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Let B; be the open unit ball in R? and let 2 < p < 6. We show that for each m € N, there
exists ag > 0 such that for each a > «g, there exist at least m nonradial positive solutions of

—Au = |z|*u(z)[P"2u(z) in By, u=0on dB,
which are mutually nonequivalent if m > 2.
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1. Introduction

In this paper, we study the problem

—Au = |z]*|u(x)[P"2u(x) in By, (1)
u=>0 on 0By,

where B, = {x € RY : 2| < r}, N > 2, a > 0 and p > 2. The equation
was introduced by Hénon [11] to study rotating stellar structures, and many
researchers studied it; see [1, 3, 4, 5, 8, 12, 13, 14, 18, 19, 20, 22]. By changing
u to o?/P=2y(ax), we can see that (1) is equivalent to

—Au = a|u(x)|p*2u(x) in B,,

u=20 on 0B8,.

z
«a

(2)
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Since for each x € RN, |x/a|* — 0 as o — 00, we can see that problem (2) with
sufficiently large « is similar to the problem
—Au = |u(z)P"2u(x) in Ag, 3)
u=>0 on 0AgR

with sufficiently large R, where A = {z € RY : R—1 < |z| < R+ 1}.
Coffman [7] studied problem (3) in the case of N = 2 and 2 < p < oo, and he
showed that if R is sufficiently large, the least energy solution is not radially
symmetric and if R tends to infinity, the number of nonradial positive solutions
increase to infinity. He considered the 27/k-rotation invariant function space
with £ € N, and he showed that for each £ € N, if R is sufficiently large, then
the least energy level ¢ for the problem in the 27/k-rotation invariant space
is strictly less than the least energy level ¢, for the positive radial solution
and it holds ¢; < -+ < (< ¢x). Li [15] obtained a similar result for (3)
in the case of N > 4 and 2 < p < 2N/(NN — 2). Moreover, even in the case
2N/(N —2) < p < (2N —2)/(N — 3), he showed that there exist |N/2] — 1
nonradial positive solutions. The case N = 3 is different from the cases N = 2
or N > 4. Indeed, even if we consider the function space which is odd for one
direction and 27 /k-rotation invariant with respect to the direction, the least
energy level ¢, for the space satisfies co = ¢3 = ---. Byeon [2]| overcame this
difficulty; see also [6]. Instead of the least energy solutions in the function space,
he obtained non local minimal energy solutions, and he showed that even in the
case of N = 3, for each £ € N, if R is sufficiently large, there exist at least k
nonradial positive solutions.

On the other hand, for problem (1), Smets-Willem-Su [22] showed that in the
case N > 2 and subcritical p, if « is large enough then the least energy solution
is nonradial; see also the results by Byeon-Wang [4] and Cao-Peng-Yan [5].
Badiale-Serra [1] obtained at least | /N/2] — 1 nonradial positive solutions in the
case that N >4 and p < (2N — 2)/(N — 3). Kolonitskii-Nazarov [14] studied
the results corresponding to those obtained by Coffman [7] and Li [15] in the
case when p is subcritical; see also [21] in the case N = 2. However, the case
N = 3 has not studied yet. Compared with problem (2), problem (3) has the
following properties. The Poincaré inequality holds on Agr uniformly for R > 2,
ie.,
2
inf inf M
R>2 weD (A0} [y, [ul? d

Each least energy solution u of the natural limit problem for (3)

—Au = |u(z)P2u(z) in R? x (—1,1),
u=0 on R? x {—1,1}

decays exponentially as /x? + 23 — oo. These properties played important
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roles in [2]. Although problem (2) does not seem to have such properties, we
can show a similar result for problem (1) in the case N = 3.

Our result is the following. We say u,v : B, — R are nonequivalent if there
does not exist g € O(3) such that ¢ is not an identity and u(x) = v(gx) for any
r € B,.

Theorem 1.1. Let N = 3 and let 2 < p < 6. For each m € N, there exists
ag > 0 such that for each o > «, there exist at least m nonradial positive
solutions of (1), which are mutually nonequivalent if m > 2.

In order to prove the theorem above, we introduce some variants of the Poincaré
inequality. As we mentioned, the case m = 1 was studied in [4, 5, 22]. So we
prove it for m > 2 in the following sections.

