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1. Introduction

This paper is based on earlier publications by the author [9] and a generalization
of the techniques therein by Batty [2]. These address Choquet theory for complex-
and Banach space-valued functions on a compact Hausdorff space, respectively.
A more recent paper [12] contains a classification of spaces of vector-valued func-
tions on locally compact spaces and establishes an integral representation for
linear functionals. We shall use a special case of this to transfer Choquet the-
ory to function spaces of this type and use the notion of minimal (rather than
maximal, as in the classical theory) measures to demonstrate the existence of
linear functionals with desired properties. The parameters of the theory can be
adjusted to suit a wide range of situations. We shall use the following notations:

Let (E,V, <) be a locally convex ordered topological vector space, that is a real
vector space E endowed with an order relation < and a system )V of balanced
convex neighborhoods of the origin. For our purposes we assume that E € V.
The order is supposed to be reflexive, transitive and compatible with the algebraic
operations, that is a < b implies a + ¢ < b+ ¢ and aa < ab for all a,b,c € E and
a > 0. Since equality in E is obviously such an order, this concept will a apply
to locally convex vector spaces in general. F, denotes the subcone of all positive
elements of E. A non-empty subset A of E is called decreasing or increasing,
respectively, if b € A whenever b < a, or a < b, for some a € A. The decreasing
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hull Al and the increasing hull AT of A are defined as

Al ={be E|b<aforsomeac A} and
At ={be€ E|a <bfor some a € A},

respectively. Note that (—A)l = —(AT). The decreasing, or increasing, hull of a
convex or balanced set is again convex or balanced and the sum of two decreasing,
increasing or convex sets is again decreasing, increasing or convex. A subset A of
E is called order convex if A = Al N AT, that is ¢ € A whenever a < ¢ < b for
some a,b € A. As usual, we assume that the neighborhoods in V' are also order
convex. The topological closure of a subset A of E is denoted by A. By E* we
denote the topological dual of E, that is the space of all continuous real-valued
linear functionals on E. A functional p € E* is called monotone (or positive) if
a < b implies p(a) < p(b), or equivalently if p(a) > 0 for all @ > 0. E% will
denote the subcone of all positive functionals in E*. Every functional 1 € E* can
be expressed as a difference of two positive ones, that is p = p; — po for some
s 2 € E% (see Section V.3 in [13]). The polar A° of a subset A of E consists
of all 4 € E* such that u(a) <1 for all a € A.

Let X be a locally compact Hausdorff space. R represents the family of all
relatively compact Borel subsets of X and 9 the subfamily of all open sets in
M. As usual, for a subset Y of a topological space, the sets Y and Y° denote
its topological closure, and interior, respectively. Let F(X, F) be the space of all
E-valued functions on X, endowed with the pointwise algebraic operations and
order, and let C(X, F) denote the subspace of all continuous functions in F (X, E).
The support of a function f € F (X, F) is the closure of the set {z € X | f(z) # 0}
and referred to by supp(f). The subspace of all functions in C(X, F) with compact
support is denoted by Ci(X, E). In case that E = R we write F(X), C(X)
and Cx(X) for short. The subscript + is used to denote the subcone of positive
elements in any of these function spaces. For ¢ € F(X) and f € F(X, E) the
function gef € F(X, E) is the mapping x — ¢(z)f(x) : X — E. If f is the
constant function z — a for some a € E, we write pea for the function z — ¢(z)a.
If peC(X)and f eC(X,E), then pof € C(X, E). The characteristic function
Xy € F(X) of asubset Y of X takes the value 1 on Y and 0 else. R = RU{+00}
denotes the extended real number system with the usual order and algebraic
operations, in particular a + co = +oo for all @ € R, a - (+00) = +oo for all
a > 0and 0-(400) = 0. The multiplication of +o00 with negative numbers is not
defined. We shall similarly use R = RU {—o0}

Let Conv(E) be the cone of all non-empty convex subsets of E, endowed with
its canonical addition and multiplication by non-negative scalars and ordered by
set inclusion. Its positive cone Conv(E), consists of all sets C' € Conv(E) that
contain 0 € E. A set-valued function F' : X — Conv(E), is said to be lower
semicontinuous at a point x € X if for every € > 0 there is a neighborhood
U of x in X such that F(z) C (14 ¢)F(y) for all y € U. For non-negative
R-valued functions on X this formulation agrees with the usual notion of lower
semicontinuity. Clearly, sums or multiples by non-negative reals of lower semi-
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continuous Conv(F), -valued functions are again lower semicontinuous. For a

n
non-negative R-valued function ¢ on X and C' € Conv(E), , we denote the map-
ping x — @(z)C : X — Conv(E), by @«C, where (+00) C is meant to be the
full space E. If ¢ is lower semicontinuous, then the Conv(E) -valued function
(' is lower semicontinuous in the above sense.

+

In Section 2 we quote and summarize the relevant terminology and results and
provide some examples for spaces of vector-valued functions. Due to technical
requirements, our notation of function space neighborhoods will be narrower than
that in [12] which also includes inductive limit type topologies. Section 3 contains
our main results, including a Choquet-type representation theorem for continuous
linear functionals. Section 4 is concerned with special cases and examples.

2. Spaces of functions that vanish at infinity

A function space neighborhood v in F(X, E) is defined by a lower semicontinuous
mapping
Volz): X =V

such that for every A € R there is W € V such that W C V(z) for all z € A. The
neighborhood v then consists of all functions f € F(X, E) such that f(z) € V,(z)
for all x € X. This is a special (reduced) case of the concept of function space
neighborhoods defined in [12] which fits ours purpose. A simple argument shows
that r-lower continuity implies that for every z € X the neighborhood V,(x)
is contained in the topological closure of the set {f(z)| f € v}. A family U
of function space neighborhoods is called a function space neighborhood system
for F(X, E) if it is closed for multiplication by positive scalars and downwards
directed with respect to set inclusion.

A function f € F(X, E) vanishes at infinity (relative to the function space neigh-
borhood system ) if for every v € U there is A € R such that x(x\a)ef € v.
Let Cy(X, E) denote the space of all functions in C(X, E) that vanish at infinity,
and abbreviate Cy(X) if £ = R. All neighborhoods v € U are absorbing in
Cy(X, E), hence for every choice of U, the intersection of Cy(X, E) with the sets
in ¥ forms a basis for a locally convex topology on Cy(X, E). Endowed with
the pointwise order, (Cy(X, E), D) is a locally convex ordered topological vector
space. We shall mention a few examples, the details for which can be found
in [12], Examples 2.2.

Examples 2.1. (a) The topology of uniform convergence on X is generated by
the function space neighborhoods

oy ={f e F(X,E)| f(x) eV for all x € X},

rendered by the neighborhood function ygeV, corresponding to all V € V. A
function f € F(X, E) vanishes at infinity if for every V' € V there is a compact
subset K of X such that f(z) € V forall z € X \ K.
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(b) The topology of compact convergence is generated by the lower semicontin-
uous function space neighborhoods

vxv)={f € F(X,E)| f(z) € V for all z € K},

rendered by the neighborhood function yxeV', corresponding to all V' € V and
compact subsets K of X. We have Cy(X, E) = C(X, E) in this case.

(c) The topology of pointwise convergence is generated by the the lower semi-
continuous function space neighborhoods

vy ={f€F(X,E)| f(z) €V forall z € Y},

rendered by the neighborhood function yyeV', corresponding to all V' € V and
finite subsets Y of X. We have Cy(X, E) = C(X, E).

