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1. Introduction

Throughout this paper, we denote by N the set of positive integers and by R
the set of real numbers. Let H be a real Hilbert space and let C' be a nonempty
subset of H. Kocourek, Takahashi and Yao [19] defined a class of nonlinear

ISSN 0944-6532 / $ 2.50 (© Heldermann Verlag



82 S. M. Alsulami et al. / Weak Convergence Theorems

mappings containing nonexpansive mappings [8], nonspreading mappings [22, 23]
and hybrid mappings [28] in a Hilbert space and they proved a fixed point
theorem and a mean convergence theorem for the mappings. A mapping T :
C — C'is called generalized hybrid [19] if there exist «, § € R such that

ol Tz = Tyl* + (1 — a) |z — Tyl|* < BTz —ylI* + (1 = B) ]z — yl*

for all z,y € C; see also [1]. We call such a mapping («, 3)-generalized hybrid. A
(1, 0)-generalized hybrid mapping is nonexpansive. It is nonspreading for o = 2
and # = 1. It is hybrid for a = % and § = % In general, nonspreading and
hybrid mappings are not continuous. See, for example, [16]. We also know the
concept of one-parameter nonexpansive semigroups in a Hilbert space. Let H
be a Hilbert space and let C' be a nonempty subset of H. Let S = RT = {t €
R:0<t< oo} Afamily S = {S(¢): t € R} of mappings of C' into itself is
called a one-parameter nonexpansive semigroup on C' if S satisfies the following:

(1) S(t+s)x=S(t)S(s)x, Ve € C, t,s € RT;

(2) S(0)x =z, Vx € C,

(3) for each z € C, the mapping t — S(t)z from RT into C' is continuous;
(2) for each t € R, S(¢) is nonexpansive.

Of course, S(t) are continuous. Such one-parameter nonexpansive semigroups
are used in the theory of nonlinear evolution equations [6]. Recently, using
the concept of means and invariant means, Takahashi, Wong and Yao [30] in-
troduced the concept of semigroups of not necessarily continuous mappings in
Hilbert spaces which contains discrete semigroups generated by generalized hy-
brid mappings and semigroups of nonexpansive mappings. They proved a fixed
point theorem and a mean convergence theorem of Baillon’s type [4] which gen-
eralized simultaneously the results [19] and [5] for generalized hybrid mappings
and one-parameter nonexpansive semigroups in a Hilbert space. They also gen-
eralized such results to Banach spaces; see [31]. Very recently, using the concept
of strongly asymptotically invariant nets, Hussain and Takahashi [12] proved a
weak convergence theorem of Mann’s type iteration [25] and a strong conver-
gence theorem of Halpern’s type iteration [9] in a Hilbert space. It is natural to
extend the results of [12] to Banach spaces.

In this paper, we first introduce a broad semigroup of not necessarily continuous
mappings in a Banach space which contains discrete semigroups generated by
generalized nonspreading mappings [20] and semigroups of ¢-nonexpansive map-
pings [31]. Then we prove a weak convergence theorem of Mann’s type iteration
for the semigroups of mappings. Furthermore, using the result, we obtain well-
known and new theorems which are connected with weak convergence results in
Banach spaces.

2. Preliminaries

Let E be a real Banach space and let E* be the dual space of E. For a sequence
{z,} of F and a point x € F, the weak convergence of {z,} to x and the strong
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convergence of {x,} to x are denoted by z,, = x and z,, — x, respectively. The
duality mapping J from FE into E* is defined by

Jo={a" € E": (v,2") = |lz|* = ||]2"||"}, Vx € E.

Let S(E) be the unit sphere centered at the origin of E, where (x,z*) is the
value of x* € E* at x € E. The norm of E is said to be Gateaux differentiable
if for each z,y € S(E), the limit

et iyl o]
t—0 t

(1)

exists. In this case, F is called smooth. The norm of FE is said to be Fréchet
differentiable if for each x € S(F), the limit (1) is attained uniformly for y €
S(E). A Banach space E is said to be strictly convez if |*3¥|| < 1 whenever
xz,y € S(F) and x # y. It is said to be uniformly convez if for each ¢ € (0, 2],
there exists § > 0 such that | 23¥|] < 1—§ whenever z,y € S(E) and ||z —y]| > e.
It is known that if £ uniformly convex, then F is strictly convex and reflexive.
Furthermore, we know from [27] that

i) if E is smooth, then J is single-valued;
ii) if E is reflexive, then J is onto;

(

(

(iii) if E is strictly convex, then J is one-to-one;

(iv) if E is strictly convex, then J is strictly monotone;
(

v) if E has a Fréchet differentiable norm, then J is continuous.

Let £ be a smooth Banach space and let J be the duality mapping on E.
Throughout this paper, define a function ¢ : £ x E — R by

da,y) = |2]* — 2z, Jy) + lylI*, Vz,y € E.