2. Preliminaries

Let N € N with N > 3. We set 2* = 2N/(N — 2) and we denote by RY the
set {x = (21,...,2n_1,2x) € RY : 2y < 0}. For each open subset  C RV, we
denote by Dy”(Q) the completion of CS°(Q) with respect to the inner product
Jo VuVu dz, and we consider that Dy*(Q) € Dy*(RN) by the zero extension.

Let 2 < p < 2*. We set

fRLV |Vul? dx Loy
Ry(u) = - for ue DY)\ {0},
(fRJ_V e fulp dil?) ’
my = nf{Ry(u) : u € Dy (RY) \ {0}},

K={uecDy>R¥)\ {0} :u>0in RY and R,(u) = m,}.

By [5, Theorem 2.1], we know K # (); see also [4]. For x € RY  we write
v = (2/,xy) with 2/ € RV~ For the proof of the following lemma, see [4,
Proposition 2.5].

Lemma 2.1. For each u € K, there is y' € RY™! such that u(z) = u(|z’ —
v'|,xn) for each x = (2/,zy) € RY.

We set
Ko={u ek :ux)=u(2| zy) for z = (2/,zy) € RV}

The following is a variant of the Poincaré inequality.

Lemma 2.2. Let a,3 > 0. Then for each v € Dy*(B,), there holds

/Ba)g‘ﬁvzcmg(ﬂ+2)a(5+N)/BaW“|2d” (4)
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Proof. We use the polar coordinates (r,0) € [0,00) x S¥=1. Let v € C§°(B,).
From v(r,©) = — [* 22(¢,©) dt, we have

v 2 2 1 _ _ 2
|U(T,@)| S (/ E tN ldt) (m(’T‘Q N—Oé2 N)) .

Hence we obtain
“rrys 2 N-1
/0 <a> v(r,©)r™ ~dr
< / <Z> (/ 8v(t @)‘ tN_ldt>( L (TQ_N—aQ_N))rN_ldT
0 \«

or N -2
:(6+2)(6+N)/o

(¢,0)

ov

tN‘ldt
or

5 (£,9)

So we see that v satisfies (4). Since C3°(B,) is dense in Dy*(B,), we obtain the
conclusion. O

The following is a variant of [17, Lemma I.1]; see also [24, Lemma 1.21]. In the
rest of this paper, we denote by B,(y), the set {x € RN : |[x —y| < r} fory € RY
and r > 0, and we use the symbol C for various positive constants independent
of o, and «.

Lemma 2.3. Let 2 < p < 2%, let {a,,} C (0, 00) with o, — 00, and let {u,} C
Dy (RY) be a bounded sequence such that u, € Dy*(Bs,) for each n € N and
SUP, RN fBT(y) |2/ [un|? dz — O with v > 0. Then [, |x/ov,|* |u, [P dz —

Proof. Using Lemma 2.2, we have
D
an
20471_2 T 2an
_/ ’ |un|2dx—|—2/ ‘— P |V |? do
Ba, ' On

§/B |Vu,|? dx

an

2
dx

| N

| /\

and
an
P
u’l’b

2

2
dx < p_/ (Vu,|? dz.
4 Jp

X

On

an
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Since we have

2N+4
7” N
/ dx
an |2 -t
< < " u, dm) (
< (sup 7un
y€RN J B, (y)
Lo
. — uTL
B, (2)

A

Zlw

I,
)

ol

z)

T
Op

gn
p
Up

2
dac)

g un) )dx

65

2
5%

for each z € RY, we obtain
o (B
/ i Uy, dx
RN
oen |2 & roen |2 o en 2

SC’(Sup/ —| " u, dx) / (—pun +'V(‘—pun)‘)daf;

yeRN JB.(y)|' On RN Qp Qp

an 2 #
x 2

< C’(sup / —| " up dx) / |Vu,|* dz.

yeRN J B, (y) | ¥n Bay,
From our assumption, we can show

[
sup Up| dr — 0,
yeRYN J B, (y)|' On
which and the inequality above yield
an 21\]7v+4
/ Ly Up, dxr — 0.
Bay, |1 On

We note that

/ T aTn q (/ T 21\71\7-41)5(/ T aTn 7)1—6

— Unp, S — U, — U,
for each ¢ € (2,2*) with ¢ # (2N +4)/N, where
2 ifqge(2,(2N+4)/N —
I I ) N = T
2* ifge ((2N +4)/N,2%) (2N +4)/N —~

Hence, by Lemma 2.2 and [,

J..

which yields the conclusion.

