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Introduction

In this paper all linear spaces are over a non-Archimedean non-trivially valued
field K which is complete under the metric induced by the valuation |- | : K —
[0,00). For fundamentals of locally convex Hausdorff spaces (lcs) and normed
spaces we refer to [10, 11, 12].

By a Kothe space we mean a Fréchet space with a continuous norm and with a
Schauder basis. The power series spaces of finite type and infinite type, A;(a)
and A, (a), defined in Preliminaries, are the most known and important exam-
ples of nuclear Kéthe spaces. They were studied in [4, 15, 16, 17, 18].

Let f : R — R be a non-constant increasing odd function which is convex in
[0,00). Let a = (a,) be an increasing sequence of positive real numbers with
lim, a, = co. Let r € (—o00, 00| and let (r;) be a strictly increasing sequence
with limy r, = r such that r,7r; > 0 for all £, 7 € N. The linear space

Di(a,r) = {(z,) € K" : lim |z,| exp f(rra,) = 0 for every k € N}
with the topology generated by the norms

pil(,)) = max [z exp f (), k€N,
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is a nuclear regular Kothe space ([19, Proposition 2]). It is said to be a genera-
lized power series space (see [19]). If f(x) = z,z € R and r = 0 (respectively,
r = 00), then D(a,r) is isomorphic to A;(a) (respectively, Ax(a)).

In this paper we investigate relations between generalized power series spaces.

Using [15, Propositions 9 and 19] we show that D(a,0) has a subspace isomor-
phic to Dy (b, 00), if sup,(az,/a,) < oo and sup,(a,/b,) < oo (Theorem 1.1),
and Dy¢(a,00) has a quotient isomorphic to Dy(b,0), if sup(ag,/a,) < co and
lim, (a,/b,) = 0 (Theorem 1.3). If sup,,(ant+1/an) < 0o and lim,(b,41/b,) = 00,
then Dy (a,0) has a subspace isomorphic to Dy(b, 00) and Dy (a, 00) has a quo-
tient isomorphic to D(b,0) (Propositions 1.2 and 1.4). These results generalize
[15, Propositions 11, 14, 21 and 25].

On the other hand we prove that sup,(a,/b,) < oo, if D¢(a,r) has a sub-
space (or a quotient) isomorphic to Dy (b, s); if additionally s < r = oo, then
lim, (a,/b,) = 0 (Proposition 2.3). If Ds(a,r) contains an isomorphic copy of
D¢ (b, s) and lim,,(ay,41/a,) = 00, then a has a subsequence equivalent to b (The-
orem 2.9). It follows that for r € {0,00} and a,b with lim,(a,+1/a,) = oo the
space Dy (a,r) contains an isomorphic copy of Df(b, s) if and only if @ has a sub-
sequence equivalent to b (Corollary 2.10). A similar result for the Archimedean
power series has been proved by Dubinsky [6, Corollaries I11.3.6, I11.3.7]; we use
and develop some ideas of his proof to get Theorem 2.9.

Assume that sup,,(as,/a,) < oo and r, s € {0, 00} with r <'s. Then D¢(a,r) has
a subspace isomorphic to D(b, s) if and only if sup,,(a,/b,) < oo (Corollary 2.5)
and D(a, 00) has a quotient isomorphic to D(b, 0) if and only if lim,,(a,,/b,) = 0
(Corollary 2.6). These results generalize [15, Corollaries 13 and 22].

The spaces D¢(a,r) and Dy (b, r) are isomorphic if a and b are strictly equivalent
(Proposition 3.1). If the sequences a and b are not equivalent then the spaces
D¢(a,r) and Dy(b, s) are not isomorphic (Corollary 3.5). The spaces D¢(a,r)
and Dy (b, 00) are not isomorphic for any r < oo (Corollary 3.4). The spaces
D¢(a,—1),Ds(b,0) and Dy(c,1) are pairwise non-isomorphic if f is rapidly in-
creasing (Proposition 3.6).

If f is strictly increasing and f~'og is rapidly increasing, then the spaces D (a, )
and D,(b, s) are not isomorphic (Proposition 3.7); if additionally s > 0, then
every continuous linear map from D¢(a,r) to D,(b,s) is bounded (Proposition
2.12), so Dy¢(a,r) has no quotient isomorphic to D,(b,s) and D,(b,s) has no
subspace isomorphic to D¢(a,r) (Corollary 2.13).

Let f: R — R be a non-constant increasing odd function which is logarythmi-
cally convex in [0, 00) (i.e. the function f(e”) is convex in R); it is easy to see
that f is convex in [0,00), so f € ®.. Let a = (a,) be an increasing sequence
of positive real numbers with lim,, a,, = co. Let r € (—o00, 00| and let (1) be a
strictly increasing sequence with limy 7, = r such that ryr; > 0 for all £, 7 € N.
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The linear space (over C)

Li(a,r) = {(xn) eCV: Z |z, | exp f(rran) < oo for every k € N}

n=1

with the topology generated by the norms
@)k = > |zal exp f(rran), k€N,
n=1

is a regular Kothe space. It is said to be a Dragilev space. These spaces were
introduced by Dragilev [5] and were studied in a lot of papers, see for example
1, 2,3,6,7,8, 20].

For nuclear Dragilev spaces Ly(a,r) and Ly(b, s) (with some additional condi-
tions on f and g) Dubinsky proved the following ([6, Propositions I11.6.4.4—
I11.6.4.11]):

(1) L¢(a,00) has a subspace isomorphic to L,(b, 00) if and only if
(i) there exists M € (0,1) such that for every p > 1 there exists 7 > p such
that lim sup, [f~g(pba)/f~g(7b,)] < M:
(ii) for every p > 0 there exists 7 > 0 such that sup, [f(pan)/g(7b,)] < oc.
(2) L¢(a,00) has a subspace isomorphic to Ly(b, 1) if and only if
(i) there exists M € (0,1) such that for every p € (0,1) there exists 7 €
(0,1) such that limsup,[f~tg(pb,)/ftg(Th,)] < M;
(ii) for every p > 0 there exists 7 € (0, 1) such that sup,[f(pa,)/g(Tb,)] <
0.
(3) L¢(a,00) has no subspace isomorphic to L, (b, r) for r € {0, —1}.
(4) Ly¢(a,0) has a subspace isomorphic to L,(b,00) if and only if there exist
p >0 and 7 > 0 such that sup,[f(pa,)/g(Tb,)] < o0.
(5) L¢(a,0) has a subspace isomorphic to L, (b, 1) if and only if there exist p > 0
and 7 € (0,1) such that sup,[f(pa,)/g(Tb,)] < o0.
(6) Ly¢(a,0) has a subspace isomorphic to L,(b,0) if and only if
(i) there exists M > 0 and a sequence (p;) decreasing to 0 such that
limsup, [f~g(pxbn)/ [ g(pri1bn)] < M for every k € N;
(i) for every 7 > 0 there exists p > 0 such that sup,[f(pa,)/g(7b,)] < oc.
(7) Ly¢(a,0) has a subspace isomorphic to L,(b, —1) if and only if
(i) there exists M > 0 and a sequence (pj) decreasing to 1 such that
limsup,,[f " g(prbn)/f " g(pri1bn)] < M for every k € N;
(i) for every 7 > 0 there exists p > 0 such that sup,[f(pa,)/g(7b,)] < oc.