Observe that, in a Hilbert space H, ¢(z,y) = ||z — y||* for all z,y € H. Fur-
thermore, we know that for each z,y, z,w € E,

(el = 1lyl)?* < (. y) < (=l + [yl (2)
¢($,y):gb(I,Z)+¢(Z,y)+2<$—Z,JZ—Jy>, (3)
2(1‘ - Y Jz — JU}> = gb(x,w) + ¢(y72) - ¢($,Z> - ¢(y7w) (4>

If E is additionally assumed to be strictly convex, then
¢(z,y) =0 if and only if x = y. (5)
The following lemmas are in Xu [33] and Kamimura and Takahashi [18].

Lemma 2.1 ([33]). Let E be a uniformly convex Banach space and let r >
0. Then there exists a strictly increasing, continuous, and convex function g :
[0,2r] — [0,00) such that g(0) =0 and

laz + (1 = a)y||* < allz|* + (1 = a)[|y||* — a1 — a)g(||lz - yl|)
forallx,y € B, and a € [0,1] , where B, ={z € E : ||z| <r}.
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Lemma 2.2 ([18]). Let E be a uniformly convexr Banach space and let r >
0. Then there exists a strictly increasing, continuous, and convexr function g :
[0,2r] — [0,00) such that g(0) =0 and

g(llz = yl) < o(x,y)
for all z,y € B,, where B, ={z € E: |z| <r}.

Let E be a smooth Banach space and let C' be a nonempty subset of E. A
mapping T : C' — E is called generalized nonexpansive [13] if F(T) # () and

o(Tx,y) < ¢(z,y)

for all z € C and y € F(T). Let D be a nonempty subset of a Banach space E.
A mapping R : E — D is said to be sunny if

R(Rx +t(x — Rx)) = Rx

forall z € E and t > 0. A mapping R : E — D is said to be a retraction or a
projection if Rx = x for all x € D. A nonempty subset D of a smooth Banach
space F is said to be a generalized nonezpansive retract (resp. sunny generalized
nonezpansive retract) of E if there exists a generalized nonexpansive retraction
(resp. sunny generalized nonexpansive retraction) R from E onto D; see [13, 14]
for more details. The following results are in Ibaraki and Takahashi [13].

Lemma 2.3 ([13]). Let C' be a nonempty closed sunny generalized nonexpan-
siwe retract of a smooth and strictly convexr Banach space E. Then the sunny
generalized nonexpansive retraction from E onto C' is uniquely determined.

Lemma 2.4 ([13]). Let C be a nonempty closed subset of a smooth and strictly
convex Banach space E such that there exists a sunny generalized nonexpansive
retraction R from E onto C and let (z,z) € E x C. Then the following hold:

(i) z= Rx if and only if (x — z, Jy — Jz) <0 for ally € C;
(r)  ¢(Rz,2) + ¢(z, Rr) < ¢(, 2).

In 2007, Kohsaka and Takahashi [21] proved the following results:

Lemma 2.5 ([21]). Let E be a smooth, strictly conver and reflexive Banach
space and let C' be a nonempty closed subset of . Then the following are equi-
valent:

(a) C is a sunny generalized nonexpansive retract of E;
(b) C is a generalized nonexpansive retract of E;
(¢) JC is closed and convew.

Lemma 2.6 ([21]). Let E be a smooth, strictly conver and reflexive Banach
space and let C' be a nonempty closed sunny generalized nonexpansive retract of
E. Let R be the sunny generalized nonexpansive retraction from E onto C' and
let (z,2) € E'x C. Then the following are equivalent:
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(i) z= Rux;
(1)  ¢(z,z) = mingec ¢(x,y).

Inthakon, Dhompongsa and Takahashi [17] obtained the following result concern-
ing the set of fixed points of a generalized nonexpansive mapping in a Banach
space; see also Ibaraki and Takahashi [15].

Lemma 2.7 ([17]). Let E be a smooth, strictly conver and reflexive Banach
space and let C' be a closed subset of E such that J(C) is closed and convex.
Let T' be a generalized nonexpansive mapping from C into itself. Then, F(T) is
closed and JF(T) is closed and conver.

The following is a direct consequence of Lemmas 2.5 and 2.7.

Lemma 2.8 ([17]). Let E be a smooth, strictly conver and reflexive Banach
space and let C be a closed subset of E such that J(C') is closed and convex. Let
T be a generalized nonexpansive mapping from C into itself. Then, F(T) is a
sunny generalized nonexpansive retract of E.

Let [*° be the Banach space of bounded sequences with supremum norm. Let
i be an element of ({°°)* (the dual space of [*°). Then, we denote by u(f) the
value of p at f = (z1, 29, 23,...) € [*°. Sometimes, we denote by p,(z,) the
value u(f). A linear functional p on [* is called a mean if p(e) = ||u|| = 1, where
e=(1,1,1,...). Amean pis called a Banach limit on [* if p,(zp41) = pn(zn).
We know that there exists a Banach limit on [*°. If x is a Banach limit on [*°,
then for f = (21,29, 23,...) € %,

liminfxz, < p,(x,) <limsup x,.

n—0oo n—oo

In particular, if f = (x1,29,23,...) € [*® and x, — a € R, then we have
p(f) = pn(z,) = a. See [27] for the proof of existence of a Banach limit and its
other elementary properties.

