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The present paper is a continuation of the study of the minimal time functions in Hausdorff
topological vector spaces, started by the author in [4]. We consider in this work the case
of points outside the target set and we prove and extend various important properties on
directional derivatives and subdifferentials of TS,Ω at points x 6∈ S in the convex and nonconvex
cases. These results are used to prove various new characterizations of the convex tangent
cone, Clarke tangent cone, Bouligand tangent cone, and Clarke normal cone to the enlargement
S(r) (r := TS,Ω(x̄) > 0) of S at x̄ /∈ S in terms of the minimal time function at x̄, in Hausdorff
topological vector spaces. Our results extend various existing results, in convex and nonconvex
cases, from Banach spaces and normed vector spaces to Hausdorff topological vector spaces
[3, 6, 7, 16, 17]. Even in Banach spaces and in normed vector spaces our results are new and
they extend various existing results on the distance function to closed sets by taking Ω to be
the closed unit ball. Applications to normal and subdifferential regularities in normed vector
spaces are also given in the last section of the paper.
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ularity, directional regularity
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1. Introduction

Let E be a Hausdorff topological vector space and Ω be a nonempty subset of E.
Let S be a nonempty closed subset of E. The so-called minimal time function
associated with Ω to the set S is defined by

TS,Ω(x) := inf{t > 0 : S ∩ (x+ tΩ) 6= ∅}, ∀x ∈ E. (1)

This function plays a highly important role in variational analysis, optimization,
control theory, Hamilton-Jacobi partial differential equations, approximation
theory, etc.; the reader can find more discussions in [8, 13, 14, 15, 16, 23, 24, 31,
32] and the references therein. The value TS,Ω(x) can be seen as the minimal
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time t ≥ 0 associated with the differential inclusion �x(τ) ∈ Ω, almost everywhere
on [0, t], with x(0) = x and x(t) ∈ S, in other words,

TS,Ω(x) =











inf{t > 0 : ∃x(·) s.t. �x(τ) ∈ Ω, a.e. [0, t],

with x(0) = x, x(t) ∈ S}, ∀x 6∈ S;

0, ∀x ∈ S.

It is with high importance to notice that the minimal time function TS,Ω covers
three crucial functions in variational analysis: the indicator function, the dis-
tance function, and the Minkowski function, by taking some particular cases of
S and Ω as follows:

1. If S = {0}, then TS,Ω(−x) = T{0},Ω(−x) = ρΩ(x) coincides with the
Minkowski (gauge) function associated with Ω, i.e.,

ρΩ(x) = inf{t > 0 : t−1x ∈ Ω}.

2. If Ω = {0}, then TS,Ω(x) = TS,{0}(x) = ψS(x), coincides with the indicator
function associated with S. Here ψS(x) = 0, if x ∈ S and ψS(x) = +∞,
otherwise.

3. If E is normed, S = {0}, and Ω = IB is the closed unit ball in E, then
TS,Ω(x) = T{0},IB(x) = ‖x‖.

4. If E is normed and Ω = IB, then TS,Ω(x) = TS,IB(x) = infs∈S ‖x − s‖,
coincides with the usual distance function associated with S.

From the above cases, we can see the importance of the study of the function TS,Ω
in normed vector spaces as well as in Hausdorff topological vector spaces. This
type of study will unify the study of all the above functions. The study of the
directional derivatives, subdifferentials, and regularity of TS,Ω at points in S are
given in [4]. In the present work, we continue the study of TS,Ω at points outside
the set S. We extend various existing results on directional derivatives and
subdifferentials of TS,Ω at x̄ 6∈ S and their relationships to tangent and normal
cones to the enlargement S(r) with r := TS,Ω(x̄) > 0 of the set S in Hausdorff
topological vector space. Our results in Section 5 establish the relationships
between the normal regularity of the enlargement S(r) and the subdifferential
regularity of its associated minimal time function. These results extend those
proved in [3, 6] from the case of distance functions to the case of minimal time
functions.

2. Notations and Preliminaries

Throughout the whole paper (unless otherwise specified), we assume that E is
a Hausdorff topological vector space. We will denote by E∗ the topological dual
of E, and by 〈·, ·〉 the pairing between the spaces E and E∗.

Let S be a nonempty closed subset of E and x̄ be a point in S. Let us recall the
following classical tangent cones K(S; x̄) of Bouligand and TC(S; x̄) of Clarke.
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• The Bouligand tangent cone (also called contingent cone) K(S; x̄) to S at
x̄ is the set of all h ∈ E such that for every neigbourhood H of h in E and
for every ǫ > 0, there exists t ∈ (0, ǫ) such that

(x̄+ tH) ∩ S 6= ∅.

• The Clarke tangent cone TC(S; x̄) to S at x̄ is the set of all h ∈ E such
that for every neigbourhood H of h in E there exist a neigbourhood X of
x̄ in E and a real number ǫ > 0 such that

(x+ tH) ∩ S 6= ∅ for all x ∈ X ∩ S and t ∈ (0, ǫ).

TC(S; x̄) is a closed convex cone (see [14]) and K(S; x̄) is a closed cone (that
may be nonconvex).

Obviously TC(S; x̄) ⊂ K(S; x̄). When equality holds in this inclusion i.e.
TC(S; x̄) = K(S; x̄), one says that S is tangentially regular at x̄.

For a closed convex set S and x̄ ∈ S, both tangent cones coincide and they are
equal to the convex tangent cone defined by T (S; x̄) = cl[IR+(S− x̄)], where IR+

denotes the set of all non negative real numbers. The convex normal cone to S at
x̄ is defined as the negative polar of T (S; x̄), that is, N(S; x̄) := (T (S; x̄))− where
A− := {x∗ ∈ E∗ : 〈x∗, h〉 ≤ 0, ∀h ∈ A}, for any subset A ⊂ E. Recall also
([29]) that N(S; x̄) is also characterized by N(S; x̄) = {x∗ ∈ E∗ : 〈x∗, x− x̄〉 ≤
0,∀x ∈ S}.

Let f be a function from E into IR ∪ {−∞,+∞} with |f(x̄)| < +∞. The
generalized directional derivative f ↑(x̄; .) is defined (see Rockafellar [27]) by

f ↑(x̄;h) = lim sup
(x,α)↓f x̄

t↓0

inf
h′→h

t−1 [f(x+ th′)− α]

:= sup
H∈N (h)



lim sup
(x,α)↓f x̄

t↓0

(

inf
h′∈H

t−1 [f(x+ th′)− α]

)



 ,

where (x, α) ↓f x̄ means (x, α) ∈ epi f := {(z, β) ∈ E × IR; f(z) ≤ β} and
(x, α) −→ (x̄, f(x̄)) and N (h) denotes the filter of neighborhoods of h.

If f is lower semicontinuous (l.s.c.) at x̄, the definition can be expressed in the
following simpler form

f ↑(x̄;h) = lim sup
x→f x̄
t↓0

inf
h′→h

t−1 [f(x+ th′)− f(x)] ,

where x→f x̄ means x→ x̄ and f(x) → f(x̄). Recall that f is l.s.c. at x̄ if and
only if f(x̄) ≤ lim infx→x̄ f(x).

If f is Lipschitz around x̄, then f ↑(x̄;h) coincides with the Clarke directional
derivative f 0(x̄; .) defined by

f 0(x̄;h) = lim sup
x→x̄
t↓0

t−1 [f(x+ th)− f(x)] .
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Recall that (see [27]) f is said to be locally Lipschitz at x̄ if there exist a closed
balanced neighborhood V of zero and X ∈ N (x̄) such that

|f(x)− f(y)| ≤ ρV (y − x), for all x, y ∈ X.

Recall that (see [30]) a set A is said to be balanced provided that [0, 1]A = A.

Even if f is not necessarily locally Lipschitz at x̄ we will put

f 0(x̄;h) := lim sup
(x,α)↓f x̄

t↓0

t−1 [f(x+ th)− α] .

The lower Hadamard directional derivative of f at x̄ is defined (see Penot [26])
by

fH(x̄;h) = lim inf
h′→h
t↓0

t−1 [f(x̄+ th′)− f(x̄)] ,

and when f is Lipschitz around x̄, it coincides with the lower Dini directional
derivative defined by

f−(x̄;h) = lim inf
t↓0

t−1 [f(x̄+ th)− f(x̄)] .

We recall the definition of directionally Lipschitz functions introduced in [27].
The function f is said to be directionally Lipschitz at x̄ with respect to a vector
h (see [27]) if

lim sup
(x,α)↓f x̄

(t,h′)→(0+,h)

t−1 [f(x+ th′)− α] < +∞,

and this is reduced when f is l.s.c. at x̄ to

lim sup
(t,h′)→(0+,h)

x→f x̄

t−1 [f(x+ th′)− f(x)] < +∞.

If this relation holds for some h, one says that f is directionally Lipschitz at x̄.
Observe that f is Lipschitz around x̄ if and only if it is directionally Lipschitz at
x̄ with respect to the vector zero (or equivalentely with respect to every vector in
E). Recall also from [27] that if f is directionally Lipschitz at x̄ in the direction
h̄, then f ↑(x̄; h̄) = f 0(x̄; h̄).

We also recall that the Clarke (resp. Hadamard, Dini) subdifferential of f at x̄
is defined by

∂Cf(x̄) = {x∗ ∈ E∗ : 〈x∗, h〉 ≤ f ↑(x̄;h), for all h ∈ E}

(resp.
∂Hf(x̄) = {x∗ ∈ E∗ : 〈x∗, h〉 ≤ fH(x̄;h), for all h ∈ E}

∂−f(x̄) = {x∗ ∈ E∗ : 〈x∗, h〉 ≤ f−(x̄;h), for all h ∈ E}).

