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B-convexity was defined in [6] as a suitable Kuratowski-Painlevé upper limit of linear convexi-
ties over a finite dimensional Euclidean vector space. Except for the special case where convex
sets are subsets of R’} , B-convexity was not defined with respect to a given explicit algebraic
structure. This is done in that paper, which proposes an extension of B-convexity to the whole
Euclidean vector space. An unital idempotent and non-associative magma is defined over the
real set and an extended m-ary operation is introduced. Along this line, the existence of the
Kuratowski-Painlevé limit of the convex hull of two points over R™ is shown and an explicit
extension of B-convexity is proposed.
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1. Introduction

B-convexity was defined in [6]. One can say, loosely speaking, that this B-
convexity is obtained from the usual linear convexity making the formal trans-
formation 4+ — max. By definition, a B-convex subset of R’} is a connected
upper semilattice. B-convex functions were analyzed in [1]. Hahn-Banach like
separation properties [8] as well as fixed point results [7] — see also [10] — have
been established. The standard form of B-convexity is defined on the nonegative
Euclidean orthant R’} and is linked to Max-Plus algebra via a suitable homeo-
morphism. In finite dimensional space, Max-Plus convexity and B-convexity are
isomorphic topological Maslov’s semi-modules [9] and, consequently, a propo-
sition that is true in the framework of B-convexity holds, with obvious lexical
modifications, in Max-Plus convexity. Though B-convexity was initially defined
over R" as a Kuratowski-Painlevé upper limit of linear convexities, it was not
described in term of an explicit algebraic structure, excepted in the case where
convex sets are subsets of R’7. More recently, B~'-convex sets were introduced
in [2] and [12].

This paper introduces a suitable algebraic structure extending B-convexity to
the whole Euclidean vector space. However, there do not exist non trivial alge-
braic structures being both idempotent, associative, and having inverse elements.
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Therefore, a special class of idempotent magma is considered in which associa-
tivity is relaxed to preserve symmetry and idempotence. This binary operation
is based upon absolute value function. An n-ary extension of this algebraic
structure is proposed and related to the pointwise limit of a generalized Holder
sum. Some algebraic properties are established and an extended definition of
B-convexity is then proposed, including as a special case that one proposed in
[6]. Tt is shown that such a notion of convexity is equivalently characterized
from the Kuratowski-Painlevé limit of the generalized convex hull of two points

defined in [6].

The paper unfolds as follows. Section 2 focusses on a special class of symmetrical
idempotent magmas. An n-ary extension of this operation is proposed and is re-
lated to the limit of a generalized Holder sum. In Section 3, it is established that
such an algebraic structure yields a very simple extension of B-convexity over
R™. In Section 4, a relation to the limit of linear convexity is established. Among
other things, it is shown that, given two points in the whole Euclidean vector
space, the Painlevé-Kuratowski limit of their generalized convex hull exists and
is characterized from the algebraic structure defined in the paper.

In this paper, the following notations are used: N and Z denote respectively
the sets of natural numbers and integers; for all natural numbers n > 1, [n] =
{L,..,n}; RY = {(@1,...,xn) € R" 12, > 0,0 € [n]}; RY, = {(21,...,2,) € R":
x; > 0,4 € [n]}; for all finite set A, let Card(A) denotes its cardinality.

2. Pointwise Limit of a Generalized Sum and Algebraic Structure

For all p € N, we consider a bijection ¢, : R — R defined for all z € R"
by: @, : A — AP and O, (z1,...,2,) = (pp(71), ..., pp(7,)). We can in-
duce a field structure on R for which ¢, becomes a field isomorphism. Given
this change of notation via ¢, and ®, we can define a R-vector space struc-

ture on R™ by: A\ 7 z = D (pp(A).@p(2)) = A and for all 1,2, € R,

%)
T+ 1y = O (@y(21) + Pp(x2)); we call these two operations the indexed

scalar product and the indexed sum (indexed by ¢ of course). Suppose that
A = {x1,....;xm}. The p,-sum, denoted Y ** of (z1,...,2,) € R", is defined by

Pp
i€

i) Ti = ¢ (Zie[m] q)p(xl-)) In the remainder of the paper we denote for

p Pp
all z,ye R" x+y=2a+y.

2.1. On some Idempotent, Symmetrical and Non-associative Alge-
braic Structure

If ,y € R, then one has lim, ,  x ¥ y = max{|z|, |y|}. In the case where
x,y € R, it is easy to establish the following property.
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Lemma 2.1. For all x,y € R we have:

. 1 T if |x| > |y

lim z4y= lm (2% 4y = G ty) if 2] =y
p—>—+o00 p—>—+o00

y if o] < |yl.

1
Proof. Suppose that z = —y. Then for all p € N we have (%71 + ¢?P1)2%+1 =
1
(x?F1 — ?F1) 27T = (0, which proves this case. If z = y, then lim, o (2% +

yQp“)TlH =zlim, 9221 = 2. To end the proof, suppose, for example, that

2| > |y|. The map ¢t — In(1 -+ ¢) is continuous at point 0. Thus, since || < 1,
1
we have lim,_, | In ((1 + ( v )2p+1) 2p+1> = (. Consequently,
21\ 7T
1 P P+
lim (x2p+1 +y2p+1) 2+ — o [ lim (1 + <g> ) ] = x. ]
p—>+00 p—>+00 X

Let (M,H) be a magma or groupoid, that is a set M equipped with a single
closed binary operation M x M — M defined by (z,y) — xBy. M is unital if it
has a neutral element 0. This binary operation is idempotent if, for all x € M,
rBz =z Itis associative if for all (z,y,2) € M3, one has (z By)Hz =
xB(yBz2) =xByHz M has inverse elements if, for all x € M, there is
some —z in M such that x B (—z) = (—z) Bx = 0. We say that = and —z are
symmetrical if —x is the inverse of x and conversely. It is a standard fact that a
nontrivial group is not idempotent. In general idempotence is compatible with
a semigroup structure that is an algebraic structure consisting of a set together
with an associative binary operation. A semigroup generalizes a group to a
type where every element did not have to have a symmetrical element. In the
following a non-associative and idempotent magma is considered. The real set
R is endowed with the binary operation B : R x R — R defined by

rBHy= lim =z ¥ y= lim (x2p+1 + y2p+1)2”lﬁ (1)
p—>+o00 p—>+o00

The map (z,y) — z By is not continuous over R%. Moreover, this operation
is not associative. For example, one has (1B 1)H (—-1) = 1H (-1) = 0 and
1B (18 (-1)) = 1B0 = 1 which contradicts associativity. Associativity is
replaced with a weakened assumption which only requires that associativity
works for any pair of non symmetrical elements. By definition, for all z,y € R,
one has x By = max{x,y}. Moreover, if x,y € R_ then x By = min{z,y}. It
follows that the operation H defines a total order on R, and R_, but not on
the whole real set. In the remainder (R, H) denotes the set R equipped with the
operation H. The proof of the following proposition is left to the reader.

Proposition 2.2. The set R equipped with the operation B and the scalar mul-
tiplication satisfies the following properties:
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a) Forallx € R, x Bx = x (idempotence).

(b) Forallx e R, B0 =08z =1z (neutral element).

(¢) Forallx € R, there exists a uniqueness symmetrical element —x € R such
that x B (—x) = (—x) Bz = 0 (symmetrical element).

(d)  Forall x,y € R, we have t By =y Bz (commutativity).

(e) For all (z,y,2z) € R3, if x, y and z are mutually non symmetrical then
(xBy)Bz=x8(yBz2) (weakened form of associativity).

(f)  Forall (z,y,2) € R3, one has z2(xBy) = (rBy)z = (zx) B (2y) (distribu-

tivity).

The properties above show that (R,H,-) is endowed with some kind of “scalar
field like” algebraic structure. It is not a scalar field because (R,H) is not a
group. The next statement is an immediate consequence of Lemma 2.1.

Lemma 2.3. For all z,y € R, the following inequalities are equivalent: (a)
z<y; (b) 0 < (—z)By; (c) 8 (-y) <0.

Proof. First, note that the distributivity of the scalar multiplication on the
operation B implies that (b) and (c) are equivalent. All we need to prove is that
(a) and (b) are equivalent. Let us prove the first implication. If z <y, then for

all natural number p > 1, we have ((—z)**! + y2p“)2p1+1 > 0. It follows that

limy, oo ((—2)?Ptt + y2p+1)ﬁ = (—x) By > 0, which proves (b). Conversely,
suppose that (b) holds. By hypothesis 0 < (—z) By. If (—z) By = 0 then one
has z = y and (a) is immediate. Suppose now that (—z) By = y > 0. This
implies that one has |y| > | — 2| = |z|. Since y > 0, we have y > z, and we
deduce condition (a). Finally, if (—z) By = —z > 0, from the distributivity of
the scalar multiplication on the operation H, we have x H (—y) = z < 0. Since
|x| > |y|, this implies that x < y, which ends the proof. O

2.2. Construction of a n-ary Operation

In the following it is established that, though the operation H does not satisfy
associativity, it can be extended by constructing a non-associative algebraic
structure which returns to a given n-tuple a real value. For all z € R™ and all
subset [ of [n], let us consider the map &;[z] : R — Z defined for all a € R by

(rlr)(a) =Card{i € I : 2y = a} — Card{i € I : x; = —a}. (2)

This map measures the symmetry of the occurrences of a given value « in the
components of a vector x. This map satisfies the following properties whose the
proofs are obvious and left to the reader.

