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We show existence of weak solutions for a three dimensional Bingham flow with a pseudo—
monotone perturbation. For the two dimensional case and if the main operator is linear, we
show more regularity of the solution and also derive the uniqueness result for the solution.
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1. Introduction

A Bingham fluid is a rigid visco plastic fluid which is a kind of non Newtonian
fluid. The behavior of this material is considered as rigid when a certain function
of the stress does not reach the yield limit. Some substances are well approxi-
mated as Bingham fluid such as drilling muds, cement slurries and toothpastes.

The difficulty in a Bingham fluid problem is that we do not know how to separate
the fluid zone and the rigid zone due to the relation between strains and stresses
which becomes very different depending on the state of stresses. To overcome
that difficulty, in [3], the authors formulated an initial boundary value problems
for a Bingham fluid as a variational inequality, that is

<%>U—U> + a(u,v—u) +6u,u,v) + () —j(u) = (fiv—u), (la)

in (0,7) for each test function v such that V-v = 0 in 2 and v = 0 on 0.
Furthermore u satisfies

V.ou=0 inQx(0,7T), (1b)
u=0 on 0Q x [0,7T], (1c)
u(z,0) = ug(x) in Q. (1d)

Duvaut and Lions in [3] proved the existence of weak solutions of (1a)-(1d).
The weak solutions according to the definition in their work belong to the same
function class as the Leray—Hopf weak solutions of the Navier—Stokes equations
and they also obtained more regularity of weak solutions in a two dimensional
domain and the uniqueness of weak solutions was also achieved. However, the
uniqueness of weak solutions is still an open problem in the three dimensional
case as well as for the usual Navier-Stokes equations.

After the fundamental work of Duvaut and Lions, Bingham fluids became a very
interesting topic and many papers have been devoted to it see e.g. the following
articles and the references therein. Neumann and Wulst in [10] obtained the
existence of the same kind of regular solutions in three dimensional domain
through a different method under the assumption that the initial data belong
to a special class and the assumption of average nonlinear viscosity.

In this article, we study weak solutions in dimension three of the Bingham fluid
under a pseudo—monotone perturbation which extends the result in [8] from
the case of monotone perturbation. In the article [8], the author used exactly
the same approach as that in Lions and Duvaut, while we use here a different
approach namely finite differences. We also deal with the non vanishing initial
data as compared to the vanishing initial data in [2] using semi—discretization
in time by finite differences.

Our work is organized as follows: we introduce the Bingham problem and its
variational setting in Section 2 and state our main result and present its con-
structive proof in Section 3.
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2. The Bingham fluid problem and the variational form of a Bingham
fluid under a Pseudo—monotone perturbation

2.1. Constitutive law for a Bingham fluid

Throughout this article, we use the Einstein summation convention. We first
recall the following constitutive relations from e.g. [3] that apply to the setting
for our Bingham fluid problem:

i = —pds; + gD/ (Drr)? + 2uDy;. (2)

an expression which makes sense only when D;; # 0. If D;; = 0, we say the
stress tensor is indeterminate. Here

p denotes the (undetermined) pressure,

D = Dyj(u) = 3(u;; + u;;) is the stretching tensor,
Dir(u) = $D;;(u)D;j(u) is the second invariant of D,
g > 0 is the plasticity coefficient,

i > 0 is the viscosity of the Bingham fluid.

In order to complete the formulation of the constitutive laws, let us first note
that (2) implies

orr = (9+2uD})?, (3)
where
1
O'IDI = 50505, (4)

denotes the second invariant of the deviatoric stress tensor o” = {0}, ol =
044 + p5ij.

1
The equation (3) implies 07, > ¢ so that (2) is inverted to give:

1 1
Dy = —(1—g/o})ol. (5)

2p
Returning to the case D;; = 0, we should add that, while the stress tensor is

1
then indeterminate, it is still so that o7, < g because, in the opposite case, (5)
furnishes the tensor D with Dy > 0.

To sum up, the constitutive laws for the Bingham fluid can be written as follows:

1
of; =g if and only if D;; = 0,

1 1
[ (1_9/0121)‘75-

o >49g if and only if Dij = Z
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2.2. Space setting

We introduce the spaces needed for our problem and their related properties as
in [3] as follows:

V={6: ¢ € DO, divé =0},
H = closure of V in [LQ(Q)]d,
V = closure of V in [H&(Q)]d,
Vi = closure of V in [H*(Q2)]¢,

where d = 3 in our problem; H,V,V; are Hilbert spaces with respect to the

scalar products
(u,v) = / w;v; dx,

v = [ Dytw)Dyw) da,

(u, > = (u, U’L)HS(Q)

The later symmetric bilinear form on V' x V becomes a scalar product on V
thanks to the Korn inequality, the generalized Poincaré inequality and the van-
ishing traces of functions in V| see e.g. [12, Remark 1.3]. The norms on H,V

hence are respectively
1
2
lu| = (u,u)? = </uuld:r> )

lul| = (u,u) é (/ Dyr(u dx)

We finally set V = LP(0,T;V), H = L*(0,T;H) and V' = L9(0,T; V') with
}D + % = 1 for convenience of use throughout this work.