(d) Parts (a), (b) and (c) are special cases for weighted space topologies which
were introduced for real-valued functions by Nachbin and Prolla (see [7] and [8]).
A family 2 of non-negative real-valued upper semicontinuous functions on X is
called a family of weights if for all wy,ws € Q there are w3 € €2 and p > 0 such
that w; < pws and wy < pws. For V € V and w € () the

bwy) ={f € F(X,E) |w(x)f(x) € Vforallz € X}

is rendered by the neighborhood function (1/w)eV. (Recall that (+o0)V =
E.) Sums of neighborhoods of this type establish a function space neighborhood
system U such that Cx (X, F) C Cy(X,E) C C(X, E).

(e) The case X = N covers a variety of sequence spaces.

If F is either an algebra or a vector lattice, then the algebra or lattice operations
transfer pointwise to the functions in F (X, F). Proposition 2.6 in [12] states:

Proposition 2.2. Let (Cy(X, F), D) be a function space.

(a) If E is a topological algebra and if for every v € U there is u € U such that
fg € v whenever f, g € u, then Cy(X, E) is also a topological algebra.

(b) If E is a topological vector lattice and if for every v € B there is u € U
such that f € v whenever | f| < |u| for some u € u, then Cy(X, E) is also a
topological vector lattice.

The main result in [12] states that every continuous linear functional on a function
space Cy(X, E) can be represented as an integral with respect to an E*-valued
measure #. This measure is defined on the sets in R, which forms a weak o-ring,
but does generally not contain the space X itself. 6 is countably additive within
M. For A € R and for a € E we write 04(a) for the real number (0(A)) (a).
The measure 6 is also required to be bounded, that is for every A € R there is a
neighborhood V' € V such that its modulus, that is

10| 4(V) = sup {Z 04,(a;) ’ a; €'V, A; € R are disjoint subsets of A} < 1.
i=1
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Note that |0|4(V) = 0 for some V € Vif and only if [#|4(V) =0forall V € V. In
this case we denote |0]4 = 0. It is straightforward to verify that [0]=  4,)(V) =
> 10|14, (V) whenever the sets A, € R are disjoint and |-, A, € R (see
Lemma I1.3.4 in [10]). For a fixed V' € V the set-function A — |0|a(V) is
therefore itself a positive real-valued measure.

The measure 6 integrates measurable E-valued functions (see Section 3 in [12])
over sets of the o-field

A={BC X |ANnB e R forall Ac R}

which contains all Borel subsets of X and coincides lvith the latter if X is count-
ably compact. The values of the integrals are in R. The integral of f is first
defined over the sets in R and then over a set B € 2 by

/fdez lim Fdo,
B

AER JanB

where the limit on the right-hand side is taken with respect to the upward directed
family of all sets in R (see [12]). One obtains the usual properties for integrals
including convergence theorems. We have [, fdf < |0|4(V) for A € R, whenever
f(z) € V for all x € A (see Proposition 3.8 in [12]). For a suitable function
space neighborhood system ‘U such a measure is seen to represent a monotone
continuous linear functional on Cy (X, E). The measure 6 is called regular if

lm (0l (V) =0 and  lim |#]o\n)(V) =0
holds for all A € R and V' € V such that |0|o(V) < +oo for some A C O € O.
These limits are taken with respect to the upwards directed family of all compact
subsets of K of A in the first case, and the downwards directed family of all
supersets O € O of A in the second case. Regularity implies that

Oo(a) = (}}LI% ; pea db and Oo(a) = Il(lir(lp ; pea db

holds for all a € E, where O € fR is an open and K is a compact set and ( ranges
over the upward directed set of all ¢ € C(X) such that ¢ < xo in the first case
and the downward directed set of all ¢ € C(X) such that ¢ > yx in the second
case. A set Z € 2 is of measure zero (with respect to ) if 04 = 0 € E*, that
is |#]4 = 0, for all subset A € R of Z. In this case, 0 is said to be supported
by its complement Y = X \ Z, since 04 = 0any) holds for all A € R, and
consequently, [ g Jdo= / sy J A0 for every integrable function f € F(X, E); that
is 6 coincides with its restriction to Y. The usual notion of properties holding
f-almost everywhere is based on this concept. For a regular measure 6 to be of
measure zero it suffices to verify that |65 = 0 for every compact subset K of Z.
In this case the complement in X of the union of all open sets of measure zero
is called the support of 8 and denoted by supp(#). A simple argument involving
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regularity and compactness shows that supp(6) is indeed the smallest closed set
which supports 6, that is its complement in X is the largest open set of measure
zero. A point evaluation is a measure with singleton support, that is a measure
07, for x € X and 0 # n € E* such that for every A € R it evaluates 0] , = n if
z € A, and ¢!, = 0, else. Consequently, [, fdd? =n(f(x)) for every integrable
E-valued function. We quote Theorem 4.4 in [12]:

Theorem 2.3. Let U be a function space neighborhood system. For every linear
functional p € Cyu(X, E)* there exists a unique regular E*-valued measure 6 on
R such that all functions in Cy(X, E) are integrable with respect to 6 and p(f) =
[ [do holds for all f € Cu(X,E). The functional pi is positive if and only if 0
is I -valued.

An E7-valued measure is therefore called positive. Theorem 2.3 can be imme-
diately applied to the Examples 2.1. It allows to consider linear functionals on
Cy(X, E) both as elements of its topological dual and as vector-valued measures,
thus permitting to employ techniques from either theory. This interchangeability
will be used to a great extend in the following section.

3. Order and minimality for linear functionals

The concepts and techniques in this section rely on ideas developed by the author
in [9] for complex-valued Choquet theory and their extension to the vector-valued
case by Batty in [2]. While maximality of measures with respect to an order
relation is used in the classical case, reversing the order and using minimality
instead appears more suitable to our approach.

Let Cy(X, E) be a function space. Its topological dual Cy(X, E)* is endowed
with the weak™ topology induced by Cy(X, E'). We consider the pointwise order
for R- or R-valued functions on Cy(X, E)*. The cone of all lower semicontinuous
R-valued sublinear functionals on Cy(X, E)* is denoted by B, and the cone of
all upper semicontinuous R-valued superlinear functionals by £, that is Q =
—SB. There is a canonical correspondence between non-empty convex subsets u

of Cy(X, E) and functionals p, € P (or q, € ), defined by

pu(p) = sup{u(f) | f e u} (or qu(p) = nf{u(f) [ f €u}) for u e Cu(X, E)".

Since p, = py and q, = (g, where u denotes the topological closure of u in
Cy (X, E), this correspondence is indeed one-to-one and onto if one regards only
closed convex subsets of Cy(X, E). This follows from the Hahn-Banach theorem.
We have f € u for f € Cy(X, E) if and only if pu(f) < pu(p) (or p(f) > qu(p))
holds for all p € Cy(X, E)*. The duality of both approaches by either sub-
or superlinear functionals follows from the observation that —p, = g, holds
for every non-empty convex set u € Cyu(X, E). If uis bounded, then both p,
and g, are indeed real-valued on Cy(X, E)*. Note that puiw) = Pu + Po and
P(aw) = ap, for convex subsets u, o of Cy(X, F) and o > 0. If u = conv{w; | i € Z}
denotes the convex hull of the union of the sets u;, then p, = V,ez py,, that is



W. Roth / Choquet Theory for Vector-Valued Functions 1147

the pointwise supremum of the functionals p,,. Dual statements apply to the
superlinear functionals q,. Every vector-valued function f € Cy(X, E) can be
considered as a continuous linear functional p— f(u) = u(f) on Cy(X, E)*, and
every continuous linear functional on Cy (X, E)* is of this type. Hence Cy(X, E) =
P N Q in this sense.