Generalized power series spaces in the Archimedean case were introduced by
Kashirin in [7] to show that not every regular Kéthe space of some type is
isomorphic to some Dragilev space of infinite type; see also [8, 9].

Preliminaries

By a seminorm on a linear space E we mean a function p : £ — [0, 00) such
that p(azx) = |a|p(z) for all @ € K,z € FE and p(z + y) < max{p(x),p(y)} for
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all z,y € E. A seminorm p on F is a norm if kerp := {x € E : p(x) = 0} = {0}.
The linear span of a subset A of a linear space E is denoted by lin A.

Let E, I be locally convex spaces. A map T : E — F'is called a linear homeo-
morphism if it is linear, bijective and the maps T, T~! are continuous. If there
exists a linear homeomorphism 7' : £ — F', then we say that F is isomorphic to
F. A linear map T : E — F'is bounded if for some open neighbourhood U of 0
in F the set T'(U) is bounded in F'.

A sequence (z,,) in alcs E is a Schauder basis in E if each € E can be written
uniquely as z =Y 7 a,x, with a,, € K, n € N, and the coefficient functionals
fo: E— K, 2 — a, (n €N) are continuous.

A sequence (z,,) in a lcs E is a Schauder basic sequence in E if it is a Schauder
basis in the closed linear span of (x,) in E.

A metrizable complete Ics is called a Fréchet space. A series >~ | x, in a Fréchet
space E is convergent if and only if lim, x, = 0.

The set of all continuous seminorms on a Fréchet space E is denoted by P(E).

An increasing sequence (py) of continuous norms on a Fréchet space E with a
continuous norm is a base of continuous norms on F if for any p € P(E) there
is k € N such that p < kpy.

Let (px) be a base of continuous norms on a Fréchet space E. A Schauder basis
(x,) in F is

(a) orthogonal with respect to (py) if

m
P (2 oznxn> = max |on|pi(zn)
n=

for all k,m € N and aq,...,q, € K;
(b) regular with respect to (py) if

pk(xn) > pk+1($n)
Pr(Tni1) — Pryr(Tnygr)

for all k,n € N.

Let A = (a, ) be an infinite matrix of positive real numbers such that a, , <
anp+1 for all n,k € N. By the Kothe space associated with the matrix A we
mean the Fréchet space

K(A) = {(a,) € K : lim || @y = O for any k € N}

with the base (pi) of continuous norms: py((w,)) = max, |a,|a,x, k € N. The
sequence (e,) of coordinate vectors is a Schauder basis in K(A) (see [4, Propo-
sition 2.2]). It is orthogonal with respect to the base of norms (py).
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Any infinite-dimensional Fréchet space FE with a continuous norm and with a
Schauder basis is isomorphic to some Kothe space K(A) (|4, Proposition 2.4]).

The Kothe space K (A) is nuclear if and only if for any ¢ € N there exists j € N,
g > i, with lim, (an;/a, ;) = 0 ([4, Proposition 3.5]).

Let I' be the family of all increasing sequences a = (a,,) of positive real numbers
with lim,, a,, = oo.

Let a = (a,) € I'. Then the following Kéthe spaces are nuclear (see [4]):

(1) Ai(a) = K(A) with A = (ank), Gni = exp(—a,/k);

(2) Ax(a) = K(A) with A = (ank), ani = exp(ka,).

Ai(a) and Ay (a) are the power series spaces (of finite type and infinite type,
respectively).

Sequences (an,), (b,) € I' are equivalent if 0 < inf,(a,/b,) < sup,(a,/b,) < oo
and strictly equivalent if lim,,(a, /b,) = 1.

For r € (—o00, 00] we denote by A, the family of all strictly increasing sequences
(rg) C R with limy, r, = 7 such that ryr; > 0 for all k,j € N.

A map ¢ : R — R is rapidly increasing if lim; . [p(ct) /p(t)] = oo for any ¢ > 1.

Denote by ®. the family of all non-constant increasing odd functions f : R — R
such that f is convex in [0, c0).

Let f € ®.,a € I',r € (—o0,00] and (ry) € A,. Denote by Dy(a,r) the Kéthe
space K(A), where A = (anx) = (exp f(rray)); it is clear that the space K(A)
does not depend on the choice of the sequence (1) € A,.

In [19, Lemma 1] we have shown the following

Lemma A. Let f € ®.. Then (1) f is subadditive in (—o0,0]; (2) f(uiva) +
flugvy) < f(ugvy) + f(ugve) for all uy,us,vi, vy € [0,00) with uy < wuy and
vr < w7 (8) flu) + f(v) < f(p) + f(q) for all u,v,p,q € [0,00) with uv < pq
and max{u,v} < max{p,q}; (4) lim,— f(u) = oo, if additionally f(u) > 0 for
allu > 0, then f is strictly increasing; (5) f(x—y) < f(z)—f(y) for allz,y € R
with x >y and xy > 0; (6) sup,[f(a,) — f(b,)] = oo for all (a,), (b,) € ' with
lim sup,,(a,/b,) > 1.

1. Some sufficient conditions

We shall need the following two propositions ([15, Propositions 9 and 19]).
Proposition 1. Let K(A) and K(B) be Kdthe spaces. Assume that there exist
(kn) C N with lim, k,, = 0o and {v(n,i) :n,i € N;1 <i <k,} CN such that

(1) oln,i) = vlk, ) if and only if (1) = (k,§);
(2) (bn,k/bn,i) > (ay(n@),k/a»u(n’i),i) fOT‘ n, k,l eNwithl <k< kn, 1<i<kE,.

Then K(A) has a subspace isomorphic to K(B).



574  W. Sliwa / On Relations between Non-Archimedean Generalized Power ...

Proposition II. Let K(A) and K(B) be Kdthe spaces. Assume that there ezist

(kn) C€ N with lim,, k,, = 0o and {v(n,i) :n,i € N;1 <i <k,} CN such that

(1) w(n,i) =v(m,7) if and only if (n,i) = (m,j);

(2)  (bni/bni) < (o) i/ Gomyaye) for all n,kyi € N with 1 <k < k,,1 <4<
Ey.

Then K(A) has a quotient isomorphic to K(B).

Using these propositions we get the following results.

Theorem 1.1. Let f € ®.. Leta,b € I' withsup,,(a,/b,) < 0o and sup,,(as,/a,)
< 00. Then D¢(a,0) has a subspace isomorphic to Dy (b, 00).