Lemma 2.4. For all x € R™ and for all subset I of [n]| the map &;|x] defined in
(2) satisfies the following properties:

(a)  &rlz] is an impair map, that is for all a € R, &[z](—a) = —&;]x](@).

(b) For all « € R the map x — &;lx](a) is impair.
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¢) If{a,—a}n{x;:iel} =0 then &(a) =0.

d) Foralliel, {pgy(z) = &(xy) — 1.

e) If &) (maxier |z;]) > 0 then max;e; x; = max;es |x;].

If &r]x] (maxer |;]) < 0 then minge; r; = — max;ey |74

g)  For all subsets I and J of [n| and all a € R, &rugfr](a) = &lx](a) +
&olz)(@) = Einal2] ().

(h)  &lz)(a) =0, for all a € R.

TN TN TN TN TN
=

For all x € R™ let J;(z) be a subset of I defined by

Ji(x) ={j € I - &la](x;) # 0} = I\ (&[] 7(0)) - (3)

Jr(z) is called the residual index set of z. It is obtained by dropping from
I all the ¢’s such that Card{j € [ : z; = ;} = Card{j € [ : z; = —x;}.

Definition 2.5. For all positive natural number n and for all subset I of [n],
let F;:R" — R be the map defined for all z € R™ by

maXie 7, (2) Li  if §1(w] (maxl-ejl(z) |:CZD >0
Fr(z) = minjeg, @ if §la] (maxic g (@) [2:]) <0 (4)
0 if &[z] (maxies, () |2]) = 0.

where £;[x] is the map defined in (2) and J;(z) is the residual index set of x.
The operation that takes an n-tuple (21, ....,z,) of R™ and returns a single real
element F j(z1,...,x,) is called a n-ary extension of the binary operation H.

Notice that, Jr(xz) = 0 if and only if &/[z]( max;cy, () |2:]) = 0. To see the

key idea of the definition above let us define the generalized sum of n real
1

numbers 1, ..., T, as Sp(T1, ..., T,) = (Zie[n] x/’) " say a Holder sum. When

one consider the subsequence of pair natural numbers, this generalized sum has
1

the limit: lim, o Sop(21, ..., xn) = lim, 4o <Zi€[n] xi2p> > _ Maxen | ;|-
The case where the generalized sum is defined with respect to the impair natural
numbers is analyzed in this section. It is shown below that f ;(z) is the limit of
the generalized sum So,1(21, ..., Tp).

Proposition 2.6. For all natural number n > 1 and all x € R™, if I is a
nonempty subset of [n| then:
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Proof. Let J;(z) be the residual index set of z. We have

1
21>+1 Zptl
E x; 2p+1 — E x; 2p+1 4 E x; 2p+1 ]

iel i€e\J;(z i€Jr(x)

By definition, there exists a partition of I\ J;(x) whose any block contains two

symmetric elements. Hence it follows that

E ZL‘Z‘QP—H = — E $i2p+1 = 0.

1€I\Jr(x) 1€\Jr(x)

Hence, we deduce that

1 _1
1 2p+1
§ T 2p+1 — E l,i2p+1 ]

iel i€T1(x)

Suppose that Jr(z) = (. In such a case

1
ST Zp+l
(2 ::L_Z2p+1> _ } : 20+ —0.

el ZEJ] )

1
Consequently lim, o (3°,.; 2% ) %% =0 = F ;(x) which proves this case.

Suppose now that J;(z) # 0. Let us denote
Mi(z) ={i € Ji(z) : |z;| = max |z;|}.
1€Jr(x)

Then, from the definition of map &;[x] in equation (2), we have

s 2p+1
) (—) el ( max \m) .
max;e 7, ‘.’L’Z| 1€Jr(x)

ieEM(x)

It follows that for all z € R™,

_1

1
prES] prES]
2p+1
g z 2Pt = max |z E w
% - v . .| 2p+1
1€Jr(x) e (z maXlEJ](x) ‘xl‘

1€Jr(x)
= | max |z; z).
(Mg)r \) (@)

_1
2p+1

2p+1
T
oo =t (s 1)+ 32 (i)

igM;(z)
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We need to compute the limit of a,(z), when p — oo. Clearly, for all i ¢
M, (z), we have

ti <1 (6)

MaXie, (x) | il
Since Jr(z) # 0, &[x] (maxie s, ) |2:] ) # 0, hence we consider two cases:

(1) &ilz] (maxeg, (@) |2]) > 0.
For the sake of simplicity, define a = &;[z](max;ecz, ) |2:| ) and b; = |

L
maX;e gy (x) |

for each i. We then obtain o, (z) = (a + D id My () b?pH) "1 Moreover, from
(6), we have |b;] < 1 for all i ¢ M,(]z|). By hypothesis a > 0 and we deduce

that limy, o0 In(a + > i v, (a)) prH) In(a). Hence, we have
In(a+ 3 ign,ap 0 )
lim Ina,(z) = lim : = 0.
p—>—+o0 p—>—+o0 2p +1
Thus, lim, . a,(z) = 1. Hence, from (5), we deduce that:
1
2p+1
lim x; 2Pt = max |x;| = )
Jm |2 ax || = f4(2)
€T (x)
(ii) &rl2] (maxieg, @) |2]) < 0.
Applying (i), we then obtain
1 1
T 31
— lim x; 2P = lim ;)P = max |z,
p—>00 Z p—>00 Z ( ) 1€Jr(x) ‘ |
i€Jr(x) 1€Jr(x)
Thus
1
2p+1
lim x; 2Pt = — max |z;| = min z; = F ;(x). O
p—>0 Z ZEJI(x)| | 1€Jr(x) I( )

1€Jr(x)

Let us introduce for all n-tuple x = (z1, ..., ) the operation defined by:

2p+1 $p
Hﬂ T, = pgnw (Z T 2p+1> - phi)noo Z T;. (7)

el el el

Clearly, this operation encompasses as a special case the binary operation defined
in equation (1). From Lemma 2.1 and Definition 2.5 if n = 2 and I = {1,2},
then, for all (zy,75) € R?
Ty = T tH ZIo.
ie{1,2}
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Example 2.7. Suppose that z = (2,3, -2, -3,1,-3,3, —%) First, note that
8] = {1,---,8} and {z; : i € 8]} = {1,-2,2,-3,3,—3}. We have {i : z; =
3} ={2,7} and {i: x; = —3} = {4,6}. Therefore, Card{i : x; = 3} = Card{i :
r, = =3} =2, {glz](x;) = 0 for i € {2,4,6,7}. Moreover: {i:x; =2} = {1}
and {i : z; = —2} = {3}. Consequently, Card{i : z; = 2} = Card{i : z; =
—2} =1 and &g[z](w;) = 0 for i € {1,3}. Hence, we have

T (x) = [8]\ ({2,4,6, 7} U {1,3}) = {5,8}.
Therefore Jig)(x) = {5,8}. Hence

e [ 18 () e

1€[8] 1€{5,8}

2.3. Some Algebraic Properties

A few immediate properties whose the proofs are obvious are established in the
next Lemma.

Proposition 2.8. For all x € R™ and all nonempty subset I of [n], we have:

(a) If Ji(x) # O then there is some iy € I such that z;, = EHZEI x;. Moreover,
§lal (i) > 0.

(b) IfaeRandx; =« forallie I then HE]ZEI:Q =a.

(¢) Moreover, if all the elements of the family {x;}ic; are mutually non sym-
metrical, then:

HH i = argm/\ax{\)\| c A€ {z;}ier}.

el

(d) Forall « € R, one has:

e (HE] xl> = FH(az;).

el el

e) Suppose that x € eR” wheree is+1 or —1. Then EHZEI r; = emax;er{ex;}.

(

(f)  We have | Hﬂiel x| < EE'ZEI |-

(g) For all permutation o : I — I, we have EHZ,GI T = HE]Z.GI To(i)-
(h)

If there exists j, k € I with j # k and z; + x;, = 0, then EHiel\{jyk} T; =
HE]ZEI x;. Moreover HE]ZEI T; = HE]ZEJI(QC) T;.

