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A Banach space has the diameter two property if every (nonempty) weakly open set of its unit
ball has diameter two. We prove that this property is stable under finite sums, whenever an
absolute norm is considered in the product space, improving some previous results. Recently
Abrahamsen, Lima and Nygaard defined the so-called strong diameter two property, i.e.
every convex combination of slices in the unit ball has diameter two.

We show that the strong diameter two property is never stable under (non-trivial) ¢,-sums.
As a consequence, both diameter two properties are not equivalent. We also prove that any
Banach space whose centralizer is infinite-dimensional has the strong diameter two property,
solving an open problem. This result can be applied to infinite-dimensional C*-algebras and
Lq-preduals, for instance.
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1. Introduction

The Radon-Nikodym property (RNP) implies the abundance of slices of the unit
ball with diameter arbitrarily small. The same parallel phenomena happens for
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the convex point of continuity property (CPCP) (resp. strong regularity (SR))
and weakly open sets of the unit ball (resp. convex combinations of relatively
weakly open subsets) (see [12], [13] and [14] for background). These three clas-
sical properties are purely isomorphic. But some classical Banach spaces do
not have the above properties. In fact every weakly open set relatively to the
unit ball of C'(K) has diameter two whenever K is an infinite compact Haus-
dorff topological space. Clearly in such cases the maximum possible value of the
diameter is 2. So there are three isometric properties that corresponds to the
absence of the above mentioned isomorphic properties in the strongest possible
way. The first two properties have been studied by a number of authors (see for
instance [18], [9] and [7]). We recall these notions.

A Banach space X has the slice diameter two property, respectively diameter
two property, strong diameter two property, if every slice, respectively nonempty
relatively weakly open subset, nonempty convex combination of relatively weakly
open subsets, of the unit ball has diameter 2. Let us remark that the above
properties do not depend on the scalar field.

It is clear that diameter two property implies slice diameter two property. Also
strong diameter two property implies diameter two property. This last assertion
is a consequence of [13, Lemma 2.1|, where it is proved that every nonempty
relatively weakly open subset of the unit ball in a Banach space has to contain
some convex combination of slices.

A lot of attention has been devoted to the slice diameter two property and the
diameter two property since several classical Banach spaces failing the Radon-
Nikodym property have them (see for instance [1, 3, 4, 6, 7, 8, 9, 17, 18, 20]).
However, there are only a few stability results of those properties. The aim of
this note is to study the stability of diameter two properties for product spaces.
So we assume that two Banach spaces have some diameter two property and
pose the following question: Does the product of both spaces have the same
diameter two property for some norm?

We prove in Theorem 2.4 that every absolute norm in a product space has diam-
eter two property, whenever the factors satisfy this property, which improves the
result obtained in [1] for p-norms. However we prove that the £,-sum of two non-
trivial Banach spaces never has the strong diameter two property (1 < p < +00)
(Theorem 3.2). Since the diameter two property is stable under any ¢,-sums then
both diameter two properties are not equivalent. This solves an open problem
posed in [1]. However we still do not know if the slice diameter two property
implies the diameter two property.

We also show that for any p > 1 the space L,(p, X) satisfies the diameter two
property for every finite measure p whenever X also has the same property and
L, () is nonzero (Proposition 2.6).

Finally, we prove that every Banach space whose centralizer is infinite-dimen-
sional satisfies the strong diameter two property, solving an open problem posed
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in [1]. As a consequence we deduce that infinite-dimensional C*-algebras and
Lq-preduals satisfy the strong diameter two property (Corollary 3.6).

We would like to point out some other problems in relation with the three
diameter two properties. It is an usual problem to change the isometric character
of a property in Banach spaces by an isomorphic behavior: What Banach spaces
admit an equivalent norm satisfying one of the diameter two properties? More
precisely, is it true that every Banach space failing RNP, can be equivalently
renormed to satisfy the slice diameter two property? (see [19] and [21]). It is
known that not every Banach space failing the RNP admits an equivalent norm
satisfying the diameter two property (see [1, Introduction]).

2. Stability of diameter two property

Firstly we introduce some notation and recall some basic notions. Throughout
the paper, X, Y and Z denote real Banach spaces. For a set B C X, coB
(respect. aco B) is the convex hull (respect. the absolutely convex hull) of B. As
usual, X* denotes the topological dual of X; By and Sx stand for the closed
unit ball and the unit sphere of the Banach space X, respectively. If C' C X is a
(non-empty) bounded set, z* € X*\{0} and a > 0 the subset S(C,z*, «) given
by
S(C,x", ) ={zxeC: x*(z) >supx™(C) — a},

is called a slice of C'. Notice that we can always assume that x* € Sx-.