Proof. Let m > max{sup,,(a,/b,),sup,(az./a,)}. Put s; = m**! for i > 0
and k, =nforn e N. Put A,;, ={k € N:s;,_1b, < a), < s;b,} for n,i € N with
1<i<k,

Let n,i € N with 1 <4 < k,,. Put s(n,i) = max{k € N : a < s;_1b,}; clearly
s(n,i) > n. We have
Q4s(n,i zbn Q4s(n,i Ag(n,i
4s(n.i) < m?2 S 4s(n,i) (n,3)

= SO — < — < 1.
Qs(n i) Si—lbn ’ Sibn Si—lbn

Hence we get
Si—lbn < QAs(ni)+1 < A45(n,i) < Sibn-

Thus the set A,,; has at least 3n elements.

Let 1 S t <nandl S j < k S ]i]t with An,’i N At,j # @ 7é An,i N At,k- Take
pe€ A, NA;and g € A,; N Ay . Then we have
2 $ibn ag _ Sk-1bt 2(k—1—7)

m- = > — > =m
Si—lbn ap Sjbt

so k = j+ 1. Thus the set {1 < j < k : A,; N Ay; # 0} has at most
two elements for any 1 < ¢ < n. Therefore we can choose v(n,i) € A, for
n,i € N;1 < i < k,, such that v(n,7) = v(k,j) if and only if (n,7) = (k,7).
Clearly, s; > (ay(n,i)/bn) > si—1 for n,i € N with 1 <4 < k,. Put t; = m’ and
d; = —m~" for i > 0.

Let n,i,k e Nwith 1 <i <k, and 1 <k <k,. Then

f(teby) + f<_dk‘av(n,i)) > f(tibn) + f(—d; iAo (n,g) )

Indeed, put & = tpb,, Yy = —dkGy(n), 2 = tibn, t = —diymy and W = {z,y, 2, t}.
Clearly W C (0,00) and zy = 2t. If i = k, then z = z and y = ¢. If i < k,
then z < z,y < t,it <zand y < z,so0y = minW and r = maxW. If i > k,
then z > x,y > t,y > zand t > x; so r = min W and y = max W. Hence, by

Lemma A (3), we get f(z)+ f(y) > f(2) + f(t). Thus
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for all n,i,k e Nwith 1 <i<k,and 1 <k <k,.

The sequences () C (0,00), (dx) C (—o0,0) are strictly increasing and limy, t, =
00, limg dy, = 0. Put a,x = exp f(dra,) and b, = exp f(txby,) for all n,k € N.
Let A = (any) and B = (b, ). Then K(A) = D¢(a,0) and K (B) = Dy(b, c0).
Using (x) we get (bni/bni) 2> (Gu(n,i)k/Aomn,iy,i) for all n, ki € Nwith 1 <7 <k,
and 1 <k <k,.

By Proposition I we infer that K (A) has a subspace isomorphic to K(B). O
Proposition 1.2. Let f € .. Let a,b € I'. Assume that sup,,(an41/a,) < 00
and lim,, (by41/b,) = 00. Then Dy(a,0) has a subspace isomorphic to Ds(b,c0).

Proof. Let m € N with m > sup,,(an+1/a,). Passing to an equivalent sequence
we can assume that inf,(b,.1/b,) > m?* and by > a;. Then there exists a
sequence (k) C N with lim,, k,, = oo such that (b,41/b,) > m** for n € N. Put
s; = m?+ for i > 0.

Let n,i € N with 1 <i < k,. Since a; < s;_1b, and

Aj+1 5iby,
I <

sSup )
iy Si—1bp

there is v(n,i) € N such that s;,_1b, < @yns) < Sibn.

Moreover, si, b, < Sobn+1 for n € N. Thus v(n,i) = v(k,j) if and only if
(n,i) = (k,j). Clearly s; > (aymn,)/bn) > si-1 for n,i € N with 1 < i < k,.
Then, as in the proof of Theorem 1.1, we infer that Dy(a,0) has a subspace
isomorphic to Dy (b, 00). O

Theorem 1.3. Let f € ®.. Let a,b e I with lim,(a, /b,) =0 and sup,,(as,/an) <
0o. Then Dy(a,00) has a quotient isomorphic to D¢(b,0).

Proof. Let m € N with m > max{sup,,(az,/a,),sup,(a,/b,)}. Then there
exists a sequence (k,) C N with lim,, k,, = oo such that &k, < n+1 and (a,/b,) <
m3=2kn for n € N. Put s;, = m3 2 fori > 0 and A,; = {k € N: 8;b, < aj, <
Si—1by} for all n,i € N with 1 <i < k.

Let n,i € N with 1 < i < k,. Put s(n,i) = max{k € N : a; < s;b,}. Then
(an/by) < s, < s; and s(n,i) > n. We have

A 4s(n,i) < mg _ Si—lbn 0 QA4s(n,i) < Qs(n,i) <1

Qs(n,i) Sibn 7 Si—lbn Sibn
Hence
Qs(ni) < Sibn < QAs(n,i)+1 < QA45(n,i) < Si—lb’m
Then the set A, ; has at least 3n elements.
Let 1 <t<mn and 1 < ] <k < ]ft with An,i ﬂAt,j 7& @ ?é An,i ﬂAtyk. Take
pe€ A, NA;and g € A,; N Ay . Then we have
o Sicibn _ap 5;bt Sj 2(k—j—1)

m- = > = > — = =m )
Sibn — ag  sg—aby Sk
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so k = j 4 1. Thus the set {1 < j < k : A,; N A;; # 0} has at most two
elements for any 1 < ¢ < n. Therefore we can choose v(n,i) € A,; for n,i € N
with 1 < ¢ < k,, such that v(n,i) = v(k, j) if and only if (n,i) = (k,j). Clearly,
$;i < (@@ /bn) < si—1 for n,i € N with 1 < i < k,. Put ; = m"? and
d; = —m?>" for i > 0.

Let n,k,i e Nwith 1 <k <k, and 1 <17 <k,. Then

f(=dibn) + [ (teto(n,iy) = f(=dibn) + f(Eittun))-
Indeed, put & = —dibn, y = thGy(n,i), 2 = —dibn, t = tiaym,y and W = {x,y, 2, t}.
Clearly, W C (0,00) and zy = zt.
If i =k, then x = 2z and y = ¢.
Ifi <k thenx <zt<y,z<tand z<y,soxr=minW and y = maxW.
Ifi>Fk thenx >z t>y,z>tand z>y,soy=minW and xr = maxW.
Hence, by Lemma A (3), we get f(x)+ f(y) > f(z) + f(t). Thus

for all n,k,i € Nwith 1 <k <k, and 1 <1i<k,.

The sequences (t;) C (0, 00), (di) C (—o0,0) are strictly increasing and limy, ¢, =
00, limy, dj, = 0. Put a,; = exp f(tra,) and b, = exp f(dgb,) for all n,k € N.
Let A = (any) and B = (b, ). Then K(A) = Dy(a,00) and K(B) = D¢(b,0).
Using (x) we get (bni/bni) < (GQo(n,i) e/ Aumn),) for all n, i,k € Nwith 1 <14 <k,
and 1 < k < k,. By Proposition IT we infer that K (A) has a quotient isomorphic
to K(B). O

Proposition 1.4. Let f € ®.. Let a,b € I'. Assume that sup,,(an+1/an) < 00
and lim,, (b,41/b,) = 0o. Then D¢(a,00) has a quotient isomorphic to Dy (b,0).