Clearly, we always have fH(x̄;h) ≤ f ↑(x̄;h) for all h ∈ E and we will say that
f is directionally regular at x̄ whenever

f ↑(x̄;h) = fH(x̄;h), for all h ∈ E.



M. Bounkhel / On Subdifferentials of a Minimal Time Function in ... 497

For a convex function f : E → IR ∪ {+∞} and x̄ ∈ dom f := {x ∈ E : f(x) <
∞}, the directional derivative (resp. the convex subdifferential) of f is defined
by

f ′(x̄; v) := lim
t↓0

t−1[f(x̄+ tv)− f(x̄)], ∀v ∈ E.

(resp.

∂f(x̄) := {x∗ ∈ E∗ : 〈x∗, v〉 ≤ f ′(x̄; v), ∀v ∈ E}

= {x∗ ∈ E∗ : 〈x∗, x− x̄〉 ≤ f(x)− f(x̄), ∀x ∈ E}.)

Note that for l.s.c. convex functions we have f ′(x̄;h) = σ∂f(x̄)(h), whenever
x̄ ∈ core(dom f). Here σA denotes the support function associated with a closed
set A ⊂ E∗ defined by σA(h) := sup{〈x∗, h〉 : x∗ ∈ A} and core(S) := {x ∈ E :
∀h ∈ E,∃tx,h > 0, such that x + [0, tx,h]h ⊂ S} is called the algebraic interior
of S.

3. The Convex case

Before starting the study of minimal time functions in the convex case, we need
to recall some important results proved in [4]. We start with the following
lemmas which are needed in all the proofs of our work.

Lemma 3.1. Let E be Hausdorff topological vector space and let S be a non-

empty closed subset of E. Assume that Ω is a bounded set in E with 0 ∈ Ω.
Then the following assertions hold:

(1) TS,Ω(x)=0 if and only if x ∈ S;

(2) If, in addition Ω is convex, then TS,Ω is convex on its domain if and only

if S is convex.

We point out that Part (2) in the previous lemma has been proved in Proposition
3.4 in [24] in Banach spaces.

Lemma 3.2. Let E be Hausdorff topological vector space.

(a) Assume that Ω is a compact subset in E and S is a closed subset in E.

Then TS,Ω is lower semicontinuous at any x ∈ domTS,Ω;

(b) Assume that Ω is convex weakly compact and S is closed convex. Then

TS,Ω is lower semicontinuous at any x ∈ domTS,Ω;

(c) Assume that Ω is convex and 0 ∈ int Ω. Then TS,Ω is globally Lipschitz on

E.

Part (b) covers the result proved in Proposition 3.5 in [24] in Banach spaces. In-
deed, they proved the lower semicontinuity of the minimal time function when-
ever Ω is closed bounded convex, S is closed convex, and the space E is either
finite dimensional or reflexive Banach space.

Lemma 3.3. Let E be Hausdorff topological vector space.



498 M. Bounkhel / On Subdifferentials of a Minimal Time Function in ...

(1) Assume that S is a nonempty closed convex set in E, x̄ ∈ S, and Ω is a

bounded convex set with 0 ∈ Ω. Then we have

∂TS,Ω(x̄) = N(S; x̄) ∩ {x∗ ∈ E∗ : σΩ(−x
∗) ≤ 1}.

(2) Let S be a nonempty closed set in E with x̄ ∈ S and let Ω be a bounded
set in E with 0 ∈ Ω. Then for all h̄ ∈ E

TH
S,Ω(x̄; h̄) ≤ TK(S,x̄),Ω(h̄).

Let S be a nonempty closed set in E, Ω be a bounded set in E with 0 ∈ Ω, and
let x̄ 6∈ S. Put r := TS,Ω(x̄). Clearly by Lemma 3.1 we have r > 0. Define now
the enlargement set of S as follows

S(r) := {x ∈ E : TS,Ω(x) ≤ r}. (2)

Obviously, we have x̄ ∈ S(r) and S ⊂ S(r). Also, observe that by Lemma
3.1 the set S(r) is convex whenever S is closed convex and Ω is convex. If, in
addition, Ω is weakly compact, then S(r) is closed convex. The following lemma
is needed in our next proofs. It extends Proposition 3.1 in [24] (see also Lemma
4.1 in [23]) from Banach spaces to Hausdorff topological vector spaces.

Lemma 3.4. Let E be a Hausdorff topological vector space. Assume that S is

a nonempty closed set in E, x̄ 6∈ S, and Ω is a bounded convex set with 0 ∈ Ω.
Then for any x ∈ E we have

TS,Ω(x) ≤ TS(r),Ω(x) + r

and the for any x 6∈ S(r) we have

TS,Ω(x) = TS(r),Ω(x) + r.

Proof. First we prove the inequality

TS,Ω(x) ≤ TS(r),Ω(x) + r, for any x ∈ E.

Assume that x ∈ E with TS(r),Ω(x) < ∞. The case TS(r),Ω(x) = ∞ is obvious.
Then we choose any δ > 0 and w ∈ Ω such that x + δw ∈ S(r), that is,
TS,Ω(x+ δw) ≤ r. Then, for any ǫ > 0 we can choose λ > 0 and z ∈ Ω such that

TS,Ω(x+ δw) ≤ λ < TS,Ω(x+ δw) + ǫ and x+ δw + λz ∈ S.

By convexity of Ω we have δw + λz ∈ (δ + λ)Ω and hence

x+ δw + λz ∈ S ∩ [x+ (δ + λ)Ω] 6= ∅.

Therefore,

TS,Ω(x) ≤ δ + λ < δ + TS,Ω(x+ δw) + ǫ < δ + r + ǫ.
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Since δ is taken arbitrarily satisfying (x + δΩ) ∩ S(r) 6= ∅, we obtain by taking
the infimum over all δ the inequality

TS,Ω(x) ≤ TS(r),Ω(x) + r + ǫ, ∀ǫ > 0,

and by taking ǫ→ 0 we get the first desired inequality

TS,Ω(x) ≤ TS(r),Ω(x) + r.

Assume now that x 6∈ S(r) and let us prove the reverse inequality, i,e., TS(r),Ω(x)+
r ≤ TS,Ω(x). The case TS,Ω(x) = ∞ is obvious so we suppose that TS,Ω(x) <∞.
Then we choose any δ > 0 and w ∈ Ω such that x+δw ∈ S. Clearly, TS,Ω(x) ≤ δ

and since x 6∈ S(r) we have δ > r. Therefore,

x+ (δ − r)w + rw ∈ S ∩ [x+ (δ − r)w + rΩ] 6= ∅,

and so

TS,Ω(x+ (δ − r)w) ≤ r, that is, x+ (δ − r)w ∈ S(r).

Thus

x+ (δ − r)w ∈ S(r) ∩ [x+ (δ − r)Ω] 6= ∅.

Then

TS(r),Ω(x) ≤ δ − r.

Since δ is taken arbitrarily we can take the infimum over all δ > 0 satisfying
S ∩ [x+ δΩ] 6= ∅ and hence we obtain

TS(r),Ω(x) + r ≤ TS,Ω(x).

The proof is complete.

The following theorem summarizes all our main results in the convex case. It
extends Theorem 1 in [7] from the case of distance functions to minimal time
function and from normed vector spaces to Hausdorff topological vector spaces.

Theorem 3.5. Let E be a Hausdorff topological vector space. Assume that S

is a closed convex set in E, x̄ 6∈ S, and Ω is a weakly compact convex set with

0 ∈ Ω. Then we have

(1 ) ∂TS,Ω(x̄) = N(S(r); x̄) ∩ {x∗ ∈ E∗ : σΩ(−x
∗) = 1};

(2) If, in addition, x̄ ∈ core(domTS,Ω), then

T ′
S,Ω(x̄;h) ≤ TT (S(r);x̄),Ω(h), for all h ∈ E

(3) and

T (S(r); x̄) = {h ∈ E : T ′
S,Ω(x̄;h) ≤ 0}.
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Proof. (1) Let x∗ ∈ N(S(r); x̄) with σΩ(−x
∗) = 1. Then by definition of the

convex normal cone we have

〈x∗, x− x̄〉 ≤ 0, for all x ∈ S(r). (3)

Fix any x 6∈ S(r), i.e., TS,Ω(x) > r and let ǫ > 0. Assume that TS,Ω(x) <∞, the
other case is obvious. By definition of minimal time function there exist w ∈ Ω,
s ∈ S and δ > 0 such that

0 < TS,Ω(x) ≤ δ < TS,Ω(x) + ǫ with s = x+ δw.

Take z := x + (δ − r)w. Then z + rw = x + δw ∈ S ∩ (z + rΩ) 6= ∅ and so
TS,Ω(z) ≤ r, i.e., z ∈ S(r). Therefore, the relations (3) and σΩ(−x

∗) = 1 imply

〈x∗, x− x̄〉 = 〈x∗, z − x̄〉+ (δ − r) 〈−x∗, w〉 ≤ δ − r < TS,Ω(x)− TS,Ω(x̄) + ǫ.