For a bounded set C' C X, an element zy € C'is strongly exposed if there is some
xy € X* such that xj(zo) = supz{(C) and inf,~odiam S(C, z§, «) = 0. In such
case we will say that the functional xj strongly exposes the subset C' at x.

As it looks like at a first glance, the slice diameter two property is an isometric
property. This is a consequence of the next lemma, whose proof is standard and
can be found, for instance in [2, p. 373].

Lemma 2.1. Let X be a Banach space and xy € X\Bx. Let Y be the space X
(as a subset), endowed with the norm whose closed unit ball is given by B :=
aco (Bx U{xo}). Then zo is a strongly exposed point of B. Hence Y does not
have the slice diameter two property.

Now we provide the following example that shows the lack of stability of the
diameter two property under products. Hence not every norm on 7 = X x Y
that induces the product topology preserves the diameter two property, even if
we assume that the restriction of this to any space also enjoys the same property.

Example 2.2. Let B be the closed unit ball of the space ¢y®1co and C' = co(BU
{(e1,e1)}U{(—e1, —e1)}), where e; is the first vector of the usual (Schauder) basis
of ¢g. It is clear that C' is the unit ball of some norm on the space Y = ¢y X ¢q.
It is immediate that this norm induces the product topology on Y. Also it holds
that the restriction of this norm to any of the factors is the usual norm of ¢
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and so, both have the diameter two property. However, in view of Lemma 2.1,
the space Y, endowed with this norm, fails the diameter two property.

In spite of the previous example, we will prove a stability result of the diameter
two property for products under certain assumption. To this purpose we will
use the elementary fact that every nonempty relatively weakly open subset of
the closed unit ball of any infinite-dimensional Banach space always contains an
element in the unit sphere. Also we need to recall the following notion:

Definition 2.3. If (X, |- ||x), (Y, | - |ly) are Banach spaces, and Z = X x Y is

the product space, a norm || - || in Z is said to be absolute if there is a function
[ R x R — R{ such that
I, y)lly = Flzlxs llylly), Vee X, yeY. (1)

The absolute norm is normalized if f(1,0) =1 = f(0,1).

It is immediate to check that in case that the equality (1) gives a norm in Z, the
function f can be extended to a norm | | on R? satisfying |(r, s)| = f(|r],|s|) for
every pair of real numbers (r,s). We also recall that the norm | | is absolute
on R? if, and only if, the function f is increasing in each variable, that is,

0<r<s 0<t<u = f(rt)<f(su)
(see [11, Lemma 21.2]).

Clearly the usual norm of the £,-sum of two Banach spaces is an absolute norm
for every 1 < p < o0.

Theorem 2.4. Let X and Y be Banach spaces with the diameter two property
and Z := X XY . If||-|| is an absolute norm on Z, then (Z,||-||) has the diameter
two property. The analogous statement for the slice diameter two property also
holds.

Proof. We begin by proving the first statement. So assume that X and Y have
the diameter two property.

Let W be a weakly open subset of Z such that W N By # & and ¢ > 0.
By assumption X and Y are infinite-dimensional spaces, so Z is also infinite-
dimensional. So we can choose (zg,y9) € W N Sz. Hence there are weakly
open subsets U and V of X and Y, respectively, such that zo € U, yo € V and
(U, V) C W. As a consequence, U N ||xo||Bx is a nonempty relatively weakly
open subset of ||zg||Bx since xy € U N ||zo]|Bx. The same argument can be
applied to V' N ||lyo||By and the element y,.

If (x,y) € (UnN|zo||Bx,V N0 ||lyol||By), it is clear that (z,y) € (U,V) C W
and ||z|| < ||l@oll, lyll < llyol|- As the norm || - || is absolute, we deduce that
|, y)]| < |[(zo,90)]| = 1. As a consequence we have that

(U N ||zol| Bx, V N |Jyol|By) € W N By. 2)
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Since we are assuming that X has the diameter two property, every nonempty
weakly open set of rByx has diameter 2r for every nonnegative real number r.
By assumption we can choose z1, 3 € U N ||zo||Bx, y1, y2 € V N |lyo|| By such
that ||x1 — 22| > (2 —€)|zo]| and ||y1 — ya|| > (2 —€)||yo]|. Since the norm of Z
is absolute we have

(21 = 22,91 = y2)l| = (2 = )| (w0, w0) [| =2 — &

Now in view of (2) we know that (z1,y1), (z2,92) € W N Bz and so, diam(W N
Bz) > ||(xy — z2,91 — y2)|| = 2 — e. Since € is any positive real number, we
conclude that diam(W N Bz) = 2. We proved that the previous condition is
satisfied for any weakly open set W C Z satisfying W N Bz # @, and so Z has
the diameter two property.