Proof. Let m € N with m > sup,,(a,+1/a,). Passing to an equivalent sequence
we can assume that inf,(b,.1/b,) > m?* and by > a;. Then there exists a
sequence (k,) C N with lim, k, = oo such that (b,;1/b,) > m?*+ for n € N;
we can assume that k, <n,n € N.

Put s; = m3 % for i > 0. Let n,7 € N with 1 <14 < k,,. Since

n—1
_ A b —2(n—1)
Gl—bnaprﬁm b, < siby

i1 j+1
and
Aj+1 Si—1bn
sup < ,
j Qa; Sibn

there is v(n,7) € N such that s;b, < aym,i) < si—1b,. Moreover soby, < g, bns1
for n € N. Thus v(n,i) = v(k,j) if and only if (n,i) = (k,j). Clearly s; <
(Au(ni)/bn) < si—1 forn,i € Nwith 1 <14 < k,. Then, as in the proof of Theorem
1.3, we can show that D¢(a, 00) has a quotient isomorphic to D¢(b,0). O
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Lemma 1.5. For any b € ' there is a € I' with sup,,(az,/a,) < oo such that
lim, (a,/b,) = 0.

Proof. Let my = max{i € Z : 2% < byx1} for k € N. Clearly, lim;, m;, = co and
limy, 2" /byr—1 = 0. Let us define by induction a sequence (ny) C Z as follows:
ny = mq; for k > 1 we put ng = ni_1 if my = my_1 and ny = ni_1 + 1 otherwise.
Let a, = 2" for 2! <n < 2% k € N. Of course, a = (a,) € I',sup, (az,/a,) =
2 and lim, (a,/b,) = 0. O

By Lemma 1.5 and Theorems 1.1 and 1.3 we get

Corollary 1.6. Let f € ®.. For any b € I there is a € I' such that Ds(b,0) is
isomorphic to a quotient of D¢(a,00) and D¢(b, 00) is isomorphic to a subspace
of Dy(a,0).

2. Some necessary conditions

For arbitrary subsets A, B of a linear space E and a linear subspace L of E
we denote d(A,B,L) = inf{|8] : § € K,A C B+ L} (we put inf() = o).
Let d, (A, B) = inf{d(A,B,L) : L is a linear subspace of E with dim L < n}
for n € N.

It is easy to check the following.

Remark I. Let E and F be a linear spaces. If A, B C F¥ and T is a linear map
from E onto F', then d,,(A, B) > d,,(T(A),T(B)) for n € N.

If a, 6 € (K\{0}),AC AC FEand B C B’ C E, then d,(A,B) > d,(A", B’)
and d,(aA, BB) = |aB7d,(A, B) for n € N.

Lemma 2.1. Let E be a Fréchet space with a Schauder basis (e,) which is
reqular and orthogonal with respect to a base (py) of continuous norms on E.

Let Uy = {x € E : p(z) < 1} for k € N. Let a € K with || > 1. Then
for all n,l,m € N with | > m we have || pn(en)/pi(en) < do(U, Uy) <

|alpm(en) /pien).

Proof. Let I,m € N with [ > m. Put a; = [pi(ex)] ™! and by, = [pp(ex)]* for
k € N. By the regularity of (e,) with respect to (py,) we get apyia," < bpiiby !
for all £ € N. Let (f,) be the sequence of coeflicient functionals associated with
the Schauder basis (e,). Then we have

U= {z € E: max|fy(z)[p(ex) <1} = {z € E: [fu(2)] < ax, k € N}
and
Un={x€FE: mgx|fk(x)]pm(ek) <1} ={x € E:|fr(x)] < b,k € N}.

Using [14, Lemma 2] we get |a|ta,b,! < d,(U;, Uy,) < |ala,b,! for any n € N.
This completes the proof. ]
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Lemma 2.2. Let f,g € ®.,a,b € T and r,s € (—o00,00]. Let a € K with
la| > 1. Assume that Dys(a,r) has a subspace (or a quotient) isomorphic to
D,(b,s). Then for every | € N there exists k € N such that for every v € N
there 1s t € N such that for alln € N we have

[ (rkrvan) = frian) + g(si0n) = g(sibn)] < (¢ — v — 1+ 2) In[al.

Proof. Put X = Dy(a,r) and Y = D(b, s). Let (pi) and (gx) be the standard
bases of continuous norms on X and Y, respectively. Put U, = {z € X : pi(x) <
1} and Vy ={y €Y : qx(y) < 1} for k € N.

Let | € N. Consider two cases.

Case 1: X has a subspace F'isomorphictoY. Let T': F' — Y be an isomorphism.
For some k € N we have T'(a*U, N F) C a7'V,. Let v € N. Then there exists
t € N,t > [, such that a7 'V; C T(a % Uy, N F). Using [15, Proposition 4]
and Remark I, we get for any n € N

dn(U]H_v, Uk) > dn(Uk+v N F, U, N F) > dn(T(U]H_U N F),T(Uk N F))
2 dn<&k+v7t‘/t’oékfl‘/l) — ’a|’v7t+ldn(‘/t"/l).

Case 2: X has a quotient isomorphic to Y. Let T : X — Y be a continuous
linear surjective map. For some k € N we have o'V} D T'(a *Uy). Let v € N.
Then there exists ¢t € N such that T(a™*VUgy,) D a~'V;. By Remark I, we get
for any n € N

dn(Us+o, Ur) 2 du(T(Upso), T(Ur)) 2 da(@"T 7'V, 0" 7VE) = Jaf' ™ du (Vi V).
Using Lemma 2.1, we get for all n € N

o] explf (rkan) = f(risoan)] = |a]" ™" explg(sib) — g(s:ba)].
Thus for any n € N we obtain

J(risvan) = f(rean) + g(sibn) — g(sibp) < (8 —v —1+2)Inal. O

Using Lemma 2.2 we shall prove the following proposition.

Proposition 2.3. Let f € ®.. Let a,b € T and r,s € (—o0,00]. Assume that
Dy¢(a,r) has a subspace (or a quotient) isomorphic to D¢ (b, s). Thensup,(an/by)
< 00. If additionally s < r = oo, then lim,(a,/b,) = 0.

Proof. Let a € K with || > 1. By Lemma 2.2, there is & € N such that for
every v € N there exists t € N such that

f(slbn) - f(stbn) + f(TkJrvan) - f(rkan) < (t — U+ 1) In ’Oé|
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for every n € N. Put sp = max{s, —s;} if s < oo and sy = s, if s = 0c0. Put ry =

Tk4ov—Tk- Then _f(SObn) S f(slbn)_f<5tbn) and f(r(]an> S f(rk‘+van>_f(rkan)v
so f(roan) — f(sobn) < (t —v+1)In|al for n € N.