N

2.3. The Bingham problem with a pseudo—monotone perturbation
as a variational inequality

Let P:V — V' be a pseudo-monotone operator, see e.g. [1], that is P satisfies:
i. P is bounded,
ii. if u; — u weakly in V" and limsup;_, (P(u;), u; —u) < 0 then

liminf (P(u;), u; —v) > (P(u),u —v), YveV.

j—oo
We further assume that
(Pu,u) > ag ||lul|” — ay,

1Pully < Bo llul™” + 61,
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for a;, 3; > 0,7 =0, 1.

Our variational inequality for a Bingham problem with a pseudo—monotone per-
turbation reads: To find u = u(t) mapping [0, 7] into V' such that

/0 Wv—u)+ pe(u,v—u) — &(u,v,u) (7a)
+ (Pu,v —u) + j(v) = j(u) = (f,v —u) 20, (7b)

for each test function v € V such that v’ = 2 € V', and v(0) = ug. The bilinear
and trilinear forms «(-,), 4(-,-,-), and the functionals j(-) are defined by:

a(v,w) = 2/QDZ-]-(U)Dij(w) dx, (7c)
&(u, v, w) :/Quivi,jwj dz, (7d)
i) =29 [ (Duw)” d (7e)

where ¢ is the yield limit. Furthermore u = wu(t) satisfies the following incom-
pressibility, boundary and initial conditions

divu(t) =0, Vte (0,T), (7f)
u=20 on 09 x [0,T], (7g)
u(z,0) = up(x) in €, (7h)

for ug € H. It is easy to check that

e (u, )| < 2|ul[{lv]l,

@ (u,u) > 2 ul®.
We have for all u,v,w €V

|6(u, v, w)| < Cllull [[o]] flwl],
&(u,v,w) + &(u, w,v) = 0.

For u,v € V| we denote by B(u,v) the element of V' defined by
(B(u,v),w) = é(u,v,w), Yw e V. (10)
For each u € V', we also denote by Au the element in V'’ such that

(Au,v) = @ (u,v), YveV. (11)

In this article, we are looking for a weak solution of (7a) as stated in the coming
section.
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3. The main result

We have the following existence result for the nonlinear variational inequality
for Bingham fluid:

Theorem 3.1. Let there be given f € V' = LV (0,T;V") and uy € H. Then,
there ezists a function w € LP(0,T;V) N L*(0,T; H) that satisfies (7a) for all
veV=LP0,T;V) withv' €V and v(0) = up.

Proof. The proof of existence is conducted in a constructive way, using finite
differences in time. Let N be a positive integer; we consider the time step
k= At =T/N and let f" be defined by

=g, o (12)

n—1)k
forn=1,2,...,N.

For an € > 0 fixed, we regularize 5 and consider j. defined by

1

jilw) =29 [ (c+ Dpu)) e (13)

We easily find the derivative of j. at u in the direction v, see Lemma A.3, to be

Gilw. o) = i+ W)laca =g [ €+ D) 4 Dsf)Dy(e) o (14)

Also from Lemma A.3, j. is convex which implies

Je(v) = je(u) > (i (u),v —u), for all u,v € V. (15)

Our agenda is as follows:

Step 1: build approximate solutions uy of w.

° Step 2: derivation of the inequality for u;, and preparation to pass to the
limit in the inequality in which we prove a priori estimates on the wuy: this
includes two sub—steps

2a: to derive weak convergence subsequences,
_ 2b: to derive strong convergence subsequences.

. Step 3: pass to the limit & — 0 (NN — o0) to show the existence of a

solution u to (7a).

3.1. Approximate solutions uy

We set u® = uy and for each n = 1,2..., N, we recursively define u® € V as a
solution of the following implicit Euler discretization in time of (7a):

k
+(Pu™,v —u"y + (GL(u"),v —u") > (f" 0 —u"),

<un - unil n> + ( n n) + ﬁ( n—1 n TL)
Y, U — U /,L@U,U—U Uu , U , v —1Uu
(16)
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forall v e V.

In order to show the existence of such a u™ in V', we rewrite (16) as
1
z (", v —u") + pe(u", v —u") + 6 ut v —u")

n—1
—I—(Pu”,v—u”)+(jé(u”),v—u”)2<f"+u ,v—u”>,

for all v € V.

Since v~ and f™ are known at time step n, (17) is seen as an elliptic variational
inequality. We hence use Theorem A.8 in the Appendix to show the existence
of u™.

n—1

For a fixed time step k£ and a known u"~!, we define an operator A* : V — V’

by
<.Aku, v> = % (u,v) + pa(u,v) + (Pu,v —u) + & u,v) + (G (u),v), (18)

for u, v e V.