By taking ǫ→ 0, we obtain

〈x∗, x− x̄〉 ≤ TS,Ω(x)− TS,Ω(x̄), for all x 6∈ S(r). (4)

Assume now that x ∈ S(r), i.e., TS,Ω(x) ≤ r. The case TS,Ω(x) = r is obvious.
Indeed, we have by (3)

〈x∗, x− x̄〉 ≤ 0 = TS,Ω(x)− TS,Ω(x̄).

Assume now, that TS,Ω(x) < r. For any ǫ ∈ (0, r − TS,Ω(x)), there exists δ > 0
such that

0 ≤ TS,Ω(x) ≤ δ < TS,Ω(x) + ǫ < r with S ∩ (x+ δΩ) 6= ∅.

By the assumption σΩ(−x
∗) = 1, there exists some point u ∈ Ω such that

〈x∗, u〉 < ǫ− 1. Take z := x− (r − δ)u. The convexity of Ω ensures that

x+ δΩ = z + (r − δ)u+ δΩ ⊂ z + (r − δ)Ω + δΩ ⊂ z + rΩ

and so ∅ 6= S ∩ (x+ δΩ) ⊂ S ∩ (z + rΩ) which yields TS,Ω(z) ≤ r, i.e., z ∈ S(r).
Therefore, the relations (3) and σΩ(−x

∗) = 1 imply

〈x∗, x− x̄〉 = 〈x∗, z − x̄〉+ (r − δ) 〈x∗, u〉

< (r − δ)(ǫ− 1) = δ − r + ǫ(r − δ)

< TS,Ω(x)− TS,Ω(x̄) + ǫ(1 + r).

Taking ǫ→ 0 yields

〈x∗, x− x̄〉 ≤ TS,Ω(x)− TS,Ω(x̄), for all x ∈ S(r). (5)

Consequently, from (4) and (5) we obtain

〈x∗, x− x̄〉 ≤ TS,Ω(x)− TS,Ω(x̄), for all x ∈ E,
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which means that x∗ ∈ ∂TS,Ω(x̄).

Conversely, let x∗ ∈ ∂TS,Ω(x̄). Then by definition we have

〈x∗, x− x̄〉 ≤ TS,Ω(x)− TS,Ω(x̄), for all x ∈ E. (6)

Using Lemma 3.1 and the definition of S(r) we get

〈x∗, x− x̄〉 ≤ 0, for all x ∈ S(r).

This means that x∗ ∈ N(S(r), x̄). We have to prove that σΩ(−x
∗) = 1. By

Lemma 3.4 we have

TS,Ω(x)− TS,Ω(x̄) ≤ TS(r),Ω(x)− TS(r),Ω(x̄), ∀x ∈ E

which ensures together with (6) that

〈x∗, x− x̄〉 ≤ TS(r),Ω(x)− TS(r),Ω(x), for all x ∈ E.

This means that x∗ ∈ ∂TS(r),Ω(x̄). Since x̄ ∈ S(r), we have by Proposition 3.3,
σΩ(−x

∗) ≤ 1. It remains to prove the inequality σΩ(−x
∗) ≥ 1. To do that, we

fix ǫ ∈ (0, r). By the definition of the minimal time function, there exist u ∈ Ω,
s ∈ S, and δ ∈ (r, r + ǫ2) satisfying s = x̄+ δu. Therefore,

s = x̄+ δu = x̄+ ǫu+ (δ − ǫ)u ∈ S ∩ (x̄+ ǫu+ (δ − ǫ)Ω)

and hence TS,Ω(x̄+ ǫu) ≤ δ − ǫ. Using (6) we obtain

〈x∗, ǫu〉 ≤ TS,Ω(x̄+ ǫu)− TS,Ω(x̄) ≤ δ − ǫ− r

Thus
〈−x∗, ǫu〉 ≥ r − δ + ǫ ≥ ǫ− ǫ2.

and so
〈−x∗, u〉 ≥ 1− ǫ, ∀ǫ ∈ (0, r).

Taking ǫ → 0, we get σΩ(−x
∗) ≥ 〈−x∗, u〉 ≥ 1 and hence the proof of (1) is

complete.

(2) Let h ∈ E. Assume first that h ∈ T (S(r); x̄). Then by Lemma 3.1 we have
TT (S(r),x̄),Ω(h) = 0. Also we have 〈x∗, h〉 ≤ 0, for all x∗ ∈ N(S(r), x̄). Hence by
(1) we have 〈x∗, h〉 ≤ 0, for all x∗ ∈ ∂TS,Ω(x̄) and so σ∂TS,Ω(x̄)(h) ≤ 0. Using
now the assumption x̄ ∈ core(domTS,Ω) to write T ′

S,Ω(x̄, h) = σ∂TS,Ω(x̄)(h) and
consequently we obtain the needed inequality

T ′
S,Ω(x̄, h) ≤ 0 = TT (S(r),x̄),Ω(h).

Assume now that h 6∈ T (S(r); x̄). Without loss of generality we assume that
TT (S(r),x̄),Ω(h) <∞. Put α := TT (S(r),x̄),Ω(h). Let δ > 0 such that

(h+ δΩ) ∩ T (S(r), x̄) 6= ∅.
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There exists w ∈ Ω such that h+ δw ∈ T (S(r), x̄). Therefore, by (1) we get

〈x∗, h〉 = 〈x∗, h+ δw〉+ δ 〈−x∗, w〉 ≤ δσΩ(−x
∗) = δ, for all x∗ ∈ ∂TS,Ω(x̄).

This ensures that
σ∂TS,Ω(x̄)(h) ≤ δ

and since we have
T ′
S,Ω(x̄, h) = σ∂TS,Ω(x̄)(h)

we obtain
T ′
S,Ω(x̄, h) ≤ δ.

Since δ is taken arbitrarily satisfying (h + δΩ) ∩ T (S(r), x̄) 6= ∅ we take the
infimum over δ in the last inequality to get

T ′
S,Ω(x̄, h) ≤ inf{δ > 0 : such that (h+ δΩ) ∩ T (S(r), x̄) 6= ∅} = TT (S(r),x̄),Ω(h).

Thus completing the proof of (2).

(3 ) The inclusion T (S(r), x̄) ⊂ {h ∈ E : T ′
S,Ω(x̄;h) ≤ 0} follows from the

assertion (2). Conversely, let h ∈ E with T ′
S,Ω(x̄;h) ≤ 0. Let (tj) be a net of

positive real numbers converging to zero. Let j0 ∈ J such that

TS,Ω(x̄+ tjh) > 2t2j > 0, for any j ≥ j0. (7)

This fact is ensured by the fact that x̄ 6∈ S and the lower semicontinuity of TS,Ω
which is ensured by Part (b) in Lemma 3.2. Indeed, if we assume by contradiction
that (7) is not true, that is, for any j0 ∈ J , there exists some j ≥ j0 such that
TS,Ω(x̄ + tjh) ≤ 2t2j . This ensures the existence of a subnet (ts(j)) of (tj) such
that TS,Ω(x̄ + ts(j)h) ≤ 2t2s(j), for all j. Therefore, the lower semicontinuity of
TS,Ω ensures that

0 ≤ TS,Ω(x̄) ≤ lim inf
j

TS,Ω(x̄+ ts(j)h) ≤ lim
j

2t2s(j) = 0

and so by Lemma 3.1 we get x̄ ∈ S which contradicts the assumption x̄ 6∈ S

and so (7) holds. The assumption T ′
S,Ω(x̄;h) ≤ 0 ensures the existence of some

j1 ≥ j0 such that

TS,Ω(x̄+ tjh) ≤ r + t2j , for any j ≥ j1. (8)

Thus, combining (7) and (8) we obtain

0 < 2t2j < TS,Ω(x̄+ tjh) ≤ r + t2j , for any j ≥ j1. (9)

Using now the definition of the minimal time function to choose for any j ∈ J

some wj ∈ Ω and δj > 0 such that

TS,Ω(x̄+ tjh) ≤ δj < TS,Ω(x̄+ tjh) + t2j and x̄+ tjh+ δjwj ∈ S.

Hence
0 < δj − 2t2j < r, ∀j ≥ j1.
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Let z := x̄+ tjh+ 2t2jwj and hj := h+ 2tjwj. Then

z + (δj − 2t2j)wj = x̄+ tjh+ δjwj ∈ S ∩ (z + (δj − 2t2j)Ω) 6= ∅.

So, TS,Ω(z) ≤ δj − 2t2j ≤ r, that is, z ∈ S(r). Therefore,

x̄+ tjhj = x̄+ tjh+ 2t2jwj ∈ S(r).

Now, by the boundedness of the set Ω we get the convergence of 2tjwj to zero.
This ensures the convergence of h+2tjwj → h which means that h ∈ T (S(r), x̄)
and hence the proof is finished.

Taking now the case Ω is the closed unit ball of a normed vector space E we get
the following well known result (see for instance [7]).

Corollary 3.6. Assume that E is a normed vector space, S is a closed convex

set in E, and x̄ 6∈ S. Then we have

(1 ) ∂dS(x̄) = N(S(r); x̄) ∩ {x∗ ∈ E∗ : ‖x∗‖ = 1};

(2 ) d′S(x̄;h) ≤ dT (S(r);x̄)(h), for all h ∈ E;

(3 ) T (S(r); x̄) = {h ∈ E : d′S(x̄;h) ≤ 0}.

Using Theorem 3.5 we deduce the following important result on the subdifferen-
tial of the Minkowski function at nonzero points in Hausdorff topological vector
spaces. It extends Theorem 6.1 in [16] from Banach spaces to Hausdorff topo-
logical vector spaces and from the case of 0 ∈ int Ω to the case 0 not necessarily
an interior point of Ω.