Suppose that lim sup,,(a,/b,) > (so+1)/ro. Then there exists a strictly increas-
ing sequence (n,,) C N such that (an,,/bn,,) > (so + 1)/ro for m € N. Hence
r0Gn,, > Sobp,, + b,, for m € N. Thus

exp f(bn,.) < explf(roan,,) — f(s0bn,,)] < |of "

for all m € N, a contradiction. It follows that lim sup,,(a, /b,) < (so+1)/r¢ < 0.
If s < r = o0, then lim,(sg + 1)/(rg10 — %) = 0; so lim,,(a,/b,) = 0. O

Corollary 2.4. Let f € .. Let a,b € T and r,s € (—o0,00]. Assume that
D¢(a,r) has a subspace (or a quotient) isomorphic to D¢(b, s) and D¢(b,s) has
a subspace (or a quotient) isomorphic to Dy(a,r). Then the sequences a and b
are equivalent.

By Theorem 1.1, Proposition 2.3 and [15, Lemma 7], we get

Corollary 2.5. Let f € ®.. Let a,b € T' with sup,(az,/a,) < oo and let
r,s € {0,00} with r < s. Then Dy(a,r) has a subspace isomorphic to Ds(b, s)
if and only if sup,,(a,/b,) < cc.

By Proposition 2.3 and Theorem 1.3 we get the following.

Corollary 2.6. Let f € ®.. Let a,b € I' with sup,,(as,/a,) < oco. Then the
space D¢(a, 00) has a quotient isomorphic to Ds(b,0) if and only iflim,(a,/b,) =
0.

To prove our next theorem we shall need the following two lemmas.

Lemma 2.7. Let u,v,z,y,c,d € R such that u > v,uv > 0,z >y and zy > 0.
Let (ay), (by) C (0,00) with lim, a,, = co. Assume that f € ®, and

fluan) = f(van) < c+ f(xbn) = f(ybn)
forn > d. Then limsup,(a,/b,) < max{z,—y}/(u—v).

Proof. Put s = max{z, —y}. If z > 0, then y > 0 and s = z; if x < 0, then
y < 0and s = —y. Thus f(xb,) — f(yb,) < f(sb,). Using Lemma A (5) we get

f((u—v)a,) < f(ua,) — f(va,) < c+ f(sb,) for n>d.

Hence, by Lemma A (4), we have lim, b, = co. By Lemma A (4) and Lemma
A (1), for every € > 0 there exists M. > d such that

c+ f(sbn) < f(eby) + f(sby) < f((e + s)b,) for n > M..

Thus (v — v)a, < (¢ + s)b, for n > M., so limsup,,(a,/b,) < [(e +s)/(u — v)]
for every € > 0. It follows that limsup,,(a,/b,) < [s/(u — v)]. O
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Lemma 2.8. Let (z,,) be a Schauder basic sequence in a Fréchet space E. Let
(yn) C E,s € N and let (my) C N be a strictly increasing sequence.

(a) If (x,) is orthogonal with respect to a base (|- |) of continuous norms on
E and |z, — ynlp < |Tnlk for n > my, k > s, then (yn)n>m, is a Schauder
basic sequence in E.

(b) If for some base (|| - ||g) of continuous norms on E we have lim, ||z, —
Ynlli/||znlls = 0 for every j € N, then (yn)n>m ts a Schauder basic sequence
i B for some m € N.

Proof. (a) Let ), = 2y 14m, and y), = Yp—14m, for n € N. Put || -||; = | - | for
my —ms < j < mgy1 —mg, k> s. Clearly, (z))) is a Schauder basic sequence in
E, orthogonal with respect to the base (|| - ||;) of continuous norms on E. Let
n,j € Nwith n > j. Let k > s with my — ms; < 7 < myy1 —ms. Then

Hx;1 - y:ij = ’$nfl+ms = Un—14ms|k < |xn71+ms k= Hmisz

since n — 1 +mg > j — 1 4+ my > my. Using [13, Theorem 1], we infer that (y,,)
is a Schauder basic sequence in E.

(b) Let s € N with || - [[; < s|-|s and let & > s. Let [ € N with |- [, <[ - |;.
Then
‘an - yn'k < lexn - ynHl
[Zalk [znllx

for n € N. Thus for some my € N and n > my, we have |r, — yu|x < |Znlk-
Clearly we can assume that the sequence (my) is strictly increasing. Using (a)
we infer that (yy,)n>m. is a Schauder basic sequence in F. O

Theorem 2.9. Let f € . andr,s € (—o0,00]. Let a,b € I with lim,, (ap41/a,) =
0o. Assume that D¢(a,r) contains an isomorphic copy of Ds(b,s). Then a con-
tains a subsequence equivalent to b. If additionally s = co, then r = oo.

Proof. (S1) Let F' be a closed subspace of E = D¢(a,r) that is isomorphic
to Dg(b,s). Let (ry),(sx) C (—00,00) be strictly increasing sequences with
limy r, = r and limy s, = s such that rpr; > 0 and sgs; > 0 for all k£, € N. F
has an orthogonal basis (f,,) with respect to some base (Ii) of continuous norms
on F' such that lx(f,,) = exp f(skby,) for all k,n € N. Clearly, (f,) is regular with
respect to (Ix). Let (px) be the standard base of continuous norms on E and let
(ej) be the coordinate basis in E. Then py(e;) = exp f(rra;) for all k,j € N.
Put ay; = pi(ej), br; = pe(f;) and ¢ ; = lk(f;) for k,j € N. Let f, = (t,;) for
n € N. Then by, = max; |t, |ax; for k,n € N. Put g, = max{i € N : by, =
|tn.ilak;} for all k,n € N.

(S2) We shall prove that q;, < gr+1,, for k,n € N. Suppose that gri1, < @in
for some k,n € N. By the regularity of the basis (e,,) in £ we have

a 1 ar. ; .
ML < TR forall i € N.

Af41,i+1 Aki+1
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Hence
ak+17Qk+l,n < aka‘]k+l,n

ak+17qk,n akvqk,n

By the definitions of gx+1, and g, we have

|tnan,n|a/€+17Qk,n < |tnaqk+1,n|ak+lqu+1,n

and
|tn7qk+1,n |ak,%+1,n < ’tTL’qk,n |ak,%,n'

Hence we get

|tnaqk,n| < ak+17qk+1,n < a'k7qk+1,n < |tn7qk,n|

|tn,%+1,n| Ak+1,q, N Qk,q1. N |tn,%+1,n|’

a contradiction.

(S3) Now we shall prove that there exist v € N and an increasing sequence
(m;) C N such that ¢;,, = ¢y, for all j,n € N with j > v and n > m;.

For all j,k,n € N we have

aquk,n — |tn7qk,n| a/j)qk,n |tn»qj,n|aj7Qj,n — b_]_,n

akvqk,n |tn7qk,n| akvqk,n N |tn7qk,n ’akvqk,n bk»n
and

bj_,n — |tn’qj,n| aj7qj,n < |tn)qj,n| a/j,qj,n — aijj,n

bkan |tn7qk,n| akvqk,n - |tn)qj,n| akvqj,n akaqj,n

For some strictly increasing sequences (j), (ix) C N we have (p;, |F') < ixl;, and
lik S jk+1(pjk+1|F) for k € N.