We will show that A* is pseudo-monotone and coercive to prove the existence
of u™. In order to show that A* is pseudo-monotone, we use the fact that the
sum of a pseudo—monotone and a monotone hemicontinuous operator is pseudo—
monotone, see e.g. [11, Lemma A.5]. Since P is pseudo—monotone, é and j! are
monotone and «(-,-) is coercive, we are left with showing that A% defined by
<A§u, v> = #(u" ', u,v) is monotone, that is

(Aju — Abv,u—v) = 6(u" " u,u—v) — G v, u—v) >0,
for all u,v € V. However, since
Eu"  u,u—v) — B v, u — ) = u— v, u —v) =0,

for u"~! fixed, the result follows.
We now show that A* is coercive. We have for any vy € V:

<Aku, u— 1)
> % (u,u) — % {(u, vo) + pe(u,u) — pea(u,ve) — E(u""*, u,vo)
+ (Pu,u) — (Pu,vo) + (ji(u), u) — (j(u), vo)
> (by (8), (9), (41), (6) and (42))

1 .
lull = = llull lvoll + 2 [lull” = 24 Jull lvoll = € flu" [ lull o]l (19)

| =

/ g
+ao [ull” = ar = (& [l + 8) ool - o]
1 n—
:ao|rur|p+( +2u> Jull? ( o C 1\\) ool 1l
= (B Nl + By + 2 ) o) — .
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Aku,u7v0>
flu
means that A" is coercive. By (41), we find that j! is bounded in £(V, V") hence
A* is bounded. Furthermore, by Lemma A.1, j/ is hemicontinuous and A* is
consequently hemicontinuous. We then conclude that A* is pseudo-monotone.

The existence of " then follows by Theorem A.8.

For p > 2 (hence ¢ = p’ < 2), we easily see that limy—oo = oo which

We finally define the approximate function u to be a step function on (0,7)
with value u™ in V' on each time interval ((n — 1)k, nk]. We next derive a priori
estimates for u; in the next subsection.

3.2. A priori estimates on the approximate functions u; and deriva-
tion of the variational inequality for u;

In this section, we derive a priori estimates for the u™ and hence for u;. We
then derive a variational inequality for the u, in preparation for the passage to
the limit.

First, we show that the u™ are bounded independently of n as follows:

Lemma 3.2. The constructed functions u" satisfy the following bounds:

P+t = o kag Y P+ k> [t 28 de(u”) < 5,
n=1 n=1 n=1 n=1

(20)
where i = K(f, 00, u0,p) = 22 || f18, + |ulf + 2Tg 9.
Proof. We take v =0 in (16) and deduce from (16) and (15) that
u — oyt o
<T,u"> + pe(u” u) + 4" u" u")
+ (Pu”,u™) + je(u™) = je(0) < {f",u").
We multiply both sides of this relation by 2k and use classically
2 (u" — ") = uf? - |u”_1|2 + |u" —u ! 2
to obtain
|u”\2 — ’u"_1’2 + }u” — u”_1|2 + 2kpe (u”, u™) + 2kE(u™ Tt u" u™)
+ 2k (Pu",u") + 2kj.(u") — 2kj.(0) < 2k (f",u"). (21)

Thanks to (9)2, (8)2, (6)1, (41) and (42), we arrive at

e e B e R L [y
+ 2kayg ||[u™||” + 2kjc(u") — 2kj.(0) < 2k (f™, u") .
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Applying the Young inequality on the right hand side, we find

| = a7t — a7 o A ||+ 2k [|un )

/

op'/p

P+ — 2 ).

+ 2k (u") — 2k5(0) < 2k <%

This is the same as

= 7 = T o+ o [|u”P

. n - 2pl/p n||p’
+ 2kje(u") — 2kje(0) < QkW [PAST
Summing the above inequalities for n = 1,2...,r, we obtain
P>t = ke Y P k> (w4 2k Ge(u
n=1 n=1 n=1 n=1
o' /p - 012 U
< 2 I+ [ 2k; 5(0)

We have || f"[[7, = 2 < B @I dt by Holder's

inequality. Therefore
kXNﬂWK%r”“E:/ £ d

1 1 /
g(mw-+7zgs/|wmww
p p 0

Hence (20) holds true for k = 2& 1115+ |0 +2¢ || using that j.(0) <

g1€].
This concludes the proof of the lemma. ]
For each fixed k we recall that we associate to the elements u',u?, ..., u"V the

approximate function wy, : [0,7] — V:
up(t) =u™, te((m-— 1)k mkl.

We also define @y, : [0,7] — H as the continuous linear function on each time
interval ((m — 1)k, mk] and equal to u™, m =0,1,..., N at t = mk. From (20),
we conclude that ug, @ are bounded in L>°(0,T; H) and in L?(0,T,V).
Another property of 4 represented in Lemma A.9 in the Appendix will be used
later to show a compactness result for the functions wuy, .
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From (20), we can extract a subsequence still denoted by k such that
ur — u weakly in V and weak - star in L*°(0,7T; H). (22)

In order to claim that u is a solution of the variational inequality (7a) with f
replaced by fi and j by j.. We first derive the variational inequalities for u; and
U, to prepare for the passing to the limit step. For this task, we consider a test
function v € C%([0, T]; V) such that v(0) = uy. We then define two approximate
functions vy, and vy, of v as follows: vy is the step function on [0, 7| with values
v(nk) at t = nk and ¥, is the piecewise linear function interpolating those values.
For f € L9(0,T;V'), we also denote by fj the step function with values f" =
%fln f(t)dt for t € I, = ((n — 1)k, nk].

We now claim that w is a solution of the variational inequality (7a) with f
replaced by fi and j by j.. We first take v = v™ in (16) and multiply by k to
find:

(u" —u" 0" —u") + pe (U, 0" — uMk + AW a0 — )k
+ (Pu™, o™ —u™) k+ (Gl(u"),v" —u™) k> (f", 0" —u™) k.