T q

Qn

2n
p
Unp

|, |?” dr < C, we obtain

— 0 for each q € (2,2"),
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3. Settings

In the rest of this paper, we consider N = 3 and 2 < p < 6. For each a > 0, we
set

Vul|? dx
R, o(u) = fB“ Ve > foru e Dé’z(Ba),

(S |2l dz)”

Mpo = Inf{R, ,(u) : u € Dé’Q(Ba) \ {0}}.

By [5, Remark 4.8], we know the following.

Lemma 3.1. It holds that my, — m, as a — oo.

Fix k € N with £ > 2. We set

1 0 0
Gp = 0 cos2mi/k —sin2mi/k |:i=0,1,....k—1%,
0 sin2mi/k  cos2mi/k

and we denote by Gy, the subgroup of O(3) generated by Gr U {g}, where

(5)

S = O
_ o O

-1
9= 0
0
For the sake of simplicity, we write g(x1, z2, z3) instead of (g(xy,xs, 23)T)T for
g € O(3) and (z1, o, x3) € R3. We set
Dé:ék(Ba) = {u € Dy*(B,) : u(gx) = u(x) for each = € B, and g € G}

for each o > 0.
We fix a constant u € (0,1/4) and we define x, : R® — R by

at if |z | > /2, 3
o) = for x = (x1, 22, 23) € R”.
Xal2) {o if 21] < a2 (21, 72, 22)

We set
Mppao = inf / |Vul? dr,
Ba

u€l'p ko

where
1,2 x| x|
Fp;m:{ueDO’G (Ba):/ ‘—‘ |u|pdx:1,/ Xa(x)‘—‘ |u|pdx§1}.
o o Ba & Ba a

As Byeon did for problem (3) in [2], we will show that if & > 1 then nonnegative
Uy € Tpa satistying [, [Vua|* de = my 4 is a positive solution of (2).
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Lemma 3.2. There hold

. - 1—2
mp, < lim mpre and Lim mype <k Pmy,.

a—00 a— 00

Proof. Since the left inequality is trivial from Lemma 3.1, we prove the right
inequality only. Let u € Ky and € > 0. We can find v € C{°(R?) such that

|R,(u) — R,(v)] < & and v(z) = v(y/2? + 23, 23) for z € R®. We set
wa(x1,$2,$3) = /U(xla T2,T3 — CK)

Since supp v is a compact subset in R? , we can consider that w, € Dé’Q(Ba) for
a > 1. Then we have

Jgs |VV|* dz
Ry o(we) = = — R,(v) as a — 0.

2
2y ﬁ a/2 /p
fRi I+ a + a? vP dx

@Q(Ihxz,ﬁs) = Z wa(g(xlal'27x3))-
QGék

We set

Since supp we(g - ) Nsuppwy(g’ - ) =0 for g, ¢' € Gy with g # ¢’ and a > 1, we
have
C}LHQO Rpo(Wa) = algIolo kli%vaoé(wa) = kli%Rp(“) < kli%(Rp(u) +e).

Since w,(x) = 0 for @ > 1 and = € B, with |z1] > «/2, we can infer w, € I') ko
for a > 1. By the arbitrariness of € > 0, we have shown our assertion. ]

For each o > 0, we fix u, € I'y o such that R, o (ua) = My ga. Since |uq| € T')p i
and [, [V]ua|[?dr = [; |Vua|?dr, we may assume u, > 0. In Section 5, we
will show

/Xa(x)‘f‘ ub dr <1 fora>1.
Ba @

Whether this inequality holds or not, for each a > 0, we can find G,,7, € R
such that
_Aua - 604

T T
a’ u? +7axa(x)‘a’ u?™" in B,

as Lagrange multipliers. We note 7, = 0 in the case fBa Xo(Z)|z/a|*uP dz <
1, and by the previous lemma, we can find C' > 1 such that 1/C < (3, +
Yo < C for a > 1. We also note that u, > 0 in B, for each a > 0 by
the maximum principle. Indeed, for example, if 5, > 0 and 7, < 0, we have
At + (=70 Xa (@) 2/l?uz = Bulo /et > 0,

By a similar calculation as in the proof of [2, Proposition 3.5], we can show the
following. For the reader’s convenience, we give the proof.
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Lemma 3.3. For each a > 0, 7, < 0.