Let £k € N. For n € N we have

lik+1(fn) < ijr 2pjk+2 (fn)
< PR s
lik (fn) Pjy, (fn) ’
and
Pjrta (fn) . . lik+4 (fn)
——— < Utadk3T o
Pjiys (fn) igt2 (fn)
SO
. b; a; 0y n
SR o < ikjk+2—]k+2 KES
Cij,n Tk TkoQgyg.m
and
it Qi gom < Diiram < ik+4jk+3—6ik+4’n.
ajk+37qjk+3,n N bjk+37n N Cipyam

It follows that for any n € N we have

eXp[f(Sikan) - f(slkbn)] < Z‘lf-i-ljk-i-? eXp[f(Tjk+2a‘ij+2,n) - f(rjkGij+2,n)]
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and
exp[f(rjk+4aq]'k+3,n) - f(rjk+3G’ij+3,n)] S ik+4jk’+3 exp[f<3ik+4bn) - f(sik+2bn)]-

Using Lemma 2.7 we get sup,, [b,/ay,, , .| < 0o and sup,[ag,, . /b:] < oo. Hence
sup, |aq,, . ./0q;, .| < o0 for k € N. Since limpy,(ami1/am) = 00 and g, ,n <
Qjrsm for k,m € N, for every k£ € N there is n, € N such that ¢, ,n = ¢j,,4m
for n > ny. Let v = js. Then there exists an increasing sequence (m;) C N such
that ¢j, = ¢y, for all j,n € N with j > v and n > m,.

(S4) We have lim,, ¢, , = co. Indeed, let j > v. By the nuclearity of F' there is
k > j such that lim,[b;,,/bk,] = 0. For n > m;, we have

bj_,n — ‘thj,n’ ajvqj,n — ajv‘]v,n
bkvn |tn7qk,'n| a’kﬂk,n ak7QU,n ’
S0 llmn I:ajaqv,n/akzqv,n] = 0 Hence llmn I:f(r]aqv,n)_f(rka(Iv,n)] = _007 S0 llmn QU,n =

Q.

(S5) Next we shall prove that the sequences (aq, ,) and (b,) are equivalent. Let
t > v with {1 <t(p|F) and let j > 1 with (pi41]|F) < jl;. Then

~lj<fn)
tj ll (fn)

for n > my,1. Hence

Pt+1(fn) _ bitin _ At+1,q0,n
pt(fn) bt,n at,qv,n

>

tjexp[f(sjbn) — f(s1bn)] > exp[f(ri1aq,,,) — f(riay,,)]

for n > myy. Using Lemma 2.7 we get A = sup,,(ag, ., /bn) < 00.

Let t € N with (p,|F) < tl; and let j > v with ;41 < j(p;|F). Then

ilt—i-l(fn) < pi(fn) - bjn _ Qhgun

t] lt(fn) _pv(fn) bv,n a’U7(Iv,n

for n > m;. Hence

explf(st41bn) = f(sibn)] < 17 explf(rjaq,,,) = f(ruaq,,)]
for n > m;. Using Lemma 2.7 we get B = sup,(b,/a,,,,) < co. Thus the
sequences (b,) and (aq, ,) are equivalent.

(S6) We shall prove that for some my € N the sequence (qy,)n>m, is strictly
increasing. We have

bn

(I/Qv,n+1 n+1

Ao AR " < AR,

Since lim,, (am+1/am) = oo and lim, g,,, = oo, we infer that for some ny € N
the sequence (gyn)n>n, 1S increasing.
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Put h, =t 4, ,.€q,., for n € N. Let j > v+ 1. For n € N we have

pi(fn = hn) = p; Z tng€q | = max [ty q|pj(eq) = max [ty qlas,.
P qFqv,n q9#qv,n

For ¢ > 1,1 > v and n > m;,; we have

|tn,q’aj,q o ’tn,q‘al,q% ‘tn»ql,n’a/lyql,n% o bl,n M o a’l,qu,n M

pv—l—l(fn) bv—l—l,n Qaj q
= exp(f(naq,,) — f(roes1aq,,) + [(riaqg) — f(riag)].

bv+17n al?q b/UJ'—l,',’L al7q av+17qv,n al7q

Let z; = max{r;, —r,} and 2o = max{rj;1, —ry41}. If

a‘Iv,n > 2Zl :
a"h},n_l rU-’rl — Ty

then for 1 < ¢ < g,,, we have

[f(roag,.) — f(rosiag,.,.) + f(riaq) — f(reag)]
— f((ros1 — Tv)aqu,n) + f(zlaq) < —f((ros1 — Tv)aqu,n) + f(zlaqu,n—l)

To+1 — Ty Tvr1 — To To4+1 — Ty
- 2f (+Ta/(h,n) +f (+TGQU,71> = _f (+Ta’(h,n) .

a%z,n-i-l > 222 + Tv+1 — Ty

gy 2(rj41 —15)

IN

IN

If

then for ¢ > g, ,, we have

[f(rjiaaq,,) = flronag,,) + frjaq) = frjia)]

290q,,,) — [((rjx1 —rj)ag) < f(2eaq,,) — f((rj41 —75)ag, . +1)

f(
< f(z2a‘ZU,n) —f ((22 + %) aqu,n) <-f (%aqmn) :

Thus for sufficiently large n we have

pv-i—l(fn) q#%},n p’l)—‘,—l( n) - 2 qu,n

so lim,[p;(fn — hn)/Po+1(fn)] = 0 for every j > v+ 1. Using Lemma 2.8 we
infer that (eg,, )n>m, i @ Schauder basic sequence in E for some mgy > ng, so
Qon 7 Qv for n >k > mg. Thus the sequence (G n)n>m, i strictly increasing.

(S7) The sequences (b,) and (ag, ) are equivalent, but the sequences (aq, ,) and
(ag,.,.)n>m, are not equivalent if my > 1 (since limy(an11/a,) = 0o). Thus the
sequences (b,) and (ag, , )n>m, are not equivalent if mg > 1.

To prove that the sequence (a,) has a subsequence (a,,) equivalent to (b,) it
is enough to show that ¢,,, > m for some m > my. Indeed, putting ¢, = n
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for 1 <n < m and g, = ¢, for n > m we get a subsequence of (a,) that is
equivalent to (b,,).

(S8) We shall prove that g, ,,, > m for some m > mx.

Put Uy, ={z € F: lx(zr) <1} and Vy = {x € E : pi(z) < 1} for k € N. Let
t € N with p, < tl;. For some i > ¢,k > ¢ and some o € K with 0 < || < 1 we

have
alU; CVii NFCVyNF Ca 'l

Hence, by [14, Remark 1], and [15, Lemma 3], we get
|a|2dm(Uia Ut) = dm(ana a_lUt) S dm(‘/k—l—l N F, ‘/k N F) S dm(Vk-l—la Vk)7

for m € N. Let d > v with [; < dpg.