Theorem 3.7. Let E be a Hausdorff topological vector space and let Ω be a

weakly compact convex set in E with 0 ∈ Ω. Then for any x̄ 6= 0 we have

∂ρΩ(x̄) = {x∗ ∈ E∗ : σΩ(x
∗) = 1 and ρΩ(x̄) = 〈x∗, x̄〉}. (10)

Proof. Let x̄ 6= 0. Put S = {0}, r := ρΩ(x̄) = TS,Ω(−x̄) > 0 and Ωx̄ := {x ∈
E : ρΩ(x) ≤ r}. Clearly S(r) = −Ωx̄ and N(S(r);−x̄) = −N(Ωx̄; x̄). Therefore,
we have by Part (1) in Theorem 3.5

∂ρΩ(x̄) = −∂TS,Ω(−x̄) = −N(S(r);−x̄) ∩ {x∗ ∈ E∗ : σΩ(x
∗) = 1} (11)

= N(Ωx̄; x̄) ∩ {x∗ ∈ E∗ : σΩ(x
∗) = 1}. (12)

Let x∗ ∈ ∂ρΩ(x̄). Then σΩ(x
∗) = 1 and for any x ∈ Ωx̄ we have

〈x∗, x− x̄〉 ≤ 0. (13)

Since Ω is convex and 0 ∈ Ω we have x̄
r+ǫ

∈ Ω for any ǫ > 0. Then

〈

x∗,
x̄

r + ǫ

〉

≤ σΩ(x
∗) = 1, that is 〈x∗, x̄〉 ≤ r + ǫ, ∀ǫ > 0,
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which ensures by taking ǫ→ 0 that

〈x∗, x̄〉 ≤ r.

On the other hand, we have rh ∈ Ωx̄ for any h ∈ Ω and hence by (13) we obtain

〈x∗, rh〉 ≤ 〈x∗, x̄〉 .

Combining this inequality with the previous one we get

〈x∗, h〉 ≤
〈

x∗,
x̄

r

〉

≤ 1, ∀h ∈ Ω.

This ensures that

σΩ(x
∗) ≤

〈

x∗,
x̄

r

〉

≤ 1,

which ensures that
〈

x∗, x̄
r

〉

= 1 and so

〈x∗, x̄〉 = r = ρΩ(x̄),

and hence the proof of the inclusion (10) is complete.

Conversely, we fix any x∗ ∈ E∗ with σΩ(x
∗) = 1 and 〈x∗, x̄〉 = ρΩ(x̄). Observe

that our assumptions on Ω ensure that {x ∈ E : ρΩ(x) < 1} ⊂ Ω. Then for any
x ∈ Ωx̄, we have ρΩ(x) ≤ r < r + ǫ, for any ǫ > 0 and so x

r+ǫ
∈ Ω for any ǫ > 0.

Hence

〈x∗, x〉 = (r + ǫ)

〈

x∗,
x

r + ǫ

〉

≤ (r + ǫ)σΩ(x
∗)

= (r + ǫ) = ρΩ(x̄) + ǫ = 〈x∗, x̄〉+ ǫ,

that is,

〈x∗, x− x̄〉 ≤ ǫ, for any ǫ > 0.

Taking ǫ→ 0 we obtain

〈x∗, x− x̄〉 ≤ 0, for any x ∈ Ωx̄,

which ensures by definition that x∗ ∈ N(Ωx̄, x̄). Therefore, we use (11) to get
x∗ ∈ ∂ρΩ(x̄) and hence the proof is complete.

Based on Theorem 3.7 we deduce the following necessary condition for a point
ū ∈ S to be a generalized projection πS,Ω(x̄) on a closed set S in Hausdorff
topological vector spaces.

Theorem 3.8. Let E be a Hausdorff topological vector space, S be a nonempty

closed subset of E, Ω be a weakly compact convex set in E with 0 ∈ Ω and let

x̄ 6∈ S. If ū ∈ πS,Ω(x̄), then there exists x∗ ∈ NC(S; ū) such that σΩ(−x
∗) = 1

and 〈x∗, x̄− ū〉 = ρΩ(ū− x̄).
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Proof. Let ū ∈ πS,Ω(x̄), that is, ρΩ(ū− x̄) = infs∈S ρΩ(s− x̄). Then ū minimizes
the function ρΩ(· − x̄) over S, which ensures that 0 ∈ ∂ρΩ(· − x̄)(ū) +NC(S; ū)
and hence there exists x∗ ∈ NC(S; ū) such that x∗ ∈ −∂ρΩ(· − x̄)(ū). Then
using Theorem 3.7 we get σΩ(−x

∗) = 1 and ρΩ(ū− x̄) = 〈x∗, x̄− ū〉.

Another corollary of Theorem 3.7 establishes a characterization of generalized
projection πS,Ω on closed convex sets in Hausdorff topological vector spaces.

Theorem 3.9. Let E be a Hausdorff topological vector space, S be a nonempty

closed convex subset of E, Ω be a weakly compact convex set in E with 0 ∈ Ω
and let x̄ 6∈ S. Then ū ∈ πS,Ω(x̄) if and only if there exists x∗ ∈ N(S; ū) such

that σΩ(−x
∗) = 1 and 〈x∗, x̄− ū〉 = ρΩ(ū− x̄).

Proof. Let ū ∈ S. Then ū ∈ πS,Ω(x̄) if and only if ū minimizes the function
ρΩ(· − x̄) over S, which is equivalent to 0 ∈ ∂ρΩ(· − x̄)(ū) + N(S; ū) (since S
and ρΩ are convex). Then the conclusion follows from Theorem 3.7.

4. The Nonconvex case

Throughout this section S is a nonempty closed subset (not necessarily con-

vex) of the Hausdorff topological vector space E and x̄ 6∈ S.

Theorem 4.1. Let E be a Hausdorff topological vector space, S be a nonempty

closed subset of E, Ω be a bounded set in E with 0 ∈ Ω and let x̄ 6∈ S. Assume

that TS,Ω is l.s.c. at x̄. Then for all h̄ ∈ E we have

(1 ) TH
S,Ω(x̄; h̄) ≤ TH

S(r),Ω(x̄; h̄) ≤ TK(S(r);x̄),Ω)(h̄);

(2 ) K(S(r); x̄) = {h ∈ E : TH
S,Ω(x̄; h̄) ≤ 0}

= {h ∈ E : TH
S(r),Ω(x̄; h̄) = 0}.

Proof. (1) Fix any h̄ ∈ E. Since x̄ ∈ S(r) then the second inequality follows
from Lemma 3.3 (see Theorem 4.8 in [4]). So, we only show the first inequality.
By Lemma 3.4, we have for any t > 0 and any h ∈ E

TS,Ω(x̄+ th)− TS,Ω(x̄) ≤ TS(r),Ω(x̄+ th).

This ensures

lim inf
t→0+

h→h̄

t−1[TS,Ω(x̄+ th)− TS,Ω(x̄)] ≤ lim inf
t→0+

h→h̄

t−1TS(r),Ω(x̄+ th),

and hence the desired inequality is proved.

(2) By the first part, we have the following inclusions

K(S(r); x̄) ⊂ {h ∈ E : TH
S(r),Ω(x̄; h̄) = 0}

⊂ {h ∈ E : TH
S,Ω(x̄; h̄) ≤ 0}.
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So, we will show the following one

{h ∈ E : TH
S,Ω(x̄; h̄) ≤ 0} ⊂ K(S(r); x̄).

Let h ∈ E with TH
S,Ω(x̄;h) ≤ 0. Let (tj, hj) be a net in (0,∞)×E converging to

(0, h) and satisfying the limit

TH
S,Ω(x̄;h) = lim

j
t−1
j [TS,Ω(x̄+ tjhj)− TS,Ω(x̄)].

Similarly to the proof of Theorem 3.5, we use the lower semicontinuity of TS,Ω
and the assumption x̄ 6∈ S to find some j0 ∈ J such that

TS,Ω(x̄+ tjhj) > 2t2j > 0, for any j ≥ j0. (14)

Using now the assumption TH
S,Ω(x̄;h) ≤ 0 ensures the existence of some j1 ≥ j0

such that
TS,Ω(x̄+ tjhj) ≤ r + t2j , for any j ≥ j1. (15)

Thus, combining (14) and (15) we obtain

0 < 2t2j < TS,Ω(x̄+ tjhj) ≤ r + t2j , for any j ≥ j1. (16)

Using now the definition of the minimal time function to choose for any j ≥ j1
some wj ∈ Ω and δj > 0 such that

TS,Ω(x̄+ tjhj) ≤ δj < TS,Ω(x̄+ tjhj) + t2j and x̄+ tjhj + δjwj ∈ S.

Hence
0 ≤ δj − 2t2j < r, ∀j ≥ j1.

Let z := x̄+ tjhj + 2t2jwj and h
′
j := hj + 2tjwj. Then

z + (δj − 2t2j)wj = x̄+ tjhj + δjwj ∈ S ∩ (z + (δj − 2t2j)Ω) 6= ∅.

So, TS,Ω(z) ≤ δj − 2t2j ≤ r, that is, z ∈ S(r).
Therefore,

x̄+ tjh
′
j = x̄+ tjhj + 2t2jwj ∈ S(r).

Now, by the boundedness of the set Ω we get the convergence of 2tjwj to zero.
This ensures the convergence of h′j = hj + 2tjwj → h which means that h ∈
K(S(r), x̄) and hence the proof is finished.