Proof. (a) By hypothesis, the subset J;(x) = {i € I : &[z](x;) # 0} is non-
empty. Therefore, there exists some ig € J;(x) such that |z;| > |z;| for all
i € Ji(x). There are two possibilities. If &[z](max;cz, ) |2i]) > 0, then,
from Lemma 2.4.(e), maX;c s, (q) |2i] = MaXjc g, @) T = T4. Thus &lx](xy,) >
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0. If &[z)(maxie s, |25]) < 0, from Lemma 2.4.(f), we have min;ez, ) ; =
— MaXje 7, (z) [Ti| = 4. Since {f[z] is an impair map, this also implies that

gf[ ](xlo) > 0

(b) is immediate setting z; = « for all i € I.

(c) If all the z;’s are mutually non symmetrical, then &;[z](x;) # 0 for all ¢ € I.
Hence, &rlx](max;er |2;|) # 0 and there is some € € {—1, 1} such that F ;(z) =
€ MaXje 7,(z) |7i], we deduce (c).

(d) Since the scalar multiplication is distributive on addition, it is an immediate
consequence of Proposition 2.6.

(e) If x € R% then EE'ZEI r; = max;er ;. © € —R implies that ;[z](max;er [2;])
< 0 and EHZEI x; = mingey x; = — max;er(—x;).

(f) For all z € R™ and all I C [n], we have F ;(|z]|) = max;es |z;|. Moreover,

by definition there is some § € {—1,0,1} such that F ;(z) = 0 maxjez,(z) 6;.
Therefore f ;(|z]) > |F 1(x)].

(9) Given a nonempty subset I of [n], the Hélder sum is independent of any
permutation of the index set /. Hence, from Proposition 2.6, we deduce (g).

(h) In such a case {i € I\{j,k} : &lx](z;) # 0} = {i € I : &lz](x;) # 0}
Therefore Jp\ (1 () = Jr(x), which proves the first part of the statement.
Since J7,()(x) = Jr(x), the second part is immediate. O

In the following we introduce the operation (-, ), : R" x R" — R defined for
all z,y € R" by (2,9)0 = Hﬂie[n] x;y;. Let || - ||oo be the Tchebychev norm

defined by ||#||oc = max;cp |2;]. The next result is an immediate consequence
of Proposition 2.8.

Proposition 2.9. For all x,y € R", we have:
(a) V(2 T)oo = [l2]l -

(0) 2, ) ool < 120 [¥]|co-
(¢) Foralla € R, oz, y)oo = (0T, Y) o0 = (T, Y) oo

Proof. (a) By definition (z,7)s = EEIZE[M x;? = maX;ep) ;7 = || oe”, Which
ends the proof.

(b) From Proposition 2.8.(f), [(x,y)e| = |HHZe ] ziy| < EHZE[M |y <
(maxey) |7;|) (max;ep [4:]), which proves (b). (c) is immediate from Proposi-
tion 2.8.(d). O

The next statement establishes a key property resulting from Proposition 2.10.

Proposition 2.10. Suppose that x = (x1, ..., x,) € R™. For all nonempty subset
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x; B < H xj>] € {O,EH:EJ}
jeI\{i} JjeI
jen{i

Proof. If J;(x) = 0, then this property is immediate. In such case, since
I is nonempty, from Proposition 2.8.(a), there is some iy € I\{i} such that

x;, = —x;. Therefore z; B <Hajel\{i} xj) = 0. Suppose now that Jp iy (x) # 0
and let us consider four cases:

(1) |xi| > | EEljeI x;|. This implies that i € I\Jr(x). Thus &/[z](x;) = 0.
Hence, 1\ (;3[z](z;) < 0 and from Proposition 2.8.(a) F

I of [n] and alli € I:

and

B =B

el el

jeI\{i} xj # x;. Moreover
Engayle](—a;) > 0, and by hypothesis, |x;| > |z;| for all j € Jp gy (x). Therefore
EEljel\{i} xj; = —x;. It follows that

:EZHH< H ZL‘j> =z, B (—z;) =0,

JEN{i}
which proves this case.
1) x; = _x;. By definition, this implies that &;|z|(z;) > 0. Since
Jjel J

Engaylel(zi) = &lxl(z;) — 1, one has &ppyfe)(z;) > 0 and, consequently,
Engayle](—x;) < 0. Thus, from Proposition 2.8.(a), Hzljel\{i} x; # —x;. More-

over, | Hﬂjel\{i} z;| < |z;| and we have

SrpEET

jeN{i} jeI

(1ii) z; = — EElje] z;. Equivalently, we have —x; = Hﬂjd

tion 2.8.(a), this implies that there is some ig € I such that z;, = F4 T =
j

with &;[z|(z,) > 0. Since J;(z) # 0, x;, # 0 and z;, # ;. It follows that iy # 1.
Thus &n iy [z](2s,) > 0. Therefore, FH = z;, = —x;. Consequently:

x; and, from Proposi-

jeI\{i} i

:EZHH< EH ZL‘j> =z, B (—z;) =0.

Je{i}

(1) |z < |HE|],€I z;|. Hence, from Proposition 2.8.(a) there is some iy € I

such that @, = H._ «;. This implies that {[z](z;,) > 0. Therefore, since

jel
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|z, > ||, we have £p iy[@](z4,) > 0 and it follows that |z;] < | EH]EI\{Z,} xil.
Hence z; B (EElje[\{i} xj> =1, = Hﬂjel xj, which ends the proof of the first
part of the statement.
To prove the second part of the statement, we need to establish that there exists
some ¢ € [ such that z; B (Hﬂjef\{i}xj) =x;. If Ji(x) = () then EElje] z; =0
and from the statement above [:pz H (Hﬂjel\{i} x]>] € {0} for all i. In such a

case, this property is obviously true. Suppose that J;(x) # (). Recall that from
Proposition 2.8.(a) there is some i € I such that x; = Bjc;z;. Then, using (i),
the second statement follows. O

For all (u,v,w,t) € R*, let us denote uBBvBw = F 3)(u, v, w) and uBvBwBt =
Fg(u,v,w,t). The result above implies that for all z,y,2 € R we have the
identities: t By =cByBrsBHy and xByBz=[¢B (yB2)|ByB (:Bzx)| B
[ 8 (zHy)].

Let A : R"™ — R™ be the map defined by:

Az, .z = <x1 H ( H ZL‘j> ooy Ty, BB < H xj>> . (8)
jeln\{1} j€ln]\{n}

Lemma 2.11. Suppose that x = (x1,...,x,) € R". Let € € {—1,1} such that
EHZEI:Q € eRy. Foralli € I, let A; : R" — R be the map defined by

Ai(x) = o; B (Hzlje[n}\{i} xj>. Then:

(a) HH,.. == emax;er{eN;(x)};
(b)  Foralli,j, k € [n], we have: A;(z) B A;(z) B Ax(z) = (Ai(x) BA;(x)) B
Ay(2) = Au(2) B (Ag(2) B Ag(2))

Proof. (a) From Proposition 2.10 we have A;(x) € {0, H... z;} forall i € I.

Hence A;(z) € eR; for all ¢ and from Proposmon 2.8.(¢c), the result follows. (b)
is an immediate consequence of (a).

O

Example 2.12. Let © = (4,-3,-4,2,3,2,-2) € R". We have Jz(z)
{4,6,7} and [7)\TJj7 (=) = {1,2,3,5}. We have 4H(—3)H(—4)H2H3H2H(-2)
2. Moreover, Ay(x) =48 ((—-3)B (—4)B2H3EB28(-2)) =48 (-4) =
Similarly we obtain Ay(z) = (— 3) B3 =0 As(z) = (—4) B4 = 0; Ay(x) =
2H0=2; As(z) =3B (-3) = ()—QEEO—Q A (z) = (—2)HB2=0. It
follows that

A(z) = (0,0,0,2,0,2,0) = (0005395@,053%).

i€[7] 1€[7]
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Lemma 2.13. Let n be a positive natural number and I be a nonempty subset
of [n]. Let PB(I) = {1, : j € [m]} be a partition of I with m nonempty subsets
I;. If for all (j, k) € [m] x [m]

(EE' xz> + (HE] xz> #0 then EE' (HE] xl> = HE] Z;.
iel; iely jelm] \i€l; iel
Proof. For all j € [m], let us denote y; = EEIZEI x;. By hypothesis the y;’s are

mutually non symmetrical, it follows that there exists some jo € [m] such that

vio = HH vi = argrrﬁx{wjl 1 j € [ml}.

