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The present paper is a continuation of the study of the minimal time functions in Hausdorff
topological vector spaces, started by the author in [4]. We consider in this work the case
of points outside the target set and we prove and extend various important properties on
directional derivatives and subdifferentials of T's o at points ¢ .S in the convex and nonconvex
cases. These results are used to prove various new characterizations of the convex tangent
cone, Clarke tangent cone, Bouligand tangent cone, and Clarke normal cone to the enlargement
S(r) (r:=Tsq(x) >0)of Sat T ¢ S in terms of the minimal time function at Z, in Hausdorff
topological vector spaces. Our results extend various existing results, in convex and nonconvex
cases, from Banach spaces and normed vector spaces to Hausdorff topological vector spaces
[3, 6, 7, 16, 17]. Even in Banach spaces and in normed vector spaces our results are new and
they extend various existing results on the distance function to closed sets by taking €2 to be
the closed unit ball. Applications to normal and subdifferential regularities in normed vector
spaces are also given in the last section of the paper.
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1. Introduction

Let E be a Hausdorff topological vector space and €2 be a nonempty subset of E.
Let S be a nonempty closed subset of E. The so-called minimal time function
associated with €2 to the set S is defined by

TS7Q($) = 1nf{t >0:5N (SB + tQ) 7£ @}, YV e k. (1)

This function plays a highly important role in variational analysis, optimization,
control theory, Hamilton-Jacobi partial differential equations, approximation
theory, etc.; the reader can find more discussions in [8, 13, 14, 15, 16, 23, 24, 31,
32] and the references therein. The value Tsqo(z) can be seen as the minimal
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time ¢ > 0 associated with the differential inclusion @(7) € €2, almost everywhere
on [0,t], with 2(0) = = and z(t) € S, in other words,

inf{t > 0:3z() s.t. 2(7) € Q, a.e. [0,1],
Tso(z) = with z(0) =z, z(t) € S}, Vo & S;
0, Vo e S.

It is with high importance to notice that the minimal time function 75 o covers
three crucial functions in variational analysis: the indicator function, the dis-
tance function, and the Minkowski function, by taking some particular cases of
S and €2 as follows:

1. If § = {0}, then Tso(—x) = Tioy0(—2) = pa(r) coincides with the
Minkowski (gauge) function associated with €, i.e.,

po(r) =inf{t >0:t 'z € Q}.

2. If Q= {0}, then Tso(x) = Tsq01(x) = ¥s(x), coincides with the indicator
function associated with S. Here ¢g(z) = 0, if x € S and Yg(x) = +o0,
otherwise.

3. If E is normed, S = {0}, and 2 = IB is the closed unit ball in £, then
Tsal(r) = Tiyp(r) = ||l

4. If E is normed and Q = IB, then Tsq(z) = Tsp(x) = infees |z — s,
coincides with the usual distance function associated with S.

From the above cases, we can see the importance of the study of the function T o
in normed vector spaces as well as in Hausdorff topological vector spaces. This
type of study will unify the study of all the above functions. The study of the
directional derivatives, subdifferentials, and regularity of T's o at points in .S are
given in [4]. In the present work, we continue the study of T ¢ at points outside
the set S. We extend various existing results on directional derivatives and
subdifferentials of Ts at £ € S and their relationships to tangent and normal
cones to the enlargement S(r) with r := Tsq(Z) > 0 of the set S in Hausdorff
topological vector space. Our results in Section 5 establish the relationships
between the normal regularity of the enlargement S(r) and the subdifferential
regularity of its associated minimal time function. These results extend those
proved in [3, 6] from the case of distance functions to the case of minimal time
functions.

2. Notations and Preliminaries

Throughout the whole paper (unless otherwise specified), we assume that F is
a Hausdorff topological vector space. We will denote by E* the topological dual
of E, and by (-, -) the pairing between the spaces F and E*.

Let S be a nonempty closed subset of £ and Z be a point in .S. Let us recall the
following classical tangent cones K (S; ) of Bouligand and T¢(S;Z) of Clarke.
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e The Bouligand tangent cone (also called contingent cone) K(S;Z) to S at
Z is the set of all h € F such that for every neighourhood H of h in F and
for every € > 0, there exists ¢t € (0, ¢) such that

(Z+tH)NS # 0.

e The Clarke tangent cone T9(S;Z) to S at 7 is the set of all h € E such
that for every neigbourhood H of h in F there exist a neigbourhood X of
Z in E and a real number € > 0 such that

(x+tH)NS#Q forallz € X NS andt e (0,¢).

TC(S;7) is a closed convex cone (see [14]) and K (S;7) is a closed cone (that
may be nonconvex).

Obviously T9(S;z) C K(S;Z). When equality holds in this inclusion i.e.
TC(S;7) = K(S; ), one says that S is tangentially reqular at z.

For a closed convex set S and z € S, both tangent cones coincide and they are
equal to the convex tangent cone defined by T'(S;z) = cl[IR+ (S — )|, where IR
denotes the set of all non negative real numbers. The convex normal cone to S at
T is defined as the negative polar of T'(S; ), that is, N(S;z) := (T'(S;Z))~ where
A- = {a* € E*: (z*,h) <0, Yh € A}, for any subset A C E. Recall also
([29]) that N(S;z) is also characterized by N(S;z) = {z* € E*: (*,2 — ) <
0,Vx € S}.

Let f be a function from E into IR U {—o0,+o00} with |f(Z)] < +o00. The
generalized directional derivative f1(z;.) is defined (see Rockafellar [27]) by

f1(Z; h) = limsup inf ¢t~ [f(z +th') — o
@a)igz W'—h
tl0

= sup [limsup ( inf ¢t~ [f(z +th') — a]> ,

HeN(h) | @algz \WeH
t]0

where (z,a) |y @ means (z,a) € epif = {(2,0) € E x IR; f() < (3} and
(x,a) — (Z, f(Z)) and N (h) denotes the filter of neighborhoods of h.

If f is lower semicontinuous (l.s.c.) at Z, the definition can be expressed in the
following simpler form
f1(z; h) = limsup hinfh t L [f(z +th) — f(2)],
a:—»fi '—

t10

where # —/ 7 means # — 7 and f(z) — f(Z). Recall that f is Ls.c. at 7 if and
only if f(z) < liminf,_; f(z).

If f is Lipschitz around Z, then f'(Z;h) coincides with the Clarke directional
derivative f°(7;.) defined by

fP(z; h) = limsupt ' [f(z + th) — f(x)].

T—T

tl0
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Recall that (see [27]) f is said to be locally Lipschitz at Z if there exist a closed
balanced neighborhood V' of zero and X € N(Z) such that

|f(l') - f(y)| < p\/(y - IL‘), for all T,y € X.
Recall that (see [30]) a set A is said to be balanced provided that [0,1]A = A.

Even if f is not necessarily locally Lipschitz at z we will put

f2(z; h) :==limsupt ' [f(z +th) — a].
(z,a)lfi
t10

The lower Hadamard directional derivative of f at Z is defined (see Penot [26])
by
fH(z;h) =liminft ' [f(z + th') — f(7)],
h! —h
)
and when f is Lipschitz around Z, it coincides with the lower Dini directional
derivative defined by
[ (z;h) = lirﬁoinft_1 [f(z +th) — f(z)].
We recall the definition of directionally Lipschitz functions introduced in [27].
The function f is said to be directionally Lipschitz at  with respect to a vector
h (see [27]) if
limsup ¢ [f(z +th') — a] < +oo,

(z,a)l 52
(t,h")—(07F,h)

and this is reduced when f is l.s.c. at T to
limsup ¢ [f(x +th') — f(z)] < +oo.