Batty [2] proved part of the following proposition for a compact space X and
bounded sets u C C'(X). His argument can be adapted to suit our more general
setting. We shall use the following notations:

A subset u of Cy(X, F) is called C(X)-convex (see [2]) if pof + (1 — p)eg € u
whenever f,g € uand 0 < ¢ <1 for ¢ € C(X). A simple argument shows that
sums, multiples, topological closures, decreasing and increasing hulls of C(X)-
convex sets are again C(X)-convex. Note that all function space neighborhoods
v € Y are C(X)-convex.

With a non-empty convex subset u of Cy(X, E') we associate the set-valued func-
tion F, : X — Conv(FE) such that

Fu(z) ={f(z) | f eu},

and similarly, with a set-valued function F':— Conv(E) we associate the convex
subset of Cy(X, E)

up ={f €Cu(X,E)| f(x) € F(z) for all x € X}.

Two functionals u, v € Cy(X, E)* are called mutually singular if their respective
unique regular representation measures 6 and 19 are mutually singular, that is if
they are supported by disjoint sets in 2.

Proposition 3.1. For a non-empty closed convex subset u of Cy(X, E) the fol-
lowing are equivalent.

(i) uis C(X)-convex.

(i) o1fi+ ...+ onfn € uw whenever fi,..., fn€uand 0 < ¢; € C(X) such that
Y1+ ...+, =1

(i) pu(p+v) =pu(p) +pu(v) (or qu(p +v) = qu(p) + qu(v)) holds for mutually
singular linear functionals p,v € Cy(X, E)*.

(i) u=ug, that isu={f € Cy(X,E) | f(x) € Fy(x) for allz € X},

Proof. (i) = (ii): Let u C Cy(X, E) be C(X)-convex. Let p,v € Cy(X, E)* be
mutually singular, 8,1 their respective representation measures and let C', D € 2
be disjoint sets supporting € and ¥, respectively. We may assume that C U D =
X. Then 0 + ¢ is the representing measure for the functional p + . We have
Jxhdf = [ ,hdfand [, hd) = [, hdV for every h € Cy(X, E). Let f,g € u be
any two functions, let A € R and € > 0. Choose O € O such that A C O. There
is a neighborhood V' € V such that both |0|o(V) < +oo and |[d|o(V) < +o0.
This follows from the boundedness of both measures. Because both sets f(O)
and ¢(O) are relatively compact, hence bounded in F, there is A > 0 such that
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both f(O),g(O) C AV. Next we use the regularity of the measures 6 and 9. Let
e > 0. There is O’ € O such that A C O" C O and |0|on\a)(V), [9|(0rna) (V) <

e/A, and there are compact subsets Ko C ANC and Kp C AN D such that
10](ancnke) (V) < e/X and |9 (anpnkp) (V) < €/A. There is ¢ € C(X) such that
0<p<1 px)=1forallz € Ko and p(z) =0forall x € KpU(X\O'). Then
h =gef + (1 —¢)eg € uby (i) and h(O') C AV. We observe that h coincides
with f on K¢ and with g on Kp U (X \ O). Furthermore

'/ hde—/ fd@':'/ (h—f)d@’ng,
(AnC) (ANC) (ANC)\Ko)

since h(z) — f(z) € 2\V for all z € (AN C) \ K¢. Likewise,

'/ hdﬂ—/ gdﬁ' < 2,
(AND) (AND)

as well as

'/(X\A)hd(0+19) —/(X\A)gd(ew)' = ’/(O/\A)(h—g)d(ﬁ—kﬁ)’ < 4e.

Combining all of the above yields

/hd(9+ﬂ):/hd9+/hdﬁ
X C D

:/ hd9+/ hdﬁ+/ hd(6+ 1)
(ANC) (AND) (X\4)

> fd9+/ gdﬁ+/ gd(0+ ) — 8e.
AnC AND X\A

Since py(p +v) > [ hd(6 4+ 9) and since the above holds for all € > 0, we have

pu(p+v) > fd9+/ gdﬂ+/ gd(0+ 7).
ANC AND X\A
Because

lim fdo= / fdf as well as lim gdvy = / g du,
AER Janc c AER JanD D

and

lim gd(@—l—ﬁ)z/gd(9+19)—lim/gd(9+l9)20
X AER [ 4

A€eR X\A

by the definition of the integral, passing to the limit over all A € R in the above
inequality leads to

Pu(u+u)Z/Cfd6’+/l)gd19:/)(fd9+/)(gd19.
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Finally, since f, g € u were independently chosen, taking the supremum over these
functions in u on the right-hand side yields p, (1 +v) > pyu(p) + pu(v), as claimed.
The case for the functionals g, follows, since —u is C(X)-convex whenever u is.

(7ii) = (w): Suppose that u C Cy(X, E) is closed and convex and that (7i7)
holds. Clearly,

uC{felCy(X,E)| f(x) € Fy(z) for all x € X }.

Conversely, let f € Cy(X, E) such that f(z) € Fy(z) for all z € X. We shall
verify that p(f) < py(p) holds for all ;1 € Cy(X, E)*, hence f € u, since u is closed
in Cy(X, E). For this let u € Cyu(X, E)*, let 0 be its representation measure, and
let € > 0. Let f. be any function in u. According to our definition of the integral
in Section 2 there is a compact subset K of X such that both | f(X\K) fdo| <e/3

and |f(X\K) f«df| < e/3. In turn, there is V' € V such that |0|x (V) < 1, that is
| [ 9df] < 1 for every integrable function g € F(X, E) satisfying g(z) € V for

all x € K. We use a compactness argument to find functions f; ..., f, € u and
a corresponding disjoint partition of K consisting of measurable sets Ay, ..., A,
such that

f(z) = fi(z) € %V for all z € A;,

for i = 1,...,n. Let #; denote the restriction of the measure 6 to A;, and let
w; € Cy(X, E)* be the linear functional represented by 6;. Then

wlf = 1) = [ (7= £)d8 < 510l (V)

7

forallz=1,...,n. Hence
Zﬂz(f) < Zﬂi(fi) T3 Z 10]4,(V) < Zpu(ﬂi) Ty
i=1 i=1 i=1 i=1

since f1;(f;) < pu(ps) and >0 1 10]4,(V) = |0k (V) < 1. Let pio be the linear func-
tional represented by 0 x\ k), the restriction of 6 to X\ K. Then p = >"" , p1;, and
since the functionals y; are mutually singular, we infer that p,(n) = Y"1 o pu(pe:)
using (i7). Finally, f. € uand |uo(f.)| < /3 yields that p,(uo) > —¢/3. Now
combining all of the above, we obtain

W)= o)+ D) < 5 + (Z Pulp) %)
= pu(p) — po(p) + % < pu(p) +e.

Our claim follows, since € > (0 was arbitrarily chosen.

The implications (iv) = (i7) and (i) = (i) are both obvious. O
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For a non-closed convex set u Proposition 3.1 can be applied to its closure u. Since
Py = Pu, statement 3.1(4i7) holds provided that i is C(X)-convex. On the subcone
Cu(X, E) of Cy(X, E)* the functionals p, and p,, coincide. Thus 3.1(i7) holds
for p, v € Cy(X, E)?. provided that ul is C(X)-convex. Note that C(X)-convexity
of u implies that the sets u, ul and ul are also C(X)-convex.

A neighborhood in Cy(X, E) is a (not necessarily balanced) convex subset u of
Cy(X, F) such that v C u for some v € U. For the following note that if u C
Cyx(X, E) is a neighborhood, then for every x € X the set Fy(x) = {f(x) | f € u}
is a convex neighborhood (of the origin) in F.