Adding the term (w™ — w™ !, w") to both sides where w" = v —u" and summing
form=1,...,m (m < N), we then obtain

Z (V" =" =) + ,uZa;(u”,v" —u")k + Z Glu™tum " —u™k
n=1 n=1 n=1
+ Z (Pu",v" —u™) k + Z Glu™), v —u™) k> Z (froo" —u")k,
n=1 n=1 n=1

where we have used Y ", (w" — w" ™!, w") > 0 which is shown in Lemma A.6.
The above inequality is hence equivalent to

t t t
/ (0),, vp — ug) dt + u/ @ (ug, v — uy) dt + / E(Ukor, » Uk, Vg — ug) dt (23)
0 0 0
t t t
+/ (P(ug), vp — ug) dt+/ (Je(ur), vp — ug) dt > / (fr, vk — ug) dt,
0 0 0

where upo,, = wtonl, n=2,...,N, and Ukor, = o on [;. In particular

when t =T, we have

T T T
/ <?7;€, Vr — uk> dt + [L/ @(Uk, Vi — uk) dt + / ﬁ(ukom, Uk, Vg — uk) dt
0 0 0

T T T
+ /0 (P(uk), Vi — uk> dt + /0 (jé(uk),vk — uk) dt Z /0 <fk, Vi — uk> dt.
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This is the same as

T T T
/ <1~};€,Uk —uk> dt—i-,u/ {a(uk,vk) dt+/ ﬁ(ukOTh,uk,vk —Uk> dt
0 0 0
T T
+/ (P(uk),vk) dt +/ <jé(uk), Vi — Uk> dt
0 0
T T T
> [ ten—wddiep [ atuw)des [Pl d
0 0 0

We make use of the identity fOT b(Ugor, , Uk, ux) = 0 and obtain

T T T
/ (0}, v — ug) dt + ,u/ @ (U, vy) dt —i—/ G (Ugor, Uk, V) dt
0 0 0
T T
0 0

T T T
Z/o <fkavk_uk>dt+,u/0 @(uk;uk)dt‘f'/o (P(uy),u) dt.

We next show a compactness result which will be used to show the existence of
a subsequence of u, converging strongly in L?*(0,7T; H) which is needed to pass
to the limit in the nonlinear convection term in (24).

3.3. A compactness result

Lemma 3.3. The functions u, and Uy converge strongly to w in L9(0,T; H),

for any q, 1 < q < o0, as k — oo.

Proof. From Lemma A.9, we have
[t (t +7) — g (t), w)| < Mrt[|w],

where M > 0.
Setting w = ug(t + r) — (t) in (50), we find

T—r

/O - i (t + 1) — g (t)||* dt < Mr’f/o |t (¢ 4 1) — Gx(t)]| dt

T—r %
< My'T: (/ g (t +7) — T (2)]? dt)
0
< (since @ is bounded in L2(0,T;V)) < Mar’.

We consider the family of functions @ which is bounded in L?(0,7;V) and
L*>(0,T; H). By [13, Theorem 1.3.3], we conclude that @ is relatively compact
in L90,7;H), 1 < g < 2. Since @, converges weakly in L4(0,T; H) to u, this
means that 4 converges strongly to u in L4(0,7;H), 1 < ¢ < 2.
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Because the sequence 4y, is bounded in L>°(0,7"; H), by the Lebesgue dominated
convergence theorem, we conclude that

ty, — w strongly in L9(0,7; H) for all 1 < g < 0. (25)

By direct computation, we have

_ k 3 K
|uk = |20 7,1y = \/; <|Um - Um*lf) < (by Lemma 3.2) < §k’

where k is as in Lemma 3.2.
This fact together with (25) shows that, as k — 0

up — u strongly in L9(0,7; H), 1 < g < 0.
Lemma A.4 now gives the conclusion of this lemma. ]

To pass to the limit as k& — 0 in the nonlinear term of j’, we derive a bound
which implies weak convergence result for this term as follows: thanks to Lemma
A.3 and the Cauchy—Schwarz inequality, we see that for any v € V

(), )| = \g [ €+ Durtw) Dy u) D) e

1 DII uk / 1 B
<35 Dy(v)da) = =g|Q _
m 2 (/Q e+ Dyr(uy) dx) ( r1(v) d 5918 o]

This implies that

j'(uy,) stays in a bounded set of L=(0,T; V") thus of L” (0,T;V"). (26)

3.4. Passage to the limit

We consider a test function v € C*([0,T]; V) and its approximate functions vy
and 7, defined as above.

We now claim that u is a solution of the variational inequality (7a). For this
purpose, we recall the following classical facts, see e.g. [14, 11], when we pass to
the limit as £ — 0 in (24):

u — u strongly in LY(0,7; H) for all 1 < ¢ < 0. (27a)
@, — o' strongly in L” (0,T;V"). (27b)
fi — f strongly in L” (0, T;V"). (27¢)
Puy, — x weakly in L” (0, T; V). (27d)
vp — v strongly in LP(0,T;V). (27e)

Also from (26):
i (ug) — & weakly in LP (0, T;V"). (27f)
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Passing to the limit £ — 0 in the above inequality (24) with the help of Lemma
A.4, we obtain