Proof. Let > 0. In the case fBa Xo(2)|z/a|*uk dz < 1, we know 7, = 0.
So we consider the case [ 5., Xo(@)|z/a|*ub dz = 1. For the sake of simplicity,

we assume « > 1. Let n € C°(R3) \ {0} be a nonnegative radially symmetric
function with suppn C By, and set

D(s,t)—/B ‘g‘ Uo + 1 — s7|” du,

where
7_](.1'1,332,373) = 77(271 + o — 171.27 :Cg) + n(xl —a—+ 17 .fL'Q,ﬁCg)

and
n(x1, T2, T3) = Z n(g(z1, z2, x5 + a —1)).
9€Gk
From u, > 0in By, we have 0D /0t(0,0) = [, |z/a|*ub 'n # 0. By the implicit
function theorem, there exist € > 0 and ¢t € C'(—¢,¢) such that ¢(0) = 0 and
D(s,t(s)) =1 for each s € (—¢,¢). From

d «
o . Xa(x)‘g‘ [te + t(s)g — sij|P dx

= —p/ xa(x)‘f‘ ul~tiy < 0,
=0 Bea, Q

there exists § > 0 such that u, +t(s)n — s € 'y for s € [0,d). Since

d T |
=—D = ‘_ P (0)n — 1),
0= g0t =p [ 2w won-n
we have
d
0< — IV (ug +t(s)n — s0)|* dz =2 Vu,V(#'(0)n — 1) dx
ds Ba - SZO Ba -

“ur (¢ (0)y — 1) d

e _ x
= [ 2wt n - mde s [ o)
Bo' & Ba o
Y (O o
Ba o
which implies v, < 0. ]

4. Existence of the limit of {u,, }
We set

Bi(r) ={gy:y € Br(r) and g € G} for x € R* and R > 0.

The following is a variant of Lions’s concentrated compactness principle; see [16,
Lemma 1.1], [23, Lemma 4.3] and [2, Lemma 3.3].
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Lemma 4.1. Let {«,} C (0,00) with a,, — 00, and let {v,} be Gy-invariant
measurable functions on R3 which satisfies

J.

Then there is a subsequence {n;} of {n} which satisfies one of the following three
conditions.

X

Qn
|vn|Pdz =1 for each n € N.
Op

(1)  (Compactness) There exists a sequence {x;} C R? such that for each e > 0,
there is R > 0 such that

/Bﬁ(ri)

(i) (Vanishing) For each R > 0, there holds

X

Qi

anm,

U, [Pdx >1—¢  fori>1.

X

Oy,

ng

Pdx = 0.

lim sup / Un,
170 zeR? J B (x)

(#ii) (Dichotomy) There exists A € (0,1) such that for each € > 0, there exist
R >0, {z;} CR? and {R;} C (2R, 00) such that R; — oo and

-/ 1-a- |
B(z:) R3\BF, (x:)

fori>1.

xz

Oy,

xz

Oy,

g g

v, [P dz| < e

U, [P dx| +

The following is a direct consequence of Lemma 2.3.

Lemma 4.2. For each R > 0,

o
ub dx > 0.
o

lim sup /
a—oo z€R3 J B (z)

The following is another variant of the Poincaré inequality. We can prove it by
similar lines as those in the proof of Lemma 2.2.

Lemma 4.3. For each o >0, M € (0,a) and v € Dy*(B,), there holds

1 1
/ v?dr < (—M2 - —M3> / |Vv|? da.
{z€Bq:|z|>a—M} 2 3a B

For each a > 0, we set

E,={x € By : xalz) =0}(={z € By : |21| < a/2}) and F, = B, )\ E,.
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Lemma 4.4. {(, : a > 1} is bounded.