Corollary 3.2. Ifu C Cy(X, E) is a C(X)-convex neighborhood, then every non-
zero lineal functional i € u® which is not a point evaluation can be expressed as a
convex combination 1 = Ay + (1 —X)po, where 0 < A < 1 and iy, p12 are non-zero
mutually singular functionals in u°. Consequently, every non-zero extreme point

of u° is a point evaluation 0!, where v € X and n is an extreme point of the polar
of Fy(x) in E*.

Proof. If u is as stated, then p,(u) = 0 for p € Cy(X, E)* implies that u = 0.
Let 0 # p € u® and assume that the support C' of its representing measure
f contains two distinct points z and y. Let O be an open neighborhood of
x not containing y. Then D = C\ O is a closed set not supporting 6, the
restrictions #; and 0y to D and C'\ D are both non-zero. Moreover, 6 = 6, + 6
implies that 0 < p,(0) = pu(61) + pu(62) by 3.1(i17). Set oy = py(0:1)/pu(f) and
ag = pyu(02)/pu(0). Then oy, > 0 and ay + ay = 1. The functionals p; and
p2 in E* represented by the measures (1/aq)6; and (1/ay)60; respectively, do not
coincide, are contained in u°, and g = ajpug + asue. Consequently, p is not an
extreme point of u°; hence every non-zero extreme point is some point evaluation
07, Finally, if n € E* is not an extreme point of Fy(z)°, then n = an + (1 — a)ne
for distinct ny,m2 € FY and 0 < a < 1. Therefore 07 = ad? + (1 — «)d, hence
07 is not an extreme point of u°. O

Let u C Cy(X, E) be a neighborhood. A subset t of Cy(X, E) is called u-bounded
if o C Au for some A > 0. We shall denote Ul = {vl | v € U}. A set is bounded
(or bounded above), if it is v-bounded for every v € U (or every v € Bl ). Note
that a linear functional p € Cy(X, E)* is positive if and only if it is contained in
the polar of some element of U .

A family € of non-empty subsets of Cy (X, E) is called a Choquet cone, if

(C1) All sets in € are C(X)-convex.

(C2) € forms a cone, that is u+to € € and au € € whenever u, v € € and o > 0.

(C3) € contains U .

(C4) For every u € €, every f € uand v € Ul there is a v-bounded set ug € €
such that f e uyp Cu+v.

The last condition is of course guaranteed if the set u € € itself is bounded above
in Cy(X, E). If the system Y| is closed for intersections of finitely many of
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its elements, then it satisfies (C4) and therefore U] U {{0}} forms the smallest
Choquet cone for Cy (X, E).

Given a Choquet cone € we define an order relation <¢ on Cy(X, E)% setting
v <¢p if pu(v) <py(p) forallu e € (or qu(p) < qu(v) for all u € —€).

This order is compatible with the multiplication by non-negative scalars, but
generally not with the addition. It induces an equivalence relation on Cy (X, E),
that is v ~ p if both v <¢ p and g <¢ v. We are particularly interested in
minimal elements with respect to this order. (The dual approach considers the
reverse order

v <gp if qu(v) < qu(p) for allu € —€  (or py(u) < py(v) for all u € €)

and leads to the study of maximal elements instead.) We proceed to characterize
the order <¢ in terms of upper and lower envelopes of functions in 9 and ‘R,
respectively. For this, let f € Q and v € U] C €. Since f is homogeneous
and bounded above on v°, there is a > 0 such that f(v) < ap,(v) for all v €
Cy(X, E)*, that is f < ap,. Since ap,(p) < « for all p € v°, the expression

Flp) = mf{pu(p) [ue e, f<p}

~

is an element of R, bounded above by o whenever p € v°. Thus f(x) € R for all

p € Cy(X, E)%. Similarly, for f € P one defines its R-valued lower envelope on
F(1) = sup{au(p) [ue —€, g, < f}.

We observe that

~

—f(p) = —inf{pu(p) Jlue €, f<p,}
— sup{q (i) [u €T, —f < —q )= (=)

for all u € Cy(X, E)* and f € Q. In this sense, both upper and lower envelopes
can be equivalently used in many statements. We shall in the sequel indicate
these equivalences in brackets. Moreover,

(f+9) (1) < f(p) +9(p) and  (af)(p) =af(u),

as well as

~ —— -~

(F+9) (1) = Fw) +3() and (af)(n) = af(n),
holds for p1 € Cy(X, E)*, « > 0 and f,g € Q or f, g € B, respectively.

Lemma 3.3. Let u be a decreasing neighborhood in Cu(X, E), let f € Q (or
fePB)and p€u®. Then

-~

f(p) = inf{pp (1) | w € € is u-bounded, and f < py}

<0T v(,u) = sup{qw () | v € —€ is (—u)-bounded, and g, < f}) :



1152 W. Roth / Choquet Theory for Vector-Valued Functions

Proof. We shall prove the case for the upper envelope. Let f € Q and p € u°.
Clearly R
f(p) < inf{py(p) | o € € is u-bounded, and f < py}

holds in any case. For the reverse inequality let y = {h € Cu(X,E) | h > f}.
Then
= inf{h [ h € v} =day=—pry

by the Hahn-Banach theorem. Now let v € € such that f < p,, that is 0 <
Pro + P(—y) = Pw—y- Again by the Hahn-Banach theorem, this implies 0 € to — 1,
the closure of w — 1. Given € > 0 there is v € U] C € such that v C (¢/2)u, and
we have 0 € (o —y)+b =1w — (y —v). Hence we find a function g € o N (h—v).
By (C4) there is a v-bounded (hence u-bounded) subset 1wy € € of w + v which
also contains g. Thus g € woN(y—1v), hence 0 € wy+ (—p+v) and f = —py <
P(wo+v). The set g + v € € is also u-bounded. From o+ C to + 20 C to + cu
and p € u°, hence p,(p) < 1, we infer that

Pirworto) (1) < Prorew (1) = Pro (1) + €Pulpr) < pro(pe) + €
Consequently,
inf{pe(p) | w € € is u-bounded, and f < pyp} < polp) + €.
The latter holds true for all w € € such that f < p, and all € > 0. Our claim

follows. O
Lemma 3.4. Forv,u € Cy(X, E)’ the following are equivalent:

(i) v <e p.

(i) () < ) Jor all f €9 (or f(u) < fw) for all [ € )

(id6) f(v) < Fl) for all f € Co(X, E) (o F(u) < f(v) for all f € Cy(X, E)).

Proof. (i) = (ii): If v <¢ p, then

fv) =inf{pu(v) [u€ €, f<p} <inflpu(u) |uee, f<p}=Flp
for every f € Q.
(17) = (¢4i) is obvious since Cy(X, E) C Q and f(v) < f(z/)

(7ii) = (4): Suppose that f(v) < f(,u) holds for all f € Cy(X, E) and let w € €.
For every f € to we have f < py,, hence

f) < Flu) = inf{p(n) [w € €, f<pd < pup),
and therefore py(v) = sup{f(v) | f € w} < pp(p). O

Proposition 3.5. For every f € Q (or f € B) and p € Cyu(X, E)} there is
v <¢ 1 such that

() = F(p) = max{f(9) | 0 € Co(X, E)*, 0 <e i}
(or £(v) = Flu) = min{f(9) | ¥ € Col X, E)", @ <e i1}
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Proof. We shall prove the case for the lower envelope f of a function f € ‘P.
First we observe that 9 is a locally convex cone in the sense of [11], endowed
with its pointwise order, if we define neighborhoods v,, corresponding to v € U/
on ‘P setting

g<h+wv, for g,h € P, if g(v) < h(v) + 1 for all v € v°.