Taking E to be a normed vector space and Ω to be the closed unit ball of E, we
get the following corollary proved in Corollary 4.4 in [3] (see also [5]).

Corollary 4.2. Let E be a normed vector space, S be a nonempty closed subset

of E, and let x̄ 6∈ S. Then for all h̄ ∈ E we have

(1 ) dHS (x̄; h̄) ≤ dHS(r)(x̄; h̄) ≤ dK(S(r);x̄))(h̄).

(2 ) K(S(r); x̄) = {h ∈ E : dHS (x̄;h) ≤ 0}

= {h ∈ E : dHS(r)(x̄;h) = 0}.
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Now, we turn to establish similar results for the Clarke tangent cone to S(r)
and the generalized directional derivative of TS,Ω at x̄ 6∈ S.

Theorem 4.3. Let E be a Hausdorff topological vector space, S be a nonempty

closed subset of E, Ω be a bounded set in E with 0 ∈ Ω and let x̄ 6∈ S. Assume

that TS,Ω is l.s.c. at x̄. Then

(a) {h ∈ E : T ↑
S,Ω(x̄;h) ≤ 0} ⊂ TC(S(r); x̄). (17)

If, TS,Ω is directionally regular at x̄, then equality holds in (17) and S(r)
is tangentially regular at x̄.

(b) Assume that E is locally convex and ∂CTS,Ω(x̄) 6= ∅. Then

(

{h ∈ E : T ↑
S,Ω(x̄;h) ≤ 0}

)−

= clw∗

(

IR+∂
CTS,Ω(x̄)

)

.

Proof. (a) Let x̄, h̄ ∈ E with T ↑
S,Ω(x̄; h̄) ≤ 0. Let

β := T
↑
S,Ω(x̄;h) = sup

H∈N (h̄)

inf
δ>0

X∈N (x̄)

sup
t∈(0,δ)

(x,α)∈epiTS,Ω∩[r−δ,r+δ]

inf
h∈H

t−1 [TS,Ω(x+ th)− α] .

Consider any H ∈ N (h̄). Then

inf
δ>0

X∈N (x̄)

sup
t∈(0,δ)

(x,α)∈epiTS,Ω∩(X×[r−δ,r+δ])

inf
h∈H

t−1 [TS,Ω(x+ th)− α] ≤ β ≤ 0.

There exist δ0 > 0 and X0 ∈ N (x̄) such that

inf
h∈H̄

t−1 [TS,Ω(x+ th)− α] ≤ 0, (18)

for any t ∈ (0, δ0) and for any (x, α) ∈ epiTS,Ω ∩ (X0 × [r − δ0, r + δ0]). Fix any
x ∈ X0 ∩S(r) and any t ∈ (0, δ0). Then (x, r) ∈ epiTS,Ω ∩ (X0× [r− δ0, r+ δ0]).
So there exists by (18) some point h0 ∈ H such that

t−1 [TS,Ω(x+ th0)− r] ≤ 0, i.e., TS,Ω(x+ th0) ≤ r,

which means that x+ th0 ∈ S(r) and hence we obtain

(x+ tH) ∩ S(r) 6= ∅, ∀x ∈ X0 ∩ S(r),∀t ∈ (0, δ0).

Therefore, we conclude that for anyH ∈ N (h̄), there exist δ0 > 0 andX0 ∈ N (x̄)
such that (x+ tH)∩S(r) 6= ∅, ∀x ∈ X0 ∩S(r),∀t ∈ (0, δ0). This ensures by the
definition of Clarke tangent cone that h̄ ∈ TC(S; x̄).

Assume now that TS,Ω is directionally regular at x̄. Then T ↑
S,Ω(x̄;h) = TH

S,Ω(x̄;h),
for all h ∈ E and hence by Part (2) of the previous theorem and the inclusion
(17) we obtain

K(S(r); x̄) = {h ∈ E : TH
S,Ω(x̄;h) ≤ 0} = {h ∈ E : T ↑

S,Ω(x̄;h) ≤ 0} ⊂ T (S(r); x̄).

Since the reverse inclusion T (S(r); x̄) ⊂ K(S(r); x̄) always holds we get the
tangential regularity of S(r) at x̄ and the equality form in (17) holds.
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(b) Assume now that E is locally convex and ∂CTS,Ω(x̄) 6= ∅. Denote

T := {h ∈ E : T ↑
S,Ω(x̄;h) ≤ 0}.

Let us prove that ∂CTS,Ω(x̄) ⊂ T−. Since ∂CTS,Ω(x̄) 6= ∅, we take some x∗ ∈ E∗

such that
〈x∗, h〉 ≤ T

↑
S,Ω(x̄;h), ∀h ∈ E.

Hence, for any h ∈ T , we have

〈x∗, h〉 ≤ T
↑
S,Ω(x̄;h) ≤ 0,

that is, x∗ ∈ T−. Since T− is a closed convex cone we obtain

clw∗(IR+∂
CTS,Ω(x̄)) ⊂ T− =

(

{h ∈ E : T ↑
S,Ω(x̄;h) ≤ 0}

)−

.

Conversely, we have to prove the direct inclusion of (b), i.e.,
(

{h ∈ E : T ↑
S,Ω(x̄;h) ≤ 0}

)−

⊂ clw∗(IR+∂
CTS,Ω(x̄)).

Since T ↑
S,Ω(x̄; ·) is l.s.c. and sublinear by Theorem 2 in Rockafellar [27], the set

T is a closed convex cone and hence (T−)− = T . Therefore, we will prove that
the negative polar of clw∗(IR+∂

CTS,Ω(x̄)) is included in T , that is,

(

clw∗(IR+∂
CTS,Ω(x̄))

)−
⊂ {h ∈ E : T ↑

S,Ω(x̄;h) ≤ 0}.

Note first that
(clw∗(IR+∂

CTS,Ω(x̄)))
− = (∂CTS,Ω(x̄))

−.

So consider any h ∈ (∂CTS,Ω(x̄))
−. Then we have

〈x∗, h〉 ≤ 0, ∀x∗ ∈ ∂CTS,Ω(x̄).

Hence (since ∂CTS,Ω(x̄) 6= ∅)

T
↑
S,Ω(x̄;h) = σ∂CTS,Ω(x̄)(h) = sup

x∗∈∂CTS,Ω(x̄)

〈x∗, h〉 ≤ 0,

which ensures that h̄ ∈ T . Thus completing the proof.

The following corollary characterizes the Clarke tangent cone and the Clarke
normal cone to the enlargement set S(r) in terms of the generalized directional
derivative of TS,Ω at x̄. It extends Corollary 4.4 in [3] (see also [5]).

Corollary 4.4. Let E be a Hausdorff topological vector space, S be a nonempty

closed subset of E, Ω be a bounded set in E with 0 ∈ Ω and let x̄ 6∈ S. If TS,Ω is
l.s.c. and directionally regular at x̄ with ∂CTS,Ω(x̄) 6= ∅, then we have

TC(S(r); x̄) = {h ∈ E : T ↑
S,Ω(x̄;h) ≤ 0} = {h ∈ E : T ↑

S(r),Ω(x̄;h) = 0}

and

NC(S(r); x̄) = clw∗

(

IR+∂
CTS,Ω(x̄)

)

= clw∗

(

IR+∂
CTS(r),Ω(x̄)

)

.
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The following corollary extends Corollary 1 in [9] from normed vector spaces to
Hausdorff Topological vector spaces. It says that if we put the calmness of TS,Ω
instead of its l.s.c. and the assumption 0 6∈ ∂CTS,Ω(x̄) instead of the assumption
∂CTS,Ω(x̄) 6= ∅ in Corollary 4.4 we may remove the weak star closedness in the
second equation of the second relation in Corollary 4.4. Recall that f is said
to be calm at x̄ if there exist a closed balanced neighborhood V of zero and
X ∈ N (x̄) such that

|f(x)− f(x̄)| ≤ ρV (x̄− x), for all x ∈ X.

Corollary 4.5. Let E be a Hausdorff topological vector space, S be a nonempty

closed subset of E, Ω be a bounded set in E with 0 ∈ Ω and let x̄ 6∈ S. If TS,Ω is
calm and directionally regular at x̄ and 0 6∈ ∂CTS,Ω(x̄), then we have

NC(S(r); x̄) = IR+∂
CTS,Ω(x̄).

Proof. Using the calmness of TS,Ω at x̄ and Banach-Alaoglu theorem (see The-
orem 3.5 in [30]), we get the weak star compactness of ∂CTS,Ω(x̄) in E

∗. There-
fore, the assumption 0 6∈ ∂CTS,Ω(x̄) with the weak star compactness of ∂CTS,Ω(x̄)
ensures the weak star closedness of the cone generated by ∂CTS,Ω(x̄), that is,
clw∗

(

IR+∂
CTS,Ω(x̄)

)

= IR+∂
CTS,Ω(x̄). Thus the conclusion follows from the pre-

vious corollary.

The next results depend upon the non-emptiness of the minimum set for the
minimal time function TS,Ω defined as follows

πS,Ω(u) := {x ∈ S : TS,Ω(u) = ρΩ(x− u)}.

We begin with the following lemma. It extends Proposition 3.4 in [24] from
Banach spaces to Hausdorff topological vector spaces (see also Lemma 3.1 in
[23] for the case 0 ∈ int Ω in Banach spaces). This lemma is needed in the proof
of our next results.

