorant z; — r, of f;. Since V is absorbing,
there will exist s > 0 such that

ut = —sZAtQ:I eV,

teT

*

and so, f& is finite and 7(X*, X)-continuous at u*. Again by (6), fo — u* is
w-inf-compact. Now, since

fC"’SZ)\tfthC‘I’SZ)\t(I:_Tt) :fC_U*_SZ)\tTta

teT teT teT

we have that fo 4+ s) ,.p Avf; is w-inf-compact too, and we apply Theorem 3.3
with A = sA. 0

Remark 3.5. Statement (11) holds in particular whenever the closed convex set
C' is w-compact, since f¢ is then w-inf-compact.
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We now state our second result. To this end next lemma will be useful.
Lemma 3.6. Let p,q € I'(X) and assume that there exists x* € domq* such
that p + x* is w-inf-compact. Then p + q is w-inf-compact.

Proof. Take s :== ¢*(z*) € R. Then p+qg > p+a* —s,andso [p+q<r] C
[p+ 2" <r+s] for every r € R. Since p + ¢ is lsc, it follows that p + ¢ is
w-inf-compact. n

Theorem 3.7. Assume that there exists

e |J dom (Z Atft>*

)\GRS_T) teT

such that fo+ T is w-inf-compact. Then (11) holds and S (P) is w-compact.

Proof. Let )\ € RSFT) be such that 7" € dom (ZteT )\tft)*. Since fc 47" is w-inf-
compact, Lemma 3.6 says that fo+ ), . A.f; is w-inf-compact too. We conclude
the proof by applying Theorem 3.3 or Corollary 3.4, depending on whether \ €
P(T") or A = O, respectively. O

Remark 3.8. Since (af;)" (z*) = a(fy)" (%) for @ > 0 and z* € X*, and
according to (9), it is easy to observe that for A € P(T") one has

> " Mdom f; C dom (Z m) )

teT teT

and, as a consequence of that,

cone (U dom ff) = U (Z At dom ft*) C dom <Z /\tft> . (12)
AEP(T)

teT AeP(T) \teT teT

According to Theorem 3.7 and (12) we can state:

Corollary 3.9. Assume there exists T# € cone <Ut€T dom ft*) such that fo+ T*
is w-inf-compact. Then (11) holds and S (P) is w-compact.

Remark 3.10. Consider the linear semi-infinite programming (LSIP) problem

(Py) Minimize (c*,z)
subject to  (xf,x) <1y, t €T, (13)
x e’

with ¢*, 27 € X*, r, € R, and X = R". Theorem 3.7 (or Corollary 3.9) asserts
that, if there exists T* € cone{x; : t € T'} such that Co, N [¢* +T* < 0] = {Ogn},
then (11) holds and S (P;) is compact. When C = R", C, N [¢* +7T* < 0] =
[c* +7* < 0] is R", if 85 = —c*, or a half-space, otherwise, so that Theorem 3.7
does not apply. This is one reason to avoid the inf-compactness assumption in
the next section.
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4. Minsup duality without inf-compactness

Let us recall that a convex function h : Y — R, Y being a locally convex Hausdorff
topological vector space, is said to be quasicontinuous ([19], [20]) if:

a) affdomh is closed and of finite codimension;
b) the relative interior of dom h, represented by ridom h, is non-empty and the
restriction of A to aff dom A is continuous on ri dom h.

We will use the following fundamental results which are more or less explicitly
contained in [19] and [20].

Lemma 4.1 ([22, Theorem 7.7.6]). For any g € T'(X), the following state-
ments are equivalent:

(1) g is w-inf-locally-compact.
(i) g* is 7 (X*, X)-quasicontinuous.

Lemma 4.2 (see, e.g., [23, Proposition 6], [24, Theorem 2.4]). Let p,q :
Y — R be convexr. Then,

p < q and q quasicontinuous = p quasicontinuous.

Lemma 4.3 ([24, Theorem 3.3]). Let h: Y — R be convex, quasicontinuous,
and let yo € Y be such that h(yy) > —oo and clcone (domh — 1) is a linear
subspace. Then, h is subdifferentiable at yo and Oh (yo) is the sum of a w*-
compact conver set and a finite dimensional linear subspace.

Remark 4.4. Under the assumptions of Lemma 4.3 one has yy € ridom h ([24,
Proposition II.1, Theorem 3.2]) and so the restriction of h to aff dom A is continu-
ous at yo. If, moreover, clcone (domh — yo) =Y, then affdomh = Y (recall that
aff dom h is closed) and h is continuous at yo. It follows that Ok (yo) is non-empty
and w*-compact.