Now, corresponding to the fixed f € P and p € Cy(X, E)’ we define R-valued
super- and sublinear functionals ¢ and p on the cone P setting

q(9) =§(n) and plaf)=af(y) fora>0 and p(g) =+oo, else,
respectively, for g € . The Sandwich Theorem (Theorem 3.1 in [11]) for locally
convex cones states that there is a monotone R-valued continuous linear functional
® on P such that ¢ < & < p if and only if there is a neighborhood v, such that

g < h+w, for f,g € P implies that ¢(g) < p(h) + 1.

This condition is easily checked in our case. Indeed, choose v € U] such that
i € v°. For h # «af there is nothing to prove. Otherwise, g < af 4 v, for some
a > 0 is equivalent to g < af + p,. Hence q, < g for u € —€ implies that
Gu—Po = Gu + g—o = qu-v) < @f. Thus q, < af + p, since u —v € -, and
therefore g < « f + py. This yields in particular

~

q(9) = g(p) < af(p) + po(p) < plaf) +1,
as claimed. Hence there is a linear functional ® on 3 such that ¢ < & < p. Set
v(g) = ®(g) for all g € Cy(X, E) C P. Since v(g) > g(u) > —1 for all g € v, the
linear functional v is contained in v° C Cy(X, E)*. Moreover, g(v) > g(u) for all
g € Cy(X, E) yields v <¢ i according to Lemma 3.4. Finally, since the R-valued
function f is lower semicontinuous and sublinear on Cy(X, E)*, we have

f(v) = sup{g(v) | g € Cx(X, E), g < f}
= sup{®(g) | h € Cy(X, E), h < f} < ®(f) < f(n).

~ ~

On the other hand, f(u) < f(0) < f(0) follows with Lemma 3.4(ii) for all  <¢ p.

This implies f(v) = f () in particular and completes our argument. O

Note that f(v) can take the value +oco in the preceding line of reasoning.

Lemma 3.6. For every i € Cy(X, E)Y the set plf = {v € Cy(X,E): | v <¢ p}
is convex and compact.

Proof. If v,w <¢ ppand 0 < A < 1, then p, (Av+ (1 — MNw) < Apy(v) + (1 —
A)pu(w) < py(p) for all u € € by the sublinearity of the functionals p,. Hence
A+ (1 — NMw <¢ i, and the set pl* is seen to be convex. Moreover, u € v°
for some v € Y| C ¢ implies that ud* C v°, the latter being a compact subset
of Cy(X, E)%. Finally, since it is the intersection of the inverse images of the
intervals (—o0, p,(1)] under the lower semicontinuous mappings p,,, for all u € €,
(¢ is closed, hence compact. O
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An element p € Cy(X, E)7 is minimal if v <¢ p for v € Cy(X, E)% implies that
v ~ . Since v <¢ p if and only if A\v <¢ Ap for all A > 0, minimality of an
clement ;1 € Cy(X, E)7 implies the minimality of Ay for all A > 0. The zero
functional is obviously minimal since p < 0 implies that u € ev® for all € > 0
and v € Y., hence pu = 0.

Lemma 3.7. For every i € Cyu(X, E)* there is a minimal fi € Cy(X, E)%. such
that n<e W

Proof. Let i € Cy(X, E)%. Given a totally ordered subset Q of 1], the inter-
section of the sets v]¢, for all v € ), cannot be empty, hence contains a lower
bound for €2 in pul*. By Zorn’s lemma then there is a minimal element in pl*. [

Lemma 3.8. For i € Cy(X, E)% the following are equivalent:

(i)  p is minimal.

(i) Fu) = max{f(v) | v~ i} for all f € Q (or Fu) = min{f(v) | v ~ i} for
all f €P).

(#1) qu(p) = qu(p) for allu € =€ (or pu(p) = pu(p) for allu € €).

(iv) For every p € € and € > 0 there is w € € such that 0 € u+w and

p(quw) (M) <e.

Proof. Clearly (ii) implies (i), since g, € Q for every u € —€, and v ~ u
implies that q,(v) = qu(1). Now suppose that (7ii) holds and let v <¢ p. Then
for every u € —€ we have

qu(v) < qu(v) < qulp) = qu(p)

by Lemma 3.4(é7). This yields p <¢ v, hence the minimality of x. Furthermore, if
p is minimal and f € 9Q, then max{f(?) | ¥ € Cy(X, E)%, ¥ <¢ p} = max{f(v) |

~

V€ Cy(X,E);, ¥~ pu} = f(p) by Proposition 3.5. Therefore (i) implies (i) as
well. Finally, (7v) is just a reformulation of (7i7), since q_, < py for u,w € € is
equivalent to 0 < Py + Py = Putw), that is 0 € u+ 1o, and p,, (1) < q_y(p) +¢ is
equivalent to Py (i) < €. O

As in classical Choquet theory we try to characterize minimal positive linear
functionals on Cy (X, E), that is £%-valued measures on X, in terms of support-
ing subsets of X. For this, we introduce an analogue to the classical Choquet
boundary. We set

Ae ={06 € Cy(X,E)% | € X, 0#n € E}, such that 67 is minimal }

O¢ = {x € X | 6] € Ag for somen € E*}.

The elements of of A can be identified using the equivalent criteria in Lemma 3.8.
Corresponding to a decreasing C(X )-convex neighborhood u in Cy(X, E) we de-
note by Ag and 0 the respective subsets of Ag and J¢ consisting of those point
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evaluations 97 € A¢ such that p,(07) < +oo and their corresponding arguments
x € O, respectively.

The main tool for advancing the theory is an analogue to the classical case (Propo-
sition 1.4.10 in [1]). However, the presence of unbounded and indeed infinity-
valued functions defining the Choquet ordering will complicate matters. Let
u € € be a neighborhood in Cy(X, E). Obviously, a function f € B is bounded
above on u® if {h € Cy(X,E) | h < f} C Au for some A\ > 0. Similarly, f € Q
is bounded below on u® if {h € Cy(X,E) | h > f} C Au for some A < 0. A
sequence (fp)nen in P or 9 is bounded above or below on u® if the respective
property holds with the same A for all n € N.

Theorem 3.9. Let u € € be a decreasing neighborhood in Cy(X, E), and let
(fu)nen be a sequence in Q (or inP) that is bounded below (or above) on u°. Let
a<0 (ora>0). If

lim %\]nffn(ég) > ap, () (07“ lim sup fn((i’g) < ozpu((Sg))
ne

neN

for all 67 € Ay, then

imint 7,00 > apulp) (o Hnsup ) < i) )

neN neN
for all € Cu(X, B)% such that p,(p) < +00.

Proof. We will to some extend follow the outlines of the proof of Theorem 2.5
in [9]. Our more general approach will however require some adaptations. We
shall verify the case of the lower envelopes. Let (f)nen, pt € Ca(X, E)*, u € €

and a > 0 be as stated. If p,(u) = 0, then g = 0, and f,(0) < f,(0) = 0 for all
n € N, hence our claim. We may therefore assume that p, (1) = 1, that is u € u®.
The sequence (f,)nen is supposed to be bounded above on u® which implies that

the sequence ( fn(,u))neN is bounded above as well. Thus we may use Lemma 3.3
to construct a corresponding sequence (1,,)nen of (—u)-bounded sets in —€ such
that

Qo < fo and  qu, (1) > fulp) — 1/n.