Lemma 4.6. Let E be a Hausdorff topological vector space, S be a nonempty

closed subset of E, Ω be a convex set in E and let x̄ 6∈ S with TS,Ω(x̄) <∞. For

every x ∈ πS,Ω(x̄), and for every t ∈ (0, 1] we have

TS,Ω(tx+ (1− t)x̄) = (1− t)TS,Ω(x̄). (19)

This ensures that x ∈ πS,Ω(tx+ (1− t)x̄), for any t ∈ (0, 1].

Proof. Let x ∈ πS,Ω(x̄). Then x ∈ S with TS,Ω(x̄) = ρΩ(x − x̄) < ∞. First we
prove the inequality

TS,Ω(tx+ (1− t)x̄) ≤ (1− t)TS,Ω(x̄), ∀t ∈ (0, 1].

Put α := ρΩ(x− x̄) > 0 and fix any t ∈ (0, 1]. Clearly we can find for any ǫ > 0
some α0 > 0 such that x− x̄ ∈ α0Ω and α0 ∈ [α, α+ ǫ) and so

x = tx+ (1− t)x̄+ α0(1− t)
(x− x̄)

α0

∈ S ∩ [tx+ (1− t)x̄+ α0(1− t)Ω] 6= ∅,
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which ensures that

TS,Ω(tx+(1−t)x̄) ≤ α0(1−t) < (1−t)[ρΩ(x−x̄)+ǫ] ≤ (1−t)TS,Ω(x̄)+ǫ, ∀ǫ > 0.

Taking ǫ→ 0+ finishes the proof of the first inequality.

By the first part we have TS,Ω(tx+(1− t)x̄) <∞ whenever TS,Ω(x̄) <∞ and so
for any ǫ > 0 we can find some w ∈ Ω, some δ > 0, and some δ0 > 0 such that

TS,Ω(tx+ (1− t)x̄) ≤ δ < TS,Ω(tx+ (1− t)x̄) + ǫ and tx+ (1− t)x̄+ δw ∈ S,

and
x− x̄ ∈ δ0Ω with 0 < ρΩ(x− x̄) ≤ δ0 < ρΩ(x− x̄) + ǫ.

Then by convexity of Ω we have δ0t
(x−x̄)
δ0

+ δw ∈ (δ0t+ δ)Ω and so

x̄+ t(x− x̄) + δw = x̄+ δ0t
(x− x̄)

δ0
+ δw ∈ S ∩ [x̄+ (δ0t+ δ)Ω] 6= ∅.

Hence

TS,Ω(x̄) ≤ δ0t+ δ

< t(ρΩ(x− x̄) + ǫ) + TS,Ω(tx+ (1− t)x̄) + ǫ

< tTS,Ω(x̄) + TS,Ω(tx+ (1− t)x̄) + 2ǫ

and so by taking ǫ→ 0+ we obtain

(1− t)TS,Ω(x̄) ≤ TS,Ω(tx+ (1− t)x̄).

This completes the proof of the lemma.

We use this lemma to prove the following proposition on lower Dini directional
derivatives and Dini subdifferentials of TS,Ω.

Proposition 4.7. Assume that the assumptions of Lemma 4.6 are fulfilled and

assume that 0 ∈ Ω. Then for every x̄ 6∈ S and for every x ∈ πS,Ω(x̄) we have

T−
S,Ω(x̄;x− x̄) = −TS,Ω(x̄)

and

∂−TS,Ω(x̄) ⊂ {x∗ ∈ E∗ : σΩ(−x
∗) = 1}.

Proof. By Lemma 4.6, we have

T−
S,Ω(x̄;x− x̄) = lim inf

t→0+
t−1 [TS,Ω(x̄+ t(x− x̄))− TS,Ω(x̄)] = −TS,Ω(x̄)

We turn now to show the inclusion

∂−TS,Ω(x̄) ⊂ {x∗ ∈ E∗ : σΩ(−x
∗) = 1}.
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Fix any x∗ ∈ ∂−TS,Ω(x̄). Then

〈x∗, h〉 ≤ T−
S,Ω(x̄;h), ∀h ∈ E.

Then by the first part we have for any x ∈ πS,Ω(x̄)

〈x∗, x− x̄〉 ≤ T−
S,Ω(x̄;x− x̄) = −TS,Ω(x̄) = −ρΩ(x− x̄)

and so
〈

−x∗,
x− x̄

ρΩ(x− x̄)

〉

≥ 1,

since ρΩ(x− x̄) 6= 0 because x̄ 6∈ S. Thus, for any ǫ > 0 there exist w ∈ Ω and
α0 > 0 such that

0 < ρΩ(x− x̄) ≤ α0 < ρΩ(x− x̄) + ǫ

and x− x̄ ∈ α0Ω. Thus

σΩ(−x
∗) ≥

〈

−x∗,
x− x̄

α0

〉

=
ρΩ(x− x̄)

α0

〈

−x∗,
x− x̄

ρΩ(x− x̄)

〉

≥
ρΩ(x− x̄)

α0

≥
ρΩ(x− x̄)

ρΩ(x− x̄) + ǫ

and hence
σΩ(−x

∗) ≥ 1−
ǫ

ρΩ(x− x̄) + ǫ
, ∀ǫ > 0.

Taking ǫ→ 0+ yields
σΩ(−x

∗) ≥ 1.

Let us prove the reverse inequality

σΩ(−x
∗) ≤ 1.

Let (tj)j be a net in (0,∞) converging to 0 and satisfying

T−
S,Ω(x̄;h) = lim

j
t−1
j [TS,Ω(x̄+ tjh)− TS,Ω(x̄)].

By Lemma 3.4, we have

TS,Ω(x)− TS,Ω(x̄) ≤ TS(r),Ω(x)− TS(r),Ω(x̄), ∀x ∈ E,

which ensures together to the definition of the enlargement set S(r) that

t−1
j [TS,Ω(x̄+ tjh)− TS,Ω(x̄)] ≤ t−1

j TS(r),Ω(x̄+ tjh) ≤ ρΩ(−h),

and so
t−1
j [TS,Ω(x̄+ tjh)− TS,Ω(x̄)] ≤ ρΩ(−h).

Taking the limit on j we get

T−
S,Ω(x̄;h) = lim

j
t−1
j [TS,Ω(x̄+ tjh)− TS,Ω(x̄)] ≤ ρΩ(−h).
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Using the fact that x∗ ∈ ∂−TS,Ω(x̄) we write

〈−x∗,−h〉 ≤ T−
S,Ω(x̄;h) ≤ ρΩ(−h), h ∈ E.

Fix any v ∈ Ω and take h := −v in the previous inequality we get

〈−x∗, v〉 = 〈−x∗,−h〉 ≤ ρΩ(v) ≤ 1.

This ensures that σΩ(−x
∗) ≤ 1 and hence the proof is finished.

The following theorem establishes another relationship between the Clarke sub-
differential of TS,Ω and the Clarke normal cone of S(r) at points outside the set
S. It extends Theorem 3.2 in [16] from Banach spaces to Hausdorff topolog-
ical vector spaces. Also the assumption 0 ∈ int Ω is not needed in our proof
contrarily to the proofs in [16].

Theorem 4.8. Let E be a Hausdorff topological vector space, S be a nonempty

closed subset of E, Ω be a bounded convex set in E with 0 ∈ Ω and let x̄ 6∈
S. Assume that πS,Ω(x̄) 6= ∅, TS,Ω is directionally regular at x̄, and TS,Ω is

directionally Lipschitz at x̄ in the direction x − x̄ for some x ∈ πS,Ω(x̄). Then

we have

∂CTS,Ω(x̄) ⊂ NC(S(r); x̄) ∩ {x∗ ∈ E∗ : σΩ(−x
∗) = 1}.

If, in addition, TS,Ω is calm at x̄, then we have

∂CTS,Ω(x̄) = NC(S(r); x̄) ∩ {x∗ ∈ E∗ : σΩ(−x
∗) = 1}.

Proof. The inclusion ∂CTS,Ω(x̄) ⊂ NC(S(r); x̄) follows directly from Corollary
4.4. Let us prove the inclusion ∂CTS,Ω(x̄) ⊂ {x∗ ∈ E∗ : σΩ(−x

∗) = 1}. Fix h̄ ∈ Ω
and any V ∈ N (0) and let H := −h̄+V ∈ N (−h̄). SetW := V ∩(−V ) ∈ N (0).
Since Ω is bounded we may choose some α > 1 such that Ω ⊂ αW . Take
now h̃ := −h̄ + 1

α
h̄. Clearly α

1−α
h̃ = h̄ ∈ Ω. On the other hand, we have

α−1h̄ ∈ α−1Ω ⊂W and so

h̃ = −h̄+ α−1h̄ ∈ −h̄+W ⊂ −h̄+ V = H.

Fix now any ǫ > 0 and take t0 ∈ (0, ǫ). Hence we have (since α
1−α

h̃ ∈ Ω)

x̄ = x̄+ t0h̃− t0h̃ = x̄+ t0h̃+ t0

(

α− 1

α

)(

α

1− α

)

h̃

∈

[

x̄+ t0h̃+ t0

(

α− 1

α

)

Ω

]

∩ S(r) 6= ∅,

which ensures by the definition of the minimal time function that

TS(r),Ω(x̄+ t0h̃) ≤ t0

(

α− 1

α

)

< t0.