Using Lemma 2.1 we obtain

dm(UZ’, Ut) > |og|lt(fm) > Mpv(fm) _ Mbvm
Li(fm) = td pa(fm)  td bam
and o
Em L apm
dm(vk+1yvk) S |a|71pk— — ‘04| 1 Yk,
pk+1 (€m> a/k_;’_l,m
for m € N. Thus )
v,m S C CLk’m
bd,m ak+17m

for m € N, where C' = |a|~*td. Hence, for m > m, we have

ak+1,m < C adv‘]v,m
>~ )
a'kvm aU,QU,m

SO
explf(rrs1am) = frram)] < Cexp(f(raay,,.) = f(rvaq,,.)]

Using Lemma 2.7 we get sup,,(am/ag,,.) < 0o. Since lim,(an+1/an) = 00, there
is an m > my such that g, ,,, > m.

(S9) Assume that s = co. Suppose that r < co. Let m € N. Let ¢t € N with
py < tly and d € N with s — s, > m. Let j > v with {5 < jp;. Then

ld(fn) . pj(fn) _ bj,n
W) =G =

for n € N. Hence for n > m; we have

SO

exp[f(sabn) — f(s:bn)] < jtexp[f(rjay,,) — f(roag,,)]-
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Using Lemma 2.7 we get

b,, < max{r;, —r,} < max{r, —rv}‘

lim sup <
n Oy, Sq — S¢ m

Since m is arbitrary, we infer that lim,(b,/a,,,) = 0; a contradiction, because
sup,,(aq, ,/bn) < 0o. Thus D¢(a,r) contains no isomorphic copy of Dy (b, 00), if
r < oo; a contradiction. Thus r = oco. O

Corollary 2.10. Let f € ®.,r € {0,00} and let a,b € T with lim, (ans1/a,) =
o0o. Then Dg¢(a,r) contains an isomorphic copy of Dg(b,r) if and only if a
contains a subsequence equivalent to b.

N. De Grande-De Kimpe has proved in [4, Proposition 4.3] that every continuous
linear map from A;(a) to Ax(b) is bounded. In [19] we have generalized this
result by proving that every continuous linear map from Dy¢(a,0) to D,(b, c0)
is bounded ([19, Theorem 8]). Since generalized power series spaces are nuclear
(see [19, Proposition 2]), we get the following.

Corollary 2.11. Let f,g € ®. and a,b € I'. Then Dy(a,0) has no quotient
isomorphic to Dy(b,00) and D,(b,00) has no subspace isomorphic to Dy(a,0).

We have also the following.

Proposition 2.12. Let f,g € ®.,a,b €T and r € (—oo, 0], s € (0,00]. If f is
strictly increasing and f~1o g is rapidly increasing, then every continuous linear
map from D¢(a,r) to Dy(b, s) is bounded.

Proof. Let (r;) € A, and (s;) € A;. Denote by (e;) and (h;) the coordinate
Schauder bases in Dy(a,r) and Dgy(b, s), respectively. Let T" be a continuous
linear map from D¢(a,r) to Dy(b,s) with T'e; = > "7 t; ;h; for j € N.

By the continuity of T" for every [ € N there exist o(l) € N and C; > 0 such that

(*1) sup [t ;| explg(sibi) — f(romay)] < Ci
/L’]

(see [19, Proposition 3]). To prove that 7" is bounded it is enough to show that
there exists ¢ € N such that for every £ € N we have

(*2) sup |t ;| expg(sibi) — f(rqa;)] < 00

i.j
(see [19, Proposition 3]).
Put ¢ = o(1) + 1 and ry = 74 — ro(1). Let k € N. The function v = f~1og is
rapidly increasing, so there exists 4, such that (17475 )y(skbi) < y(spy1b;) for
all i > i, where ), = |To(t1)| + |7ql.
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Let 7,7 € N with g(sgb;) < f(roa;). Using (%1) (for I = 1) and Lemma A (5) we
get

|t; ;] explg(sibi) — f(rqa;)]

< Crexpf(roya;) — g(s1bi)] explg(sibi) — f(rqa )]
< Crexplf(romay) — f(rqa;) + g(sibi)]
< Crexplf(—roay) + f(roa;)] = Ch.

Let 4,7 € N with g(sgb;) > f(roa;). Then a; < ry'vy(skb;). If i < iy, then

g(sibi) — g(sur1bi) + f(riaz) < f(rirg v (skbiy))-
If i > iy, then rja; < Y(sp1bi) — v(sb;); so
g(skbi) — g(sr11bi) + f(r;aj) = f(v(skbi)) — f(v(sk41b:)) + f(r;aj) <0.
Thus using () (for [ = k 4+ 1) we obtain
|t;.j| explg(skbi) — f(rqa;)]

< Cry1explf (ro@+1)a5) — g(sk+1bi)] explg(sxbi) — f(rqa;)]

< Cry1explg(sebi) — g(sp41bi) + f(ri.a))]

< Crrrexp f(ryrg v (sebi,))-

It follows that

|t explg(sibi) — f(rqa;)] < max{Ci, Cyy1exp f(rrg v(skbiy))}
for all 7, j € N. We have shown (x3). O
Corollary 2.13. Let f,g € ®o,a,b € T and r € (—o0,00|,s € (0,00]. If f is

strictly increasing and f~og is rapidly increasing, then Dy(a,r) has no quotient
isomorphic to Dy(b,s) and Dy(b, s) has no subspace isomorphic to Ds(a,r).

3. When D¢(a,r) and Dy(b, s) are isomorphic
We have the following.

Proposition 3.1. Let f € &, and a,b € . If (1) r € (—o0, 0] and a,b are
strictly equivalent, or (2) r € {0,00} and a,b are equivalent, then the spaces
D¢(a,r) and D¢(b,r) are isomorphic.

Proof. (1) For every k € N there exists n; € N such that ria, < rpi1b, and
riby < rry1a, for all n > ng. Hence sup, explf(rran) — f(rrs1bn)] < oo and
sup,, exp[f(ribn) — f(rp41a,)] < oo for every k € N. It follows that Ds(a,r) =
D¢(b,r) and the identity map I : Ds(a,r) — Dy(b,7) is an isomorphism.

(2) For some C' > 1 we have C~'a,, < b, < Ca, for n € N. For every k € N
there exists ¢(k) € N such that ryg) > Cry if r = 0o and ryy > C 1y if = 0.



W. Sliwa / On Relations between Non-Archimedean Generalized Power ... 587

Hence f(ribn) < f(riwyan) and f(ripa,) < f(rymby) for all n € N.

Let € Dg(a,r). Then |z,|exp f(ribn,) < |zn|exp f(rywyan) for n € N. Thus
lim,, || exp f(rib,) = 0 for every k € N; so o € Dy(b,r) and qr(z) < pyry(x)
for & € N, where (pg) and (qx) are the standard bases of continuous norms
on D¢(a,r) and Ds(b,r), respectively. Similarly, for every x € Dy (b, r) we have
x € Dy(a,r) and pp(x) < gy (x). Thus the identity map I : Dy(a,r) — Dy (b, 1)
is an isomorphism. O

If a,b €T and lim sup,,(a,+1/a,) <liminf, (b,+1/b,) or sup,[(an/by)+(as,/a,)] <
00, then the sequence a has a subsequence equivalent to b ([15, Lemma 7]. Thus,
as in the proof of Proposition 3.1, we get

Corollary 3.2. Let f € &, and a,b € T'. Let r € {0,00}. Assume that
sup,[(@n/by) + (agn/an)] < oo or limsup, (ani1/a,) < liminf,(b,+1/b,). Then
D¢(a,r) has a complemented subspace isomorphic to D¢(b,r). In particular,
D¢(a,r) has a quotient isomorphic to Ds(b,r).