(t,h")—(07F,h)

fE—>fIZ‘

If this relation holds for some h, one says that f is directionally Lipschitz at .
Observe that f is Lipschitz around Z if and only if it is directionally Lipschitz at
Z with respect to the vector zero (or equivalentely with respect to every vector in
E). Recall also from [27] that if f is directionally Lipschitz at Z in the direction
h, then f1(z;h) = fO(z; h).

We also recall that the Clarke (resp. Hadamard, Dini) subdifferential of f at
is defined by

0°f(Z) = {z* € E*: (z*,h) < f1(7;h), for all h € E}
(resp.

oM f(z) ={a* € E*: (x*,h) < fH(z;h), for all h € E}

O f(z) ={z" € E* : (a",h) < f~(z;h), for all h € E}).

Clearly, we always have fH(z;h) < f1(z;h) for all h € F and we will say that
f is directionally reqular at = whenever

f1(z;h) = f*(z;h), forall hcE.
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For a convex function f: EF — [RU {4+o00} and z € dom f := {x € E: f(z) <
oo}, the directional derivative (resp. the convex subdifferential) of f is defined
by

f'(z;v) = limt '[f(z +tv) — f(z)], YweEE.

t10
(resp.
of(z) :={z* € E* : (z",v) < f'(z;v), Yv € E}
={z* e E": (z", 2 —I) < f(x) — f(Z), Vx € E}.)
Note that for Ls.c. convex functions we have f'(Z;h) = 0gf@)(h), whenever

z € core(dom f). Here o4 denotes the support function associated with a closed
set A C E* defined by o4(h) := sup{(z*, h) : * € A} and core(S) := {x € E:
Vh € E,3t,, > 0, such that x + [0,¢,,)h C S} is called the algebraic interior
of S.

3. The Convex case

Before starting the study of minimal time functions in the convex case, we need
to recall some important results proved in [4]. We start with the following
lemmas which are needed in all the proofs of our work.

Lemma 3.1. Let E be Hausdorff topological vector space and let S be a non-
empty closed subset of E. Assume that € is a bounded set in E with 0 € €.
Then the following assertions hold:

(1) Tsa(x)=0if and only if v € S;
(2) If, in addition Q is convez, then Tsq is convex on its domain if and only
if S is convex.

We point out that Part (2) in the previous lemma has been proved in Proposition
3.4 in [24] in Banach spaces.

Lemma 3.2. Let E be Hausdorff topological vector space.

(a) Assume that Q2 is a compact subset in E and S is a closed subset in E.
Then Tsq is lower semicontinuous at any v € domTsq;

(b)  Assume that  is conver weakly compact and S is closed conver. Then
Tsq is lower semicontinuous at any v € domTsq;

(¢) Assume that Q is convex and 0 € int Q. Then Tsq is globally Lipschitz on
E.

Part (b) covers the result proved in Proposition 3.5 in [24] in Banach spaces. In-
deed, they proved the lower semicontinuity of the minimal time function when-
ever 2 is closed bounded convex, S is closed convex, and the space E is either
finite dimensional or reflexive Banach space.

Lemma 3.3. Let E be Hausdorff topological vector space.
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(1) Assume that S is a nonempty closed convez set in E, &z € S, and Q is a
bounded convex set with 0 € Q). Then we have

Msa(Z) = N(S;z)N{z" € E* : gq(—2") < 1}.

(2) Let S be a nonempty closed set in E with & € S and let Q be a bounded
set in B with 0 € Q). Then for allh € E

ng(f, B) < TK(S75)VQ<B).

Let S be a nonempty closed set in F, €2 be a bounded set in £ with 0 € €2, and
let z ¢ S. Put r := Tsq(x). Clearly by Lemma 3.1 we have r > 0. Define now
the enlargement set of S as follows

S(r)y:={x € E:Tsq(x) <r}. (2)

Obviously, we have z € S(r) and S C S(r). Also, observe that by Lemma
3.1 the set S(r) is convex whenever S is closed convex and €2 is convex. If; in
addition, €2 is weakly compact, then S(r) is closed convex. The following lemma
is needed in our next proofs. It extends Proposition 3.1 in [24] (see also Lemma
4.1 in [23]) from Banach spaces to Hausdorff topological vector spaces.

Lemma 3.4. Let E be a Hausdorff topological vector space. Assume that S is
a nonempty closed set in E, * & S, and ) is a bounded convex set with 0 € €.
Then for any x € E we have

Tsa(r) < Tsmalr) +r
and the for any x & S(r) we have

Tso(x) = Ty ,o(z) +r.
Proof. First we prove the inequality

Tsa(x) < Tspyalx) +r, forany v € E.
Assume that z € E with Ty a(x) < co. The case Ts(ya(x) = oo is obvious.
Then we choose any 6 > 0 and w € Q such that x + dw € S(r), that is,
Tsqa(r+0w) < r. Then, for any € > 0 we can choose A > 0 and z €  such that
Tso(r+6w) <A <Tsq(r+dw)+e and z+dw+ Az eSb.
By convexity of 2 we have dw + Az € (0 + A)§2 and hence
T4+ ow+ Az € SN[x+(0+N)Q #0.

Therefore,

T&Q(l‘)S(S—i‘)\<(5+TS7Q(I’+5U})+E<5+T+€.
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Since § is taken arbitrarily satisfying (x + 092) N S(r) # 0, we obtain by taking
the infimum over all § the inequality

Tso(z) < Tsiyalx) +7+€ Ve>0,
and by taking e — 0 we get the first desired inequality
Tso(x) < Tseya(x) +r.
Assume now that « ¢ S(r) and let us prove the reverse inequality, i,e., Ts() 0 () +
r <Tsq(z). The case Tsq(x) = oo is obvious so we suppose that Tso(z) < co.

Then we choose any 0 > 0 and w € € such that 240w € S. Clearly, Tso(z) < ¢
and since x ¢ S(r) we have § > r. Therefore,

z+ (0 —rw+rweSNx+ (6§ —r)w+rQ] #0,

and so
Tsa(r + (6 —r)w) <r, thatis, z+ (6 —r)w € S(r).
Thus
r+ (0 —r)weSr)Nx+ (6 —r)Q] #0.
Then

TS(TLQ(ZB) S 5 —T.

Since 0 is taken arbitrarily we can take the infimum over all § > 0 satisfying
SN[z + 9] # (0 and hence we obtain

Tg(r)ﬂ(x) +7r S T&Q(ZB).

The proof is complete. ]

The following theorem summarizes all our main results in the convex case. It
extends Theorem 1 in [7] from the case of distance functions to minimal time
function and from normed vector spaces to Hausdorff topological vector spaces.