J€[m]

Therefore, for all @ € I such that |z;| > [y;,|, and all j € [m] & [x](z;) = 0.
However, by hypothesis (/) is a partition of I. Hence I = Uje[m] I; with

I; N1, =0, for all j # k. Thus, for all 7 € I such that |z;| > |y;,| we have from
Lemma 2.4.(g) &i[2](2:) = 32 ¢ &1 [2](2:) = 0. 1t follows that

Jr(w) C{i el |zi] < y;l}-

Therefore, |EHje[m] <EHZEI?_ xz)| = |EHje[m] yil = lyjol > |EHZ€IJ:Z| From
Proposition 2.8.(a), y;, # 0 implies that there is some iy € I;, and such that
Tiy = HE]ZE% T; = yj,. Since |z;| < |z;,| for all i € Jr(z) and the y;’s are not

symmetrical it follows that &;[x](x;,) > 0 which ends the proof. O

2.4. Euclidean Orthant, Absolute Value and Upper Semi-Lattice
Structure

The algebraic structure (R, H, -) can be extended to R". Suppose that x,y € R,
and let us denote
cBy=(x; By, -, 2, Byn). 9)

Moreover, let us consider m vectors x4, ..., x,, € R", and define

HE]@z(HH xi:l"”’Hij:”>' (10)

j€lm j€lm icim]

Let the triple (R",H,-) denotes the nm-dimensional Euclidean vector space
equipped with the operation binary operation (z,y) +— z By and the exter-
nal scalar multiplication of vectors by real numbers -.

For all (z,y) € R} xR% we have xHy = xVy. Moreover, for all (z,y) € R xR,
xHy = x Ay where V and A respectively denote the maximum and the minimum
with respect to partial order of R™ associated to the positive cone, that is, the
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coordinatewise supremum and infimum. For all z and y in R”, x < y means
y —x € R It follows that given a subset {x1,...,%,,} of R, we have

EH T = \/ xj. (11)
j€[m]

J€[m]

If {x1,...,2,,} is a subset of R™ then

A z=/\ = (12)

J€[m] JE€|m]

For all z,y € R", let us denote x [y = (x1y1, ..., T,¥n). In the following we say
that two vectors x,y € R" are copositive if

vy eRY. (13)

We say that a subset K of R" is copositive if for all z,y € K one has x [y > 0.
For all subset L of R™, K is copositive and maximal in L if there does not
exists a copositive subset K’ C L which contains K. A n-dimensional ortant
in R™ is copositive and maximal in R". Equivalently, a n-dimensional orthant
in R™ is a subset defined by a system of inequalities: €;xz; > 0 for any ¢ € [n],
where each ¢ is +1 or —1. A n-dimensional closed orthant K of R™ can be
written K = [[;_, (¢Ry). Let Ux : R — K be the map defined by ¥g(z) =
(€121, ..., €,x,) With || = 1, for all i € [n]. ¥k is a linear homeomorphism such
that ¢ (R’}) = K and one has Vit = g, which implies that ¢ (K) = R?.

For all z € R", let us denote |z| = (|z1], ..., |z,|). Let K be a n-dimensional
orthant and let us consider the binary relation defined by z <y <= |z| < |y|.
> is a partial order over K. For all z, y, and z in K, we have x < x (reflexivity);
if z <y and y < x then x = y (antisymmetry); if z < y and y < z then z < z
(transitivity). A n-dimensional closed orthant K equipped with the partial order
< is a partially ordered set (or a poset). Then H is a join on K, and the triple
(K,H, >) is an upper-semilattice.

If {x1,..., 2} is a subset of K then

A z=Y| \ ¥)]. (14)
Jj€l

m] je[m)

3. On Some Idempotent Convex Structure

A subset C' of a R is B-convex if and only if for all ¢ € [0,1] and all z,y € C, zV
ty € C'. Equivalently, we say that a subset C' of a n-dimensional orthant K is B-
convex if and only if for all ¢ € [0, 1] and all z,y € C, zHty € C. Such a definition
is equivalent to that one proposed in [6]. It is also the definition proposed
further in the paper to define B-convex sets on the whole Euclidean vector space.
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R_ x ]R+ R2

NS

700

Figure 3.1: B-convex sets and symmetrical points

Equivalently, a subset C' of K is B-convex if and only if ¥ (C) is a B-convex
subset of R”. For all finite subset A = {1, ..., ,,, } of K the smallest B-convex set

which contains it is B[A] = {EH tiwct € [0, 1], max;epm, t; = 1}. For the
sake of simplicity, let B[z, y] denote the B-convex hull of {x,y} for all z,y € K.

i=1,--,

The binary operation H yields a simple formulation of B-convexity on each
orthant. However, the problem to solve is much more complex over R™. Suppose
for example that z,y € R", |z| = |y| and & # y, then {tx B sy : max{t,s} =
1,t,5 > 0} = {z,2HBy,y} that is not a path-connected subset of R" (see Figure
3.1).

3.1. An Extended Definition of B-convexity

In [6] B-convexity is introduced as a limit of linear convexities. More precisely,
for all p € N the ®,-convex hull of a finite set A C R" is defined by:

Co®(A) = i R i ti =, (1), p(t;) > 0,i € [m] (15)
i€[m] i€[m]
which can be rewritten:
ErEs)
Co®(A) =< &, * Z £ D, () | Z R =1,t>0,i € [m]
i€[m] i€[m]

This is basically the approach of Ben-Tal [5] and Avriel [3].
Equivalently, one has Co®(A) = ®,* (Co (®,(A))). Recall that, for all z,y €

R™ x i y==x ﬁf y. For simplicity, throughout the remainder of the paper we
denote for all subset L of R® CoP(L) = Co®"(L).

From Briec and Horvath [6] a subset L of R™ is B-convex if for all finite subset
A C L the B-polytope Co®(A) = Ls,—,o CoP(L) is contained in L. In the
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following, we show that the Painlevé-Kuratowski limit of the ®,-convex hull of
two points x, y exists in R™ and we give an algebraic characterization!.

In this paper, a weaker definition is proposed in line with the algebraic structure
above introduced.

Definition 3.1. A subset C' of R" is B*-convex if and only if for all ¢ € [0, 1]
and all (z,y) e Cx C, x Bty € C.

Notice that for all n-dimensional orthant K of R", a B-convex subset of K is Bf-
convex. It is shown that the following definitions of B*-convexity are equivalent.

Proposition 3.2. For all subset C' of R", the following claims are equivalent:

(a) C is a B*-convex subset of R".
(b)  Forall (xq,...,2y) € C™ we have:

{ HE] tiz; » maxt; = 1,t € [0, 1]m} cC.

1€[m] i€[ml

Proof. Let us prove that (a) implies (b). If C is Bf-convex, this property is
true for m = 2. Suppose it is true at rank m and let us prove that it is
true at rank m + 1. In other words, assume that for all (z1,...,x,,) € C™ we

have: EH tix; : maX;ep t; = 1,t € [0,1]™ ¢ C C, we need to prove that if
1€[m]

(Z1, ey Tiny Tpg1) € C™FL then for all t € [0, 1] such that max;epnint; = 1

we have Hzlie[mﬂ] t;x; € C. To establish this property, we use Proposition 2.10

which implies that if (21, ..., Ty, Tmy1) € C™! then, for all ¢ € [0,1]™" such
that max;epm1)ti = 1, we have

H = [

1€[m+1] 1€[m+1]

je[m+1\{i}

For all i set tf = max{t; : j € [m + 1]\{i}}. It follows that

* t
Jelm+1\{i}

(i) By definition, if t7 = max{t; : j € [m+1]\{i}} < 1 then, since max;cpni1t; =

1, we have t; = 1. Moreover, maxje[mﬂ}\{i}(%) = 1 and since, by hypothesis, the

[ o= B

1€[m+1] 1€[m+1]

!The Kuratowski-Painlevé lower limit of the sequence of sets {4, }nen, denoted Liy, o0 Ap,
is the set of points p for which there exists a sequence {p,} of points such that p, € A, for
all n and p = lim,, o0 pr ; & sequence {4, }nen of subsets of R™ is said to converge, in the
Kuratowski-Painlevé sense, to a set A if Ls,, .00 Ay = A = Li, o0 Ay, in which case we write
A =Lim, - A,.
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(t—]) l’j € C

t

property is assumed to be true at rank m, it follows that Hzlje[mﬂ]\{i}

Hence, we deduce that

t.
:cﬁﬂtf( 1] (t—i) xj> eC.
JElm+IN{a} N7

(27) If t7 = 1 then there is some iy € [m + 1]\{i} such that ¢;, = 1 and, by

hypothesis, it follows that EElje[mH]\ @ tjx; € C. Furthermore, since ¢; € [0, 1]

we deduce from (a) that t;x; B <Hzlje[m+1]\{i} tjxj) € C. For all 7, set A; =

t;x; H (EElje[mH]\{i} tjxj>. We have proven that, for each i, A; € C'. Moreover,
from Propositions 2.10 and Lemma 2.11, the A;’s belong to a n-dimensional

orthant K and, then, can be composed associatively using the operation H.

Thus, we deduce from (%) that Hﬂie[m—l—l] tix; € C which ends the proof of (b).

The converse inclusion is immediate. O

Proposition 3.3.

(a) The emptyset, R", as well as all the singletons are BF-convez.

(b) If{Ds : 6 € A} is an arbitrary family of B*-convex sets then (\; Ds is
B*-convez.