T T T
lim supu/ @ (ug, uy) dt + limsup/ (P(ug),ug) dt +/ (f,v—u) dt
0 0 0

k—0 k—0

T T T
§/ (W' v —u) dt—l—,u/ a(u,v)dt—i—/ G(u,u,v)dt
0 0 0
T T
—l—/ (x,v) dt—i—/ (€e,v —u) dt.
0 0

Now from (8)y, we know that «(uy — u,ur —u) > 0. Since uy — u weakly in
L*(0,T;V), we find

T T T
lim sup/ @ (ug, ug) dt > lim inf/ @ (ug, ug) dt > / @ (u,u)dt.
0 0 0

k—0 k—0

Thus

T
limsup/ (P(ug),ux) dt
0

k—0

< —/0T<f,v—u) dt+/0T(v’,v—u) dt+u/0Ta(u,v—u)dt
T T T
—i—/o G(u, u,v) dt—l—/o (x,v) dt—l—/o (€, v —u) dt. (28)

We now show that P satisfies the assumption of pseudo—monotonicity, that is
we need to verify that

T
lim sup/ (P(ug), ux, —uy dt <0. (29)
0

k—0

We have
T
limsup/ (P(ug),ur, — u) dt
k—0 0

T T
< limsup/ (P(ug),ur) dt — liminf/ (P(uy),u) dt
0 0

k—0 k—0

(by (28)) < —/0 (f,v—u) dt—l—/o (V' v —u) dt—l—,u/o a(u,v—u)dt
(30)

T T T
—i—/o ﬁ(u,u,v)dt%—/o (x,v) dt+/0 (Ee,v —u) dt.
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We now let @, be a sequence approximating u defined by:

1.,

—U, +Ur = U,
T

ﬂT(()) = Ugp.

From the proof in [11, Lemma A.3], we know that @,,a. € LP(0,7;V) and
G, — win LP(0,7;V) as 7 — oo. We also proved in [11] the followings:

T T
. /(a;,af—umt:—T/ s — w2, dt < 0,
0 0
T
i / (f i —u)dt < 6,(7) =50,
0
T
* /ﬁ(u,u,ﬁT—u)dtSHQ(T)H—o?O.
0

As T goes to infinity, equation (30) with v = @, gives

T
lim sup/ (P(ug), ur, — u) dt <O0.
0

k—0

Hence, by the pseudo—monotonicity of P, we find

lim inf /0 (P(w), g — w) dt > /0 (P(u),u— w) dt, (31)

k—0

for all w € V.
Letting w = 0 in the above inequality and combining with (28), we find

/0 " PuLu) di

T T T
< —/0 (fyv—u) dt—l—/o (v, v —u) dt—i—,u/o a(u,v —u)dt (32)
T T T
I/ d d &, U —u) dt.
—|—/0 (u,u,v) t—i—/o (x,v) t+/0 (€,v—uy dt

It is left to show that y = Pu. From the inequality (31), we find for any w € V:

T
/ (Pu,u — w) dt
0

T
< limsup/ (P(uy),ur, —w)dt
k—0 0

T T
< lim sup/ (P(uy),ur, — uy dt + lim sup/ (P(ug),u —w)dt
0 0

k—0 k—0

< (by (29)) < limsup/O (P(ug),u —w)dt = /0 (x,u —w)dt.

k—0
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This means
T T
/ (Pu,u—w>dt§/ (X, u —w)dt,
0 0

for all w € V and this implies y = Pu.

With this new information we will pass to the limit as k¥ — 0 in (24) again with €
being fixed so far. Before that, we rewrite (24) by noticing that j.(vx) — je(ug) >
(72(ug), vi, — ug) which comes from (15):

T T T
/ <1~J];, Vg — uk> dt + /J/ @(Uk, Uk) dt + / ﬁ(ukwh, Uk, Uk) dt

0 0 0

T T T
+ / (P(ug), v) dt + / Jo(oe) dt — / o) dt (33)

0 0 0

T T T

> / <fk,1)k —uk> dt—i—ﬂ/ a(uk,uk) dt+/ (P(uk),uk) dt.
0 0 0

We use the same procedure to pass to the limit as & — 0 in (33) with the the
knowledge that Puy — x = Pu. Since v — fOT Je(v) dt is continuous and convex
on L*(0,T;V), it is lower semi-continuous in the weak topology of L*(0,T; V).
Therefore

k—0

T T
lim inf/ Je(ug) dt > / Je(u) dt.
0 0

With the aid of Lemma A.5, passing to the limit & — 0 in (33), we arrive at

/OT<U/,U—U> dt—l—,LL/OTa(u,v—u)dt—i—/OTﬂ(u,u,v)dt (34)
+/0T<P(u),v—u> dt+/0Tje(U)dt—/OTjE(u)dt—/0T<f7v_u>dtZ07

for all v € C?([0,T], V) such that v(0) = ug.

Notice that, © = wu, depends on € in (34). From Lemma 3.2, u. is bounded
independently of e in LP(0,7;V) N L>*(0,T; H). Therefore, we can extract a
subsequence still denoted by € such that u, — u weakly in LP(0,7; V') and weak
star in L>°(0,T; H) and the other convergences as in (27a)-(27f) hold.