Theorem 3.5. Let E be a Hausdorff topological vector space. Assume that S
is a closed convex set in E, T & S, and Q) is a weakly compact convex set with
0 € Q. Then we have

(1) Msa(x) = N(S(r);z) n{z* € E* : og(—2") = 1};
(2) If, in addition, T € core(domTsq), then
TQQ(E; h) < TT(S(T);Q—j)’Q(h), forallh e £

(8) and
T(S(r);z) ={h € E: Tgq(z;h) < 0}.
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Proof. (1) Let z* € N(S(r); Z) with oq(—2*) = 1. Then by definition of the
convex normal cone we have

(x*,x —x) <0, forall x e S(r). (3)

Fix any = € S(r), i.e., Tsq(z) > r and let € > 0. Assume that Tgq(z) < oo, the
other case is obvious. By definition of minimal time function there exist w € €2,
s € S and § > 0 such that

0< TS,Q(CL’) << TSQ(Z’) + € with s = 2 + dw.

Take z := x + (0 — r)w. Then z +rw =z +dw € SN (z+rQ) # 0 and so
Tsa(z) <7, ie., z € S(r). Therefore, the relations (3) and og(—z*) = 1 imply

(" x—2)=(2"2—T)+ (0 —r)(—z",w) <6 —r <Tsq(x) — Tsa(T) +e.
By taking ¢ — 0, we obtain
(", —7) <Tsq(x) —Tsa(x), forall z & S(r). (4)

Assume now that = € S(r), i.e., Tsa(x) < r. The case Tsq(z) = r is obvious.
Indeed, we have by (3)

(2 —7) <0=Tsa(x) — Tsa(Z).

Assume now, that Tsq(x) < r. For any € € (0,7 — Tsq(z)), there exists § > 0
such that

0< TS,Q(.CE) <d< Tsyg(.%) +e<r with SN (37 + (SQ) 7& 0.

By the assumption oq(—x*) = 1, there exists some point v € 2 such that
(x*,u) < e—1. Take z := x — (r — §)u. The convexity of 2 ensures that

T+ =24+0r—0u+dQCz+(r—0Q+0Cz+rQ

and so ) #£ SN (z+ Q) C SN (z+rQ) which yields Tsa(z) <7, ie., z € S(r).
Therefore, the relations (3) and og(—x*) = 1 imply

(%2 —1) = (2%, 2 = 1) + (r = 9) (z7, u)
<(r=¥0)(e—1)=d0—r+er—>9)
< TS,Q(.T) — TS,Q(I_/‘) + 6(1 + T’).

Taking € — 0 yields
("2 —7) < Tgq(xr) —Tsqa(x), forall ze S(r). (5)
Consequently, from (4) and (5) we obtain

(", 2 —7) <Tgq(x) —Tsa(x), foralxzekE,
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which means that «* € 075 (7).

Conversely, let 2* € 0Tso(Z). Then by definition we have
("2 —7) <Tsq(x) —Tsn(x), foralzekE. (6)
Using Lemma 3.1 and the definition of S(r) we get
(x*,x —x) <0, forall xz € S(r).

This means that z* € N(S(r),z). We have to prove that oq(—z*) = 1. By
Lemma 3.4 we have

Tso(z) — Tsa(T) < Tspyalx) — Tspry (), Ve EFE
which ensures together with (6) that
(", 2 = Z) < Tymya(r) — Tseyalx), foralaxe E.

This means that 2* € 0Tg(),0(%). Since Z € S(r), we have by Proposition 3.3,
oo(—x*) < 1. It remains to prove the inequality oo(—2*) > 1. To do that, we

fix e € (0,r). By the definition of the minimal time function, there exist u € €,
s€ S,and 0 € (r,r + €?) satisfying s = T + du. Therefore,

s=T+o0u=T+eu+(d—€uecSN(T+eu+(0—¢)
and hence Tso(Z + eu) < 0 — €. Using (6) we obtain
(", eu) < Tga(T+eu) —Tsa(T) <d—e—r
Thus
(=% eu) >1r—06+e>e— €.
and so
(—x* u) >1—¢, Vee (0,r).

Taking € — 0, we get oq(—2z*) > (—z*,u) > 1 and hence the proof of (1) is
complete.

(2) Let h € E. Assume first that h € T'(S(r); ). Then by Lemma 3.1 we have
Trsery,z),0(h) = 0. Also we have (z*,h) <0, for all 2* € N(S(r),z). Hence by
(1) we have (z*,h) < 0, for all 2* € 0Tso(7) and so Targ o) (h) < 0. Using
now the assumption z € core(domTsq) to write Tg (7, h) = 0oz o) (h) and
consequently we obtain the needed inequality

Té,Q(jv h) S 0= TT(S(T)J:),Q(h)-

Assume now that h ¢ T(S(r);z). Without loss of generality we assume that
Trseym.a(h) < oo. Put a := Trsy.z.a(h). Let & > 0 such that

)

(h+0Q)NT(S(r),z) # 0.
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There exists w € §2 such that h + dw € T'(S(r), z). Therefore, by (1) we get
(", h) = (", h + ow) + 6 (—z*,w) < Jog(—z*) =6, forall z* € 0T5qa(Z).

This ensures that

UaTs,n(@(h> <
and since we have

T50(Z, h) = oors o) (h)

we obtain

Tgq(z,h) <6.
Since 0 is taken arbitrarily satisfying (h 4+ dQ) N T(S(r),z) # 0 we take the
infimum over § in the last inequality to get

Tso(7,h) <inf{d > 0: such that (h+0Q) NT(S(r),z) # 0} = Trse).a).0(h).

Thus completing the proof of (2).
(%) The inclusion T'(S(r),z) C {h € E : Tigo(z;h) < 0} follows from the

3

assertion (2). Conversely, let h € E with Tgo(7;h) < 0. Let (;) be a net of
positive real numbers converging to zero. Let jp € J such that

Tsa(z +t;h) > Qt? >0, forany j > jo. (7)

This fact is ensured by the fact that z ¢ S and the lower semicontinuity of T's o
which is ensured by Part (b) in Lemma 3.2. Indeed, if we assume by contradiction

that (7) is not true, that is, for any jo € J, there exists some j > jo such that
Tsa(Z 4 t;jh) < 2t5. This ensures the existence of a subnet (ty;)) of (t;) such
that Tso (T + ts;)h) < 2t§( i), for all j. Therefore, the lower semicontinuity of
Ts o ensures that

0 < Tso(7) < limj inf T 0(Z + tsyh) < 1i§n 262, =0

and so by Lemma 3.1 we get £ € S which contradicts the assumption z ¢ S
and so (7) holds. The assumption Tg(Z;h) < 0 ensures the existence of some
j1 = Jjo such that

Tsa(T+tjh) <r+ t?, for any j > 7. (8)
Thus, combining (7) and (8) we obtain
0 < 2t? < Tsq(z+t;h) <r+t;, forany j > ji. (9)

Using now the definition of the minimal time function to choose for any j € J
some w; € ! and J; > 0 such that

Tso(T +t;h) < 6; < Tso(T +t;h) +t; and T+ t;h+d;w; € S

Hence
0<d;—2t5<r, Vj=>j.
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Let z := T +t;h + 2t5w; and h; := h + 2t;w;. Then
24 (0; — 26 w; = T+ tjh 4+ d;w; € SN (2 + (6; — 265)Q) # 0.
So, Tsq(z) < d; —2t5 <r, that is, z € S(r). Therefore,
T+ tjh; =T+ t;h + 2t5w; € S(r).