Throughout this section we consider again the problem (P) in (1), assuming that
C' is closed and f, f; € I'(X). We intend to apply Lemma 4.3 to the convex
proper function h defined in (10):

(gt (fﬁz*tft) |

teT
To this end we assume that

INEP(T) : fo+ thft is w — inf-locally-compact. (14)

teT
By Lemma 4.1, (fc + D er tht)* is 7 (X*, X)-quasicontinuous and, by Lemma
4.2, h is 7 (X*, X)-quasicontinuous too.

We now use Lemma 4.3 to provide a subdifferentiability criterion for the function
h at Ox«. To this end the following condition must be satisfied (remember that



1054 M. A. Goberna, M. A. Léopez, M. Volle / Primal Attainment in Convex ...

h(0x+) = —sup(A) > —inf (P) > —o0):

w

cl*” conedom h is a linear subspace. (15)

Condition (15) amounts to saying that Ox~ belongs to the quasi relative interior
of dom A in the sense of [3]. In order to guarantee this condition we shall apply
the following lemma.

Lemma 4.5. For any A\ € P(T) one has

A" dom (fc X Z Atft> = cl*” (dom JF+0(C)+ Z A dom f;) . (16)

teT teT

where b(C') = domif, denotes the barrier cone of C.

Proof. Let A € P(T). If k := f*0ig0 (Der (Mo fi)™), one has k* = fo+> 00 A fe
with k& convex and dom k* # () by (2). It follows that

c¥” dom (fc + Z )\tft> = cl*" dom k**

teT

= ¥ domk

= v (dom ff+b(C)+ Z Ar dom f;‘) . O

teT

Now we can provide an explicit formula for ¢l cone dom h.

Lemma 4.6. The following equation holds:

cl*” conedom h = cl*” (cone dom f* + b (C) + cone <Ut€T dom f;")) :

Proof. By Lemma 4.5, and the observations made in Section 2,

cl”” conedom h = cl* cone |J cl*” (dom fF+b(C)+ Z A dom f:)

XeP(T) teT

= cl* cone |J (dom fF+b(C)+ Z A¢ dom f:)

AeP(T) teT

= cl* cone |J (dom ff+0(C)+ Z Ar dom f;‘)

rer(" teT

= c” [ conedom f* +b(C) +cone |J A\ dom f;

rer("

teT

= (cone dom f* 4+ b (C) + cone (U dom f:)) . O
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Now we provide the min-sup duality theorem in convex infinite programming
without inf-compactness.

Theorem 4.7. Assume that (14) holds and that
™’ <cone dom f* + b (C) + cone (UteT dom f:)) is a linear subspace. (17)

Then (11) holds. Moreover, S (P) is the sum of a non-empty weakly compact
convex set and a finite dimensional linear subspace.

Proof. According to (14), Lemma 4.1 and Lemma 4.2, we have that his 7 (X*, X)
-quasicontinuous at Ox«. According to (17), Lemma 4.6, and Lemma 4.3, we then
obtain that 0h (0x+) is the sum of a non-empty weakly compact convex set and
a finite dimensional linear subspace. We complete the proof of Theorem 4.7 by
using Lemma 3.2. [

The next result states that if one replaces the condition A € P(T) by \ € RSFT) in
(14) then the conclusions of Theorem 4.7 still holds.

Theorem 4.8. Assume that fo is w-inf-locally-compact and that (17) holds.
Then the conclusions of Theorem 4.7 are also true.

Proof. Pick A € P(T) and, for each ¢t € T such that \; > 0, take a continuous
affine minorant x; — r; of f;. We thus have

pi=To+d N> fo+ Y Nap—r =1,

te’T teT

with 7 := 3", 1 Are. Since fe is w-inf-locally-compact, ¢ enjoys the same prop-
erty ([6, Lemma I-13]). Now ¢ € I'(X) is minorized by v which is w-inf-locally-
compact. Consequently, ¢ is w-inf-locally-compact too, entailing (14). Then,
Theorem 4.8 follows from Theorem 4.7. O]

Remark 4.9. Observe that fo is w-inf-locally-compact whenever C' is locally
compact.

Remark 4.10. If either f¢o is w-inf-compact or there exists A € P(T') such that
fo + Y ier Aefe is w-inf-compact one has cl¥" conedomh = X*. According to
Remark 4.4, h is then continuous at Ox«. In this way one can derive Theorem 3.3
(resp. Corollary 3.4) from Theorem 4.7 (resp. Theorem 4.8).