3. Attractive Point Theorems for Families of Mappings

Let S be a semitopological semigroup, i.e., S is a semigroup with a Hausdorff
topology such that for each a € S the mappings s — a-s and s — s-a from
S to S are continuous. In the case when S is commutative, we denote st by
s+ t. Let B(S) be the Banach space of all bounded real-valued functions on
S with supremum norm and let C(S) be the subspace of B(S) of all bounded
real-valued continuous functions on S. Let u be an element of C'(S)* (the dual
space of C'(5)). We denote by u(f) the value of u at f € C(S). Sometimes, we
denote by p(f(t)) or p.f(t) the value p(f). For each s € S and f € C(S), we
define two functions I f and r,f as follows:

(sf)(t) = f(st) and  (rof)(2) = f(s)
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forallt € S. An element p of C'(S)* is called a mean on C(S) if u(e) = ||p|| = 1,
where e(s) = 1 for all s € S. We know that u € C(5)* is a mean on C(5) if and
only if

inf f(s) < u(f) <sup f(s), VfeO(S)

seS seS
A mean p on C(9) is called left invariant if pu(lsf) = p(f) for all f € C(S) and
s € S. Similarly, a mean p on C(S) is called right invariant if u(rsf) = u(f) for
all f € C(S) and s € S. A left and right invariant invariant mean on C(S) is
called an invariant mean on C(S). If S = N, an invariant mean on C(S) = B(S)
is a Banach limit on [*°. The following theorem is in [27, Theorem 1.4.5].

Theorem 3.1 ([27]). Let S be a commutative semitopological semigroup. Then
there exists an invariant mean on C(S), i.e., there exists an element p € C(S)*
such that p(e) = ||u|| =1 and p(rsf) = p(f) for all f € C(S) and s € S.

Let E be a Banach space and let C' be a nonempty subset of E. Let S be a
semitopological semigroup and let S = {7 : s € S} be a family of mappings of
C into itself. Then & = {71 : s € S} is called a continuous representation of S
as mappings on C' if Ty = T,T, for all s,t € S and s — Tix is continuous for
each x € C. We denote by F(S) the set of common fixed points of T, s € S,
ie.,

F(S) = N{F(T,): s € S}.

The following definition [26] is crucial in the nonlinear ergodic theory of abstract
semigroups; see also [10]. Let E be a reflexive Banach space and let E* be the
dual space of E. Let u : S — F be a continuous function such that {u(s) : s € S}
is bounded and let u be a mean on C(S). Then there exists a unique point
2o € co{u(s) : s € S} such that

/'Ls<u(8)7y*> = <207y*>7 \V/’y* SO (6)

We call such zy the mean vector of w for p. In particular, let S = {7, : s € S}
be a continuous representation of S as mappings on C such that {Tsz : s € S}
is bounded for some x € C. Putting u(s) = Tz for all s € S, we have that there
exists zp € E such that

ps(Tsz,y*) = (z0,y"), V'ye E"

We denote such zy by T,,z. A net {p,} of means on C(95) is said to be strongly
asymptotically invariant if for each s € S,

1€opa = pall = 0 and  |[rfpa — pall — 0,

where ¢% and r} are the adjoint operators of ¢; and rg, respectively. See [7] and
[27] for more details.

Let F be a smooth Banach space and let C' be a nonempty subset of E. For
a mapping 7' from C into C, we denote by A(T') the set of attractive points
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[24, 29] of T', that is,
AT)={ue E: ¢(u,Tz) < ¢(u,x), Vo € C}.

We know from Lin and Takahashi [24] that A(T') is always closed and convex. Let
S be a commutative semitopological semigroup with identity. For a continuous
representation S = {7 : s € S} of S as mappings of C' into itself, we denote the
set A(S) of common attractive points [3, 31] of S = {7 : s € S} by

A(S) = N{A(T;) : t € SY.

It is obvious from Lin and Takahashi [24] that A(S) is closed and convex. Using
the technique developed by Takahashi [26], Takahashi, Wong and Yao [31] also
proved the following attractive point theorem for a family of mappings in a
Banach space.

Theorem 3.2 ([31]). Let E be a smooth and reflexive Banach space with the
duality mapping J and let C' be a nonempty subset of E. Let S be a commutative
semitopological semigroup with identity. Let S = {Ts : s € S} be a continuous
representation of S as mappings of C into itself such that {Tsx : s € S} is
bounded for some x € C. Let p be a mean on C(S). Suppose that

ps@(Tox, Tiy) < psd(Tsw, y)
forally € C andt € S. Then, A(S) = N{A(Ty) : t € S} is nonempty. In

particular, if E is strictly convex and C' is closed and convez, then F(S) =
M F(T;) : t € S} is nonempty.