Now, by the boundedness of the set {2 we get the convergence of 2t;w; to zero.
This ensures the convergence of h+ 2t;w; — h which means that h € T'(S(r), Z)
and hence the proof is finished. O

Taking now the case (2 is the closed unit ball of a normed vector space FE we get
the following well known result (see for instance [7]).

Corollary 3.6. Assume that E is a normed vector space, S is a closed convex
set in E, and * ¢ S. Then we have

(1) Ods(z) = N(S(r);z) N {z" € E": [|la"|| = 1}
(2) dig(f; h) < dT(S(r);i)(h)a for all h € F,
(3) T(S(r):2) = {h € E : dis(z; h) < 0.

Using Theorem 3.5 we deduce the following important result on the subdifferen-
tial of the Minkowski function at nonzero points in Hausdorff topological vector
spaces. It extends Theorem 6.1 in [16] from Banach spaces to Hausdorff topo-
logical vector spaces and from the case of 0 € int {2 to the case 0 not necessarily
an interior point of 2.

Theorem 3.7. Let E be a Hausdorff topological vector space and let €1 be a
weakly compact convez set in E with 0 € 2. Then for any T # 0 we have

Opa(z) ={x" € E* : oq(z") =1 and po(z) = (z*,7)}. (10)

Proof. Let z # 0. Put S = {0}, r := pa(Z) = Tsa(—z) > 0 and Q; := {z €
E : po(x) <r}. Clearly S(r) = —Qz and N(S(r); —z) = —N(Qz; Z). Therefore,
we have by Part (1) in Theorem 3.5

0pa(z) = —=0Tsa(—7) = — N(S(r);—z) N{z* € E* : oq(z*) =1}  (11)
= N(Qzz)N{z" € E* : 0g(z") = 1}. (12)

Let x* € 0pa(Z). Then og(x*) = 1 and for any x € {); we have
(", — ) <0. (13)

Since €2 is convex and 0 € 2 we have Ti;re € Q for any € > 0. Then

x
* < *y =1, thati * )y < Ve >0
<a:,r+€>_ag(x) , at is (x*,7) <r-+e, Ve ,
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which ensures by taking ¢ — 0 that
(x*,z) <.

On the other hand, we have rh € Q; for any h € Q and hence by (13) we obtain

(x*,rhy < (2", ).
Combining this inequality with the previous one we get

(", h) < <x§> <1, Vheq.
This ensures that
oa(c) < (a7, 2) <1,

which ensures that <x*, §> =1 and so

(2%,) = 1 = po(3),

and hence the proof of the inclusion (10) is complete.

Conversely, we fix any z* € E* with og(2*) = 1 and (2*,Z) = po(z). Observe
that our assumptions on 2 ensure that {z € £ : po(z) < 1} C Q. Then for any
z € Qz, we have po(z) <1 <r+e¢, for any € > 0 and so - € Q for any € > 0.
Hence

(x*,x) = (r+e) <x*,ri+€> < (r+ e)og(z")
=(r+e) =pa@)+e= (2", 7) +e¢,
that is,
(", x —x) <€ forany e > 0.

Taking € — 0 we obtain
(x*,x — ) <0, for any x € Qg,

which ensures by definition that * € N(Q4z,Z). Therefore, we use (11) to get
x* € Jpqo(x) and hence the proof is complete. O

Based on Theorem 3.7 we deduce the following necessary condition for a point
u € S to be a generalized projection g (Z) on a closed set S in Hausdorff
topological vector spaces.

Theorem 3.8. Let E be a Hausdorff topological vector space, S be a nonempty
closed subset of E, €1 be a weakly compact convex set in E with 0 € Q) and let
T ¢S. Ifu € msq(T), then there exists x* € NY(S;u) such that oo(—z*) = 1
and (z*,T — u) = po(a — ).
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Proof. Let u € mg(Z), that is, po(u—Z) = infses pa(s—Z). Then @ minimizes
the function pq(- — ) over S, which ensures that 0 € dpq(- — 7)(u) + NC(S;u)
and hence there exists »* € NY(S;u) such that x* € —dpq(- — z)(u). Then

using Theorem 3.7 we get oq(—x*) = 1 and po(u — =) = (x*, T — u). O

Another corollary of Theorem 3.7 establishes a characterization of generalized
projection mg o on closed convex sets in Hausdorft topological vector spaces.

Theorem 3.9. Let E be a Hausdorff topological vector space, S be a nonempty
closed conver subset of E, €2 be a weakly compact convex set in E with 0 € €2
and let T ¢ S. Then u € mgo(T) if and only if there exists x* € N(S;u) such
that oq(—x*) =1 and (z*,Z — u) = po(u — ).

Proof. Let w € S. Then u € mgq(Z) if and only if 4 minimizes the function
po(- — &) over S, which is equivalent to 0 € dpq(- — z)(u) + N(S;u) (since S
and pq are convex). Then the conclusion follows from Theorem 3.7. [

4. The Nonconvex case

Throughout this section S is a nonempty closed subset (not necessarily con-
vex) of the Hausdorff topological vector space F and & ¢ S.

Theorem 4.1. Let E' be a Hausdorff topological vector space, S be a nonempty
closed subset of E, Q be a bounded set in E with 0 € Q and let T ¢ S. Assume
that Tsq is l.s.c. at x. Then for all h € E we have

(1) TEo(T;h) < Tgl o(T5 h) < Tr(srym.) (h);

(2) K(S(r); x) :{hGE:TgQ(f;l_z) <0}
Proof. (1) Fix any h € E. Since z € S(r) then the second inequality follows

from Lemma 3.3 (see Theorem 4.8 in [4]). So, we only show the first inequality.
By Lemma 3.4, we have for any ¢ > 0 and any h €

Tsa(Z +th) = Tsa(T) < Tsiy,a(T +th).
This ensures

lim int_l[T&Q(ZZ‘ + th) — T&Q (ZZ’)] S lim i_‘]_flft_lTS(r)’Q (Zf' + th),
t—0 t—0
h—h h—h

and hence the desired inequality is proved.
(2) By the first part, we have the following inclusions
K(S(ry;z)c{he E: Tg{r),g( :

z;h) =0}
c {he E:Ty(z;:h)

h)
<o},
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So, we will show the following one
{h e E:T&(z;h) <0} C K(S(r); 7).

Let h € E with T (z;h) < 0. Let (t;,h;) be a net in (0,00) x E converging to
(0, h) and satisfying the limit

Tﬁb(f;h)==1%ntflﬂkxﬂf'+tjhj)—-Thﬂ(fﬂ-

Similarly to the proof of Theorem 3.5, we use the lower semicontinuity of T
and the assumption z ¢ S to find some jy € J such that

Tso(Z +t;h;) > 2t§ >0, for any j > jo. (14)

Using now the assumption T¢,(Z; h) < 0 ensures the existence of some j; > jo
such that

Tso(z +tjh;) <r+1t3, for any j > ji. (15)
Thus, combining (14) and (15) we obtain
0< 2t? <Tsqo(T+tjh;) <r +t?, for any j > 7. (16)

Using now the definition of the minimal time function to choose for any 7 > j;
some w; € £ and ¢; > 0 such that

Tso(T +tjh;) < 6; < Tso(T+t;h;) +t; and T +t;h;+dw; € S.
Hence
0<d;—2t5<r, Vj>j.
Let z := T + tjh; + 2t5w; and R} := h; + 2t;w;. Then

24 (8; — 26 w; = T+ tihj + d;w; € SN (2 + (6; — 23)Q) # 0.