Remark 4.11. When X is finite dimensional, we deal with convex semi-infinite
programming. In such a frame, (14) always holds and condition (17) can be
reformulated as

conedom f* + b (C') + cone (UteT dom ff) is a linear subspace,

or, equivalently,

Opn € 1i (cone dom f* + b (C) + cone (UteT dom f:)) ,
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or, equivalently,

Ogn € riconedom f* 4+ rib (C') + ricone <Ut€T dom f;‘) : (18)

The set in (18) only depends on f, C, and F. Indeed, we can represent F
by means of the linear system {u(z) < fj(u), u € domf;, t € T} (see, e.g., [7,
Section 3] or [16, (8.14)]; then, as a consequence of [16, Theorem 8.1(iv)],

ri cone (UteT dom f;‘) =ricone{z} : s € S}

for any linear system {(z%, x) < r,, s € S} whose solution set is F'. Consequently,

ricone (Ut . dom f;‘) is the same for all convex representations of F'.
S

We now point out the dual form of condition (17).

Lemma 4.12. Condition (17) holds if and only if
[foo <0JNCx N (ﬂteT [(f1)o < O]) is a linear subspace. (19)

Proof. Since Cy, = (b(C))™, one has

" (conedom f* +b(C) + cone (|, _ dom f7))
ot 4 84 s (L o )
— ([foo <0 +CL+ (ﬂteT [(f)o < 017))
= (e =0nCen (N [0 <))

Now the closed convex cone [foo < 0N CyxN (ﬂ (fi)o < 0]) is a linear sub-

teT
space if and only if its negative dual is a linear subspace too, that is, if and only

if (19) holds. O

Remark 4.13. The set in (19) depends on f, C, and F = ﬂt T[ft < 0], but
(S

not on the specific convex representation of F, {f; () <0,t € T}, as we have

ﬂteT [(ft) <0] = F. Thus, its negative dual, the set in (17), depends on f,
C, and F too.

Let us now consider the ordinary convex program (F,) we obtain from (P) in (1)
by taking X =R" and T' = {1, ...,m} :

(P,) Minimize f(z)
subject to  fi(x) <0, i=1,...,m,
xeC.
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The corresponding dual problem amounts to

(D) Maximize inf,cc <f(:z:) + Z )\lfz(:c)>
i=1
subject to A = (A1,..., \) € R
According to the general dual problem (D) in (3) one has to use the rule 0 x
(+00) = 0 in the formulation of (Ds).

Applying Theorem 5.2 and Lemma 4.12 we get a very general form of Clark-
Duffin Theorem ([10, Theorem 2]) to be compared with [29, Corollary 27.3.3],
[18, Theorem 5.1}, [1, Proposition 5.3.3], [4, Theorem 4.3.8] and, very recently,
[12, Theorem 3.1].

Corollary 4.14 (Generalized Clark-Duffin Theorem). Let f, fi,...,fm €
I'(R™) and C' convez closed in R™ be such that

[foo <0INCo N ( N [(fi)w < O])

is a linear subspace. Then min(P,) = sup(Dy) = sup(Ay) € R. Moreover, S (Py)
is the sum of a non-empty compact convex set and a linear subspace.

Let us apply Theorem 4.8 to the linear infinite programming (LIP) problem (P;)
in (13), with X infinite dimensional, where C' is a closed convex cone.

Corollary 4.15. Assume that the cone C' is w-locally-compact and that

[c*gom(Jm(ﬂ

e [z < 0]) is a linear subspace. (20)

Then,

min(P;) = sup (— Z AeTy Z \Naf e CT — c*)

rer(" teT teT
= sup | — E Ty E \x; e CT—c|.
AER(T) teT teT

Moreover, S(Py) is the sum of a non-empty w-compact convex set and a finite
dimensional linear subspace.

Proof. Let us apply Theorem 4.8 with f = c¢*, f; = af—ry, t € T. Since fo, = 7,

Cs = C, and (f),, = z;, t € T, condition (20) coincides with (17). Since C

is w-locally-compact, fo will be w-inf-locally-compact, and Theorem 4.8 applies.
(T)

Now, for each A € Ry 7,

%gé (<C*7$> + Z&((ﬁ,@ - Tt)) == ZAtrt +$Q£ <C* + Z)‘t$:v$> g

teT teT teT
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but
0, ife ) NajeCt,
inf ( "+ Z Ny, ) = teT
zeC .
teT —00, otherwise,
and we are done. O

Remark 4.16. When we are dealing with the LSIP problem (F;) in (13) with C
closed convex cone, condition (20), and its reformulation (18), are equivalent to
—c* €riC™ +ricone{z; : t € T}. (21)