Let E be a smooth Banach space and let C' be a nonempty subset of E. Let
T be a mapping from C' into C. We denote by B(T') the set of skew-attractive
points [24] of T, i.e.,

B(T)={z€ E,¢(Tx,2) < ¢(x,2), Yz € C}.

Lin and Takahashi [24] proved that B(T) is always closed. Using the duality
theory of nonlinear mappings [32] and [11], they also proved that JB(T) is closed
and convex.

We can also define by B(S) the set of all common skew-attractive points of a
family S = {T; : s € S} of mappings of C into itself, i.e., B(S) = N{B(T}) : s €
S}. Takahashi, Wong and Yao [31] obtained the following skew-attractive point
theorem for semigroups of mappings without continuity in a Banach space.

Theorem 3.3 ([31]). Let E be a strictly convex and reflexive Banach space
with a Fréchet differentiable norm and let C' be a nonempty subset of E. Let S
be a commutative semitopological semigroup with identity. Let S = {Ts: s € S}
be a continuous representation of S as mappings of C into itself such that {Tsx :
s € S} is bounded for some x € C. Let u be a mean on C(S). Suppose that

psd(Tyy, Tsz) < psd(y, Tsx)
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forally € C andt € S. Then, B(S) = N{B(T}) : t € S} is nonempty. In
particular, if C is closed and JC' is closed and convex, then F(S) = N{F (1) :
t € S} is nonempty.

4. Weak convergence theorem

In this section, using the results in Sections 2 and 3, we prove a weak convergence
theorem of Mann’s type iteration [25] for a commutative family of not necessarily
continuous mappings in a Banach space. The following lemma is crucial in the
proof of our main theorem.

Lemma 4.1. Let E be a smooth and reflexive Banach space and let C' be a
nonempty subset of . Let S be a commutative semitopological semigroup with
identity. Let S = {Ts : s € S} be a continuous representation of S as mappings
of C into itself such that B(S) # (. Let u be a mean on C(S). Then

o(Tyx,m) < ¢p(xz,m), VreC, me B(S),
where T,x is a mean vector of {Tsz : s € S} and p.

Proof. Let z € C. Since B(S) is nonempty, {Tsx : s € S} is bounded. Then
there exists T,,v € I such that

ps(Tsw, ™y = (T,x,x%), Va* e E".
We first have that

| T,z||* = (T, JT,x) = pe(Tyx, JT,x)
< (| T 1Ty ll) = [1Tu] el | Tox |

and hence ||T,x| < | Tiz||. Then we have
2
1T l* < (el Tewl])™ (7)
We also have that

(nellTill)” = (el Tua]) (| Toe])
= (i, | T || T )

1 1
< s (. (Gl + STl )
1 1
= 3ITial? + Tl

1 1
= Spl Tl + Spel T

= Mt”Ttﬂfﬂz-
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Using (7), we have that
ITl* < pell T ]|, (8)

Thus we have from (8) that for any w € B(S)
ATy, w) = | Tyzl|* — 2Tz, Jw) + [Jw]]®
< || Tha||? = 2p Ty, Jw) + ||lw]|?
= pe (| T — 2(Tew, Jw) + [lw]]?)
= u¢(Tix, w)
< pud(z, w)
= ¢(z,w).
This completes the proof. ]

Using Lemma 4.1, we have the following result.

Lemma 4.2. Let E be a uniformly convex and smooth Banach space and let
C be a nonempty, closed and convexr subset of E. Let S be a commutative
semitopological semigroup with identity. Let S = {Ts : s € S} be a continuous
representation of S as mappings of C into itself such that B(S) # 0. Let {u,}
be a sequence of means on C(S). Let {a,} be a sequence of real numbers such
that 0 < o, < 1 and let {x,} be a sequence in E generated by v1 = x € C and

Tpy1 = Ty + (1 — )Ty, 2, VneN
If Rps) is a sunny generalized nonexpansive retraction of E onto B(S), then
{Rp(s)Tn} converges strongly to z € B(S).
Proof. Let u € B(S). Using Lemma 4.1, we have that

O(Tnt1,u) = Plapz, + (1 — ay,)T),, 20, w)
< @z, u) + (1 — an)d(T), 20, uw)
< (T, u) + (1 — ) 9(wn, u)
= ¢(xp, u).
So, limy,_,c ¢(2y,, u) exists. Since {¢(z,,u)} is bounded, {z,} and {7, z,} are

bounded. Define y,, = Rps)®, for all n € N. Since ¢(z,41,u) < ¢(zy,u) for all
u € B(S), we have from y,, € B(S) that

O (Tni1,Yn) < O(Tn, Yn)- (9)

From Lemma 2.4 and (9), we have

O(Trs1, Ynt1) = O(Tni1, Rps)Tni1)

(
< O(Tns1,Yn) — O(RB(S)Tnt1, Yn)
= ¢(Tn+1,Yn) — O(Yn+1, Yn)
< ¢<xn+la yn)
< O(Tn, Yn)
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Then ¢(x,,y,) is a convergent sequence. We also have from (9) that for all
m €N

O (Tnim Yn) < O(Tn; Yn).