Finally, letting ¢ — 0 in (34) as we did when passing to the limit £ — 0 in (33),
we conclude that (7a) holds true for all v € C?([0,7],V) with v(0) = uy. The
proof of Theorem 3.1 is now complete thanks to Lemma A.2 which shows that

(7a) holds for all v € V with v € V' and v(0) = wo. O

The following shows a regularity result for the derivative du/dt of the limit
solution:
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Remark 3.4. The result in Theorem 3.1 is still valid in the case of dimension
d > 3 if the estimate (9) is replaced by the following estimate (see [14, Lemma
4.1]):

|4(u, v, w)| < elul o] lwlly, ,

for s > d/2. Then the proof of Theorem 3.1 will be still valid since we only
use this bound in (19), but they are not the dominant terms in that estimate
leading to the coercivity.

/

Lemma 3.5. If s > d/2 then the sum k>0, “n’gnﬂ is bounded indepen-
Vs
dently of k.
Proof. From (49), we obtain
u" — ! n n—1 ,n (om n n

’ + pAu" + B(u" u") + ji(u") + P(u”) = f". (35)

Taking the norm in the above equation (35), we obtain
u” — un—l
k Vs

< Wy + wllAa [y, + 7@y, + 1P @)y,
< (using V' C V7, (41) and (6),)

n n n / n— n g n
< er(llF"lly+ 1Ay, + 177+ 1)+ [ B a) |y, + 5 -

This and the fact that [|Au”[ly, < [[A[ ;. [[u"] imply that

/
u® — un—l p

- (36)

Vi

< ea(1F" M9+ Il 7+ a7+ 1) + [| Ba"= [, + llI7).

For s > d/2, by [14, Lemma 4.1] we have [b(u""", u", w)| < co|u | |[u”]| [Jw]]y,
for all w € V/ and thus

1B, )]

vy S el P 7 < (by (20)) S el (37)

Multiplying (36) by k, combing (36) and (37) and summing for n = 1,..., N,
we finally have

N
>3
n=1

From (20) and f € L (0,T;V"), the lemma follows. O

u® — un—l P’

k

N
< sk > (I + 1+ [+ 1)
Vi n=1

s
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Remark 3.6 (Solution and uniqueness in dimension two). Thanks to
Lemma 3.5, for d = 2, we find the followings:

i Regularity of the weak solution u: since s = d/2 = 1, we have V' = V/.
With P as above, we conclude that u € LP(0,T; V) and & € L¥ (0, T; V]) =
LY (0,T;V"). Hence u € C([0,T], H).

ii.  Uniqueness: We assume further that P is monotone, that is

(P(u1) — P(ug),uy —ug) >0, (38)

for all uy,us € V.
Suppose that u; and us are two solutions of (7a). Then

/0 W' v —w) + pe(u,v—u;) + E(ug, ug, v)
+ 5 (v) = j(ui) + (P(ui), v —us) — (f,v —uz) >0,

for i = 1,2. We notice that from (23) and following exactly the same step
as in the passage to the limit, we actually have the inequality for t < T,
that is

/0 W' v—w) + pe(u,v—u;) + E(ug, ug, v)
+j(v) = J(ui) + (P(ui), v —us) — (f,v —uz) >0,

Since % € L*0,T;V") and u;(0) = ug, we can take v = u; in the in-

equality for ¢ = 1,2. Taking the sum of the two inequalities, we find the
equation for the difference U = uy; — us:

/0 (— <U/,U> — ,LL@(U, U) + ﬁ(UQ,Ug,U>
—86(uy,u, U) 4+ (P(uy) — P(ug),us —uq)) > 0.

Hence
/D (U, U + pa(U,U) + (P(ur) — Plus), ur — us))
S /0 (ﬁ(ul, Uy, U) — ﬁ(UQ, Ua, U)) .
Using (8)2, this implies
SO+ 2 [ 101+ [ (Plwn) = Plun). = o)

t t
< / (ﬁ(ul - U> Uy — Ua U) - ﬁ(ulaulvU)) = _/ ﬁ(Ua U, U)
0 0
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From (9), we find
1
|4(U,u1, U)] < ¢ |[U]” Jua] < (Canchy Schwarz) < 2u |U]* + m s |* U711

This and (38) yield

t t 1
o+ [ uwrf < [ (ol + g P 1)
0 0 H

Finally, we find
t
1
OIP< | =l |U|?.
TP < [ 5l 0]

Since |u1]|* € L'(0,T) and U(0) = 0, by Gronwall’s inequality, we obtain
|U(t)]| <0 for all ¢ > 0 which says U = 0.

A. Appendix
We recall a classical result from e.g. [4]:
Lemma A.1. Ifv — J(v) is Gateaux differentiable and convez, then u — J'(u)

1s monotone and hemicontinuous.

Proof. Since J is convex, we have
J(1=0)u+6v) < (1—0)J(u)+ 6J(v),
and hence

%J((l ~Gyu+ 0v) — J(u) < J(v) — J(w).

Letting § — 0, we find
(J'(u),u —v)y < J(u) — J(v).

We add this inequality to the similar inequality where u and v have been ex-
changed and we find

(J'(u) — J'(v),v —u) >0. O

Lemma A.2. We assume that ug € V and we set

Kuy == {v € LP(0,T; V) such that v' € L¥ (0,T; V") and v(0) = u},
K., = {veC*[0,T;V):v(0) = uo}.