Therefore

inf
h∈−h̄+V
t∈(0,ǫ)

t−1TS(r),Ω(x̄+th)≤ t−1
0 TS(r),Ω(x̄+t0h̃) < 1, for all ǫ > 0, h̄ ∈ Ω, V ∈ N (0)
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and so

TH
S(r),Ω(x̄;−h̄) = lim inf

t→0+
h→−h̄

t−1TS(r),Ω(x̄+ th)

= sup
ǫ>0

V ∈N (0)

inf
h∈−h̄+V
t∈(0,ǫ)

t−1TS(r),Ω(x̄+ th) ≤ 1,

for all h̄ ∈ Ω. Take now any x∗ ∈ ∂CTS,Ω(x̄). Then by the previous inequality,
the definition of Clarke subdifferential, the directional regularity of TS,Ω at x̄,
and Part (1) in Theorem 4.1 we have

〈

−x∗, h̄
〉

≤ T
↑
S,Ω(x̄;−h̄) = TH

S,Ω(x̄;−h̄) ≤ TH
S(r),Ω(x̄;−h̄) ≤ 1, for any h̄ ∈ Ω.

This inequality yields

σΩ(−x
∗) = sup

h̄∈Ω

〈

−x∗, h̄
〉

≤ 1.

It remains to show the inequality σΩ(−x
∗) ≥ 1. Using the assumption of the

directional Lipschitzness of TS,Ω at x̄ in the direction x− x̄ we have

T
↑
S,Ω(x̄;x− x̄) = T 0

S,Ω(x̄;x− x̄).

This equality with the directional regularity of TS,Ω at x̄ ensure

T−
S,Ω(x̄;x− x̄) ≤ T 0

S,Ω(x̄;x− x̄) = T
↑
S,Ω(x̄;x− x̄)

= TH
S,Ω(x̄;x− x̄) ≤ T−

S,Ω(x̄;x− x̄),

that is, T−
S,Ω(x̄;x− x̄) = T

↑
S,Ω(x̄;x− x̄) and hence by Proposition 4.7 we obtain

〈x∗, x− x̄〉 ≤ T
↑
S,Ω(x̄;x− x̄) = T−

S,Ω(x̄;x− x̄) = −TS,Ω(x̄) = −ρΩ(x− x̄).

Following the same lines in the proof of Proposition 4.7 we conclude σΩ(−x
∗) ≥ 1

and hence the proof of the first inclusion of the theorem is complete.

Let us prove the reverse inclusion. Fix any x∗ ∈ NC(S(r); x̄) with σΩ(−x
∗) = 1.

First let us check that 0 6∈ ∂CTS,Ω(x̄). Indeed, by the assumption πS,Ω(x̄) 6= ∅
and the above reasoning we have

T
↑
S,Ω(x̄;x− x̄) = T−

S,Ω(x̄;x− x̄) = −TS,Ω(x̄) < 0, for some x ∈ πS,Ω(x̄),

which ensures that 0 6∈ ∂CTS,Ω(x̄). Therefore, by Corollary 4.5, there exists some
λ > 0 and y∗ ∈ ∂CTS,Ω(x̄), such that x∗ = λy∗. Using the first part of the proof
we obtain σΩ(−y

∗) = 1 and so by combining this equality with the assumption
σΩ(−x

∗) = 1 we get λ = 1. Thus completing the proof.
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5. Applications to Normal and Subdifferential regularity in normed

vector spaces

In this section we are going to show the importance of our previous results on
generalized directional derivatives and Clarke subdifferentials of TS,Ω at points
x̄ outside the set S, in the study of the relationships between the subdifferential
regularity of TS,Ω and the normal regularity of the enlargement set S(r) where
r := TS,Ω(x̄).

In all this section we assume that E is a normed vector space. We are going to
study the relationship between the Fréchet (resp. Mordukhovich, proximal) nor-
mal regularity of the enlargement set S(r) of a closed nonempty set S at x̄ 6∈ S,
and the Fréchet (resp. Mordukhovich, proximal) subdifferential regularity of the
minimal time function TS,Ω associated with S at the same point x̄. Our results
will extend the results in [3, 6] from Banach spaces setting to normed vector
spaces setting and from the case of distance function to the case of minimal
time function by taking Ω to be the closed unit ball. To this end let us first re-
call some notations and definitions needed throughout this section. The various
notions of subdifferentials and normal cones in the following definitions, and the
relative facts provided in the following remarks are well-known (see for example
[3, 6, 20, 21]).

Definition 5.1. Let x̄ ∈ E with f(x̄) <∞.

(a) The ǫ-Fréchet subdifferential ∂Ff(x̄) of f at x̄ is defined by

∂Fǫ f(x̄) :=

{

x∗ ∈ E∗
∣

∣

∣
lim inf
x→x̄

f(x)− f(x̄)− 〈x∗, x− x̄〉

‖x− x̄‖
≥ −ǫ

}

.

The Fréchet subdifferential ∂Ff(x̄) of f at x̄ is defined as the 0-subdifferential
of f at the corresponding point, that is

∂Ff(x̄) :=

{

x∗ ∈ E∗
∣

∣

∣
lim inf
x→x̄

f(x)− f(x̄)− 〈x∗, x− x̄〉

‖x− x̄‖
≥ 0

}

.

(b) The right-sided limiting Fréchet subdifferential (also called the right-sided
Mordukhovich subdifferential) ∂M≥ f(x̄) of f at x̄ is defined by

∂M≥ f(x̄) := lim sup
x→f x̄,f(x)≥f(x̄)

ε↓0

∂Fε f(x̄).

(c) The proximal subdifferential ∂Pf(x̄) of f at x̄ is defined by

∂Pf(x̄) :=

{

x∗ ∈ E∗
∣

∣

∣
lim inf
x→x̄

f(x)− f(x̄)− 〈x∗, x− x̄〉

‖x− x̄‖2
> −∞

}

.

Remark 5.2. Let x̄ ∈ E with f(x̄) < ∞. Then the following inclusions are
clear by definitions:

∂Pf(x̄) ⊆ ∂Ff(x̄) ⊆ ∂M≥ f(x̄) ⊆ ∂Cf(x̄). (20)
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Definition 5.3. Let x̄ ∈ S.

(a) The set of Fréchet ǫ-normals to S at x̄ is defined by

NF
ǫ (x̄;S) :=

{

x∗ ∈ E∗ : lim sup
x→S x̄

〈x∗, x− x̄〉

‖x− x̄‖
≤ ǫ

}

.

The set of Fréchet normals to S at x̄ is defined as the Fréchet 0-normals to S at
the same point, that is,

NF (x̄;S) :=

{

x∗ ∈ E∗ : lim sup
x→S x̄

〈x∗, x− x̄〉

‖x− x̄‖
≤ 0

}

.

(b) The limiting Fréchet (also called Mordukhovich) normal cone to S at x̄ is
defined by

NM(x̄;S) := lim sup
x→S x̄,ε↓0

NF
ε (x̄;S).

(c) The proximal normal cone to S at x̄ is defined by

NP (x̄;S) :=

{

x∗ ∈ E∗ : lim sup
x→S x̄

〈x∗, x− x̄〉

‖x− x̄‖2
< +∞

}

.

Remark 5.4. Let x̄ ∈ S. By definition (see also [3, 9, 11, 21]), we have that

N∆(x̄;S) = ∂∆δS(x̄) for any ∆ ∈ {F, P, C}.

Then by Remark 5.2 we have that

NP (x̄;S) ⊆ NF (x̄;S) ⊆ NM(x̄;S) ⊆ NC(x̄;S). (21)

The following concepts of regularity for sets and functions introduced and stud-
ied in [3, 6].

Definition 5.5. Let x̄ ∈ E, with f(x̄) <∞. We say that f is

(a) Fréchet subdifferentially regular at x̄ if ∂Ff(x̄) = ∂Cf(x̄);
(b) proximal subdifferentially regular at x̄ if ∂Pf(x̄) = ∂Cf(x̄);
(c) Right-SidedMordukhovich subdifferentially regular at x̄ if ∂Ff(x̄) = ∂M≥ f(x̄).

Definition 5.6. Let x̄ ∈ S. We say that S is

(a) Fréchet normally regular at x̄ if NF (S; x̄) = NC(S; x̄);
(b) proximal normally regular at x̄ if NP (S; x̄) = NC(S; x̄);
(c) Mordukhovich normally regular at x̄ if NF (S; x̄) = NM(S; x̄).

Recall from [17] and [24] the following needed results.

Theorem 5.7. Let S be a nonempty closed subset of E with x̄ 6∈ S with r :=
TS,Ω(x̄) <∞ and let Ω be a bounded closed convex set in E with 0 ∈ Ω. Then

(1) ∂FTS,Ω(x̄) ⊂ NF (S(r); x̄) ∩ {x∗ ∈ E∗ : σΩ(−x
∗) = 1} (see [17]);
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(2) ∂PTS,Ω(x̄) ⊂ NP (S(r); x̄) ∩ {x∗ ∈ E∗ : σΩ(−x
∗) = 1} (see [17]);

(3) If TS,Ω is calm at x̄, then we have equality form in (1) and (2);

(4) If E is a Banach space, then

∂M≥ TS,Ω(x̄) ⊂ NM(S(r); x̄) ∩ {x∗ ∈ E∗ : σΩ(−x
∗) = 1},

and the equality NM(S(r); x̄) = IR+∂
M
≥ TS,Ω(x̄) holds provided that 0 ∈

int Ω. (see [24]).