From ¥, 4m = Rp(s)Tntm and Lemma 2.4, we have

¢(yn+m7 yn) + ¢($n+ma yn+m) S ¢($n+ma yn) S ¢(~Tn> yn)

and hence
¢(yn+ma yﬂ) < (b(xna yn) - (b(xn—l-ma yn—l-m)‘

Using Lemma 2.2, we have that

g(||yn+m - yn”) < ¢(yn+m7yn) < gb(xnv yn) - ¢(xn+m>yn+m)7

where ¢ : [0,00) — [0, 00) is a continuous, strictly increasing and convex function
such that g(0) = 0. Then, the properties of g yield that Rp(s)z, converges
strongly to a point z € B(S). This completes the proof. ]

Now, we can prove the following weak convergence theorem of Manns type [25]
for semigroups of mappings without continuity in a Banach space.

Theorem 4.3. Let E be a uniformly convex Banach space with a Fréchet dif-
ferentiable norm and let C' be a nonempty, closed and convex subset of E. Let S
be a commutative semitopological semigroup with identity. Let S = {Ts : s € S}
be a continuous representation of S as mappings of C into itself such that
A(S) = B(S) # 0 and let Rp(s) be the sunny generalized nonexpansive retraction
of E onto B(S). Suppose that

limsup sup (pa)s(¢(Tsz, Ty) — ¢(Tox,y)) <0, Vte S (10)

a z,yeD

for every strongly asymptotically invariant net {1} of means on C(S) and every
bounded subset D of C'. Let {u,} be a strongly asymptotically invariant sequence
of means on C(S), i.e., a sequence of means on C(S) such that

[ = Lpnll — 0, Vs €S.
Define a sequence {x,} in C as follows: x; =z € C and
Tpy1 = Ty + (1 — )Ty, x,, VneN,

where 0 < a,, < 1 and liminf,, . a,(1 — ) > 0. Then, {z,} converges weakly
to a point z € F(S) and z = lim,_.oc Rp(s)Tn-

Proof. Since B(S) # 0, we have that {Tsx} is bounded for all x € C. On
the other hand, since S is commutative, we have from Theorem 3.1 that there
exists an invariant mean on C(S). Let p be an invariant mean on C(S) and put
fo = p in (10). Then, we have from (10) that

psd(Tsz, Tyy) < psp(Tsz,y), Vr,y € C, te s (11)
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We have from Theorem 3.2 that F(S) is nonempty. Let 2y = x € C. Since
{Tsxz : s € S} is bounded for all z € C, {T,x, : s € S} is also bounded. So,
T,y is well-defined. Using Lemma 4.1, we have that

&1y, xn, w) < ¢(z,,w), Ywe B(S), neN. (12)
Then we have that for any w € B(S)

(b(xn—i-l; w) = ¢(O‘nxn + (1 )T T, W )

< an(zn, w) + (1 = ) (T}, T, w) (13)
< nd(Tn, w) + (1 — ) P(x0, W)
= (T, w)

for all n € N. Then, lim, . ¢(z,, w) exists and hence {z,} is bounded. We
also have from (12) that {7),,x,} is bounded. From Lemma 2.1, there exists

a continuous, strictly increasing and convex function ¢ : [0,00) — [0, 00) such
that ¢g(0) = 0 and

(Tns1, w) = Planwy + (1 — )T}, 20, w)
= [Janzn + (1 — )TunanQ — 2antn + (1 — an) Ty, Tn, Jw) + ||w||2
< anlznl* + (1 = an) 1T, 2al® = an(l = a)g(llzn — T, zall)
— 200, (T, JW) — 2(1 — (T}, T, Jw) + ||
= (T, ) + (1 — an)P(Tpy, Tn, w) — an(l — an)g(||wn — T, zal|)
)
)

< and(xn, w) + (1 = o) d(zn, w ) an(1 = an)g(l|zn — Ty, znl)
= ¢(Tn, w) — (1l — an)g(|[zn — xn”)

Thus we have

an (1 — O‘n)g(HTunxn — 2p|)) < (T, 2) — (g1, 2).

Since lim,, ., ¢(x,, z) exists and liminf, .. a,(1 — a;,) > 0, we have from the
properties of g that
[Ty @ — | — 0. (14)

Since {x,} is bounded, there exists a subsequence {x,,} of {z,} such that x,, —
v. It follows from (14) that
T, Ty — 0. (15)

We have from (4) that for y € C and s,t € S
2Ty — Thy, Jy — JTyy) — 6(Thy, y) = ¢(Tswn, Tey) — ¢(Tswn, y).