Note that the functions gy, are bounded on u°, since t,, C A\, (—u)t = =\ul =
—Apu for some A, > 0, hence qw, (1) > A\nqw (i) = —Anpu(p) > —A, for all
p € u°. The sequence (qq,, )nen is indeed bounded above on u°; since this property
holds for the sequence (f,)nen. As in the proof for the classical case we shall use a
representation of u° in the space RY and apply Choquet’s theorem for metrizable
compact sets. For this, define ® : u®> — RN by

D) = (G, (1) peny for v €16

Since all of the functions gy, are bounded on u°, the sets gy, (u°) are all bounded
in R. The cartesian product of their compact closures is therefore compact in
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the metric space RY, and so is the set K = ®(u°), as it is a closed subset of
this product. Now let C' be the sup-stable point-separating cone of continuous
real-valued functions on K, generated by the constants and the projections 7, :
RY — R, for all m € N. Let 90 C K denote the classical Choquet boundary
of C'in K (see 1.5 in [1]). Recall that dc consists of those points in K whose
point evaluation measure is maximal among all probability measures on K with
respect to the classical Choquet ordering defined by the functions in C'. We shall
first establish that for every non-zero (a,)neny € Oc there is 07 € Ay such that
O(07) = (an)nen- Indeed, for (ay)nen € Oc set

Z ={veu’|qn,(v) > a, for all n € N}.

Since the functions qy,, are superlinear and upper semicontinuous, Z is a compact
convex subset of u°. Let us verify that it is not empty. There is a net (1;)er
in u° such that 1, — v in u° and ®(;) — (n)ney in RY. From the upper
semicontinuity of the functions ¢, we infer that

0 = 1 (0,04) < o, (1001 ) = 0, (0)
holds for all n € N, hence v € Z. Let £ be the collection of all non-empty
compact convex subsets F' of Z with the following property:

If qu(v) < Agw(v1) + (1 — A)quw (1) for all o € —€,
some v € F, v, €u®and 0 < A < 1, then vy, 15 € F.

Let us verify that Z € £. Let qu(v) < Aw(11) 4+ (1 — A)qu(12) for all w € —¢€,
some v € F, and vy, 5 € u°. Set 5, = Gw, (1) and v, = G, (v2). Then

U < G, (V) < A, (V1) + (1= X))o, (v2) = ABn + (1 = M)

for all n € N. If §(,,),0(3,) and d(,,) denote the point evaluations on K at the
points (ay)nen, (Bn)nen and (7, )nen, respectively, then the above shows that the
measure Ao, )+ (1 —A)d(,,) dominates the measure d(,,) in the classical Choquet
ordering generated by C' on K, hence d(a,) = 0(8,) = O(y,), and o, = B, = Yn,
since (v, )nen € Oc is maximal. Thus vy, vy € Z. Therefore £ is not empty. Next
we observe that every set F' € £ is decreasing. Indeed, suppose that ¥ <¢ v
for v € F and ¥ € Cy(X, E)*. Then ¥ € u°® since p,(v) < p,(v) = 1, and
I (V) < qu (V) = (1/2)40(9) + (1/2)4y(?) for all o € —€, implies that v € F.
Furthermore, every non-zero extreme point v of F' is some point evaluation 9§,
because otherwise, according to Corollary 3.2, v can be expressed as v = Avy +
(1 — M)vy with mutually singular functionals v4,5 € u® and 0 < A < 1. This
implies vy, 5 € F by the definition of £, a contradiction.

The family £ is ordered inductively by set inclusion and, following Zorn’s lemma,
it contains a minimal element Fy. We shall verify that all elements of Fj are
equivalent and minimal. Indeed, let 1wy € —€ and let

Go = {v € F | puy(v) = max{pw,(Fo)}} -
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Gy is a non-empty compact convex subset of Fj and gy (¥) < Aqw(r1) + (1 —
AN w (1) for all v € —€, some v € Gy, v, € u® and 0 < A < 1, implies
that Pu, (1) = Py (2) = max{pw,(Fp)}, hence v, 5 € Gy. The minimality of
Fy implies that Gy = Fp, and therefore all the functionals p,, for to € —€, are
constant on [y, our claim. They are all minimal because Fj is decreasing. Since
(an)nen # 0 and every non-zero extreme point of Fj is a point evaluation, hence
an element of Ag, we conclude that

(I)il ((an)neN) n Aé 7& (Z)
Next we choose any 67 € &1 ((a,)nen) N A% and observe that

lim Sup Tm ((an)neN) = lim Sup G, = lim Sup quwy, (52)
meN meN meN

< limsup f,(67) < apu(d7) < a.
meN
Choquet’s theorem for compact metric spaces guarantees the existence of a prob-
ability measure ¢ on K which is supported by dC and represents ®(u), that
is
O(mm) = T (P(1t)) = qu,, () for all m € N.

The sequence (7,,)men is uniformly bounded above on K, because this holds by
assumption for the sequence (qy,, Jmen on u°. Thus we my use Fatou’s lemma for

lim sup fm(,u) = lim sup qy,, (¢) < limsup 0(m,,)

m meN meN
<4 (lim sup Wm) < a=ap,(p).
meN
This completes our argument. O

The expressions in Theorem 3.9 involving limits and upper (or lower) envelopes
of functions can be reformulated using the statements of Proposition 3.5.

Lemma 3.10. Let (f,)nen be a sequence in Q (or in P). Then

lim infﬁl(u) = sup {lim inf fn(z/)} (or lim sup fn(u) = inf {lim sup fn(y)})
neN v=gh neN neN V=eh neN

holds for all p € Cy(X, E)L. Ifu € € is a decreasing neighborhood in Cy(X, E)

and if the functions f, are continuous and the sequence (f,)nen is increasing (or

decreasing) on u°, then for every p € u° the suprema (or infima) with respect to

v <¢ i in the preceding expressions are in fact mazima (or minima).

Proof. We shall prove the case of the upper envelopes. Let us first assume that
the sequence (fy,)nen in Q is increasing and let u € Cy(X, E)%. Then

liminf 7, () = sup () = sup {m fn(V)}

ne neN neN ((V=ep

= sup {sup )} = sup {1t £, }

v<ep (neN v<gH neN
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by Proposition 3.5. If the functions f,, are indeed continuous (and therefore real-
valued), we proceed as follows: There are v, € pd* C u® such that f,(v,) =
max,~,, [»(v), and we find a convergent subsequence v,, — v € u{* by the
compactness of ul*. We claim that

sup fu(v) = sup fu(vn).
neN neN

Indeed, since f,(v) < fu(v,) for all n € N, we infer that sup,cy fn(v) <
SUP,en fn(¥n).  On the other hand, given ¢ > 0, there is iy € N such that
filv = v,,) > —e for all i > ip. The sequence (f,(V,))nen is increasing in R,

and since for each n € N we find n; > n for some i > 7(, using the superlinearity
of the f,, we infer that

V) > fu(vn) + falv — ),

hence
fn(yn) < fnz(Vnz) < fm(’j> - fm(y - Vni) < fm(y) - fl(y - Vni) < fnz(I/> te.

Thus

sup fn(vn) < sup fo(v) + .

neN neN
This holds for all £ > 0 and yields our claim for increasing sequences. For the
general case we set

gn = inf{fy [ m > n}

(the infima are take pointwise on u°. The functions g, are again in Q and the
sequence (gy )nen is increasing. Thus we may apply the first part of our argument
to this sequence, that is

lim infﬁl(u) = lim ianfjn(u) = sup {sup gn(z/)} = sup {lim inf fn(z/)} :
ne

neN v=<ep | nEN v<gp neN
our claim. O

The next corollary relates to the classical Choquet-Bishop-DeLeeuw theorem (see
Corollary 1.4.12 in [1]). It establishes a localization for the support of the repre-
sentation measures of minimal linear functionals. Recall that a G subset of X
is defined to be a countable intersection of open sets.