So, Tsa(z) < d; —2t7 <r, that is, z € S(r).
Therefore,
T+ th) = T+ t;h; + 2t5w; € S(r).
Now, by the boundedness of the set 2 we get the convergence of 2t;w; to zero.

This ensures the convergence of h; = h; + 2tjw; — h which means that h €
K(S(r),z) and hence the proof is finished. O

Taking E to be a normed vector space and €2 to be the closed unit ball of £, we
get the following corollary proved in Corollary 4.4 in [3] (see also [5]).

Corollary 4.2. Let E be a normed vector space, S be a nonempty closed subset
of E, and let x € S. Then for all h € E we have

(1) d§ (z; h) < dg (T h) < di(sirya) ()-

(2) K(S(r);z) ={h € E:d%(z;h) <0}
={h € E:d§,(z;h) = 0}.
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Now, we turn to establish similar results for the Clarke tangent cone to S(r)
and the generalized directional derivative of T at * ¢ S.

Theorem 4.3. Let E be a Hausdorff topological vector space, S be a nonempty
closed subset of E/, Q) be a bounded set in E with 0 € 2 and let * ¢ S. Assume
that T's.q is l.s.c. at ©. Then

(a) {h € E:Tlo(xh) <0} CTYS(r); ). (17)

If, Tsq is directionally reqular at T, then equality holds in (17) and S(r)
15 tangentially reqular at .
(b)  Assume that E is locally convex and 0°Tsq(Z) # (. Then

({h € B:Tlo(w:h) < 0}) = ol (R4 Ts (7)) .

Proof. (a) Let Z,h € E with T;Q(‘ h) <0. Let

B:=Tl,(Z;h) = sup inf sup inf t! [Tsq(z +th) — a.
’ HEN(R) xexta) te(09) hel

(ac,a)EepiTsyﬂﬁ[r—é,r-ﬁ-é]
Consider any H € N(h). Then
inf sup inf t ! [Tso(z +th) —a] < B <0.

5>0 t€(0,6 heH
XEN(@®) (4 a)cepi Tg, Q<VW(X>><[7“ 8,7+36])

There exist dp > 0 and Xy € N(Z) such that

inf 7! [Tsqa(z +th) —a] <0, (18)
heH
for any t € (0,dp) and for any (x,«) € epiTsq N (Xo X [ — o, 7 + dp]). Fix any
r € XoNS(r)and any ¢t € (0,9p). Then (z,7) € epiTsa N (Xo X [r — g, 7 + do))-
So there exists by (18) some point hg € H such that

t ! [Tso(x +the) — 1] <0, ie., Tsolr +thy) <,
which means that = + thy € S(r) and hence we obtain
(x+tH)NS(r) #0, Vre XonS(r),vte (0,d).

Therefore, we conclude that for any H € N(h), there exist 5y > 0 and Xy € N (z)
such that (z+tH)NS(r) # 0, Vz € XoNS(r),Vt € (0,d0). This ensures by the
definition of Clarke tangent cone that h € T%(S; ).

Assume now that Ts  is directionally regular at . Then 7, ;Q(:Tc, h) = T (z; h),
for all h € E and hence by Part (2) of the previous theorem and the inclusion
(17) we obtain

K(S(r);z) ={h € E:Tdy(z;h) <0} ={h € E: T;Q(f;h) <0} CcT(S(r);z).
);Z) C K(S(r);z) always holds we get the
an

Since the reverse inclusion T'(S(r); x
at  and the equality form in (17) holds.

(r
tangential regularity of S(r) at =
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(b) Assume now that E is locally convex and 0°Tsq(Z) # (). Denote
T:={heE:Tiy(z;h) <0}

Let us prove that 9T (%) C T~. Since 0Tsq(Z) # 0, we take some 2* € E*
such that
(z*,h) < Tdo(z;h), VheE.

Hence, for any h € T, we have
(z*,h) < Tlo(z;h) <0,
that is, 2* € T~. Since T~ is a closed convex cone we obtain
el (R0 Ts (7)) C T~ = ({h € B:Tlo(z:h) < 0})_ .
Conversely, we have to prove the direct inclusion of (b), i.e.,
({h € E:Tlo(®:h) < 0})* C cly- (R4 0 Ts (7).

Since T ;Q(E, -) is Ls.c. and sublinear by Theorem 2 in Rockafellar [27], the set
T is a closed convex cone and hence (T7)~ = T. Therefore, we will prove that
the negative polar of cl,«(IR;0“Tsq(z)) is included in T, that is,

(el (IR10“Ts0(2)))” C {h€ E: Tly(z;h) <0}

Note first that
(cly- (R4 Ts (7)) = (0“Ts0(x))".

So consider any h € (0°Tsq(%))~. Then we have
(x*,h) <0, Va* € 0Tsq(T).
Hence (since 0Tsq(7) # 0)

Tl (T h) = opergqm(h) = sup  (z*,h) <0,

I'*EBCTS’Q(E)
which ensures that h € T. Thus completing the proof. ]
The following corollary characterizes the Clarke tangent cone and the Clarke

normal cone to the enlargement set S(r) in terms of the generalized directional
derivative of Ts at . It extends Corollary 4.4 in [3] (see also [5]).

Corollary 4.4. Let E be a Hausdorff topological vector space, S be a nonempty
closed subset of E, §2 be a bounded set in E with 0 € Q and letz & S. If Tsq is
L.s.c. and directionally regular at T with 0°Tsq(Z) # 0, then we have

T9(S(r);2) = {h € E: T§o(w;h) <0} = {h € E: T}, o(¥;h) = 0}

and

NE(S(r); z) = clys (R10Ts0(2)) = cly (IR0 Ts(r)0(2)) -
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The following corollary extends Corollary 1 in [9] from normed vector spaces to
Hausdorft Topological vector spaces. It says that if we put the calmness of T's
instead of its 1.s.c. and the assumption 0 € 9T q(Z) instead of the assumption
0%Tsq(z) # 0 in Corollary 4.4 we may remove the weak star closedness in the

second equation of the second relation in Corollary 4.4. Recall that f is said
to be calm at z if there exist a closed balanced neighborhood V' of zero and
X € N(z) such that

|f(z) — f(2)] < pv(z —2x), forallze X.

Corollary 4.5. Let E be a Hausdorff topological vector space, S be a nonempty
closed subset of E, 2 be a bounded set in E with 0 € Q and letz & S. If Tsq s
calm and directionally reqular at T and 0 ¢ 0°Tsq(Z), then we have

NY(S(r);7) = R, 0°Tso(7).