Proof. From Lemma 4.2, there exists A > 0, R > 0 and {x,} C R? such that

(6%
To € B, and / ‘El ub dv > N for a > 1.
B%(xa) @

(6)

Without loss of generality, we may assume B%(z,) C FE, for each a > 0. We

can find § € (0,1) such that
ool
Blp(xa) a

lim (o — |74]) < 0.

a— 00

«
ub dv >

A
5 for a > 1.

We will show

If not, we may assume o — |z,| — 00 as & — oo. Then we obtain

6—p
a Lo 6 &
/ ‘z ub dr < / ‘f P da (/ |ua|6dx> — 0
Bl (za)' & B (za)' & R3

as a — 00, which contradicts (6). Therefore, we have shown (7). Let &, : R

[0, 1] be a Lipschitz continuous function such that, it is Gj-invariant,

1 for z € Bfp(za),

V| <C d & =
[Véal < and ¢ {0 for x ¢ BY(z,).

Using Lemma 4.3 with M = 2(Cy + R), where Cy = lim, (o — |24|), we have

a)\ o e
N N T
2 B(I;R(xa) (0] Ba (6]

= / (€l Vual? + uaVua VE,) dr < C.

[e3

Hence, we have shown that {f3, : @ > 1} is bounded.

By the lemma above, we can find G, € (0, 00) such that

Bo < Bs  for a> 1.

3

By [23, Lemma B.3] and [9, Theorem 8.25], we can infer the following. See also

[10, Theorem 4.1].
Lemma 4.5. There holds

sup sup uq(z) < 0o.
a>1 xeB,
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Now, we show that compactness occurs as follows.

Proposition 4.6. For each {a,} C (0,00) with a,, — 00, there ezist a subse-
quence {n;} of {n} and {z;} C R3 such that x;; = 0 for eachi € N and for each
e >0, there is R > 0 such that

/Bﬁ(wi)

Proof. We argue indirectly; we assume that dichotomy occurs. Then there exist
a subsequence of {a,}, still denoted by {a,}, and A; € (0,1) such that for each
e > 0, there exist R > 0, {z,} C R® and {R,} C (2R, o0) such that R, — oo

and
A — / =
Bli(za)! On

for n > 1.
We will show

T

Qi

JPde>1—¢  fori>1.

Qn Qn

p
up, dx

ub dz <e
n

+ ’1 - / L
R\BY, (an)| On

As we have shown (7), we can see that there exists Cy > 0 such that «, — |z,| <
Cp for each n > 1. Let 7, : R® — [0, 1] be a Lipschitz continuous function such
that it is Gg-invariant, |V7,| < C and

1 if x € BE(z,),
T (z) = . f( )
0 if z & Bigp(z,).

Since |z| > a,, — Cy — 2R for x € Bbp(x,), we have

iSELN

p=2
/ u? Ldr < ‘Bm Tn) \ B§($n)|p1’ (/ ub dx)
B3p(wn)\Bf(an) B (wn)\ B (2n)

< ( sup ‘— ) (/ € ”u’;nd$>
2€BE (2n) Bl p(zn)\BE(zn)' On

C(l——00+2R) : e

Qn

(z
2
P

ASRIN]

IN
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for n > 1. Hence we obtain

2 2
Mpa, (A —€)P <My pa, (M —€)?

X
S Mp ko —_
Ba, Qnp

< / (Tn| Vg, |* 4 ta, VT, Vg, ) dz
B

an

a”<rnuan)p)” < /B IV (T, )|? dit

an

+ / (—tUa, VT Vg, + uin IV T0|? 4 270 ta, V7 Vi, ) dx
B

an

T
S / (/80671 —"_ ’yanXan)Tn
Ba, a

nuﬁn dx + C/ ul, do

n BSp(zn)\Bf(zn)

+C (/ uz, da:) (/ |Vuan\2d:c>
BYp(xn)\Bf(zn) BYg(zn)\Bf(2n)

_ CO—FQR)_Z;” 2

1
2

I

cp

< Boy(M +€)+C (1

o7

for n > 1. Letting n — oo, we have

2(Co+2R) 2

my(\ — &) < Boo(M +2)+Ce 7 e5.

Since € > 0 is arbitrary, we have shown (8).

