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Introduction

In this paper all linear spaces are over a non-Archimedean non-trivially valued
field K which is complete under the metric induced by the valuation | · | : K →
[0,∞). For fundamentals of locally convex Hausdorff spaces (lcs) and normed
spaces we refer to [10, 11, 12].

By a Köthe space we mean a Fréchet space with a continuous norm and with a
Schauder basis. The power series spaces of finite type and infinite type, A1(a)
and A∞(a), defined in Preliminaries, are the most known and important exam-
ples of nuclear Köthe spaces. They were studied in [4, 15, 16, 17, 18].

Let f : R → R be a non-constant increasing odd function which is convex in
[0,∞). Let a = (an) be an increasing sequence of positive real numbers with
limn an = ∞. Let r ∈ (−∞,∞] and let (rk) be a strictly increasing sequence
with limk rk = r such that rkrj > 0 for all k, j ∈ N. The linear space

Df (a, r) = {(xn) ∈ K
N : lim

n
|xn| exp f(rkan) = 0 for every k ∈ N}

with the topology generated by the norms

pk((xn)) = max
n

|xn| exp f(rkan), k ∈ N,
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570 W. Śliwa / On Relations between Non-Archimedean Generalized Power ...

is a nuclear regular Köthe space ([19, Proposition 2]). It is said to be a genera-

lized power series space (see [19]). If f(x) = x, x ∈ R and r = 0 (respectively,
r = ∞), then Df (a, r) is isomorphic to A1(a) (respectively, A∞(a)).

In this paper we investigate relations between generalized power series spaces.

Using [15, Propositions 9 and 19] we show that Df (a, 0) has a subspace isomor-
phic to Df (b,∞), if supn(a2n/an) < ∞ and supn(an/bn) < ∞ (Theorem 1.1),
and Df (a,∞) has a quotient isomorphic to Df (b, 0), if sup(a2n/an) < ∞ and
limn(an/bn) = 0 (Theorem 1.3). If supn(an+1/an) < ∞ and limn(bn+1/bn) = ∞,
then Df (a, 0) has a subspace isomorphic to Df (b,∞) and Df (a,∞) has a quo-
tient isomorphic to Df (b, 0) (Propositions 1.2 and 1.4). These results generalize
[15, Propositions 11, 14, 21 and 25].

On the other hand we prove that supn(an/bn) < ∞, if Df (a, r) has a sub-
space (or a quotient) isomorphic to Df (b, s); if additionally s < r = ∞, then
limn(an/bn) = 0 (Proposition 2.3). If Df (a, r) contains an isomorphic copy of
Df (b, s) and limn(an+1/an) = ∞, then a has a subsequence equivalent to b (The-
orem 2.9). It follows that for r ∈ {0,∞} and a, b with limn(an+1/an) = ∞ the
space Df (a, r) contains an isomorphic copy of Df (b, s) if and only if a has a sub-
sequence equivalent to b (Corollary 2.10). A similar result for the Archimedean
power series has been proved by Dubinsky [6, Corollaries III.3.6, III.3.7]; we use
and develop some ideas of his proof to get Theorem 2.9.

Assume that supn(a2n/an) < ∞ and r, s ∈ {0,∞} with r ≤ s. Then Df (a, r) has
a subspace isomorphic to Df (b, s) if and only if supn(an/bn) < ∞ (Corollary 2.5)
andDf (a,∞) has a quotient isomorphic toDf (b, 0) if and only if limn(an/bn) = 0
(Corollary 2.6). These results generalize [15, Corollaries 13 and 22].

The spaces Df (a, r) and Df (b, r) are isomorphic if a and b are strictly equivalent
(Proposition 3.1). If the sequences a and b are not equivalent then the spaces
Df (a, r) and Df (b, s) are not isomorphic (Corollary 3.5). The spaces Df (a, r)
and Df (b,∞) are not isomorphic for any r < ∞ (Corollary 3.4). The spaces
Df (a,−1), Df (b, 0) and Df (c, 1) are pairwise non-isomorphic if f is rapidly in-
creasing (Proposition 3.6).