Proof. Using the calmness of T at  and Banach-Alaoglu theorem (see The-
orem 3.5 in [30]), we get the weak star compactness of 9“Ts (%) in E*. There-
fore, the assumption 0 ¢ 9T o (%) with the weak star compactness of 9°Ts o (Z)
ensures the weak star closedness of the cone generated by 9°Tsqo(7), that is,
cly (IR4+0%Ts0(Z)) = IR10“Ts0(Z). Thus the conclusion follows from the pre-

vious corollary. ]

The next results depend upon the non-emptiness of the minimum set for the
minimal time function Ts o defined as follows

mga(u) ={r € S: Tsa(u) = palx —u)}.

We begin with the following lemma. It extends Proposition 3.4 in [24] from
Banach spaces to Hausdorff topological vector spaces (see also Lemma 3.1 in
[23] for the case 0 € int €2 in Banach spaces). This lemma is needed in the proof
of our next results.

Lemma 4.6. Let E be a Hausdorff topological vector space, S be a nonempty
closed subset of E, Q0 be a convex set in E and let T ¢ S with Tsq(Z) < co. For
every x € mso(Z), and for every t € (0,1] we have

TSVQ(tI‘ + (1 — t)ff‘) = (1 — t)T&Q(f). (19)

This ensures that v € mgqo(tr + (1 —t)z), for any t € (0, 1].

Proof. Let z € mgo(Z). Then x € S with Ts (%) = pa(r — T) < co. First we
prove the inequality

Tsaltz + (1 — 1)) < (1 — )Tsa(@), Vte (0,1].

Put a := po(x — Z) > 0 and fix any t € (0, 1]. Clearly we can find for any ¢ > 0
some o > 0 such that x — z € a2 and ag € [, @ + €) and so

v =t (1— 03+ ap(1l — ) E=Y)

e SN[te+ (1 —1)T + ag(l —)Q] # 0,
o7y}
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which ensures that
Tsa(tr+(1—1)7) < ap(1—t) < (1—t)[pa(z—7)+¢] < (1—t)Tsq(z)+e, Ve > 0.

Taking ¢ — 07 finishes the proof of the first inequality.

By the first part we have T o(tx + (1 —t)T) < oo whenever T o(Z) < 0o and so
for any € > 0 we can find some w € €2, some § > 0, and some dy > 0 such that

Tsa(tr+ (1 —1)7) <0 <Tsqo(tr+(1—1t)x)+€e and tr+ (1—-1t)z+dw e S,

and
x—T € 6 with 0 < po(z —7) < dy < po(z —T) + €.

(z—%)
)

Then by convexity of {2 we have &yt + dw € (dpt + 0)§2 and so

(z — 1)

T+t(x—)+ow=1=1+ dt + 0w € SN[z + (st +6) # 0.

0

Hence

Tsa(z) < ot + 9
<tlpa(r—z)+€) +Tsaltr+ (1 —1t)z) +¢€
< thﬂ((jﬁ) + T&Q(tl’ + (1 — t).f) + 2¢

and so by taking ¢ — 0T we obtain
(1 =t)Tsa(z) < Tsaltr + (1 —1)z).
This completes the proof of the lemma. [

We use this lemma to prove the following proposition on lower Dini directional
derivatives and Dini subdifferentials of Tgq.

Proposition 4.7. Assume that the assumptions of Lemma 4.6 are fulfilled and
assume that 0 € Q. Then for every T ¢ S and for every x € 15q(Z) we have

Tso(T; 0 —7) = —Tso(T)

and
0 Tsa(z) C {a" € E* : og(—2") = 1}.

Proof. By Lemma 4.6, we have

Tgo(Z; 0 — ) = lim inft ' [Tsq(z +t(x — 7)) — Tsn(7)] = —Tsa(7)

t—0t

We turn now to show the inclusion

0 Tsa(z) C {z* € E*: 0g(—z") =1}.
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Fix any 2* € 0" Ts (7). Then
(%, h) < Tgqo(T;h), VheE.
Then by the first part we have for any x € mg(Z)

(2", 2 —7) < Tgo(T;2 —7) = —T50(T) = —pa(r — T)

r—x
<_$*7 — > Z 17
pa(r — )

since po(r — ) # 0 because T ¢ S. Thus, for any € > 0 there exist w € 2 and
ag > 0 such that

and so

0<palex—7) <oy <palr—I)+e¢

and x — T € apf. Thus

v

and hence

Taking € — 07 yields

Let us prove the reverse inequality
oo(—z") < 1.
Let (t;); be a net in (0, 00) converging to 0 and satisfying
Tsq(@:h) = lim t Tz + tjh) — Tsa(T)).
By Lemma 3.4, we have
Tsa(r) — Tsa(?) < Tspya(®) — Tsera(Z), VoeE,
which ensures together to the definition of the enlargement set S(r) that
t Tz +tjh) — Toa(r)] < ;' Tsea(@ + t;h) < pa(—h),

and so
t;l[TS’QCE + tjh) — TS,Q(I_})] < pg(—h).
Taking the limit on j we get

Tgq(z;h) = li§n t;l[T&Q(j +t;h) — Tsa(z)] < pa(—h).
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Using the fact that 2* € 0" Tsq(Z) we write
(2", —h) <Tgq(Z;h) < pa(=h), heE.
Fix any v € ) and take h := —v in the previous inequality we get
(2%, v) = (=2", —=h) < pa(v) < 1.
This ensures that oq(—2*) < 1 and hence the proof is finished. O

The following theorem establishes another relationship between the Clarke sub-
differential of Ts and the Clarke normal cone of S(r) at points outside the set
S. It extends Theorem 3.2 in [16] from Banach spaces to Hausdorff topolog-
ical vector spaces. Also the assumption 0 € int () is not needed in our proof
contrarily to the proofs in [16].

Theorem 4.8. Let E' be a Hausdorff topological vector space, S be a nonempty
closed subset of E, Q be a bounded convex set in E with 0 € Q and let * ¢
S. Assume that ngq(z) # 0, Tsq is directionally reqular at T, and Tsq is
directionally Lipschitz at T in the direction x — T for some x € mgq(x). Then
we have

O°Tsa(z) C NO(S(r);z) N {x* € E*: og(—2") = 1}.
If, in addition, Tsq is calm at z, then we have
0“Tsa(z) = NO(S(r);z) N {z* € E* : og(—2*) = 1}.

Proof. The inclusion 0“Tsq(z) C N9(S(r); ) follows directly from Corollary
4.4. Let us prove the inclusion 0Ts o (%) C {z* € E* : oq(—2*) = 1}. Fixh € Q
and any V € N (0) and let H := —h+V € N(=h). Set W :=VN(=V) € N(0).
Since €2 is bounded we may choose some o > 1 such that @ C aW. Take
now h = —h + éh. Clearly -h = h € 2. On the other hand, we have
a”'hea 'Qc W and so

h=-h+a'he-h+WcC—-h+V=H.
Fix now any € > 0 and take ¢y € (0,¢). Hence we have (since %EL € Q)

3 _1 3
3‘:+t0h+to(a )( a )h
a 1 —«

a—1

S [97; + toh + to (T) Q} NS(r) # 0,

— toh

=

f:f‘i‘to

which ensures by the definition of the minimal time function that

~ a—1
TS(T),Q(.T + toh) <t ( o ) < tp.