Applying pu,, to both sides of the inequality, we have that

2(pin)s(Tszn — Tyy, Jy — JTiy) — o(Thy,y)
= (tn)s(0(Tswn, Tyy) — ¢(Tsn, y))
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and hence

2(Ty,vn — Ty, Jy — JThy) — 6(Thy, y)
= (Mn)s(¢(Tsxna Ey) - ¢(Ts$n> y))

Since T, 2, = v and limsup, . (in,)s (¢(Tsttn,, Try) — ¢(Tsn,, y)) < 0, we get
that

2(v — Ty, Jy — JTyy) — &(Tyy,y) < 0.

Since 2(v — Ty, Jy — JTyy) — &(Tyy,y) = o(v, Tyy) — (v, y), we have that
o(v, Ty) < d(v,y), yeC, tes (16)

Putting y = v, we have v € F(T}). Therefore v € F(S). Let {z,,} and {z,,}
be two subsequences of {z,} such that z,, — u and T, — v. We have that
u,v € F(S). We also have from (11) that

u,v € F(S)=CnNA(S) C B(S).
Thus we have from (13) that lim, . ¢(z,,w) and lim, . ¢(z,,v) exist. Put

a = lim (¢(zn,u) — @(x,,v)).

Since ¢(xp, u) — ¢(xn,v) = 2(z,, Jv — Ju) + ||u||* — ||v||?, we have that

a = 2(u, Jv — Ju) + [[ull* = ||v]l*
a=2(v, Jv— Ju) +|Jul]* — [[o]*

From these equalities, we obtain
(u—wv,Ju— Jv) =0.

Since J is strictly monotone, it follows that u = v; see [27]. Therefore, {z,}
converges weakly to an element u of F'(S). On the other hand, we know from
Lemma 4.2 that {Rp(s)z,} converges strongly to z € B(S). From Lemma 2.4,
we also have

<$n — RB(S):L’n, JRB(S)mn — Ju> > 0.

Since E has a Fréchet differentiable norm, the duality mapping J is norm-to-
norm continuous. So, we have (u — z,Jz — Ju) > 0. Since J is monotone, we
also have (u — z,Jz — Ju) < 0. So, we have (u — z,Jz — Ju) = 0. Since F is
strictly convex, we have z = u. This completes the proof. O
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5. Applications

In this section, using Theorem 4.3, we obtain well-known theorems and new
theorems which are connected with weak convergence results in Banach spaces.
Let E be a smooth Banach space, let C' be a nonempty subset of E and let
J be the duality mapping from E into E*. A mapping T : C — C is called
generalized nonspreading [20] if there exist «, 3,7,d € R such that

for all z,y € C. Putting « = =~ =1and 6 =0 in (17), we obtain that
(T, Ty) + ¢(Ty,Tx) < ¢(Tx,y) + ¢(Ty, x), Vr,yeC.

Such a mapping 7" is nonspreading in the sense of Kohsaka and Takahashi [23].
In the case of @ =1 and =+ =0 = 0in (17), we obtain that

¢(Tz,Ty) < ¢(x,y), Vr,yeC.

Such a mapping T is called ¢-nonezpansive. If E is a Hilbert space, then we
have ¢(z,y) = ||z — y||? for all z,y € E. Thus we have from (17) that for any
x,yelC

al|Te=Ty|? +(1—a) [z =Ty [|* +(|ITy — Tz|* - | Ty — «|)
<BITe—yll* +(1=B) e —y I* +o(lly — T=l* — [ly — =II*)

and hence

(a+y) | Te =Ty |> +[1 = (e + )] | 2 = Ty |I*
<S@+)NTz—y P+l =B+ [z —y .

That is, T is a generalized hybrid mapping in the sense of [19]. Using Theorem
3.2, we have the following attractive point theorem for generalized nonspreading
mappings in a Banach space which was proved by Lin and Takahashi [24].

Theorem 5.1 ([24]). Let E be a smooth and reflexive Banach space and let C
be a nonempty subset of E. Let T be a generalized nonspreading mapping of C
into itself. Then the following are equivalent:

(1) A(T) #0;
(2) {T"wo} is bounded for some vy € C.

Additionally, if E is strictly convex and C is closed and convez, then the follow-
ing are equivalent:

(1) F(T)#0;
(2) {T"wo} is bounded for some vy € C.
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Using Theorem 4.3, we first obtain the following weak convergence theorem of
Mann’s type iteration for generalized nonspreading mappings in a Banach space.

Theorem 5.2. Let E be a uniformly convexr Banach space with a Fréchet dif-
ferentiable norm and let C' be a nonempty closed and convexr subset of E. Let
T :C — C be a generalized nonspreading mapping such that A(T) = B(T) # 0.
Let Rp(ry be the sunny generalized nonexpansive retraction of E onto B(T'). Let
{pn} be a strongly asymptotically invariant sequence of means on I, i.e., a
sequence of means on [>° such that

[pn = Ciptn |l — 0.
Define a sequence {x,} in C' as follows: ¥, =x € C and
Tps1 = Oy + (1 — )Ty, 2., Vn €N,

where 0 < a,, < 1 and liminf, o a,(1 — «,) > 0. Then the sequence {x,}
converges weakly to a point z € F(T), where z = lim,,_, Rp(r)Ty.