Now assume that X and Y have the slice diameter two property. Fix any ¢ > 0.
Let S be a slice of Bz, hence there is an element z* € Z* and « > 0 such that
S = S(Bgz, z*,«). In order to prove the slice diameter two property, changing
the functional and the positive real number «, if needed, we can assume that
z* € Sz«. Also in view of Bishop-Phelps Theorem, we can assume that z* attains
its norm at an element (z¢,yo) € Sz. Since Z = X x Y, z* can be identified
with a pair (z*,y*) € X* x Y*.

Clearly we have that (zo,y0) € S(Bz, 2", ). Since the norm of Z is absolute
and 1 = z*(xo,90) = *(xo) + y*(yo) it is also clear that

(x,y) € S(Bz,z*,a) Vx € S,y € S, (3)

where S; and Sy are the slices of ||zo||Bx and ||yo|| By, respectively, given by

(6]
S1 = {w € llwollBx : 2*(2) > " (o) — 5 }

and

* * a
S2={v € lwll By 1y () > v (w0) — 5 }
By assumption we have that diam S; = 2[|z|| and diam Sy = 2||yo||. Now we
can finish the proof by using the same argument as the one used for the diameter
two property, but replacing condition (2) by (3). ]

The above result covers, for example, the ¢,-sum of two spaces (1 < p < 00),
obtained in [1, Theorem 3.2]. Indeed, for the maximum norm, it suffices to
assume that one of the spaces involved satisfies the diameter two property in
order to get the conclusion (see [6, Lemma 2.2]). Indeed the argument used
above proves this fact. So the converse of Theorem 2.4 for the diameter two
property is not true even for the /,-sum. We do not know if the /,-sum is the
only exception where the converse does not hold. At least for the rest of the
{,-sums we have a converse.
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Proposition 2.5. Let X andY be Banach spaces and assume that X is infinite-
dimensional. Let f be an normalized absolute norm on R? satisfying that (1,0)
is an extreme point of the unit ball of (R?, f). Suppose that Z := X xY , endowed
with || || ¢ has the diameter two property. Then X has the diameter two property.
The analogous statement also holds for the slice diameter two property.

As a consequence, if a normalized absolute norm f on R? satisfies that (0,1) and
(1,0) are extreme points in the unit ball of (R% f) and X and Y are infinite-
dimensional spaces, then the diameter 2 property is inherited from Z to X and
Y. The slice diameter two property of Z also implies that X and Y have the
same property.

Proof. Since we are assuming that f is an absolute norm on R? and (1,0) is
an extreme point of the unit ball of (R?, f), then this element is an strongly
exposed point of the unit ball. Indeed the functional e} € (R?, f)* given by

(z,y) — =

belongs to the unit sphere of the dual space and strongly exposes the unit ball
of (R?, f) at (1,0). That is, for every € > 0 there is § > 0 satisfying

(r,s) €eR? f(r,s) <1, 1-6<r = |s|<e¢. (4)

We prove the first statement by contradiction. So assume that U is a nonempty
weakly open subset relative to By with diameter less than 2. Let us choose
0<eg < M and let Jy be the positive real number satisfying condition
(4) for € = eo.

By assumption U contains an element zy € Sx. Let us choose x € Sx« such
that zf(xo) = 1. Then there is a finite set F', a subset of functionals {z} : i € F'}
and a subset of real numbers {t; : i € F'} such that

og#+W={rxe X zjx)>1—-d}N{x € Bx:z;(x) >t;,Viec F} CU.
Consider now the subset V' given by

Vi={(z,y) € By:x €W}
={(z,y) € Bz : x3(x) > 1 — 6 and z}(x) > t;,Vi € F} .

It is clear that V' is a non-empty weakly open subset in B.