Corollary 3.11. Let u € € be a decreasing neighborhood in Cy(X, E) and let
€ u® be minimal. If A € R is a G5 subset of X disjoint from Of, then there is
V eV such that

inf |v|4(V) = 0.

12897

Proof. Let A = (),.y Gn € P be disjoint from J¢. We may assume that
the sequence (G),)nen of open sets is decreasing and that all of its elements are
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relatively compact in X, that is contained in some compact subset K of X.
Consequently, by the definition of function space neighborhoods in Section 2,
there is V' € V such that f € u for f € C(X) whenever f(z) € xx(z)V for all
x € X. According to Part (xx) in the proof of Theorem 4.4 in [12] the regularity
of p implies that

l|lo(V) = sup{u(f) | f € E(X, E) such that f(z) € xg(x)V for all z € X}

holds for all open sets O € R, where £(X, E) denotes the subspace of elementary
functions of Cy(X, E) (see 2.3 in [12].) Using this, we observe that the functions
fn:Cu(X, E)* — R, that is

fa(v) = V]G, (V)

are both sublinear and lower semicontinuous, hence in 8. Moreover, since all of
the sets G, are contained in K, and therefore all of the functions f € £(X, E)
involved are in u, the functions f, are all bounded above by 1 on u°. This
implies in particular that |u|g, (V) < 1, hence by the regularity of u we may also
assume that ||\ 4)(V) < 1/n. Next we apply Theorem 3.9 with ov = 0. Since

(Nyen Gn) NO% = 0, we infer that limsup,,cy Fu(61) < 0 for all 67 € AY. Thus,
using Theorem 3.9 together with Lemma 3.10 we obtain

lim sup fn(,u) = inf {limsup fn(z/)} = inf {inf |1/|Gn(V)} =0.
neN v~ p neN v~ | n€eN

But |v|g, (V) = [v[a(V)+]ul@an (V) < [v]a(V)+1/n implies that infren [v]e, (V)

= |[v|a(V), hence our claim. N

Corollary 3.12. Suppose that the functions py, for to € &, separate the points
of Cu(X, E)*. Let u € € be a decreasing neighborhood in Cy(X, E) and let 1 € u°
be minimal. If A is a G5 subset of X disjoint from O¢, then |u|a = 0.

Proof. Let A = (), oy Gn be disjoint from J¢. We need to show that |u|p = 0
for every B € R such that B C A. There is a relatively compact open set O € R
containing B. Then C' = AN O € R is a Gy subset of X and according to
Corollary 3.11 inf,., [v|c(V) = 0 holds for some V' € V. But the equivalence
class of u consists only of y itself, since the functions in € are supposed to separate
the points of Cy(X, E)*. We infer that |u|z(V) < |u|c(V) = 0, hence |u|p = 0 as
claimed. O

4. Some special cases and examples

Corollary 3.12, in particular, shows the benefit of having small or indeed singleton
equivalence classes in Cy(X, F)% while preserving the given Choquet boundary.
We shall attempt to achieve this by suitably increasing the given Choquet cone €.
In this context we shall say that a non-empty C(X)-convex subset u of Cy(X, E)
is C-superharmonic if p, (1) < pu(07) whenever p <¢ 67 for p, 97 € Cy(X, E)%.
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We define the completion ¢ of a Choquet cone € as the collection of all non-
empty C-convex and €-superharmonic subsets of Cyu (X, E') which also satisfy the
boundedness condition (C4) with respect to €. Obviously, € C ¢, and € is itself
a Choquet cone. Indeed, Conditions (C1), (C3) and (C4) are evident. Let us
verify that ¢ forms a cone. Clearly au € ¢ whenever u € € and a > 0. Let

u,w € €. The set u+ 1o is also C(X)-convex and €-superharmonic, since pu <¢ 67
for p1,07 € Cy(X, E)% implies that

Pt (1) = Pu(pe) + P (1) < Pu(07) + P (07) = Purw) (07).-

Finally, u 4 w satisfies (C4), since for f + g € u+ 1o and v € Y| there are v
-bounded sets ug, 1wy € € such that f € uy Cu+(1/2)v and g € wy C v+ (1/2)v.
Thus f + g € (ug+wg) C (u+tv) +v. Hence u+to € €. The completion € of a
Choquet cone € serves our purpose since the €-superharmonicity of its elements
guarantees that Az C Ag. Indeed, let p <¢ 67 for p € Cy(X, E)% and 07 € Ag.
Then p <z 6! by the superharmonicity of the sets in ¢ and therefore o7 <
hence 0! <¢ p, by the minimality of 6.

Proposition 4.1. Let ¢ be the completion of a Choquet cone €. If u € €, then
ul €¢.

Proof. Clearly, ul is C(X)-convex and €-superharmonic since py, (1) = pu(p)
for all p € Cy(X, E)L. For (C4) let f € ul, that is f < g for some g € u.
Given v € U] there is a v-bounded set uy € € such that g € uy C u+ v, hence
f € up C u—+ v since u+ v is decreasing, hence our claim. O

Proposition 4.2. Let ¢ be the completion of a Choquet cone €. Let a € E
and pi,...pn € C(X). If all the singleton sets {p;sa} are contained in €, and if

p= Ny pi, then {psa} € €.

Proof. We only need to verify that {psa} is €-superharmonic. Indeed, if y <¢ 07
for p1, 67 € Cu(X, E)7%, then

P{,;@a}(,u) < /\p{pi@m}(:u) < /\p{pz@’a}((sg)
=1 i=1

= /\pZ(fL')T](a) = P(@U(a) = p{p@a}((sg)’ O

Proposition 4.3. Let € be a Choquet cone and let ® be a family of €-super-
harmonic subsets of Cy(X, E). If v = Nyepu is not empty and if py(07) =
infuco pu(07) for all x € X and n € E%, then w is also C-superharmonic.

Proof. Let ® be as stated and let v = Nycp u denote the intersection of its
elements. Clearly,

Po(p) < inf py(p)

ue®
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for every pn € Cy(X, E)%. Let p <¢ 07 for p, 07 € Cup(X, E)%.. Then
pul) < inf pu(u) < inf pu(07) = pu(82)
by our assumption, hence our claim. O

Classical Choquet theory can be recovered in the following way. Let Cy(X, E) be
a function space such that the neighborhood system U1 is closed for intersections
of finitely many of its elements. Let L be a subspace of Cy(X, E). Then

& ={f+vo|feLl veTl U{{0}}}

defines a Choquet cone associated with L. Indeed, conditions (C1), (C2) and (C3)
are obvious. For (C4) let g € f+v for f € L and v € U] U{0}, and let v € V.
There is p > 0 such that g — f € pto, hence g € f + (b N pw). Since the set
vo = f+ (bNpo) € & is to-bounded and a subset of f + v, this verifies (C4). In
the remainder of this section we shall investigate the classical cases of of real- or
complex-valued functions, assuming that € is a Choquet cone containing €.