(¢) If{Ds : 6 € A} is a family of Bf-convexr sets such that ¥o;,0, € A
303 € A such that Ds, U Ds, C Dy, then |J; Ds is B! -convez.

(d) If C a B-convex subset of R then it is B*-convex.

Given a set S C R” there is, according to (a) above, a Bf-convex set which
contains S; by (b) the intersection of all such Bf-convex sets is B-convex; we call
it the Bf-convex hull of S and we write B*[S] for the Bf-convex hull of S.

Proposition 3.4. The following properties hold:

a) B =0, B R"] =R, for all x € R", B*[{x}] = {z}.

b) Forall S CR", S C B*[S] and B*[ [B*[S]] = B[S].

For all Sy, Sy C R™, if S; C Sy then B¥[S;] C BF[S,].

For all S C R", BY[S] = (J{B*[A] : A is a finite subset of S}.

A subset L C R™ is Bf-convex if and only if, for all finite subset A of L,
B*[A] C L.

AA/—\/—\/—\
L O
—_ I — —

8

3.2. Intermediate Points and Copositivity

A set of points, we term the intermediate points, is introduced to characterize
the B-convex hull of two points on the whole Euclidean vector space. For all
(x,y) € R" x R™, let us consider the map v : R” x R" x [0, +00] — R" defined
by:

Y(z,y,t) = (max{1,t})" " (xBty), forallt>0 (16)
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and by v(x,y,4+00) = y. For all (z,y) € R" x R", let Z(z,y) be the subset
defined by Z(z,y) = {i € [n] : z;y; < 0} and let n(z,y) be its cardinal. Remark
that vy(z,y,0) = x.

For all i € Z(z,y) and all ¥ € R, a point v € R" is called a i-intermediate
point between z and y if there is some ¢} €]0, 400 such that

Yilz, y, 7)== (v(z,y,t)); = 0. (17)

Lemma 3.5. Let v : R" x R" x (R, U {+00}) — R" be the map defined in
(16). Suppose that Z(z,y) # 0. We have the the following properties:

(a) For alli € Z(x,y), the map t — ~;(z,y,t) has a uniqueness zero tf =

-4 = z— > 0 and there 1s a uniqueness i-intermediate point
1

Yi
. il |i]
v(x,y,ti):( x| B yl.
max{|z;, [yi|} max{|z;|, |yl }
(b) ForallieI(x,y) and allt >0

max{l,t} ', ift < -7

tmax{1, ¢t} ly, if t > -

(¢) Ift > max{l, =t} then v(z,y,t) = yi. Moreover, if t < min{l, —:}

then 7@(x7 Y, t) = Ty-
(d)  limy_ovy(z,y,t) =z and limy_, o y(z,y,1) = y.

Proof. (a) For alli € Z(z,y), we have z;y; < 0, which implies that —% = [£] >
0. Moreover, v;(x,y,t) = 0 if and only if (max{1, ¢} 'x;)H (max{1,t} ty;) = 0.

Since this is equivalent to z;Hty; = 0, we deduce that ¢ = —% is the uniqueness

positive zero of the equation 7;(x,y,t) = 0. Moreover ~,;(x,y,0) = z; # 0 and
vi(x,y, +00) = y; # 0, which ends the proof.

(b) The case ¢ = —7t is an immediate consequence of (a). Assume that ¢ # — 7.

7

In such a case, one has

max{1,¢}lx; if |[max{1, ¢} 1a;| > |t max{1,t} 1yl
tmax{1,t} "y, if |max{1,t}1a;| < [t max{1,t} Lyl

’Vi(xayaﬂ = {

Zi

o] = —%, it follows that

Since

max{1l,t} tz; ift< %

max{1,t} 'y; i e
(c) If t > max{1,—Jt}, then, from (b) one has vi(z,y,t) = tmax{1,t} 1y,
Moreover max{1,t} = ¢. Therefore v;(z,y,t) = y;. If ¢ < min{l, -}, then

vi(z,y,t) = max{1,t} 'x;. Moreover max{1,t} = 1. Therefore v;(z,y,t) = z;.
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Z2
' = (3,4)
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Figure 3.2.1: Intermediate points ~ Figure 3.2.2: Examples of B*-convex sets

(d)Suppose that j ¢ Z(z, y), then there is e € {—1, 1} such that (max {1, t}_lx)]ﬂﬂ
(¢ max{l,t}_ly)j € eR;. It follows that the map ¢ — ~;(z,y,t) is contin-
uous. Hence, we clearly have lim; o7v;(7,y,t) = x; and lim; o v;(2, 9, t)
= y,;. Suppose now that i € Z(z,y). From (c) lim; ,07,;(z,y,t) = x; and
lim; 400 v;(2,y,t) = y; which ends the proof. O

Notice that it may happen that there are two indexes i,k € Z(x,y) such that
Y@,y t7) = v(x,y,1;). Let O(z,y) = {0, +oo, =it +i € I(x,y)}. I I(x,y) = 0,
then O(z,y) = {z,y}.

Example 3.6. Let z = (4,2), 2/ = (3,4), 2" = (—%,3) and y = (-2, —3) four
points of R?. Clearly, we have Z(z,y) = Z(2',y) = {1,2}. Let us denote ~;
the intermediate points between z and y. We have v; = max{4,2}(2(4, 2)H
4(—-2,-3)) = (0, —3). The second intermediate point between x and y is 7o =
max{2,3}71(3(4,2) B2(—2,-3)) = (4,0). Let us denote 7, the intermediate
points between 2’ and y. We have v = max{3,2}71(2(3,4) B3(-2,-3)) =
(0,—3). Following a similar procedure, we get 75 = (2,0). Finally, we have
Z(z",y) = {2}, and using similar notations we obtain 7§ = (=%, 0).

The following figure depicts the example above. The doted lines between the
points and their respective intermediate points represent the B-convex hull de-
fined on each orthant respectively.

Lemma 3.7. For all z,y € R™ such that Z(x,y) # 0, let {im tmein(ay) be an
index sequence of I(x,y) such that

im € arg max L >myp  forallm € [n(z,y)].
i€Z(z,y) Yi

We have for all m € [n(z,y) — 1]:

i X,
v (:L,7y7_xm> D/y (%y, _—H> Z 0.
Yim yim+1
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Moreoverny(:py, >>O 7<xy, M)EyZO.

‘n(z,y)

Proof. Suppose that j ¢ Z(z,y). In such a case z;y; > 0. It follows that
there is some € € {—1,1} such that z;,y; € eR;. Therefore v;(z,y,t) =
[(max {1, t}'x) @ (t max {1,¢}"" y)}j € eRy, forall t > 0. Hence if y(x,y,t} )
and y(r,y,t; ) are two intermediate points, then for all j € [n]\Z(z,y) one
has

(’Yj(xayat;m)) (’yj(xayat;m+l)) Z 0.

Suppose now that i € Z(x,y). Set tf = —Zj—z for all i € Z(x,y). By construction
{t; }me[n(ey)) Is a nondecreasing sequence of Ry . Since ¢; and ¢} ., are two
consecutive terms of this sequence, for all i € Z(z,y) we have t ¢ |t& . t& |

tm? Tlm+1

Thus one has either t; <t; <tf ort; >t; >t . From Lemma 3.5.(b),

+1 tm+1

Vl(xayat: )’}/Z({E,y,t:m 1)
+

max{1,t; } ' max{1,# }7'(2:)> >0 ifty >ty >t
=<0 if ty e {t; 7} (18)
tr tr omax{l,tf }max{l,t; }'(y:)? >0 ifty <ty <tr

It follows that for all m € [n(z,y) — 1], v(x,y,t,,) Bv(x,y,t;,,.,) > 0. Let
us prove that z B y(x,y,t;,) > 0 and y(z,y,t;,, ,,.,) Dy > 0. Since for all
i€ L(x,y) ty, <ty < t7 .0, We have

max{1,¢; } ' (z;)* >0 ift] >},

0 if 7 = t7

X ’yz(l'ayatZ) = {

and

0 ittr =tr

i\ZT, 7t* i = ‘(=)
R ( Yy Zn(x,y)) Y {t;kn(ac )max{lj in(an )} 1(yi)2 >0 if t* <tr

tn(z,y)

Since t7 = —7t > 0 for all ¢ € Z(x,y), this ends the proof. O

Set t; = 0, tz*n = +oo and tf = —Z= for all m € [n(z,y)]. A sequence

(z,y)+1 m Yim
{t; n(x’y ' of O(z,y) satisfying the conditions of Lemma 3.7 is called an in-
termedlate sequence. Moreover, let I'(z,y) = {y(z,y,t) : t; € O(z,y)} be

the set of the i-intermediate points together with x and y.
One can then establish the following inclusion, whose the proof is immediate.