Every element (z,y) € V satisfies
1 =00 < agz) < lzll = (2, 0)| < [[(z, y)ll = Fll=ll y]l) <1
and in view of (4) we obtain that

Iyl <o, Y(w,y)€V.
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As a consequence, for any elements (z,y) and (2/,y') € V we have that

Iz, y) — @ ) < (@ = 2", 0)l| + 10,y — )
= |lz — 2| + |ly — ¢|| < diam(U) + 2¢4 < 2.

We proved that diam V' < diam(U)+2¢, < 2, which contradicts the assumption.
Hence X has the diameter two property.

Now assume that Z has the slice diameter two property, the norm of 7 is a
normalized absolute norm associated to f and (1,0) is an extreme point of
the unit ball of (R?, f). We will show that X also has the slice diameter two
property. Let S = S(Bx,z*, a) be a slice of the unit ball of X. We can assume
that z* € Sx.. Fix ¢ > 0. Assume that 0 < § < § satisfies (4). By Bishop-
Phelps Theorem there is z; € Sx+- and xy € Sx such that

* * * O{
xry(zg) =1 and |jzf— 2| < 3

Since 0 < § < % it is immediate that we have
S (Bx,a5,8) C S (BX,;E;;, %) C S (By,a*,q). (5)

Now for every (x,y) € S(Byz, (x,0),0), by using that Z has the absolute norm
associated to f and f(1,0) = 1, we have that

|z|| > x5(z) > sup(xg,0)(Bz) —d =supzy(Bx) —d=1-9.
In view of (4) we have that [|y|| < ¢ and so

1z, y) = (@, 0)[l = 10, )l = [yl £(0,1) =yl <e.

Since we also know that = € S(Bx,z},0), by using (5), the above argument,
the fact that the norm of Z is absolute, the equation f(1,0) = 1, and the slice
diameter two property of Z we deduce that

diam S(Bx, 2", «) > diam S(Bx, z, ) > diam S(By, (5,0),0) — 2e = 2 — 2¢.
We proved that X has the slice diameter two property as wanted.

The two last statements of the proposition clearly follows from the first part. [J

Let us notice that the above result can be applied, for instance, to any ¢,-sum
for 1 < p < co. However, the conclusion fails for the /,-sum of Banach spaces.
For this norm the assumption is satisfied whenever one of the spaces has the
diameter two property [6, Lemma 2.2].

In view of Theorem 2.4, it seems natural to study if the diameter two property
is satisfied by the space L,(p, X) whenever X also has this property. Let us
recall that for a finite measure p and a Banach space X, L,(u, X) stands for
the Banach space of p-Bochner integrable functions. In the case p = oo, it was
proved in [6, Theorem 2.13 i)] that L. (u, X) has diameter two property if, and
only if, either L., (u) is infinite-dimensional or X has diameter two property.
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Proposition 2.6. Let (2, A, 1) be a finite measure space. If X is a Banach
space with the diameter two property, then L,(u, X) also has the diameter two
property for every 1 < p < oo whenever L,(u) # {0}.

Proof. Let W be a weakly open set in L,(u, X) such that W N By (. x) # @
and fix € > 0.

By the assumptions, the space L,(u, X) is infinite-dimensional and so there is
an element fo € W N Sp (u,x). We can assume that fy is a simple function.
So fo can be written as fo = > .. x;xa, for some n € N, z; € X \ {0} and
pairwise disjoint measurable subsets A; (1 < i < n). Since ||fo|| = 1, we have
that S0, sl P(As) = 1.

Since the weak topology is a linear topology, there are weakly open subsets W
in L,(p, X) (1 <i<n) satisfying

rixa, € Wi, VlgignandszW. (6)
i=1

Since for every subset A € A, the mapping from X into L,(p, X) given by
x +— xX4 is linear and continuous, it is also w-continuous. Hence for every
1 <4 < n there is a weakly open subsets V; in X such that z; € V; and also
satisfies

xxa, € W; whenever x € V;. (7)
Since we are assuming that X has the diameter 2 property, we know that

diam (V; N ||z;]|Bx) = 2||z;|| for each i. Hence for each 1 < i < n there are
elements y;, z; in V; N ||z;]|Bx such that ||y; — z;|| > (2 — €)||z4]|.