The case that F is R or C. Let E stand for either R or C with the equality
as its order. We assume that the subspace L of Cy(X, E) is E-linear and that
¢ = €. In this case both Cy(X, E) and Cy(X, E)* are also vector spaces over
E, but the functionals in Cy(X, F)* are always real-valued and real-linear. F is
of course its own dual via the evaluation n(z) = fRe(nz) for n € F and z € E.
Obviously zv <g zp whenever v <¢ p for z € E since u € € implies that zu € €
as well. Consequently, the set zu C Cy (X, F) is €-superharmonic whenever u is €
-superharmonic. Indeed, let p <¢ 07 for p, 0% € Cy(X, E)*, where x € X, n € E,
and ¢” denotes the point evaluation f +— Qe (nf(z)). Note that §7 = ndl. This
implies zp <¢ 267 by the above, hence p., (1) = pu(zp) < pu(207) = p.u(67). We
apply Proposition 4.3 to identify further €-superharmonic subsets of Cy(X, E).

Proposition 4.4. Let E be R or C. Let v € U such that F,(z) = p(x)B, where
p: X — R s a strictly positive lower semicontinuous function. Let fi,..., f, €
LNv. Then the set

o = {g € CW(X’ E) | |g| <p-— \/?:1|fz~|},

15 C-superharmonic.

Proof. Let v € U and f; € LN*Y be as stated. For f € v we denote up =v — f
We shall use Proposition 4.3 with the family of €-superharmonic sets

D={u,y|z€C, |z|=1,i=1,...,n}.

Since g € u.y, if and only if |g + zfi| < p, we have g € N, =1 u.y, if and only if
g + [ fi] < p, hence

0 =Meot={g €Cxu(X,E)||g| <p—Vilfil}.
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Let 07 € Cy(X, E)*, that is z € X and n € E. Then

Pu.y, (0F) = Inlp(x) = Re (nzfi(x))  and  pw(d7) = 1l (p(x) = Vili|fi(2)])

by the above. Thus

N Pur, () = Inlp(2) = [nfi(2)| = [n] (p(x) = | fi(2)]) -

|z[=1

This yields Ayeo pu(d2) = P (07) as required for the application of Proposition 4.3.
U

The inclusion of this type of €-superharmonic sets corresponds to the maximiza-
tion of |u| over the cone of the functions V7, |f;|, for f; € L, in classical Choquet
theory (see [1] and [9]). If p € L (this corresponds to the requirement that L
contains the constants in the classical setting), we can identify some additional
¢-superharmonic sets. For u C Cy(X, E) let us denote Re(u) = {Re(f) | f € u},
that is the real parts of the functions in wu.

Proposition 4.5. Let E be R or C. Suppose that there is v € U such that
Fo(z) = p(z)B, where p : X — R is a strictly positive continuous function, and
that p € L.

(i)  The set z2Re(u) is €-superharmonic whenever u is €-superharmonic and
ze k.

(i) If fi,..., fn and g1, ..., gm are functions in L such that F < G for F =
Vi Re(fi) and G = \]" Re(gx), then for every z € E the set

w=z{heCX)|F<h<G}
15 C-superharmonic.

Proof. Let z € X, and pu <¢ 0} for u € Cy(X, E)*. We claim that pu(g) < 0 for
every function g € Cy(X, E) such that Re(g) < 0. Indeed, since the neighborhood

v € U is absorbing, we may assume that g € v, that is |g| < p. For A > 2 consider
the set o = A(b — p) € €. Since F,(z) = A\p(x) (B — 1), we have

Pro(1t) < pu(dy) =0,

that is p(f) < 0 for all f € . We observe that the function f = —p++v2XA—1¢g
is contained in t, since it is readily checked that |f(z) + Ap(z)] < Ap(x) holds
for all x € X. This yields

u(f) =—nlp) + v2A —1u(g) <0

and v2A — 1u(g) < p(p). The latter holds for all A > 1, hence u(g) < 0. If
Me(g) = 0, then the same argument with —g in place of g yields u(g) = 0. Thus
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p = Re(p), that is the functional f +— p (Me(f)). Consequently, if u € Cy(X, E)
is a convex set and z € E, we conclude that

sze(u)(ﬂ) = sup {,U, (Z%Q(f)) | f € u}

{wz) sup {u(f) | f € u} = Re(2)pu(p),  if Re(z) >0,
Re(z) inf {u(f) | f € u} = —Re(2)p(_w(n), if Re(z) <0.

This alternative holds for u = ¢! as well. We continue arguing part (z). If u is
¢-superharmonic, so is —u by the above and we have both p,(u) < p,(d}) and

pfu(,u) < pfu(éi) Thus Pz9te(u) (,u) < Pzgie(u) (5;) in any case. Finally, let p <¢ 5;7
for 0 #n € E. Then (1/n)u <¢ 0! and therefore

Pre(u) (1) = Prgre(u) (/) < Prsre(u) (%) = PRe(u) (67) -

The set Re(u) is therefore €-superharmonic. So are the sets zRe(u) for all z € E.

For part (i7) let f;, gr, and F, G be as stated. Let u={h € C(X) | F < h < G},
and let pu <¢ 0} for p € Cy(X, E)* and x € X. Then for z € F we have

bou(u) = Re(2)pu(p) = Re(2)u(G), if Re(z) >0,
= —Re(2)p(—u (1) = Re(2)u(F), if Re(z) < 0.

by the above. The sets {9e(f;)} and {Re(gx)} are €-superharmonic by part (i),
thus 1 (Re(f,)) = Fe (fi(x)) and g (Re(gy)) = Re (gr(x)). This yields p(F) >
F(x) = pw(0y) and u(G) < G(z) = pu(d}). Hence p.,(u) < p.y(d;) holds in any
case. Now we repeat the argument for part (i) to verify that p <¢ 07 for0 #n € E
implies that p,(u) < p,(67). The set u is therefore €-superharmonic. O

References

[1] E.M. Alfsen: Compact Convex Sets and Boundary Integrals, Ergebnisse der Math-
ematik und ihrer Grenzgebiete 57, Springer, Heidelberg (1971).

[2] C.J. K. Batty: Vector-valued Choquet theory and transference of boundary mea-
sures, Proc. Lond. Math. Soc., III. Ser. 60 (1990) 530-548.

[3] D. L. Cohn: Measure Theory, Birkhéduser, Boston (1980).

[4] J. Diestel, J. J. Uhl: Vector Measures, Mathematical Surveys 15, American Math-
ematical Society, Providence (1977).

[5] N. Dunford, J. Schwartz: Linear Operators. Part I: General Theory, Wiley Classics
Library, John Wiley & Sons, New York (1988).

6] G. A. Edgar: A noncompact Choquet theorem, Proc. Amer. Math. Soc. 49 (2)
(1975) 354-258.

[7] L. Nachbin: Elements of Approximation Theory, D. Van Nostrand, Princeton
(1967).

[8] J. B. Prolla: Approximation of Vector-Valued Functions, North-Holland Mathe-
matical Studies 25, North-Holland, Amsterdam (1977).



1164 W. Roth / Choquet Theory for Vector-Valued Functions

9] W. Roth: A new concept for a Choquet ordering, J. Lond. Math. Soc., II. Ser. 34
(1986) 81-96.

[10] W. Roth: Operator-Valued Measures and Integrals for Cone-Valued Functions,
Lecture Notes in Mathematics 1964, Springer, Berlin (2009).

[11] W. Roth: Hahn-Banach type theorems for locally convex cones, J. Aust. Math.
Soc., Ser. A 68(1) (2000) 104-125.

[12] W. Roth: Spaces of vector-valued functions and their duals, Math. Nachr. 285(8-9)
(2012) 1063-1081.

[13] H. H. Schéfer: Topological Vector Spaces, Springer, Berlin (1980).
[14] S. Willard: General Topology, Addison-Wesley, Reading (1970).