Proposition 3.8. Let C' be a Bf-convex set of R". Suppose that x,y € C,
and let {t; }fn(i’é’)ﬂ be an intermediate sequence of ©(x,y). Then, for all m €
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n(z,y)], v(x,y,t; ) € C. Furthermore

n(z,y)
U B u.t).7(x.85,,,)] € C.
m=0

Proof. For all ¢ > 0, max {max{1,¢} ! tmax{1,t}"'}} = 1. Consequent-
ly, since x,y € C, all the intermediate points lie in C'. Since for all m €
{0,1,...,n(z,y)} ~v(z,y,t; ) and y(z,y,t; ) are copositive, it follows that
B [v(z,y.t; ), (2, v, tz*mﬂ)} C C for all m, which ends the proof. O

The next results will be useful in the remainder of the paper.
Lemma 3.9. For all (a,b,c,d) € R*, if (aBb) (cEBd) > 0 then
(aBb)B (cBd) = Fyla,b,cd).

Proof. We first assume that (a B b)(cEH d) = 0. In such a case, one has either
aBb=0or cHd=0. Suppose, for example, that a BHb = 0. Then (e« Hb) H
(cBd) =08 (cBd) = cHd. Moreover, F g4(a,b,c,d) = F y(a, —a,c,d) = cBd
and the equality holds true. The proof is similar in the case where ¢ Hd = 0.

Suppose now that (¢ B b)(cHd) > 0. Then a B b # 0 and cHd # 0 and from
Lemma 2.13, we deduce the result. O

For all u,v,w, z € R", let us denote

vBvBwBz= (F[4}(u1,v1,w1,21), e ,F[4}(un,vn,wn,zn)) ) (19)

Proposition 3.10. For all z,y € R", let {t} n(zg)+

quence of ©(z,y). Then

be an intermediate se-

n(z,y)
U B [7(1‘7 Y, t:m)’ ’7(1" Y t:m-‘rl)}
m=0

C {tzBrzBsyBwy: max{t,r,s,w} =1,¢t,r,s,w > 0}.

Proof. We have just to show that if v,7 € I'(x,y) and v+ > 0, then
Bly,'] C {tx Brz B sy B wy : max{t,r, s,w} =1,t,r,s,w > 0}. Suppose that
z € B[y,7/]. Hence, by hypothesis, there are a, o/ € R, such that max{«, o'} =
1 and z = ay B o'/, Since v and ' are two intermediate points there exists
s,t, s, t" > 0 with max{s,t} = 1 and max{s’,#'} = 1 and such that v = sz H
ty and v = sz B t'y. It follows that z = [a(sx B ty)] B [o/(sz B t'y)] =
[(asz) B (aty)| B [(o/s'z) B (/t'y)]. Since v and ' are copositive, for all i € [n],
[(asz;) B (aty;)][(o/s'x;) B (a't'y;)] > 0. We deduce from Lemma 3.9 that

[(asz;) B (aty;)] B [(o's'z;) B (o't'y;)] = (asz;) B (aty;) B (o's'z;) B (o't'y;).

It follows that z = (as)zB(at)yHB(o’s")2B(a/t")y. Moreover, one has max{as, at,
o/s a't'} = 1. Hence, z € {tz Brz B sy Bwy : max{t,r,s,w}=1,¢,r s,w>0},
which ends the proof. O
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3.3. Some Topological Properties

In the following we show that Bf-convex sets have a path-connected structure.
This we do using the intermediate function and focusing on the copositive case.

Proposition 3.11. Let v : R" x R" x [0,4+00] — R™ be the map defined in
(16). Suppose that x and y are copositive. Then:

(a) The map t — ~v(z,y,t) is continuous on R, .
(b) One has limt—)O ’V(ZL‘) Y, t) :’7(1‘7 Y, 0) =z and hmt—>oo 7(1" Y, t) = 7(1" Y, +OO)

(¢)  For all copositive pairs (z,y), we have v (x,y, [0, +o0]) = B[z, y].

Proof. (a) The maps ¢ — max{1,¢} ! is continuous over R, . Since z and y
are copositive, for all i there is some ¢; € {—1, 1} such that

vi(x,y,t) = € max {ei max{1,t} 'z;, ¢;t max{1, t}_lyz} )

Consequently, each map ~;(z,y, ) is continuous in ¢ and the result follows.

(b) Clearly lim; ,o max{1,¢}~! = 1 and lim;_,o t max{1,¢} ! = 0. Hence, we have
limy_0y(x,y,t) = x. Moreover, lim;_,o, max{1,¢} ! =0 and lim;_,, ¢t max{1,¢} !
= 1. Consequently, lim; . y(z,y,t) = y.

(¢) Since x and y are copositive, we have Blx, y] = {txBsy : t, s € [0, 1], max{t, s}
= 1}. Since for all ¢ > 0 max {max{1,¢}~! ¢t max{1,t} '} = 1, we deduce that
v(z,y,Ry) C Blx,y]. However, from [6], B[z, y] is a closed subset of R". From

(a) and (b), we deduce that 7 (x,y, [0, 4+00]) C B[z, y]. Let us show the converse
inclusion. By definition, we have

Blz,y] = {teBy:t€[0,1]} U{zBsy:se[0,1]}.

Suppose that 0 < ¢t < 1, and set ¢ = ¢~'. We have tx By = (max{1,¢'} ')z B
(' max{1,t'} 1)y € v (z,y,[0,+0c]). If t = 0 then = v(z,y,0). Furthermore,
if 0 < s <1, then xHsy = (max{1, s} 'z)B(smax{1, s} 1y) € v(z,y, [0, +o0]),
which proves the converse inclusion. O

Corollary 3.12. Let a and b two real numbers with a < b. Let h : [a,b] — R,
be an homeomorphism such that h(a) = 0 and h(b) = co. Let &, : R" xR™ X [a, b]
be the map defined by &n(x,y,s) = v(x,y,h(s)). If x and y are copositive, then
the map s — & (x,y,s) is continuous. Moreover & (x,y,a) = x, {(x,y,b) =y
and &, (x,y, [a, b)) = Blz, y].

It is shown below that a Bf-convex set is path-connected.

Proposition 3.13. A non empty Bf-convex of R™ is path-connected.

Proof. We first establish that for all z,y € R", there exists a continuous map
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&(z,y,-) : [0,1] — R™ such that

n(z,y)

&(x,y,[0,1]) UJB% W,y 7)) v,y 15 )]

with &(x,y,0) = « and &(x,y,1) = y. Let {t} MEOH B an intermediate
sequence of O(z,y) from z to y. Set z = ~(x,y,0) and y = v(x,y,00). From
Corollary 3.12, for all m € {0, ...,n(z,y)} there is collection of continuous maps

Nm [t:mat:,,hq] — B [’Y(%yaﬁm)ﬁ(%yatfmﬂ)}

such that nm([t:mvt:mﬂ]) =B [7(x7yat;m)afy(xayat:mﬂ)} ﬁ(tm) = ’y(x’yat;m)
and Ny, (tmi1) = (@, 9, ti,,,). Let & : R® x R" x [0,1] — R™ be the map
defined by &(x,y,t) = nn(t) for all t € [t,,tme1]. Clearly, the map ¢t —
&(x,y,t) is continuous and we have &(x,y,0) = z and &(x,y,1) = y. More-
over, &(z,y,[0,1]) = U:;(i’oy)IB% [’y(x,y,t}m),’y(x,y,tjmﬂ)]. Suppose that L is
a Bf-convex subset of R". From Proposition 3.8 we have, for all z,y € L,
the inclusion |J"“ B [V(z,y,t; ), v(z,y,t; )] C L. Hence, we deduce that

tm+1

§(L x L x[0,1]) C L and this ends the proof. O

3.4. Separation of Copositive B-Convex Sets

We say that two subsets C; and Cy of R™ are copositive if for all (zq,x2) €

C1 x Oy, 1 Dy € RY. In this subsection, it is shown that the inner product

(2,y) = (2, Y) 0o = HE] ol ]xiyi can be used to separate two copositive B-convex
mne=en

sets. For all u,v € R, let us define the binary operation

u if |u| > |v|
u~—v =< min{u,v} if |u| = |v|
v if |ul < Jul.
An elementary calculus shows that u v =  (u — v — [(—u) — (—v)]). It has

been established in [8] that the set R equipped with the semilattice operation
— and the usual multiplication - by positive real numbers is a semimodule over
the semifield of positive real numbers R,. Furthermore, both (R, —,-) and
(R_,—,+) are sub-semimodules isomorphic to (R,,max,-); the isomorphisms
are, respectively, given by the inclusion, u — wu, and the negative of the inclusion,
U — —u.