By (8) and Lemma 4.1, in addition to A;, taking a subsequence of {a,} if
necessary, we can find that there exist A\g,..., A, € (0,1) with > | A; = 1 such
that for each € > 0, there exist R > 0 and {z}},..., {z"} C R3 such that

lim min |z, — g2/ | = oo for i # j
n—oo geGy,

and

xa

nuﬁn dr| <e forn> 1

Let € > 0, and choose R and {z,}, ..., {2} which satisfy the properties above.

Without loss of generality, we may assume z}, ; = 0 or Byg(z},) N Bag(gzl,) = 0

foreach7=1,...,m and n > 1, where xfhl is the first coordinate of x! and g is
given by (5). By a similar way as we have shown (7), we can show «,, — |z | < C
for i = 1,...,m and n > 1. Let 7 : R® — [0,1] be a Lipschitz continuous

function such that 7 is g-invariant, |[V7:| < 2/R and

i\ J1 ifze Bp(al),
(@) = {0 if © & Bop(at).
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We define 7% : R? — [0,1] by

TH(z) = Z 7' (gx) for x € R®.

geGy

We can easily see that 7 is Gy-invariant, |V7.| < 2/R and

(1) 1 ifz € BR(z?),
x) = ,
0 if x & Bip(zl).

Noting

2
Z/B V(T g, ) |? dx

< / Vg, |* dr + Z/ (V7 P |ua, |? + 275 ua, VT Vg, ) dx
Bay, i=1 Y Ban

and using a similar argument as before, we have

/ Vg, |* de > Z/ (T g, )| dz — Cer
Bay,

Ba,,

—kZZ/ V(7 ug,) |2dx—C'5P

Bay,

m x o

n

Z kmp Qn E (/ )_ |

' Q

i=1 Y/ Ban T

m :L‘ o

177 n
— K mpa, 3 (/ pa
=1 Ban Qp

1=

2
i P 2
Tola, [Pdx | — Cer

2
. p
|77 Ua,, [P dx) — Cer

> kl_%mp,an Z (A — 5)% — Cev.

i=1
Letting n — oo and using Lemma 3.2, we obtain

kl_imp > k' Pmpz (A — 5)% — Cev.

=1

Since € > 0 is arbitrary, we have 1 > """ /\2/ P which is a contradiction. Hence,

we have shown that dichotomy does not occur. By Lemmas 4.1 and 4.2, taking
a subsequence of {a,} if necessary, there exists {x,} C R3 such that for each
e > 0, there is R > 0 such that

/ i
Bk (2,)! On

n|un]pdx2 1—¢ forn>1.




74 N. Shioji / Many Nonradial Positive Solutions of the Hénon Equation

If |z,1] — oo, where z,, = (Tp1,%n2,Tn3), We can obtain a contradiction as
above. So, we may assume xz,; = 0 for each n € N. Thus we have shown our
assertion. [l

We set
1 0 0
hg=1 0 cosf —sinf for each 6 € R.
0 sinf cos

Proposition 4.7. For each {a,,} C (0,00) with o, — o0, there exist a subse-
quence {n;} of {n}, 0 € R and u € K such that [ps e™u? dx =1/k and

2
lim V(uani(x) — g u(hggx — (0,0, an))> dzxr = 0. (9)
i—00 Jp3 —
geGy,
Moreover, there holds
: 2
O}Ln()lo ; Vo |* de = k' " rm,,. (10)

Proof. By Proposition 4.6, there exist a subsequence of {«,}, still denoted by
{a,}, and {z,} C R?® such that z,,; = 0 for each n € N and for each ¢ > 0,
there exists R > 0 such that

/ T
BE (zn) Qn

Without loss of generality, we may assume z, € B,, for each n € N. Let
e > 0 and choose R > 0 which satisfies (11). We may assume that «a, —
|z, — Ry € [0,00) and z,/c,, — y € 0B;. We can find § € R such that
hey = (0,0,1). Taking a subsequence of {a,} if necessary, we can infer that
{tta, (hy ' (- + (0,0,,)))} converges to u weakly in Dy*(R?). From (11), we

have
12k/ elulPdr >1—e.
{x€R3 :|z—(0,0,—R1)|<R}

Since € > 0 is arbitrary, we can infer [, €™ |u|P dz = 1/k. By this equality and

07

"ugn de >1—¢ forn>1. (11)