By Proposition 2.3 we get the following.

Corollary 3.3. Let f € ®. and a,b € T'. Let r € {0,00}. Then the spaces
D¢(a,r) and D¢(b,r) are isomorphic if and only if the sequences a and b are
equivalent.

Corollary 3.4. Let f € ®.. Let a,b € I" and r € R. Then the spaces D¢(a,r)
and Dy(b, 00) are not isomorphic.

By Corollary 2.4 we get our next corollary.

Corollary 3.5. Let f € .. Let a,b €' and r,s € (—o0,0]. If the sequences
a and b are not equivalent, then the spaces Dy(a,r) and D (b, s) are not isomor-
phic.

Using Lemma 2.2 and Corollaries 3.3, 3.4 and 3.5 we get

Proposition 3.6. Let a,b,c,d € I". If f € &, is rapidly increasing, then the
spaces Dy(a, —1), D¢(b,0), Ds(c,1) and D¢(d, 00) are pairwise non-isomorphic.

Proof. Suppose that Ds(a, —1) is isomorphic to D¢(b,0). By Corollary 3.5, the
sequences a and b are equivalent. Hence, by Corollary 3.3, D (b, 0) is isomorphic
to D¢(a,0), so Ds(a,—1) is isomorphic to Ds(a,0). Let (sy) C (—1,0) be a
strictly increasing sequence with lims;, = 0. Let (rx) € A_;. By Lemma 2.2,
there exist k,t € N and C > 0 such that

f(=rran) + f(=stan) < C+ f(=Tpy1an) + f(—5105)
for n € N. Hence

f(_stan) C f<_Tk+1an) f(_slan)
FCrean) = Forean) | Forean)  F(—rxan)

(%) L+
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for n € N. Since 0 < —s; < —s1 < 1 < —rpyq < —7y, tending n to oo in (x), we
get 1 < 0; a contradiction. Thus Dy(a, —1) is not isomorphic to Dy(b,0). By
Corollary 3.4, the spaces D¢(c, 1) and D¢(d, 0o) are not isomorphic. Now, using
[19, Theorem 8] we complete the proof. O

By Corollary 2.6 the spaces Dy(a,0) and D,(b, 00) are not isomorphic. Using
Lemma 2.2 we get the following.

Proposition 3.7. Let f,g € ®.,a,b € T and r,s € (—00,00|. Assume that f
is strictly increasing and f~1 o g is rapidly increasing. Then the spaces Dy(a,r)
and D, (b, s) are not isomorphic.

Proof. It is easy to see that g is rapidly increasing. Suppose, by contradiction,
that Dy (a,r) is isomorphic to D,(b, s). Put ¢ = f~1og.

By Proposition 2.12 we can assume that s < 0. By Lemma 2.2, there exist
integers k,t,C € Nand K,T,D € N with T' > k + 1 such that

f(ria,) — f(rian) + g(Sg+1bn) — g(skby) < C, neN

and
9(Ski1bn) — g(s7by) + f(rsian) — f(rxa,) < D, n €N.

Put ro = max{ry, —r } and 7o = rx 41 — rx. Then we get

1< 9(_Sk+1bn> C f(rOan)
— g(—skby) 9(=skbn)  g(—skby)
and
Lo gsh) =D f(Ra)

9(—5k41bn) 9(—5k+1bn)

for n € N. Hence there exists ny € N such that 1/2 < f(roa,)/g(—skb,) and
f(Foan)/g(—sks1b,) < 1 for n > ny. Thus

f(2roan) > 2f(roan) > g(—siby)

and f(roa,) < g(—Sg1by) for n > ng, so 2rpa, > @(—skb,) and Toa, <
©(=8p1by) for n > ng. Hence

o(—siby) 2r¢
— 5 <=
@(_Sk—&-lbn) To

for n > ng; a contradiction, since lim,, p(—sb,)/p(—sk+1b,) = 0. O

Corollary 3.8. Letr € (—oo, 0], p € {1,00} and a,b € '. If f € . is rapidly
increasing, then Dy(a,r) is not isomorphic to the power series space Apy(b).
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4. Summary

In the last part of this paper we summarize our results in a table.

For Fréchet spaces X and Y we write

(1) X — Y if X is isomorphic to a subspace of Y;
(2) X ~» Y if X has a quotient isomorphic to Y;

3) X ~

Y if X is isomorphic to Y.

For sequences a = (a,), b = (b,) of positive numbers we write

(1) a~bif aand b are equivalent;

(2) a=0bif aand b are strictly equivalent;
(3) a < bif ais equivalent to a subsequence of b.

The abbreviations s.i. and r.i. denote strictly incresing and rapidly increasing,
respectively.

For f,g € ®.,a,b,¢c,d € T and r,s € (—00,00] we have shown the following

results.

’ \ Assumptions \ Thesis ‘
1.1 sup,,(an/by) < 00; sup,,(asz,/a,) < oo D¢(b,00) — Dy(a,0)
1.2 | sup,(ant1/an) < oo; lim,(byt1/b,) =00 | D(b,00) — Dy(a,0)
1.3 lim,(a,/b,) = 0; sup,,(az,/a,) < oo D¢(a,00) ~ D¢(b,0)
1.4 | sup,(ani1/a,) < o0o; limy,(byyi1/by) =00 | Dy(a,00) ~» Dy(b,0)
2.3 | Ds(b,s) — D¢(a,r) or Ds(a,r) ~ Ds(b,s) | sup,(a,/b,) < oo
2.3 s < 00; Df(b,s) — Dy(a,oc0) lim,(a,/b,) =0
2.4 D¢(a,r) — Dys(b,s) — Dy(a,r) a~b
2.4 D¢(a,r) ~» Ds(b,s) ~» Dy(a,r) an~b
2.6 | sup,(az./an) < 00; D¢(a,00) ~» Dg(b,0) lim,(a,/b,) =0
2.9 | lim,(ant1/an) = 00; Dy(b,s) — Dy(a,r) b=<a
2.11 D¢(a,0) £ Dgy(b, o)
2.11 D¢(a,0) + Dy(b, c0)
2.13 s>0;fissi; fTlogisri. D¢(a,r) 4 Dgy(b, s)
2.13 s>0;fissi; fTlogisri. D¢(a,r) ¥ Dy(b, s)
3.1 a~b Dy(a,r) ~ Ds(b,r)
3.3 re€{0,00}; a~b Dy(a,r) ~ Dy(b,7)
3.4 r < 0o Dy(a,r) % Dys(b, o)
3.7 fissi; flogisri Dy(a,r) % Dy(b, s)
3.8 fisri;pe{l;00} Dy(a,r) % Ay(b)
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