Given m elements uy, ..., u,, of R, not all of which are 0, let I, respectively I_,
be the set of indices for which 0 < wu;, respectively u; < 0. We can then write
(e (\'/z'e]+ Uz) ~ (\"iEI_ Uz) = (maXi€I+ Uz) ~ (miﬂiel_ Uz) from
which we have
max;er, w; if 1= =0 or max;e; |u;| < maxer, u;
Up — = Uy = § Minger u;  if I =0 or max;er, u; < maxger |u;|  (20)

minge; w; if maxer |u;| = maxer, u;.
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We define a B-form on R’} as a map f : R} — R such that, for all u,, ..., u,, in
R? and all ¢y, ..., ¢, in Ry f(tiug V- Vigpu,) =t f(u) — - — b f(um). It
has been shown in [8] that a map f : R? — R is a B-form if and only if there
exists (a1, ...,a,) € R", necessarily unique, such that, for all (x4, ...,z,) € R7,

f(z1, .y xy) = @121 — + - — ApTy,. (21)

Moreover for all B-forms f : R} — R and all real numbers c :

if 0 < ¢ then f(z) < ¢ if and only if m?x{aix} < mz}x{—aix, c} (22)
el [ASY S
and
if ¢ <0 then f(z) < ¢ if and only if mz}x{aix, —c} < mz}x{—aix}. (23)
(ASY S (ASY

For all ¢ € R and all subset I of [n] the map y — max;er{y;, ¢} is continuous
over R™. Therefore for allc € R, f~ (] — 0o, ¢]) = {x € R" : f(z) < ¢} is closed.
It follows that a B-form is lower semi-continuous.

The largest (smallest) lower (upper) semi-continuous minorant (majorant) of a
map h is said to be the lower (upper) semi-continuous regularization of h.

Proposition 3.14. Let f be a B-form defined by f(x1,...,x,) = a1y — + -+ —
anxy, for some a € R™. Then f is the lower semi-continuous reqularization of

the map x +— (a,T)o = EEIZ,GM a;T;.

Proof. Suppose that ¢, : R" — R is the lower semi-continuous regularization
of (a,x)e. First, remark that for all x € R™

f(x) < (@, 2)o

Therefore, all we need to prove is that ¢,(z) = f(x). By definition, since f is
lower semi-continuous, we have for all z € R”

f(@) < pa(r) < (0, 7)o

Let I* = {i € [n] : a; < 0}. If I* = () then (a,x)o = maXjep) |a;z;| =
max;c(,){a;x; }. Moreover by definition f(x) = max;cp{a;x;} = (a, 7). Conse-
quently, since f(z) < p,(x) < (a, ), we deduce that f(z) = (a, )0 = @a().
Suppose now that 1% # () and pick some ig € I*. By hypothesis, we have a;, # 0.
Now, let {z}ren be the sequence defined as:

Tki = 1

Tiy + ack if 1 = ig.
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Hence, since a;,7;, < 0 andig € I* we have (a, T1) o0 = @iy Tiy — 1

F — — aXen] |az‘$z‘|
—%. Thus:

lim (a, Zk) oo

1
= lim (— max |a;z;| — —) = —max |a;z;|.
k—00 k—so00 i

i€[n] k i€[n)

Moreover, since ¢, is lower semi-continuous and limg_,, xp = x:
liminf p,(xr) > @a(2)
k—o0

By hypothesis ¢, is the lower semi-continuous regularization of (a, -)., thus, by
definition, (a, Zx)oo > @a(zr). Therefore:
—max |a;z;| = lm (a,2g)s > liminf o, (z5) > @a(x)
i€[n] k—s o0 k—so00
Hence @, (2) < —max;ep,) |a;z;|. However, since I* # 0, f(z) = — max;ep |a;z;],
and we deduce that:
val(r) < f().
But since ¢, is the lower semi-continuous regularization of the map x +— (a, )
and f(z) < (a, ) Yz € R", we also have:

a(r) = f(2).
Consequently, ¢,(x) = f(z) which ends the proof. O

In [8] it was established that if C; and Cy are nonproximate B-convex subsets of
R? then there exists a B-form f : R} — R such that sup,cq, f(z) < infec, f(2).
In the following, this result is extended to the inner product (z,y) — (z,y)s =

Proposition 3.15. If C and Cy are nonprorimate copositive B-conver subsets
of R™ then there exists some a € R™ such that

sup (a, )0 < inf (a, z)c.
zeCq zcC

Proof. If C; and U5 are copositive, then they belong to the same n-dimensional
orthant K that is homeomorphic to R’} using a suitable linear homeomorphism.
Therefore, for sake of simplicity, we shall assume that K = R’}. From [8], there
is some a € R™ such that the map x — a2y — --- — a,x, separates C and
Cs. This implies that inf,cc, f(x) > sup,cq, f(z). Since f is the lower semi-
continuous regularization of (a, -) ., it follows that (a, x)s > f(z) for all x € Cs.
Therefore

inf (a,2)s > inf f(z). (%)

zeCo zeCs

Let us consider the map g : R* — R defined for all x € R" by g(z) = —f(—x).
Since x +— —x is continuous, g is upper semi-continuous. Moreover, for all
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r € R" f(—z) < (a,—%)oc = —(a,%)s implies that g(x) > (a,z)s. From
equations (22) and (23), for all real numbers c :

if ¢ <0 then g(z) > ¢ if and only if mz}x{—ai:p} < mz}x{aix, —c}
(ASY S (ASY

and

if ¢ > 0 then g(z) > ¢ if and only if mejtx{—ai:p, c} < m?x{aix}.
1ely Sy .

Hence g(x) < c if and only if f(z) < ¢ and sup,cq, 9(z) < infee, f(z) <
inf,ec, (@, )00 Since (a,x)s < g(x) for all x € C4, this ends the proof from
(%). O

4. Relation to a Limit of Linear Convexities

4.1. Intermediate Points of Order p

For all natural number p, let us consider the map v : R x R" x [0, +00] — R
defined by:

1 t
APz, y,t) = <T> x i <T> y, forallt>0 (24)
14+t 1+t

and by 7#)(z,y, +00) = y.

Lemma 4.1. For all p € N, the map defined in (24) satisfies the following
properties. For all x,y € R™:

(a) The map t — ~P)(x,y,t) is continuous over R.

(0)  We havelim,__,oy?) (z,y,t) = vP)(z,y,0) = 2 and lim;__,, oo Y (2, y, 1) =
PN (z,y, +00) = y.

We have P (z,y, [0, +00]) = Co(x,y).

For all t € [0, +00], we have lim, o Y P (z,y,t) = (2, y,1).

—~~
ISR
~— —

) Forallt € [0,+0c], v (x,y,t) and v(z,y,t) are copositive.

(

Proof. (a) The ¢, generalized sum is continuous. Moreover, for all ¢ > 0 the

V)

p
map ¢ +— (1 + ¢)~! is continuous and positive.

(b) follows from the continuity and using the fact that lim, . -t = 1.
144

(c) Let us show that for all + > 0 7P (z,y,t) € CoP(x,y). It is easy to see
that (%) i (%) = 1 and it follows that v®)(z,y,t) € CoP(x,y) for all

1+t 14t
t > 0. Since vP)(z,y,00) = y, we deduce that y®) (z,y, [0, +oc]) € CoP(x,y).

Conversely, suppose that z € CoP(x,y). By hypothesis there is some 6 € [0, 1]
such that » = 6z + (1 z @)y. If & € {0,1} then either z = z or z = y.
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P p
Suppose that 6 €]0, 1], then setting t = 10%‘9, we obtain § = % and 1 — § = -,
1+t 1+t
Consequently, z € v(x,y, R, ). Therefore, the converse inclusion is true and we

deduce that v®(z,y, [0, +oc]) = Co’(z,y).

(d) If either ¢ = 0 or ¢ = oo then this property obviously holds true. Suppose
that t € R, .. For all j € [n], we have

1
2p+1 2p+1\ 2p+1
. tu. €T + (ty; )P
lim yj(»p)(x,y,t): lim ( xp] )i( ij ) = lim ( ¢ (Qiiz )
p—00 p—>00 1+ ¢ 14+ ¢ p—>00 1+t

1
. (xipﬂ + (tyj)2p+1)2p+1 _ T H ty;
P (14 t2p+1)2pﬁ max{1,¢}

= ’yj(xayat)'

1
(e) From Lemma 2.3, we have for all j € [n], (x?pﬂ + (ty;)? ) > 0 if and
only if z; Bty; > 0. Using distributivity of scalar multiplication, we deduce
(e). O

For all i € Z(z,y), we say that v (x, y, t7) is a i-intermediate point of order
p between x and y if %(p)(:p,y,t;‘) =0.

Corollary 4.2. Let z,y € R" and suppose that Z(x,y) # 0. Then, for all
i € Z(x,y) one has the following properties:

(a) For all p € N, there is a uniqueness i-intermediate point of order p

* |yl| p |xl|
Y (@, y,t}) = (T v+ | —— v
i + |yil i + |yil

with 17 = —% = | &
Yi Yi

(b) Forallp €N and all i € I(z,y), y? <x, Y, —%) is a i-intermediate point

Li

of order p if and only if v <ZL‘, v, —;) 1s a 1-intermediate point.