Proof. Let xz € C. Since A(T) is nonempty, the sequence {T"z} is bounded.
We have from (17) and (3) that for all z,y € C and k € N,

0 < Bo(T* a,y) + (1= B)p(Tra,y) + 6(p(y, T ' 2) — oy, TFx))

—ag(T* 'z, Ty) — (1 — a)¢(T"x, Ty) — y((Ty, T"'z) — ¢(Ty, T"x))

= B{o(T" 2, Ty) + ¢(Ty,y) + 2{T*x — Ty, JTy — Jy) }
+ (1= B){o(T"x, Ty) + ¢(Ty,y) + 2(T*x — Ty, JTy — Jy) }
+0(o(y, T"'2) — ¢y, Thx)) — ad(TH 'z, Ty) — (1 — a)p(T"x, Ty)
—y(¢(Ty, T*'a) — ¢(Ty, T*x))

= ¢(Ty,y) +2(BT* 'z + (1 — B)T"x — Ty, JTy — Jy)
+ (6 — ) (o(T* 'z, Ty) — ¢(T"x, Ty))
+0(p(y, T ) = ¢y, TFx)) = A(¢(Ty, T ) — ¢(Ty, T*x))

= o(Ty,y) + 2 <Tkx —Ty+ ﬁ(TkH:E - Tkx), JTy — Jy>
+ (6= a)(o(T* 'z, Ty) — ¢(T"x, Ty))
+0(p(y, T ) = ¢y, THx)) = A(¢(Ty, T ) — ¢(Ty, T*x))

and hence

2(T*z — Ty, Jy — JTy) — ¢(Ty, y)
< 2B(T* 'y — TFa, JTy — Jy) + (B — a) (¢(Tk+1x, Ty) — ¢(T"x, Ty))
+0(p(y, T" ' x) — ¢y, T x)) — y(o(Ty, T ) — ¢(Ty, T x))
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On the other hand, we have from (4) that
2(T*x — Ty, Jy — JTy) — §(Ty,y) = 6(T"x, Ty) — ¢(T*x,y).
So, we have that
O(T*x, Ty) — o(T"x,y)
<243 <Tk+1x —T*z, JTy — Jy> + (8 — a)(¢(Tk+1x, Ty) — ¢(T"x, Ty))
+0(o(y, TH2) — ¢y, T*x)) = 1(&(Ty, T 'x) — ¢(Ty, T"2)).

If {1} is a strongly asymptotically invariant net of means on B(N), then

() (0T x, Ty) — ¢(T"z,y)) < 2B(pa)e (T* ' — Tz, JTy — Jy)
+ (8= @) (Ha)i (T w, Ty) — (T 2, Ty))
+ d (Na)k(¢(y, T]H_l‘r) - Qb(y, Tk'r»
= (pa)i(d(Ty, T z) — ¢(Ty, T"x))
< |\l tta — b sup |(T*z, JTy — Jy) |
+ 18— af 651 — tal] sup ¢(T*x, Ty)
+ 0] |65 pta — gl sup oy, TFz))

+ 9] 165 e = pta|| sup (Ty, TF )
keN

and hence
limsup sup (tta)(O(T"z, Ty) — ¢(T*x,y)) < 0.
@ z,yeC
Therefore, we have the desired result from Theorem 4.3. ]

Using Theorem 5.2, we obtain the following theorem.

Theorem 5.3. Let E be a uniformly convex Banach space with a Fréchet dif-
ferentiable norm. Let T : E — E be an (a, 3,7, )-generalized nonspreading
mapping such that o > 3 and v < 6. Assume that F(T) # 0 and let Rpry be
the sunny generalized nonexpansive retraction of E onto F(T). Let {u,} be a
strongly asymptotically invariant sequence of means on [*°, i.e., a sequence of
means on [*° such that

[ttn — Cipan |l — 0.

Define a sequence {x,} in C' as follows: ¥, =x € C' and
Tpy1 = Ty + (1 — o)1y, x,, VneN,

where 0 < «,, < 1 and liminf, . a,(1 — ) > 0. Then the sequence {x,}
converges weakly to a point z € F(T), where z = limy,_.oc Rp(1)®n.
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Proof. We also know from [20] that o > 3 together with v < ¢ implies that

o(Tx,u) < ¢z, u)

for all z € E and u € F(T). Furthermore, we have that A(T) = B(T) = F(T).
Therefore, we have the desired result from Theorem 5.2. O]

Let E be a smooth Banach space and let C' be a nonempty subset of . Let S
be a semitopological semigroup. A continuous representation & = {7 : s € S}
of S as mappings on C' is a ¢-nonexpansive semigroup on C' if each T, s € S is
¢-nonexpansive, i.e., ¢(Tsz, Tsy) < ¢(z,y) for all x,y € C. In the case when F is
a Hilbert space, a ¢-nonexpansive semigroup on C' is a nonexpansive semigroup
on C; see Atsushiba and Takakashi [3]. Using Theorem 3.2, we can also prove

an attractive point theorems for ¢-nonexpansive semigroups in a Banach space;
see [31].