In view of (7) and (6), we have that the mappings ¢ and h given by

g= Z YiX A;s h = Z ZiX A,
i=1 =1

belong to W. Also it is clear that ||g||, ||h]| < || foll = 1. Hence we obtain that

n 1/p
diam(W N BL, ., x)) = [lg — hll = (Z lyi — Zi”pXAi)

=1

n 1/p
> (2-) (Z Hxinmi>
> @ e)lfoll =2 ¢

We conclude that diam(W N By, (. x)) = 2 as we wanted. O
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3. Strong diameter two property

We will show that the strong diameter two property does not have the same
stability properties that the slice diameter two property. As a consequence of
this difference we will obtain that both properties are not equivalent.

First we check that the strong diameter two property is stable under ¢;-sums.
The proof of this fact is essentially contained in [6, Lemma 2.1] and stated in [1,
Theorem 2.7]. In fact for non-trivial ¢;-sums, we obtain a characterization and
include the whole proof for the sake of completeness.

Proposition 3.1. Let X andY be (non-trivial) Banach spaces. Then the space
X @®1Y has the strong diameter two property if, and only if, X and Y has the
same property.

Proof. We write Z = X &, Y and so Z* = X* @ Y*.

First we prove the necessary condition. So assume that Z has the strong diam-
eter two property and we will show that X also has it.

In order to prove that fact, we will check that every slice of Bx produces a slice
of Bz close to the first one (consider X embedded into Z in a natural way).
Let S = S(Bx,z*,«) be a slice of By and fix 0 < n < a. We can assume that
z* € Sx«. If (z,y) € S(Bg, (2*,0),n), then 2*(z) > 1 —-n > 1 — « and so
|z|| > 1—=n. Thus ||y|| < n. As a consequence, ||(z,y)— (z,0)| < n. We checked
that

S(Bz,(xz*,0),n) C S(Bx,z",a) X nBy. (8)

By the previous inclusion, if C'is a convex combination of slices of By, for n > 0
small enough we deduce that

inf{diam(U) : U is a convex combination of slices of Bz} < diam C' + 2n. (9)

By assumption Z has the strong diameter two property, so we obtain that diam C'
= 2. Hence X has the strong diameter two property.

In order to prove the sufficient condition, let us notice that for every (z*,y*) €
Sz« and a > 0 we clearly have that

" € Sx» = S (Byx,z",a) x {0} C S(Bz, (z*,y"), ) . (10)

Let C be a convex combination of slices of B, and € > 0. So there is a finite
set F', positive real numbers {t; : i € F'} with >, t; = 1 and a subset {S; :
i € F'} of slices of By such that C' = >, - 1;S;. By using (10) and also that
7 = X* @y Y™, we obtain that there are pairwise disjoint subsets I and J of F
satisfying F' = I U J and also two subsets of slices {R; : i € I} and {1} : j € J}
of Bx and By, respectively, such that

Ri X {O} C Si, Viel and {O} X T’] C Sj, VJ e J (11)
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Assume that a; := ), t; and ay = ) jes Uj are positive numbers (otherwise
the proof is simpler). By assumption the sets )., ;—IRz and ) ., ;—JJT] have
diameter two, since they are convex combinations of slices of Bx and By, re-

spectively. It follows that there are two pair of elements (z1,x2) € X x X and
(y1,92) € Y X Y satisfying

T1,To € Zt’LR’H Hxl - x?” > (2 - 5)05[,
i€l

and 41, y2 € thTja ly1 — 2l > (2 = €)aus.
jeg

In view of (11) it follows that

(xk,yk) S <Z tiRi, Z%T}) C thsz for k = 1, 2.

iel jeJ i€F

As a consequence, we deduce that

diam C = diam (Z tiSi> > (@1, y1) — (22, y2)||

i€F
= [z — w2l + llyr — w2l > (s + )) (2—2) =2 —e.

Since ¢ is any positive number, we proved that diam C' = 2. Since this holds
for every convex combination of slices C' of Bz, Z has the strong diameter two
property. O

If a space satisfies the strong diameter two property, then the /,.-sum of this
one and any other Banach space also satisfies the same property [1, Proposition
4.6].

Up to now, every known stability property for the diameter two property also
holds for the strong diameter two property. However we aim to show that the
strong diameter two property is far from being stable under products endowed
with absolute norms. Before that it is convenient to recall the following notion.

A Banach space X is uniformly convez if for every € > 0 there is 0 > 0 satisfying
T,y € Bx, |lz+y||>2-20 = |z—y|<e.

This is equivalent to the following condition:

[ + ynll

{xn}v{yn}EBX7{T}—>1 = ||z, —ual} — 0.