(¢) Let y(z,y,t7) be a i-intermediate point and let {yP)(x,y,t7)}pen be a se-
quence of i-intermediate points of order p. Then lim, . VP (z,y, 1) =
V(2 y, 1)

(d) If{t; }:ifig”)ﬂ is an intermediate sequence of ©(x,y) satisfying the condi-
tions of Lemma 3.7 with t; =0, t7 = +oo andtj = —z’_ﬁ for all

m € [n(z,y)], then:

CoP(z,y) = | J Co? (4P (2, 9.8;,) 4" (2.0.15,,,)) -

Proof. (a) v;(x,y,t;) = 0 if and only if (%) T + (%) y; = 0 which is
1+¢

equivalent to t; = —z— =

Zi
Yi
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Figure 4.1.1: Examples of sets Co™(z,y) Figure 4.1.2: Limit of Co(x,y)

(b) and (c) are two immediate consequences of (a) and Lemma 4.1.(d).

(d) By definition, for all m v® (z,y,t; ) ,+® € Co?(z,y). Therefore Co?(z,y) D
U”(m’y) Co? (vP) (z,y, t5 ) P (z,y,t5, ) - Moreover, since x = v? (z,y,},)

m=0 Tm+1

*

and y = ,y(p) <xayat'

i )+1)’ the converse inclusion holds. 0
n(z,y

4.2. Painlevé-Kuratowski Limit

In the following, it is proven that Co™({z,y}) = Lim, . Co’({z,y}). This
means that, given two points in the whole Euclidean vector space, the Painlevé-
Kuratowski limit of their generalized convex hull exists. Moreover it is es-
tablished that it has an algebraic description. For the sake of simplicity let
Co™(z,y) and CoP(z,y) denote these convex hulls for all p € N.

From Lemma 3.7 the ®,-convex hull of  and y is the finite union of the ®,-
convex hull of two consecutive intermediate points of order p. The sequence
which these intermediate points of order p are arranged is identical to the copos-
itive sequence of the intermediate points.

For future reference, we gather in the lemma below some elementary facts, which
are a slight extension of a result established in [6].

Lemma 4.3. Let K be a n-dimensional orthant of R™. Let A = {x1,..., 2}

be a finite subset of K. For all natural number p let AP) = {:E(lp), ...,x%)} be a
finite collection of m vectors in K.

(a) If there exists an an increasing sequence of natural numbers {pg tren such

(pr)

that fori=1,...,m lim,__, x; " = x;, then:

Ppi

i Z o = EEI i
iclm] i€[m]
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(p)

(b) Iffori=1,..,mlim, ,x” =ux;, then

p—00

Lim CoP(A®)) = { HH tizi s maxt; = 1,¢; > O} = B[A].
1€[m] ’

Proof. (a) Let U : K — R’} be the function characterizing the n-dimensional
orthant K. By definition for all € R™ one has Vg (z) = (€121, ..., €,2,) where
e; € {—1,1} for all j € [n]. By definition one has for all j:

Ppp Ppi

s = 3" .
1€[m]

i€[m]

Ppp
From the Lemma 2.0.1.(b) established in [6], we have limy_, o Y

max; |z; ;|. Consequently, for all j € [n]

i€[n] |x§§k)| =

Ppg,
lim E 2P = ejmax |z; ;| = HH @iy,
k— 400 J 7 ) ’
i€[m] i€[m]

which ends the proof.

(b) We first establish that B[A] = {Hzlizl o bty € [0, 1], maxepm) ¢ = 1} C

Li, oo CoP(A). Let y =ty B- - -Btyxy, with ¢y, -+ ¢, € [0,1] and max;epm, t;
= 1. Define y, € Co? (A) by

1
y® = m m <t pxﬁp’i'.'itm%ﬁg))
t o+t by,

Since xﬁp), e ,x%’) € K and lim,_ <t1 qu . —Il)— tm> = MaXjc[y t; = 1 we
deduce from (a) that

m u® = L e R ) = —

lim y% = lim (27" + -+t ) =t B -Bt,z, =yv.

p—00 p—>00

This completes the first part of the proof.

Next, we establish that Ls, . CoP(A) C B[A]. Take z € Ls, o Co’(A); there
is an increasing sequence {py}ren and a sequence of points {z;}ren such that
2, € CoP*(AP)) and limy_, 2x = 2. Each z; being in CoP*(A®+), we can
write

2 = tk’lfL‘(lpk) ]—Ti e ijlj tk’ml'ggk).
Since tp = (tk1, - tem) € [0,1]™ one can extract a subsequence (ty,)ien con-
verges to a point t* = (t],...,t5) € [0,1]™. It follows that for all i € [m]
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(pkl)

liml_wo tkll'

2pp, 41\ 1/ 2Pk, +1)
= x;. Furthermore, from (a), lim;_,., (Zyil tkﬁkﬁ ) !

max;tf = 1. It follows that for all i € [m] lim;_, tklxgpkl) = tfx;. From (a)

we deduce that z = FH™"  #{z; with max;epn{¢;} = 1. The first and the second
part of the proof show that

Ls CoP(AP) Cc B[A]c Li Cof(AW)

p— 00 p—00

and this completes the proof since we always have the inclusion Li,_,, Co” (AP)
C Ls, 00 CoP (AP) O

Let us consider ¢ sequences of subsets of R" {Ag{) Fpen, m € [€]. If there exists

a subset A, of R" such that Lim, . AP — A,, for all m € [{], then it is easy
to show that:

Lim [ (] AP | = ] An. (25)
]

p—>00
me(l) mell

Proposition 4.4. For all z,y € R", let {t;*m}f,fiﬁ’)ﬂ be an intermediate se-
quence of O(z,y). Then

n(z,y)
Co™®(x,y) = p£i>r—|1—1c>o CoP(x,y) = U B [fy(:c,y,tz*m),’y(x,y,tjmﬂ)} .
m=0

Proof. From Lemma 4.1.(d), we have for all i € Z(z,y)

lim ’Y(p) (xaya _&) =7 (xaya _&) .

Moreover, from Lemma 4.1.(¢), for all p € N and all i € Z(z,y), 7v? <:1:, Y, —;—)

T

and v (x,y, —% | are copositive. Recall that two vectors are copositive if their
Yi

components have the same sign. From Lemma 3.7, for all m € [n(z, y)] v(z,y,t; )
and ~(z,y,t; ) are copositive. Hence it follows that for all m, v®)(z,y,t} )

and 1) (2, y, £

;...) are copositive.

From Proposition 4.3, we have for all m

Lim Co? (v (z,y,4), 7" (2,915, ,,) =B [v(z,y,8,). v (2,8, )] -

p—>+o00

Moreover, we have from Corollary 4.2.(d)

()
CoP(z,y) = | Co? (VP (x,y,t5,). /" (2,0, 85,.)) -
m=0

Hence, from equation (25), and Corollary 4.2.(c), the result follows. O
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This property has an immediate consequence.

Proposition 4.5. A subset C' of R" is Bf-conves if and only if for all z,y € R®
Co™(z,y) C C.

Proof. This is an immediate consequence of Propositions 3.8 and 3.10. O

Notice that it is not clear from the definition of Bf-convex sets that, for an
arbitrary couple (z,y) of R® x R, Co™®(x,y) is Bf-convex.

Corollary 4.6. A B-convex subset of R™ is Bf-convex.

In [6] it was established that a B-convex subset of R™ is connected. A stronger
property is established below. It is shown that B-convex sets are path-connected.

Proposition 4.7. A non empty B-convex of R™ is path-connected.

Proof. By definition a subset L of R™ is B-convex if for all finite subset A C L
we have Co™(z,y) C L. This implies that Co™(x,y) C L for all x,y € L, which
yields the result from Proposition 3.13. O

In the next statement, an algebraic characterization of Co™(x,y) is provided.
This we do by using the fact that the convex hull is not modified whenever one
consider several occurrences of a given point. For example, for all p € N, one
can equivalently write:

Cot(w,y) = {ax & By:at B=1,0,8> 0} (26)
Z{Oéﬂioézxiﬁlyiﬁzyi&li%iﬁli@:l,%aﬁizo}-

Lemma 4.8. For all x,y € R",
Co™(z,y) = {te Bra B sy Bwy : max{t,r,s,w} =1,t,r,s,w > 0}.

Proof. Suppose that z € {tx B rz 8 sy B wy : max{t,r,s,w}=1,t,r,s,w > 0}.
By definition there exists aq, ag, 81, B2 > 0 with max{ay, as, 81, f2} = 1 and such
that
2z = aqpx B ase B By H Bay.
Define .
p p p
M= th+aﬂF%&y+ﬁw>-
ay + g + Bi + Bo
By construction z?) € Cof(z,y). Taking the limit on both sides yields from
Proposition 2.6:

1
p—to0 max{ay, ag, f1, B2}

=z B ayr B Sy B foy = 2.

(a2 BB ap B By B Bay)

Consequently, z € Li, o Co?(z,y). O
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