Then K is dense in ICy, in the sense that for each v € K, there exists a
sequence v; € ’Cio such that v; — v strongly in V and v; — v' strongly in V'
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Proof. Let v be given in IC,,, let © be its extension by wuy for t < 0. Let p be a
positive mollifier such that supp p C (0, 00).

Then p, * 0 is defined on (—oo, T); it belongs to C*°((—o00,T); V') and p* 0 — ©
in LP(—00,T;V) as € — 0. Thus pe * 0o — v in LP(0,T;V) as € — 0. Note
that by construction v.(0) = p, * 9(0) = uy.

Similarly, " is the function equal to 0 for ¢ < 0 or to v’ for ¢ € (0,7) so that
we obtain, for € — 0: p. * @ — @' in LP (—oo,T; V') which implies v/ — o' in
LP(0,T;V"). O

Lemma A.3. The first and second Gateaux derivatives of the function j. defined
by (13) are given by:

il 0) = i+ Wlaca =g [ €+ D) 4Dy Dy(w) o (39)

() v) = e+ M)laco (10)

= 2¢ /Q('f + Dyr(w)) "2 Dy (v) da — g/Q(G + Dir(u))”

Nlw

(Dij(u) Dy (v))* da.

They enjoy the following properties

[ Gi), o) 1< el (41)
(i), ) = 0, (42)
(72 (u)v,v) > 0. (43)

Proof. We have

VI

d . d
aje(u + \v) = 29 / (€+ Drr(u+Av))2d

v d
:g/(e+D[[(u+)\U))_2—DH(u—l—)\v) dzx.
o X

For the last term, we write

d
aDll(u —+ )\U d)\ 2 Z Dl] U+ )\U DU(U + /\U)DU(U)

i,j=1
Thus
d 1
Toidut ) =g [ (e+ Dutu+ ) 4Dyu+ o) Dy()do. (44)
Q
Since u,v € V, using the Lebesgue dominated convergence theorem, we pass to

the limit A — 0 in (44) and we find (39). We immediately find (41) and (42) as
direct consequences of (39).



358 P. N. Pham / Bingham Fluid with Pseudo—Monotone Perturbation

Differentiating again the RHS of (44) in A, we obtain
2

A2\ 2

Je(u+ Av) = — J /Q(e + Dyr(u+ )\v))_% (Dy;(u + M) Dij(v))* da
d

) (Dij(u+ Av)D;j(v)) d.

+ g/(e + DU(U + )\U))fé
Q
It is clear that

d
Iy (Dij(u+ M) D;j(v)) = Dij(v) Dij(v) = 2Drr(v).

Thus

2

d g
—Je(u + Av :——/e—l—D U+ Av))”
i) = =2 [ (et Diyfutaw)

3
2

(Dw(u + )\U>Dij (U))2 dz
(45)
+2 / (¢ + Dys(u + A0))~% Dyr(v) da.

Passing to the limit A\ — 0 in (45) we find (40).

We then obtain (43) from (40) and D;;(u)D;;(v) < %Dn(u)%DH(v)% which is
true by the Schwarz inequality applied to the sum in ¢, . O
Lemma A.4. If uy converges to u in L*(0,T; LP) weakly and in L*(0,T; H)

strongly then for any vector function vy with components in C*([0,T]; L"), for

r = 22 we have:
p—2

T T
lim [ &(ukor,, Uk, vi) dt = / &(u, u,v)dt. (46)
0

Proof. We write

T T
/ ﬁ(ukom, U, Uk) dt = — / ﬁ(ukm—h, Vg, uk) dt
0

¥ /0 ' /Q (tkomy )i (Divn) (), .

4,j=1

Thus

T
/ﬁ(ukOTh,uk,vk)—ﬁ(u,u,v)dt’
0

IN

3 / / [(Duon)) (tgom, i () — (w)i()y] + |(Dsvy); — Dyl [(u)i(w)| vt

4,j=1

3 / / ((Davi ) (tom i)y — ()i(as)y] + |(Divw); — Dol |(w)i(u); | dcdt

1,j=1

IN
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We consider the first term:
T
T, = / / |(Divk) ] |(tkor, )i(ug); — (w)i(w);] dedt < (Triangle inequality)

< / 1D ke, () = (203) ]+ (s = () it
< (by Hélder inequality in z)
-/ 1Dl (ol 1)y — ()l
gl 1) — (w)il)
< 1P equayary [ Nenilus ) = ()1
sl ) — ()l)

(by Cauchy Schwarz inequality in t)

IN

IN

IDion)sleqomyery ( Neton il a0y 1) = ()il 2oz

113l 2oz ) = @il )

Since Ukor,,ur converge strongly in L*(0,T;H) to v and are bounded in
L*(0,T; LP), and D;v; is bounded in C([0,T]; L"), we easily see that Ty goes
to zero as k tends to zero.