We state our first result on the relationship between the Fréchet normal regu-
larity of S(r) at x̄ 6∈ S, and the Fréchet subdifferential regularity of the minimal
time function TS,Ω at the same point x̄. This result extends Theorem 2.19 in
[3](see also [6]) from reflexive Banach spaces setting to normed vector spaces
setting and from the case of the distance function to the case of the minimal
time function.

Theorem 5.8. Let S be a nonempty closed subset in a normed vector space E

with x̄ 6∈ S. Let Ω be a bounded closed convex set in E with 0 ∈ Ω. Assume that

TS,Ω is calm at x̄ and πS,Ω(x̄) 6= ∅.

(1) If TS,Ω is directionally Lipschitz at x̄ in the direction x − x̄ for some

x ∈ πS,Ω(x̄), and TS,Ω is is Fréchet subdifferentially regular at x̄ with
∂CTS,Ω(x̄) 6= ∅, then TS,Ω is directionally regular at x̄ and S(r) is Fréchet

normally regular at x̄;

(2) Conversely, if S(r) is Fréchet normally regular at x̄, TS,Ω is directionally

regular at x̄, then TS,Ω is Fréchet subdifferentially regular at x̄.

Proof. (1) Assume that πS,Ω(x̄) 6= ∅ and let x ∈ πS,Ω(x̄) for which TS,Ω is
directionally Lipschitz at x̄ in the direction x − x̄. Assume also that TS,Ω is
Fréchet subdifferentially regular at x̄, that is, ∂FTS,Ω(x̄) = ∂CTS,Ω(x̄). Since
∂CTS,Ω(x̄) 6= ∅ and TS,Ω is l.s.c. at x̄ (because TS,Ω is calm at x̄) we have by
Proposition 3.2 in [3] the directional regularity of TS,Ω at x̄. Therefore,

TH
S,Ω(x̄, x− x̄) = T

↑
S,Ω(x̄, x− x̄) = T 0

S,Ω(x̄, x− x̄) ≥ T−
S,Ω(x̄, x− x̄)

and since we always have TH
S,Ω(x̄, x− x̄) ≤ T−

S,Ω(x̄, x− x̄) then we get

T
↑
S,Ω(x̄, x− x̄) = T−

S,Ω(x̄, x− x̄).

Using now Proposition 4.7 to write

T
↑
S,Ω(x̄, x− x̄) = T−

S,Ω(x̄, x− x̄) = −TS,Ω(x̄) < 0.

This ensures that 0 6∈ ∂CTS,Ω(x̄) and hence since TS,Ω is calm at x̄, we can write
by using Corollary 4.5,

NC(S(r); x̄) = IR+∂
CTS,Ω(x̄)

= IR+∂
FTS,Ω(x̄)

⊂ NF (S(r); x̄).
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The last inclusion follows from Part (a) in Theorem 5.7 and hence we get the
Fréchet normal regularity of S(r) at x̄.

(2)Conversely, assume thatS(r) is Fréchet normally regular at x̄ (i.e.,NF (S(r); x̄)
= NC(S(r); x̄)) as well as the other assumptions in (2) of the statement of the
theorem. Thus, by Theorem 4.8 and Part (3 ) in Theorem 5.7 we have

∂CTS,Ω(x̄) ⊂ NC(S(r); x̄) ∩ {x∗ ∈ E∗ : σΩ(−x
∗) = 1}

= NF (S(r); x̄) ∩ {x∗ ∈ E∗ : σΩ(−x
∗) = 1}

= ∂FTS,Ω(x̄) ⊂ ∂CTS,Ω(x̄).

This means that TS,Ω is Fréchet subdifferentially regular at x̄.

Observe that the proof of the first part in the previous theorem needs the as-
sumptions πS,Ω(x̄) 6= ∅ and the directional Lipschitzness of TS,Ω at x̄ in the direc-
tion x− x̄ for some x ∈ πS,Ω(x̄) which is needed to guarantee that 0 6∈ ∂CTS,Ω(x̄).
In order to remove these assumptions we will add the reflexivity assumption on
the space E as the following proposition shows.

Proposition 5.9. Let S be a nonempty closed subset in a reflexive Banach space

E with x̄ 6∈ S. Let Ω be a bounded closed convex set in E with 0 ∈ Ω. Assume

that TS,Ω is calm at x̄ with r := TS,Ω(x̄) < ∞ and ∂CTS,Ω(x̄) 6= ∅. If the func-

tion TS,Ω is Fréchet subdifferentially regular at x̄, then S(r) is Fréchet normally

regular at x̄;

Proof. Assume that TS,Ω is Fréchet subdifferentially regular at x̄, that is,
∂FTS,Ω(x̄) = ∂CTS,Ω(x̄). As in the proof of the previous theorem we have the
directional regularity of TS,Ω at x̄. Then by using Corollary 4.4 and Part (3 ) in
Theorem 5.7, we have

NC(S(r); x̄) = clw∗

(

IR+∂
CTS,Ω(x̄)

)

= clw∗

(

IR+∂
FTS,Ω(x̄)

)

= clw∗

(

NF (S(r); x̄)
)

= NF (S(r); x̄).

The last equality follows from the fact that NF (S(r); x̄) is weakly star closed in
reflexive Banach spaces. Indeed, it is well known that NF (S(r); x̄) is strongly
closed (see for example Proposition 1.8 in [3]) and convex, which ensures its weak
star closedness by the reflexivity of the space. Thus completing the proof.

Now, we turn to the study of the equivalence between the Mordukhovich nor-
mal regularity of S(r) at x̄ and the Right-Sided Mordukhovich subdifferential
regularity of TS,Ω at the same point x̄ in Banach spaces.

Theorem 5.10. Let S be a nonempty closed subset in a Banach space E with

x̄ 6∈ S. Let Ω be a bounded closed convex set in E with 0 ∈ Ω. Assume that

TS,Ω is calm at x̄ and S(r) is Mordukhovich normally regular at x̄. Then TS,Ω is

Right-Sided Mordukhovich subdifferentially regular at x̄. Conversely, if 0 ∈ int Ω
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and TS,Ω is Right-Sided Mordukhovich subdifferentially regular at x̄, then S(r) is
Mordukhovich normally regular at x̄.

Proof. (1) Assume that TS,Ω is calm at x̄ and S(r) is Mordukhovich normally
regular at x̄. Then

NF (S(r); x̄) = NM(S(r); x̄).

We have by Part (4) in Theorem 5.7 the inclusion

∂M≥ TS,Ω(x̄) ⊂ NM(S; x̄) ∩ {x∗ ∈ E∗ : σΩ(−x
∗) = 1}.

Since TS,Ω is calm at x̄, we can use Part (3 ) in Theorem 5.7 to write the inclusion

NF (S; x̄) ∩ {x∗ ∈ E∗ : σΩ(−x
∗) = 1} = ∂FTS,Ω(x̄)

Thus, combining the three above relations we get

∂M≥ TS,Ω(x̄) ⊂ NM(S; x̄) ∩ {x∗ ∈ E∗ : σΩ(−x
∗) = 1}

= NF (S; x̄) ∩ {x∗ ∈ E∗ : σΩ(−x
∗) = 1}

= ∂FTS,Ω(x̄).

This means that TS,Ω is Right-Sided Mordukhovich subdifferentially regular at
x̄, since the reverse inclusion ∂FTS,Ω(x̄) ⊂ ∂M≥ TS,Ω(x̄) always holds.

(2) Conversely, assume that 0 ∈ int Ω and TS,Ω is Right-Sided Mordukhovich
subdifferentially regular at x̄. Then ∂FTS,Ω(x̄) = ∂M≥ TS,Ω(x̄). Hence, by using
Parts (2) and (4) in Theorem 5.7, we obtain

NM(S(r); x̄) = IR+∂
M
≥ TS,Ω(x̄) = IR+∂

FTS,Ω(x̄) = NF (S(r); x̄). (22)

This means that S(r) is Mordukhovich normally regular at x̄.

Following the same above ideas for the Fréchet case, we use Corollary 4.4 and
Parts (2) and (3 ) in Theorem 5.7 to prove the relationship between the proximal
normal regularity of S(r) at x̄ 6∈ S, and the proximal subdifferential regularity
of the minimal time function TS,Ω at the same point x̄. This result extends
Theorem 2.21 in [3] (see also [6]) from the case of distance functions to the
case of minimal time functions and from the case of reflexive Banach spaces to
normed vector spaces setting.

Theorem 5.11. Let S be a nonempty closed subset in a normed vector space E

with x̄ 6∈ S. Let Ω be a bounded closed convex set in E with 0 ∈ Ω. Assume that

TS,Ω is calm at x̄.

(1) If πS,Ω(x̄) 6= ∅, TS,Ω is directionally Lipschitz at x̄ in the direction x− x̄ for

some x ∈ πS,Ω(x̄), and TS,Ω is proximal subdifferentially regular at x̄ with
∂CTS,Ω(x̄) 6= ∅, then TS,Ω is directionally regular at x̄ and S(r) is proximal

normally regular at x̄;

(2) If E is a reflexive Banach space, ∂CTS,Ω(x̄) 6= ∅, and the function TS,Ω is

proximal subdifferentially regular at x̄, then TS,Ω is directionally regular at

x̄ and S(r) is proximal normally regular at x̄;
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(3) Conversely, if S(r) is proximal normally regular at x̄, TS,Ω is directionally

regular at x̄, and πS,Ω(x̄) 6= ∅, then TS,Ω is proximal subdifferentially regular

at x̄.
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