It is well known (and immediate) that every uniformly convex space is strictly
convex, that is, every element in the unit sphere in an extreme point of the
unit ball. Let us notice that for finite-dimensional spaces both properties are
equivalent.
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Theorem 3.2. Let X and Y be nonzero Banach spaces. Assume that | | is an
absolute norm on R? such that |(1,1)] < 2 and the elements (1,0) and (0,1) are
extreme points in the closed unit ball. Let Z = X @Y, where f is the restriction

of | | to (RS’)% Then there are slices S, and Sy in By such that the set %
has diameter strictly less than 2. As a consequence, Z does not have the strong
diameter two property.

Proof. Since we asume that f(1,1) = |[(1,1)| < 2, we choose gy > 0 such that
269 < 2— f(1,1). By using that the elements (1,0) and (0, 1) are extreme points
in the unit ball of (R?,| |), we can argue as in the proof of Proposition 2.5 and
so for gy there is 0y > 0 satisfying

(r,s)G(RJ)Q, f(rys) <1, 1—0g<r = s<¢p. (12)

and also
(r,s)e(RJ)z, frys) <1, 1—0p<s = r<eg. (13)

By assumption, there are elements (z*,y*) € Sx+« X Sy-. By using that the
absolute norm is normalized, we obtain that (z*,0) and (0, y*) belong to Sz+. We
take S) = S(Bg, (2*,0), o) and Sy = S(By, (0,y"), Jy) and we will show that the

subset % C cBy forc= @—i—ao < 1 and consequently diam @ < 2c<?2
as wanted.

In order to check that, let us choose elements (zq,y1) € S; and (x2,92) € So.
Hence
(z1,91) € Bz, 1 =08y <a™(w1) < [|a]],

and also
(x27y2) € BZ7 ]- - 50 < y*(?h) S HyQH

Since the norm on Z is absolute, in view of (12) we have that
FUlzal llyal) <1, flzall > 1 =60 = flyall < eo.
By using the same argument and (13) we also deduce
FUlz2ll; lly2l) <15 flgell > 1 =do = 22|l < eo.

Since the norm of Z is absolute and normalized, in view of the previous inequal-
ities we clearly deduce that

[(z1,91) + (@2, 92)|| = [[(z1 + 22,91 + 3o) ||
[z, y2) | + llz2l| + [l ]

Szl ly=ll) + 220

f(1,1) +2¢9 = 2¢,

I/\ I/\ IN

as we wanted. O]
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Let us remark that for p # 1 the || ||,-norm on R? clearly satisfies the assumptions
of the absolute norm in Theorem 3.2. By Theorem 2.4 we have that the space
co P2 ¢o has the diameter two property. However, in view of the above result, it
fails the strong diameter two property. As a consequence, both properties are
not equivalent. This answers in the negative one of the open questions posed in
[1, p. 11]. The referee kindly let us know that Haller, Langemets and Poldvere
also showed that both diameter two properties are not equivalent (see also [15,
Theorem 1]).

In spite of the fact that strong diameter two property and diameter two property
are not equivalent, there are certain classes of spaces enjoying the diameter two
property for which we next prove that, in fact, the strong diameter two property
is satisfied. We need some notions in order to present this class.

We recall that a function module is a triple (K, (X;)iex, X), where K is a non-
empty compact Hausdorff topological space (called the base space), (X;)iex a

family of Banach spaces, and X a closed C(K)-submodule of the C(K)-module
[Te 5 Xi (the fo-sum of the spaces X;) satisfying the following conditions:

(1) For every x € X, the function ¢ — ||z(t)|| from K to R is upper semicon-
tinuous.

(2) For every t € K, we have X; = {z(t) : z € X }.

(3) The set {t € K : X; # 0} is dense in K.

In fact it is known that X is embedded into [],¢, X;, that is,

]| := sup [lz(2)]], VzeX.
teK

We refer to [10] for notation and background on function modules.