If moreover, C'=R", (20) is equivalent to
—c* €ricone{z; : t € T}, (22)

condition guaranteeing that min(P;) = sup(D;) € R and S (P;) is the sum of
a compact convex set with a linear subspace by Corollary 4.15. If, additionally,
—c* € int cone{z; : t € T'}, one has

Ogn € int (¢* + {Ogn} + cone{x} : t € T'})
= int (cone dom f* +b(C) + cone (UteT dom ft*)) ,

so that, by Lemma 4.6, clconedom h = R™ and S (P) is compact by Remark 4.4.
Now, let us denote by v the optimal value function of the parametric problem
which one obtains replacing the gradient of the objective function in (13) with a
parameter ranging on R"™. Then, according to [16, Theorem 8.1] and [15, Lemma
4.3], (22) implies that min(P;) = sup(D;) € R and S (P;) = 0 (—v) (¢*), where
—uv is convex and

¢ € —ricone{z; : t € T} =ridom (—v),

so that S (P;) is the sum of a compact convex set with a linear subspace. If
additionally, cone{z; : ¢t € T} is full-dimensional, S (P;) is compact by [16,
Theorem 8.1.6] (note that boundedness can be extended to continuous LIP, see
[2, Theorem 5.99]). Thus, Corollary 4.15 allows to recover all known results on
minsup duality in LSIP.

5. A necessary and sufficient condition for minsup duality

In this section we consider the problem (P) in (1), assuming that the functions
Iy fi: X = RU{+o0}, t € T, are convex (not necessarily Isc) and C' is a convex
subset (not necessarily closed) of X. Let us introduce the set M defined as

M = mteromft O F = ﬂtg [f, <0].
Let us now consider the problem

(Do) Maximize inf,ecnm (f(x) + ZteT )\tft(a:))
subject to A € RSLT).
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It holds that

+o00 > inf (P) > sup(Dy) > sup(D) > sup(A) > —o0,

and (Dy) can be seen as another surrogate dual of (P). If C C M = ﬂteT dom f;,

then the problems (D) and (Dg) coincide. This is in particular true whenever
the functions f;, t € T, are finite-valued, e.g., in LIP and LSIP. In fact, (D)
is a perturbational dual associated with the mapping H : M — RT defined by
H (z) = (fi(®)),ep (see, e.g., [5, p. 74]). The epigraph of H is the convex set

epi H= {(z,p) € M xR": fy(z) <py, t €T}
= {(z,p) e X xR": fy(x) < g, t€T}.
Now the function ® : X x RT — R U {400} defined by

O (x, 1) = fo (@) +iepin (x, —p)

is convex and, since CNMNdom f # () by (2), we easily get an explicit expression
for its conjugate ®* : for any (z*,\) € X* x R it holds

* o x : * * T
o* (ZL’* )\) _ (fCﬁM + ZtGT )‘tft) ($ )7 if (Jf 7)\) € X* x RS_ ),
’ 00, otherwise,
where fonn = fo +in = [ +icnu-
Considering the optimal value function m : R” — R given by

m (p) := inf @ (z,p),

rzeX

one has, classically, m (07) = inf (P), m* = ®&* (0x~,-) and m™ (0r) = sup(Dy).
Let us assume that

Iner: nf (f + Ztht> > —00, (24)

teT

or, equivalently, that domm* # (), or, equivalently, that sup(Dy) > —oo. Since
sup(Dyp) < inf(P) < +o00, we then have ry := sup(Dy) € R and so (0Or,ry) €
epim**.

Now, since m is convex (because ® is so [33, Theorem 2.1.3(v)]) and m*™ (0r) € R,
one has (according to [33, Theorem 2.3.4(i)]) m™ = m (the lsc hull of m) and
(07, 70) € epim = clepim. Denoting by Pgryg the projection of X x RT x R onto
RT x R, by [33, (2.8)] and the fact that epigraphs and strict epigraphs have the
same closure, one has that clepim = cl Pgrygepi ® and, consequently, (Or, 7o)
belongs to cl Prryp epi ®:

(Or, sup(Dy)) € cl( LEJC {(u,r) eRT xR: f(z) <7, fiw) < —py,t € T}) . (25)
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Remark 5.1. In the present setting, the minsup duality property coincides with
the so-called d-stability at point Or, a notion introduced in [26]. The d-stability
on the whole of the perturbational space has been studied in several papers ([32,
Theorem 2.1], [21, Theorem 3.2], [27, Theorem 2.1], etc.).

We now characterize the minsup duality property in convex infinite programming.
This characterization is based on the notion of closedness regarding to a set (see
[5, Section 9]) that we recall: having R, a topological space, and two subsets A, B
of R, one says that A is closed regarding B if BNclA=BnNA.