Lemma 3.2, we have

2

0< lim dx
n—odo R3

V(uan (z) — Z u(hogz — (0,0, @n)))

géék

— Tim |Vuan]2da:—k/ |vu|2dx§k1—§mp—k/ V2 dz.
R3 R3

Hence we obtain u € K and (9). Using the former part of this proposition, we
can easily see (10). Therefore we have shown our assertions. ]
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5. Existence of k positive solutions

In this section, we will show

/Ba xa(w)‘g

Although it seems to be difficult to show an L? boundedness of {u,}, we give
an L? estimation in Lemma 5.1 below, which is important to show (12).

We define K, : B, x B, — (0,00] by

ub dr <1 fora>1. (12)

(

1 1 1
e | | — " for x # 0,
™ r—y o .12
Ko(z,y) = o= Bl
1 1 1
—<———> for x = 0,
(4 \Jy|  «

which is the Green’s function of —A on B,. We can easily see

1
Ko(o,y) < ———. 13
R T (13)
From
2 2 2\( 2 2
« x o — |z|*) (e — |y
__Uy _|x_y|2:( II)(2 ||)7
|z a
we can find
2 12V (2 — [a]2
(2 = IsP)o? = ) or s 20,
dral|x — ix—i‘<ﬂx—i‘+x— )
Ka(may) - | yl = “ Y = “ Y ’ y’
2 [,]2
a 1y for x =0,
draly|(o+ ly])
which yields
(0 — [z*)(a® — [y[*)
Kq(x,y) < 14
() < (14)
Since K, is the Green’s function of —A on B,, we can find
ua(z) < By Ka(x,y)‘g‘ uo(y)?'dy for x € B,. (15)
«

Ba

We recall that p € (0,1/4) is fixed when we define x,. We choose p, o € R such
that
2 — )
O<p<a<Tu and %+§<a,
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and we define a positive constant v by

p+30c—p—4 inthe case 2 < p < 3,
V=
o in the case 3 < p < 6.

We can easily see max{3 — 2v,20} < 2 — pu, which will be used later.
Now, we give an estimate on the L2-norm of {u, : a > 1}.

Lemma 5.1. There holds

/ |ug|? do < Cam™>B3=2:29% - for o> 1,

&1

Proof. Let |z] < a—a’. We evaluate the integral on the right hand side of the
inequality (15) in each of the following three regions in B,:

0 a—ar<lyl<a
(ii)) |z—y| > (a—|z]) — a” and |y| < a — o,
(iii) |z —y| < (a—|z|) —a”.

First, we consider the region (i). In the case 3 < p < 6, using |z —y| > a” — o
for |y| > o — a”, (13) and Lemma 2.2, we have

Yyl -
/ Kalwy)| %[ ualy)r dy
{y€Bqy:a—ar<|y|<a} o

1 Y|« C C
S SN ug(y)Ptdy < — = —
~ dn(a® — ar) /Ba‘a‘ ta(y) V=0 " o

for @ > 1. In the case 2 < p < 3, using (14), Lemma 2.2 and

1 —af
aza for a — o < |y| < «,

|z —y| = a7 —ar |yl

we have

Y| —
/ Kol )| 2| waly)r dy
{y€Ba:a—ar<|y|<a} «Q

1 (0 = |z)((0* = (o — a*)?) ( o — o )3

— 87 2 a’ — P

«
p—1
y | : e
</ ‘— ua(y)2dy) (/ lyl =
B ' {y€Ba:a—ar<|y|<a}

3—p

< Ca4+p—3o (i /a Taf%-ﬂ dT) 2 — L — ¢
0

a® ap+30'7p74 J

—-p

3
y‘ dy)
«
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for a > 1. Next, we consider the regions (ii) and (iii). Noting

—a”\“
lim o’ (a &) =0 foreachs>0
and using (13) and Lemma 4.4, we have

Y|« -
/ Kol )| 2] vl dy
{y€Ba:lz—y|>(a—|z|)—a’, [y|[<a—ar} a

1 o\ pa—af
<C a-a / r2dr < £
a— x| —ar a 0 a¥

for a > 1 and

Yyl -
/ Ka(x7y)‘_’ ua(y>p 1dy
{y€Ba:lz—y|<(a—|z|)—ar} @

_ P\ & pa—lz/-af
o) [ e
o 0 r o

for a > 1. Thus we have shown

C
sup  Ug(r) < —  for a> 1.