Therefore

inf tilTS(r)’Q(i'_Fth) < talTS(T)ﬁg(:ﬁ—l—toﬁ) <1, foralle>0,heQV €N
he—h+V
t€(0,€)
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and so

T§(m.0(@ —h) = liminft ™ Tsq (T + th)
h——h

= sup inf t_lTS(r)’Q(f +th) <1,
e>0 he—h+V
VeN(0) tE(0e)

for all h € Q. Take now any z* € 0°Tsq(Z). Then by the previous inequality,
the definition of Clarke subdifferential, the directional regularity of Tsq at Z,
and Part (7) in Theorem 4.1 we have

(—z*,h) < T;Q(E; —h) = Téo(z;—h) < Tgfrm(:ﬁ; —h) <1, for any h € Q.
This inequality yields

oo(—a*) =sup (—z*, h) < 1.
heQ

It remains to show the inequality oo(—z*) > 1. Using the assumption of the
directional Lipschitzness of Ts o at Z in the direction z — Z we have

Tio(@x—7) =Toqo(T;0 — ).

This equality with the directional regularity of Ts o at Z ensure

that is, T (Z;2 — ) = T;Q(:i; x — ) and hence by Proposition 4.7 we obtain
("0 —T) < Tngﬂ(i; r—7)=Tgo(Tx — 1) = —Tsa(T) = —pa(r — 7).

Following the same lines in the proof of Proposition 4.7 we conclude og(—z*) > 1
and hence the proof of the first inclusion of the theorem is complete.

Let us prove the reverse inclusion. Fix any 2* € NY(S(r); z) with oq(—2*) = 1.
First let us check that 0 ¢ 0“Tsqo(%). Indeed, by the assumption 75q(z) # 0
and the above reasoning we have

T;Q(a?; r—7)=Tgo(T;x —2) = —Tsa(z) <0, for some x € T50(7),

which ensures that 0 € 9“Ts.q(z). Therefore, by Corollary 4.5, there exists some
A > 0 and y* € 9°Tsq(Z), such that 2* = \y*. Using the first part of the proof
we obtain og(—y*) = 1 and so by combining this equality with the assumption
oo(—z*) =1 we get A = 1. Thus completing the proof. ]
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5. Applications to Normal and Subdifferential regularity in normed
vector spaces

In this section we are going to show the importance of our previous results on
generalized directional derivatives and Clarke subdifferentials of T5 at points
Z outside the set 9, in the study of the relationships between the subdifferential
regularity of Ts and the normal regularity of the enlargement set S(r) where
ri= T&Q(J_I).

In all this section we assume that E' is a normed vector space. We are going to
study the relationship between the Fréchet (resp. Mordukhovich, proximal) nor-
mal regularity of the enlargement set S(r) of a closed nonempty set S at T & .S,
and the Fréchet (resp. Mordukhovich, proximal) subdifferential regularity of the
minimal time function Ts o associated with S at the same point . Our results
will extend the results in [3, 6] from Banach spaces setting to normed vector
spaces setting and from the case of distance function to the case of minimal
time function by taking €2 to be the closed unit ball. To this end let us first re-
call some notations and definitions needed throughout this section. The various
notions of subdifferentials and normal cones in the following definitions, and the

relative facts provided in the following remarks are well-known (see for example
[3, 6, 20, 21]).

Definition 5.1. Let 7 € F with f(Z) < co.
(a) The e-Fréchet subdifferential 0 f(z) of f at T is defined by

timing L @) = F(@) — 2",z — 7) > _6}_

#—E [ — 2|

aff@u::{x*GZ?

The Fréchet subdifferential 0% f(z) of f at Z is defined as the 0-subdifferential
of f at the corresponding point, that is
liminf L8 = F@) = @t x —7) 0} |

wz [ — z|

y7@y—{ﬁeE*

(b) The right-sided limiting Fréchet subdifferential (also called the right-sided
Mordukhovich subdifferential) 92’ f(Z) of f at Z is defined by

oY f(z):= limsup O f().

e—1z,f(2)>f(2)
el0
(c) The prozimal subdifferential O f(Z) of f at T is defined by
limingd &) = f@) = {a* 2 —7) _OO}‘

a3z o — z]]?

o f(@) = {o e &

Remark 5.2. Let 7 € E with f(z) < oo. Then the following inclusions are
clear by definitions:

OF F(z) C OF f(z) C 0¥ f(z) C 0 (5). (20)



M. Bounkhel / On Subdifferentials of a Minimal Time Function in ... 515

Definition 5.3. Let 7 € S.
(a) The set of Fréchet e-normals to S at = is defined by
NF(z;9) := {x* c B limsupw < e}.

The set of Fréchet normals to S at z is defined as the Fréchet 0-normals to S at
the same point, that is,

N¥(z;9) := {x* € E*: limsup@v’ag—_m> < O}.

(b) The limiting Fréchet (also called Mordukhovich) normal cone to S at Z is

defined by
NM(z; ) := limsup N7 (z; 9).

2—57,]0
(¢) The proximal normal cone to S at z is defined by
NP(J_J;S) = {x* c E*: limsupw < —1—00}.
sz |z —Z|?
Remark 5.4. Let 7 € S. By definition (see also [3, 9, 11, 21]), we have that
N2(z;8) = 0°05(z) for any A € {F,P,C}.
Then by Remark 5.2 we have that
N*(z;8) € N¥(2;5) € NM(z;8) € N°(x; ). (21)

The following concepts of regularity for sets and functions introduced and stud-
ied in [3, 6].
Definition 5.5. Let 7 € F, with f(z) < co. We say that f is

(a)  Fréchet subdifferentially reqular at 7 if 0% f(z) = 9° f(z);
(b)  prozimal subdifferentially regular at 7 if OF f(z) = 9 f(¥);
(¢)  Right-Sided Mordukhovich subdifferentially reqular at @ if 0 f (z) = 9% f(Z).

Definition 5.6. Let z € S. We say that S is

(a)  Fréchet normally reqular at & if N¥'(S;z) = N(S;7);
(b)  proximal normally regular at T if N¥(S;z) = NY(S; z);
(c)  Mordukhovich normally reqular at = if N¥'(S;z) = NM(S; 7).

Recall from [17] and [24] the following needed results.

Theorem 5.7. Let S be a nonempty closed subset of E with T & S with r :=
Tsa(Z) < 0o and let Q be a bounded closed convex set in E with 0 € Q. Then

(1) OFTsq(z) C NE(S(r);7) N{z* € E* : oq(—2*) = 1} (see [17]);
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(2) OFTsq(z) C NP(S(r);z) N{z* € E* : oq(—x*) = 1} (see [17]);
(8) IfTsq is calm at T, then we have equality form in (1) and (2);
(4) If E is a Banach space, then

M'Tso(x) C NM(S(r);z) N {a* € E* : og(—2*) = 1},

and the equality N™(S(r);z) = IR 0OMTsq(Z) holds provided that 0 €
int Q. (see [24]). -

We state our first result on the relationship between the Fréchet normal regu-
larity of S(r) at = ¢ S, and the Fréchet subdifferential regularity of the minimal
time function Tsq at the same point z. This result extends Theorem 2.19 in
[3](see also [6]) from reflexive Banach spaces setting to normed vector spaces
setting and from the case of the distance function to the case of the minimal
time function.