Let X be a Banach space and L(X) the space of all bounded and linear operators
on X. By a multiplier on X we mean an element 7" € L(X) such that every
extreme point of By« becomes an eigenvector for T%. Thus, given a multiplier
T on X, and an extreme point p of Bx~, there exists a unique scalar az(p)
satisfying 7% (p) = ar(p)p. The centralizer of X (denoted by Z(X)) is defined
as the set of those multipliers 7" on X such that there exists a multiplier S on
X satisfying ag(p) = ar(p) for every extreme point p of Bx-. Thus, if X a real
Banach space, then Z(X) coincides with the set of all multipliers on X. In any
case, Z(X) is a closed subalgebra of L(X) isometrically isomorphic to C(Kx),
for some compact Hausdorff topological space Kx (see [10, Proposition 3.10]).
Moreover X can be seen as a function module whose base space is precisely K,
and such that the elements of Z (X)) are precisely the operators of multiplication
by the elements of C(Kx) ([10, Theorem 4.14]).

Next result improves [9, Lemma 2.3|, where it is proved the diameter two prop-
erty under the same assumption.

Proposition 3.3. Let X be a Banach space and assume that Z(X) is infinite-
dimensional. Then X has the strong diameter two property.
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Proof. Let k be a natural number, S; = S(Bx,x},d;) a slice of By, and «; a
positive real number for each 1 < ¢ < k such that Zle a; = 1. We choose
x; € 5; for every 1 < ¢ < k and write xg := Zle a;x;, which is an element
in )" a;5;. For each 1 < i < k, we define S}* := S (Bx«,z},0;). By as-
sumption, Z(X) is infinite-dimensional, so Z(X**) is also infinite-dimensional
by [16, Corollary 1.3.15]. By a previous remark, we can assume that X** is a
function module with base space equal to some compact K := K+, and such
that Z(X**) coincide with the set of operators of multiplication by elements
of C(K). Since Z(X**) is infinite-dimensional, K is infinite. Hence there is
a sequence {O,} of nonempty pairwise disjoint open subsets of K. For each
n € N, we choose t,, € Oy, and apply Urysohn’s lemma to pick f, in C(K') with
0<f. <1, fu(t,) =1 and f,(t) = 0 whenever t € K \ O,,. Since the bounded
sequence {f,} converges pointwise to 0, it converges weakly to 0 in C(K), and
hence for every ** € X**, {(1— f,)z**} converges weakly to ** in X**. Let ™
be an extreme point of Bx«. We define the sequences {z:*} and {y}*} in X**

by
k
L Z a;(1— fo)z + fue™,
i=1

and

k
v = Dol = fu)zi = fue™.
i=1

Since for every 1 < i < k, x; € Bx, ¢ € Bx« and 0 < f,, <1 for each n, for
every t € K we have that

|| ((1 - fn)a7z + fne**) (t)” <1

Hence z;*, y:* € Bx« for every n.

It is clear that for every 1 < i < k, the sequence {(1 — f,)z; £ f,e**} converges
weakly to z; in X**. Bearing in mind that x; € S; C S;* and S/ is a weakly
open set in the unit ball, we deduce that for some n it is satisfied that =", y* €
Zf:l ;5.

On the other hand, we know that there is an element ¢,, in K satisfying f,(¢,) =
1. Since e** is an extreme point of Bx«, by [9, Lemma 2.1], we have that
lle**(t)|| = 1 for every t € K. So it is immediate that

27" =y [l = 2l fne™ (| = 2[| fu(tn)e™ ()| = 2[e™ ()] = 2.
We showed that diam (Zle aiSj*> = 2. By Goldstine’s Theorem, every 5;

is w*-dense in SF*, so SF | @;S; is w*-dense in Zle a;S;*. By the w*-lower
semicontinuity of the norm it follows that

k k
=1 =1
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so diam (Zle o;S; = 2> as we wanted. O

Given a Banach space X, we consider the increasing sequence of its even duals

Since every Banach space is isometrically embedded into its second dual, we can
define X(* as the completion of the normed space [JJ° , X ™.

It is known that for every 7" in Z(X), T%* lies in Z(X**) [16, Corollary 1.3.15].
Since T™* is an isometric extension of T, there exists a natural embedding from
L(X) into L(X(>®). The image under this embedding of an operator T € L(X)
is the operator such that its restriction to X ™ is obtained by transposing T
2m times. Indeed, it is known that the image of Z(X) under this embedding is
contained in Z(X () (see [9, Proposition 4.3.]).

Next result solves an open question posed in [1, p. 451], and also improves [9,
Corollary 4.2]. However its argument follows essentially the same idea of the
one in the proof of the analogous result for the diameter two property in [9].

Theorem 3.4. Let X be a Banach space and assume that Z(X(®) is infinite-
dimensional. Then X has the strong diameter two property.