We now treat the second term:

Ty = / / |(Divg); — (Dv)| [(w)i(u);| dedt < (by Holder inequality in z)
< /0 [(Divr); — (Div)ill o 1(w)ill po [[(w); 1l dt
T
< D) = (Pt)ileqoaany | N6l 051

By Cauchy Schwarz inequality in ¢, we find

T2 < ||(Djvg); — (Div)j”c([o,:r];y) ||(u)i||L2(0,T;LP) ||(U)j||L2(0,T;H) :

Since u belongs to L*(0,T; L?), and D,v;, converges to D;v, in C([0,T]; L"), Ty
also goes to zero as k tends to zero. The proof of the lemma is hence done. [J

Lemma A.5. If v, converges to v in L*(0,T;V) strongly then there exists a
subsequence still denoted by k such that

je(vr) = je(v) strongly in L*(0,T). (47)



360 P. N. Pham / Bingham Fluid with Pseudo—Monotone Perturbation

Proof. We can extract a subsequence k such that vi(t) — v(t) in V for a.e.
t € (0,7). Since vy(t) converges to v(t) in V it is easy to see that Dyy(uy(t))2

converges to Dy;(v(t)) in H hence in L*(€2). This means that j.(v;)(t) converges
to je(v)(t) for a.e. t € (0,7).
Furthermore, we have for a.e. t € (0,7)

je(vk)(t):/Q\/6+Dn(vk(t))d:c§/Q\/l—i—DH(v(t))dw,

where the dominating term is square integrable in ¢. We then conclude the
lemma using the Lebesgue Dominated Convergence Theorem. [

Lemma A.6. If w’ =0, we have for all 2 < m < N
Z <w” — w”’l,w"> > 0.
n=1

Proof. We use 2 (w" — w1, w™) = |[w||® = [|w"||* + |w" — w"||* and take
the sum in n from 1 to m to obtain

2y (" =) = | = (e D o - e
n=1 n=1
> [l = [|w]|.
Since w’ = 0, the lemma follows. O

Lemma A.7. Suppose that v € C*([0,T); V). Then we have Dy — Dy = v’
strongly in V' = L¥ (0, T; V') where

{vk = the step function with value v™ = v(nk),

O = the linear function interpolating the values v ((n — 1)k) and v(nk).

Proof. See [11, Lemma A.4]. O

The following theorem is a special case when K =V in [7, Theorem 8.2]:

Theorem A.8 (Theorem 8.2 in [7]). Let A be a Pseudo—monotone operator
from V' to V' which is coercive in the following sense: there exists vy in V such

that
(Av, v — vg)

o]

Then for f € V', there exists u in V' such that

— o0 if ||[v|| = o0 forveV.

Au=f.
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Lemma A.9. Forr >0 andt € (0,T), the approximate solution ty, satisfies

(g (t + 1) — g (t), w) < Mr'|jw|, (48)

where M = M(k,p,g) >0 andﬁzmin{l M}.

P’ 2p
Proof. Letting v = u" + w for w € V in (16), we find

<un_—un_1, w>+ua(un, w)+ & u”, w)+ e (u™)  w)+(Pu” w) = (f*,w) .

k
(49)
The equation (49) is then interpreted in terms of the functions ug, @ as:

<dﬂk > + pra (up, w) 4 E(ur(7r), up, w) + (Ge(ur)', w) + (Pug, w) = (fr, w),

"
(50)
where 7,(t) =t — k, Upor, = u™ ' and fi(t) = f™ for t € [(m — 1)k, mk].
We rewrite the equation (50) as
diiy, - /
(S0 = =) = 8o T, 0) = (i) + (i) = (P ),

and integrate from ¢ to ¢ + r to obtain:

<7:Lk(t + ?") — ka<t>, U)>

= M/tt+T@(uk,w) — /ttw 6 (uy, © Tg, Ug, W) (51)
- [ s [t [ Pu.

We then majorize each term of the right hand side of (51) as follows:

t+r
‘u/ @ (ug, w) ds
t

t+r t+r
< (by (8);) < M/ 2 [[ug]| [Jw]| ds = 2M||w||/ lur ]| ds
t t

1 t+r % 1
< 2ullle? ([ ol as)” < sl 2,
t

where M; = 2,11%, thanks to (20).

s[ﬂmmwwwslrwmmwws

< (by (41)) <

[ ey s

(RIS

|lw||7 < (since r < 1) < g |w|| ¥/r.
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We next use [13, Lemma 2.1] with my = £, my = m3 = 1 to bound the second
term on the right hand side

t+4r t+r
/ G(ug, 0 Ty g, w) ds| < Cl/ lug (s — k’)|% |luk(s)]| |Jw]] ds,
t t

where | - |% is the norm of Hz which satisfies | - \% < C’H% HH% Hence

t+r
/ G(ug, 0 Tg, up, w) ds
t

t+r 1 3
< Gy lu] / (s — B)I* Jun(s)||? ds
t

< ( by Hélder’s inequality)
1 2p-3 t+r » %
< Co o] (s = B) oo 75 ( [ ol ds)
t
2p-3
< M5 [,

with My = Chr? % thanks to (20).
We finally bound the nonlinear pseudo—monotone term

[ et o

IN

/tt#\(Puk(S),w)] ds < Hw,,/tm (60 Hu,gH”/”#ﬁl) is

o] [ﬁo ([ (i’ ds)”l/ +fur

< (Holder’s inequality and r < 1) < |lw|| (Bo [lur]l, 77 + Bir?)

IA

< My |Jw| r7,

where M3 = ﬁomﬁ + (1. Consider
Now (51) yields

@ (t + 1) = ax(t), w)] < Mr'|wl],

where M = M; + My + Ms and ¢ = min {%, 21;—;3}. Lemma A.9 is proven. [
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