Theorem 5.4 ([31]). Let E be a smooth and reflexive Banach space with the
duality mapping J and let C' be a nonempty subset of E. Let S be a com-
mutative semitopological semigroup with identity. Let S = {Ts : s € S} be a
¢-nonezpansive semigroup on C such that {Tsz : s € S} is bounded for some
z € C. Then A(S) = "{A(Ty) : t € S} is nonempty. In particular, if E is
strictly convex and C' is closed and convez, then F(S) = N{F(T}) : t € S} is
nonempty.

Using Theorem 4.3, we also have the following weak convergence theorem for
¢-nonexpansive semigroups in a Banach space.

Theorem 5.5. Let E be a uniformly convexr Banach space with a Fréchet dif-
ferentiable norm and let C' be a nonempty closed and convex subset of E/. Let S
be a commutative semitopological semigroup with identity. Let S = {Ty: s € S}
be a p-nonezpansive semigroup on C such that A(S) = B(S) # 0 and let Rps)
be the sunny generalized nonexpansive retraction of E onto B(S). Let {u,} be
a strongly asymptotically invariant sequence of means on C(S), i.e., a sequence
of means on C(S) such that

[t = Gpnll = 0, Vs €S
Define a sequence {x,} in C as follows: xr1 = x € C' and
Tpy1 = 0y + (1 — o)1)z, VneN,

where 0 < a, < 1 and liminf, o a,(1 — «,) > 0. Then the sequence {x,}
converges weakly to a point z € F(S), where z = lim,,_.oc Rp(s)y-

Proof. Since S = {7 : s € S} is a ¢-nonexpansive semigroup on C, we have
that

¢(Tt+s$7Tty) < ¢(TS$7 y)



S. M. Alsulami et al. / Weak Convergence Theorems 97

for all z,y € C and s,t € S. Since A(T) is nonempty, {Tsx} is bounded for all
z € C. Let u e B(S) and put M ={y € C: ¢(y,u) < ¢(x,u)}. Then we have
xe M, T,M C M for all t € S and M is bounded, closed and convex. Without
loss of generality, we may assume that C' is bounded. Since S = {T; : t € S} is
a ¢-nonexpansive semigroup on C', we have that for all z,y € C' and s,t € S

o(Tsz, Thy) — ¢(Tsx,y)
= ¢(Tor, Tyy) — ¢(Torsz, Try) + ¢(Torew, Try) — ¢(Ts, y)
< ¢(Tsx, Ty) — d(Toye, Try) + d(Tsw,y) — o(Tsx, y)
= ¢(Tsz, Tiy) — ¢(Tstuw, Tyy).

If {pa} is a strongly asymptotically invariant net of means on C(S), then

(11a)s(0(Tow, Tyy) — &(Tsw, y))
< (a)s(@(Tsx, Tyy) — ¢(Topex, Try))
(:ua)sqb(Tsty T;ty) - (@Ma)sQS(Tsw, T;Sy))
< lta = 4 prall sup o(Tox, Tyy)

and hence
lim sup supc (tta)s(D(Tsz, Tyy) — &(Tsx,y)) <0
o x,ye
for all ¢ € S. Therefore, we have the desired result from Theorem 4.3. O]

As a direct sequence of Theorem 5.5, we have the following weak convergence
theorem for commutative semigroups of nonexpansive mappings in a Hilbert
space which was proved by Atsushiba and Takakashi [2].

Theorem 5.6 ([2]). Let H be a Hilbert space, let C' be a nonempty, closed and
convexr subset of H. Let S be a commutative semitopological semigroup with
identity and let S = {1} : t € S} be a nonexpansive semigroup on C such that
{Tyx : t € S} is bounded for some x € C. Let {u,} be a strongly asymptotically
invariant sequence of means on C(S), i.e., a sequence of means on C(S) such
that

Tim |l = G| =0, Vs € 5.

Define a sequence {x,} in C' as follows: ¥, =x € C and

Tpy1 = Ty + (1 — o)1y, x,, VneN,
where 0 < «a, < 1 and liminf, . a,(1 — «,) > 0. Then, {z,} converges
weakly to a point z € F(S) and z = lim,_.o Pp(s)Tn, where Pps) is the metric

projection of H onto F(S).

Proof. Since {Tiz : t € S} is bounded for some x € C, F(S) is nonempty.
We also note that A(S) = B(S) = F(S). Since A(S) = B(S) is a nonempty
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closed convex subset of H, there exists the metric projection of H onto A(S).
In a Hilbert space, the metric projection of H onto A(S) is equivalent to the
sunny generalized nonexpansive retraction of £ onto A(S). Therefore, we have
the desired result from Theorem 5.5. ]
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