Proof. Let k € N, S; = S(Bx,z},a;) be
number for each ¢ < k satisfying Zle t;

slice of Bx and t; a positive real

a
1.
Firstly we notice the existence of a natural embedding f — f from X* to
(X)*. Indeed, let f be an element in X*. Given u € |J°7, X@", there exists
m € N such that u belongs to X®™, so that, regarding f as an element of
(X*)@m = (X@my the symbol f(u) has a meaning which does not depend on
m. In this way we are provided with a natural extension of f to (J ., X @n

which extends uniquely by continuity to X(*®, giving rise to an element f of
(X ).

Now we fix any ¢ < k. We define a slice of By (« as follows Si(oo =S (Bx(eo, T}, ;).
For every natural number m, consider the subset

Si(Qm = SZ.(OO NXCP" = {2 € Byom:x(2) >1—a;}.

Let € be any positive real number. By Proposition 3.3, we have that Zle tiSi(oo

has diameter 2. Since the linear space [J7”, X®" is (norm) dense in X, we

deduce that |J°, S™" is also norm (dense) in 51 Since the previous sequence
of subsets is increasing for every ¢ < k, we have that there is some natural
number m such that

k k
diam (Z tiSi@m) > diam (Z tiSi(oo> —e=2—¢.

i=1 =1
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Now we can proceed as in the last part of the proof of Proposition 3.3, by using
the w*-denseness of the slice of the form S;(By@m-2, 2}, ;) in S;(Bx@m, T}, a;).
If we do that we obtain that

k k
diam (Z tiS§2m_2> > diam (Z tiSZ-@m) > 2 —¢.

i=1 =1
After a finite number of steps, we deduce that diam (Zle tiSZ) > 2 —¢. Since

€ is any positive number we conclude that diam <Zf:1 tiSZ-> = 2. ]

For every infinite compact topological space K, the space C(K, (X, 7)) has infi-
nite dimensional centralizer, whenever X is a nonzero Banach space and 7 is a
vector space topology on X that contains the w-topology and weaker than the
norm topology (see [9, Proposition 3.2]).

Now we will provide classes of spaces where the previous results can be applied.

Corollary 3.5. For every infinite compact topological space K, the space
C(K,(X, 7)) has the strong diameter 2 property, whenever X is a nonzero Ba-
nach space and T 1s a vector space topology on X that contains the weak-topology
of X and is coarser than the norm topology .

Under the assumptions of the above result, the space C(K, (X, 7)) has infinite
dimensional centralizer (see [9, Proposition 3.2]). So the statement follows from
Proposition 3.3.

In [3, Proposition 3.3], it is proved that every non reflexive Banach space X
such that X* is L-embedded satisfies that Z(X(*) is infinite-dimensional. It is
known that the dual of a real or complex C*-algebra is a L-embedded space (see
[7, Proposition 2.2] and [5, Proposition 3.4]).

Corollary 3.6. Let X be a non reflexive Banach space such that X* is L-em-
bedded. Then X has the strong diameter two property. In particular, every
real or complex infinite dimensional C*-algebra, and every infinite-dimensional
predual of an Li-space, has the strong diameter two property.

For a Banach space X, an L-projection on X is a (linear) projection P : X — X
satisfying ||z|| = || P(x)| + ||z — P(x)|| for every z € X. In such a case, we will
say that the subspace P(X) is an L-summand of X. Let us notice that the
composition of two L-projections on X is an L-projection [10, Proposition 1.7],
so the closed linear subspace of L(X) generated by all L-projections on X is
a subalgebra of L(X), the space of all bounded and linear operators on X.
This algebra, denoted by C(X), is called the Cunningham algebra of X. It is
known that C'(X) is linearly isometric to Z(X*) ([10, Theorems 5.7 and 5.9]).
For instance, any infinite-dimensional space L; (1) satisfies that its Cunningham
algebra is infinite-dimensional. By [16, Lemma VI.1.1], for every nontrivial
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Banach spaces X and Y, the centralizer of L(X,Y’), the space of all bounded
and linear operators from X to Y, is infinite dimensional whenever either C'(X)
is infinite dimensional or Z(Y") is infinite dimensional. As a consequence we
obtain the following result:

Corollary 3.7. Let X be a nonzero Banach space. Then the following spaces
have the strong diameter 2 property:

a)  L(Li(p), X) whenever Ly(p) is infinite-dimensional.
b) L(X,C(K)), for any infinite compact topological space K.
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