Theorem 5.8. Let S be a nonempty closed subset in a normed vector space E
with T ¢ S. Let 2 be a bounded closed convex set in E with 0 € Q. Assume that
Tsq is calm at T and wsq(T) # 0.

(1) If Tsq is directionally Lipschitz at T in the direction x — T for some
x € msa(Z), and Tsq is is Fréchet subdifferentially reqular at T with
O°Tsa(Z) # 0, then Tsq is directionally reqular at T and S(r) is Fréchet
normally reqular at x;

(2) Conversely, if S(r) is Fréchet normally reqular at T, Tsq is directionally
reqular at T, then Tsq is Fréchet subdifferentially reqular at x.

Proof. (1) Assume that msq(Z) # 0 and let © € mgq(Z) for which Tsq is
directionally Lipschitz at z in the direction x — Z. Assume also that Tggq is
Fréchet subdifferentially regular at z, that is, 0" Tso(Z) = 0°Tsq(Z). Since
OTsa(T) # 0 and Tsgq is Ls.c. at T (because Tsq is calm at ) we have by
Proposition 3.2 in [3] the directional regularity of Ts o at Z. Therefore,

T (2 —7) =Tlo(7,2 — 7) = T4o(T,2 — T) > Tgo(T, 2 — 7)
and since we always have T¢o(Z,x — Z) < T4 (%, x — T) then we get
Tio(@ a0 —7) =Tgq(z, 2 — 7).
Using now Proposition 4.7 to write

T;Q(:z,a: — %) =T4q(Z,2 — 1) = —Tsq(z) <O0.

This ensures that 0 ¢ 0°Tsq(Z) and hence since Tgq is calm at Z, we can write
by using Corollary 4.5,
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The last inclusion follows from Part (a) in Theorem 5.7 and hence we get the
Fréchet normal regularity of S(r) at z.

(2) Conversely, assume that S(r) is Fréchet normally regular at = (i.e., N¥(S(r); 7)
= NY(S(r);z)) as well as the other assumptions in (2) of the statement of the

theorem. Thus, by Theorem 4.8 and Part () in Theorem 5.7 we have
O°Tso(z) C NY(S(r);z)N{x* € E* : oq(—2") =
= NY(S(r);z)n{z" € E* : oq(—2")

= aFT&Q( )C ¢ Tsﬂ( )

1}
1}
This means that Tsq is Fréchet subdifferentially regular at z. O]

Observe that the proof of the first part in the previous theorem needs the as-

sumptions 7go(Z) # 0 and the directional Lipschitzness of T at T in the direc-
tion z — 7 for some x € mgo(Z) which is needed to guarantee that 0 ¢ 0°Ts0(T).

In order to remove these assumptions we will add the reflexivity assumption on
the space E as the following proposition shows.

Proposition 5.9. Let S be a nonempty closed subset in a reflexive Banach space
E withxz & S. Let Q be a bounded closed convex set in E with 0 € 2. Assume
that Tsq is calm at T with r = Tsq(Z) < 0o and 0°Tsq(z) # 0. If the func-
tion Tsq is Fréchet subdifferentially reqular at z, then S(r) is Fréchet normally
reqular at T;

Proof. Assume that Tgq is Fréchet subdifferentially regular at z, that is,
' Tsq(7) = 0Tsa(T). As in the proof of the previous theorem we have the

directional regularity of Tsq at . Then by using Corollary 4.4 and Part (%) in
Theorem 5.7, we have

N(S(r);T) = cly

= N"(S(r )7:6')-

The last equality follows from the fact that N¥'(S(r); Z) is weakly star closed in
reflexive Banach spaces. Indeed, it is well known that N¥(S(r); z) is strongly

closed (see for example Proposition 1.8 in [3]) and convex, which ensures its weak
star closedness by the reflexivity of the space. Thus completing the proof. [

Now, we turn to the study of the equivalence between the Mordukhovich nor-
mal regularity of S(r) at z and the Right-Sided Mordukhovich subdifferential
regularity of T's o at the same point Z in Banach spaces.

Theorem 5.10. Let S be a nonempty closed subset in a Banach space E with
T ¢ S. Let Q be a bounded closed conver set in E with 0 € Q. Assume that
Tsq is calm at T and S(r) is Mordukhovich normally reqular at . Then Tgq is
Right-Sided Mordukhovich subdifferentially reqular at . Conversely, if 0 € int ()
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and Tsq is Right-Sided Mordukhovich subdifferentially reqular at T, then S(r) is
Mordukhovich normally regular at .

Proof. (1) Assume that Tsq is calm at  and S(r) is Mordukhovich normally
regular at . Then
N*(S(r); ) = NY(S(r); 7).
We have by Part (4) in Theorem 5.7 the inclusion
M Tso(z) C NY(S;z) N {a* € E* : og(—2*) = 1}.
Since Ts g is calm at Z, we can use Part () in Theorem 5.7 to write the inclusion
NE(S;z) N {x* € E* : og(—2*) = 1} = 0" T50(7)
Thus, combining the three above relations we get
8¥T5’Q(§:) C NM(S,J_J) N {l’* e B O'Q(—Z‘*) = 1}
= NY(S;z)n{a* € E* : 0g(—2*) = 1}
= ' Tsq(7).

This means that T q is Right-Sided Mordukhovich subdifferentially regular at
T, since the reverse inclusion 0" Tso(Z) C 0¥ Tgq(Z) always holds.

(2) Conversely, assume that 0 € intQ and Tsq is Right-Sided Mordukhovich
subdifferentially regular at z. Then 0" Tsqo(Z) = 0¥ Tsa(Z). Hence, by using
Parts (2) and (4) in Theorem 5.7, we obtain

NM(S(r);2) = Ry 0N Tso(F) = IR, 0" Teo() = NF(S(r); 7). (22)

This means that S(r) is Mordukhovich normally regular at z. O

Following the same above ideas for the Fréchet case, we use Corollary 4.4 and
Parts (2) and (3) in Theorem 5.7 to prove the relationship between the proximal
normal regularity of S(r) at z € S, and the proximal subdifferential regularity
of the minimal time function T at the same point Z. This result extends
Theorem 2.21 in [3] (see also [6]) from the case of distance functions to the
case of minimal time functions and from the case of reflexive Banach spaces to
normed vector spaces setting.

Theorem 5.11. Let S be a nonempty closed subset in a normed vector space K
with T € S. Let § be a bounded closed convex set in E with 0 € . Assume that
Tsq is calm at .

(1) Ifmga(z) #0, Tsq is directionally Lipschitz at T in the direction x — T for
some x € mg0(Z), and Tsq is prozimal subdifferentially regular at T with
OTsa(T) # 0, then Tsq is directionally reqular at T and S(r) is prozimal
normally reqular at x;

(2) If E is a reflezive Banach space, 0°Tsq(z) # 0, and the function Tsq is
prozimal subdifferentially reqular at T, then Tsq is directionally regular at
Z and S(r) is proximal normally reqular at z;



M. Bounkhel / On Subdifferentials of a Minimal Time Function in ... 519

(8)  Conversely, if S(r) is proximal normally reqular at T, Tsq is directionally
reqular at T, and g q(T) # 0, then Tsq is proximal subdifferentially reqular
at x.
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