|z|<a—a” «

<

Hence we obtain
/ lug|?dr < Ca®®  for a > 1.
{z€Ba:|z|<a—a}
From Lemma 4.3 with M = a — a?, we have

/ lua|? dz < Ca®”  for a > 1.
{z€Ba:|z|>a—a}

So we have shown our assertion.

7

[

We also need the following variant of the Poincaré inequality. We can prove it

similarly.

Lemma 5.2. For each a > 0 and v € Dy*(B,), there holds

(0%
/ ‘E‘ 02]x1|2dx§/ (V|21 |* de.
Bo' & Ba

Now, we show that u, is a positive solution of (2) for a > 1.
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Proposition 5.3. There holds

/Ba xa(x)‘g

Proof. First, we will show that there exists d > 0 such that

ubdr <1 fora>1.

Ua () < (2500)_1)%2 for x € B, with |z1| > d and a > 1. (16)

Indeed, if not, there exist {d,}, {a,} C (0,00) and {z,} C R?® such that d,, —
o0, Q — 00, Tpy > dy for each n € N and uq, (7,) > (285)"Y®"2. By
Proposition 4.7, taking a subsequence of {«,,} if necessary, we can find § € R
and u € K satisfying the properties in the proposition. Then by using [9,
Theorem 8.25], we can obtain a contradiction. Thus we have shown (16).

From —Au, < B,|z/al®u?™! in B,, we have

/ VuV (uglz1|?) da < ﬂa/ ‘Elauﬁmﬂ? dx. (17)
Ba B,' &

For the left hand side of the inequality above, we have

Ouq
Vu,V (ua|x1\2) dx = / (Vug|?|z1]* doz + 2/ Luaxl dx
Ba, Bag, 31’1

Ba

2/ |Vua|2|x1|2dx—2(/ |Vua|2|$1|2d:v) (/ |ua|2dx) :
Ba Bea B

For the right hand of the inequality (17), using (16) and Lemma 5.2, we have

oo [ |2t < 5 [ +a [
Bo ' & {zx€Bqu:|z1|>d} {z€Bu:|z1|<d}
—‘ ub dx

1 «
< —/ ‘E‘ ui|w1|2d:c+d2@>o/ -
2 B, B, (X

1

< —/ |Vua|2|a:1|2dx—|—d2ﬁoo
2 B,

for a > 1. So we have

1 3 3
—/ Vg |* |21 dz — 2 (/ Vg |* |2 dx) (/ |t |? dx) —d*f <0
2 /B, Ba Ba

for a > 1, which and Lemma 5.1 yield

/ (Vg |2z ]? doe < Ca™> 3229 for a>> 1.

@
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Using (16), the previous lemma, the inequality above and max{3 — 2v,20} <
2 — i, we have

T | ot (27 T 5
Xo(X)|—| WP der < — | — ‘—‘ ug |z |” dx
{r€Bu:|z1|>a/2} a 200 \ {z€Ba:|z1|>a/2} ' X
C

_ 2 20 12
= ﬁoooﬁ—ﬂ/B Vo] | du < (2~ p—max{3—2v,20} <1

for a > 1. Hence we have shown our assertion. O

Proof of Theorem. Let m € N with m > 2. Suppose that the conclusion
does not hold. Then there exists {a,} C (0,00) such that «,, — oo and for
each n € N, there do not exist m nonequivalent positive solutions of (2) with
« = «,. However, by Lemma 3.1, (10) and Proposition 5.3, taking a subsequence
of {a,} if necessary, we can find that there exist {u!},..., {u™} such that for
each k =1,...,m, there hold

(i)  for each n € N, u¥ is a positive solution of (2) with a = a,,

(i) Ry, (uf) — k'=2/Pm, as n — oo.

So there exists ng € N such that for each n > ng, R, (ul) # Ry (ul) for i # j.
This is a contradiction. Hence, we have shown our assertion. O
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