Theorem 5.2. Assume that (24) holds. Then the following sentences are equi-
valent:

(1)  min (P) = sup(Dy) € R, that is, there exists T € E'= C N FNdom f such
that f (Z) = sup(Dy).
(ii) The set

¢ .= LEJC{(M,T) eR" xR: f(z) <1, filz) < —pyt €T} (26)

is closed regarding to {07} x {sup(Dy)}.

Proof. By (25), condition (i7) is equivalent to the existence of T € C such that
f (@) < sup(Dy), fi(z) < 0, t € T, that means that there exists T € E =
C'NFNdom f such that inf (P) < f(Z) < sup(Dy) < inf (P) which is equivalent
to (7). O

Remark 5.3. In the condition (i7) of Theorem 5.2, one can replace {Or} X
{sup(Dyp)} by {07} x [sup(Dy),+oo| or by {07} x R. In fact, (ii) means that
the intersection of the set € in (26) with the line {07} x R is equal to {07} x
[sup(Dy), +oo[ (recall that sup(Dy) € R).

As an immediate corollary of Theorem 5.2, and according to Remark 5.3, we have
the following non-standard Farkas lemma:

Corollary 5.4. Assume that (24) holds. Then the following sentences are equiv-
alent:

(i)  For any a € R,

(inf <f+z>\tft) gwm&@) S@FeCnNF: f@<a).

CNnM
teT

(i) For any o € R,

(reCNF=f(z)>a)s <3A6R<+T>:Cigﬂf4 <f+z>\tft) >a>.

teT
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(73) The set € in (26) satisfies
€N {07} x R = {07} x [sup(Dy), +00f .

(iv) The set € in (26) is closed regarding {Or} x R.

Let us return to the LIP problem (P;) defined in (13), with C' being an arbitrary
convex cone. We assume that

MeRY e+ Naj e O (27)

teT
Condition (27) can clearly be reformulated as
¢t € Ct —cone{x;:teT}. (28)

We are now in position to characterize the primal attainment in LIP duality in
full generality.

Theorem 5.5. Assume that (28) holds. Then, the following statements are
equivalent:

(1) Fxel, (z;,7) <ry, t €T, such that

(¢, T) = min (P;) = sup (— Z)\trt : Z)\tx: eCt — c*) :

xer{" teT teT

(ii) The set
{((x: ())ser ¢ (x)) S C} + RZ x R

is closed regarding {(r),cr} x R.
Proof. Let us explicit the set € in Theorem 5.2:

e= U ({((re 2 @)yer € (@) ~ BT xR })

zeC

= ({0} < 0D + U ({27 (@)er () }) —RE xRy
Now € is closed regarding {Or} x R if and only if the set

U ({ ((—J}: (@))ier - ¢ (m)) }) - RI xRy

zeC

is closed regarding — {(rt)teT} x R, that holds if and only if (via the homeomor-
phism (i, r) — (—p, 7)) the set

U ({ (@@ (@)er ¢ (2)) }) +RE x Ry

zeC

is closed regarding {(rt)teT} x R.
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As in the proof of Corollary 4.15 we quote that the dual of (P), (D), is nothing
else than the Haar’s dual of (P), i.e.,

Maximize ), ., Aty
subject to A € Rg), Yorer Mxy € CF — ¢,

and the proof is achieved, applying Theorem 5.2. Il

Remark 5.6. Let us introduce the linear mapping L : X — R” x R such that
L(z) = ((#} ())yep,c* (x)), which is continuous (equipping R with the weak
topology). Then, condition (i7) in Theorem 5.5 amounts to

(i) L(C)+RL x Ry is closed regarding {(ry),cp} X R.

Condition (i7") is obviously satisfied whenever
L(C)+RL xR, is closed. (29)

Since L is continuous we have at hand closedness criteria for L (C'), and then
closedness criteria for the sum L (C) + RL x R,

Remark 5.7. In order to make the link between the approach followed in Section
5 and the ones in Sections 3 and 4, let us assume, as in the latter sections, that
the convex functions f, f; (t € T) are lsc (which is not required in Section 5).
We thus have & € I (X X RT). Let us introduce the problem

(Q) Minimize ®* (0x+,\)
subject to A € R,

and the corresponding (convex) value function

kE(xz*):= inf ®*(2*,\), 2 € X"
AER(T)

It holds that h < k and k* = h*(= fe+ip). So, if Oh(0x-) # 0, then
Oh (0x+) = 0k (0x~) is the optimal solution set of the perturbational dual problem
(Q') associated with (@), namely (since &** = ®),

(Q) Maximize —® (x,0r)
subject to x € X,

which is nothing else but the opposite of the problem (P).
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