If f is strictly increasing and f−1◦g is rapidly increasing, then the spacesDf (a, r)
and Dg(b, s) are not isomorphic (Proposition 3.7); if additionally s > 0, then
every continuous linear map from Df (a, r) to Dg(b, s) is bounded (Proposition
2.12), so Df (a, r) has no quotient isomorphic to Dg(b, s) and Dg(b, s) has no
subspace isomorphic to Df (a, r) (Corollary 2.13).

Let f : R → R be a non-constant increasing odd function which is logarythmi-
cally convex in [0,∞) (i.e. the function f(ex) is convex in R); it is easy to see
that f is convex in [0,∞), so f ∈ Φc. Let a = (an) be an increasing sequence
of positive real numbers with limn an = ∞. Let r ∈ (−∞,∞] and let (rk) be a
strictly increasing sequence with limk rk = r such that rkrj > 0 for all k, j ∈ N.
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The linear space (over C)

Lf (a, r) =

{
(xn) ∈ C

N :
∞∑

n=1

|xn| exp f(rkan) < ∞ for every k ∈ N

}

with the topology generated by the norms

‖(xn)‖k =
∞∑

n=1

|xn| exp f(rkan), k ∈ N,

is a regular Köthe space. It is said to be a Dragilev space. These spaces were
introduced by Dragilev [5] and were studied in a lot of papers, see for example
[1, 2, 3, 6, 7, 8, 20].

For nuclear Dragilev spaces Lf (a, r) and Lg(b, s) (with some additional condi-
tions on f and g) Dubinsky proved the following ([6, Propositions III.6.4.4–
III.6.4.11]):

(1) Lf (a,∞) has a subspace isomorphic to Lg(b,∞) if and only if
(i) there exists M ∈ (0, 1) such that for every ρ ≥ 1 there exists τ > ρ such

that lim supn[f
−1g(ρbn)/f

−1g(τbn)] ≤ M ;
(ii) for every ρ > 0 there exists τ > 0 such that supn[f(ρan)/g(τbn)] < ∞.

(2) Lf (a,∞) has a subspace isomorphic to Lg(b, 1) if and only if
(i) there exists M ∈ (0, 1) such that for every ρ ∈ (0, 1) there exists τ ∈

(0, 1) such that lim supn[f
−1g(ρbn)/f

−1g(τbn)] ≤ M ;
(ii) for every ρ > 0 there exists τ ∈ (0, 1) such that supn[f(ρan)/g(τbn)] <

∞.

(3) Lf (a,∞) has no subspace isomorphic to Lg(b, r) for r ∈ {0,−1}.

(4) Lf (a, 0) has a subspace isomorphic to Lg(b,∞) if and only if there exist
ρ > 0 and τ > 0 such that supn[f(ρan)/g(τbn)] < ∞.

(5) Lf (a, 0) has a subspace isomorphic to Lg(b, 1) if and only if there exist ρ > 0
and τ ∈ (0, 1) such that supn[f(ρan)/g(τbn)] < ∞.

(6) Lf (a, 0) has a subspace isomorphic to Lg(b, 0) if and only if
(i) there exists M > 0 and a sequence (ρk) decreasing to 0 such that

lim supn[f
−1g(ρkbn)/f

−1g(ρk+1bn)] ≤ M for every k ∈ N;
(ii) for every τ > 0 there exists ρ > 0 such that supn[f(ρan)/g(τbn)] < ∞.

(7) Lf (a, 0) has a subspace isomorphic to Lg(b,−1) if and only if
(i) there exists M > 0 and a sequence (ρk) decreasing to 1 such that

lim supn[f
−1g(ρkbn)/f

−1g(ρk+1bn)] ≤ M for every k ∈ N;
(ii) for every τ > 0 there exists ρ > 0 such that supn[f(ρan)/g(τbn)] < ∞.

Generalized power series spaces in the Archimedean case were introduced by
Kashirin in [7] to show that not every regular Köthe space of some type is
isomorphic to some Dragilev space of infinite type; see also [8, 9].

Preliminaries

By a seminorm on a linear space E we mean a function p : E → [0,∞) such
that p(αx) = |α|p(x) for all α ∈ K, x ∈ E and p(x + y) ≤ max{p(x), p(y)} for
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all x, y ∈ E. A seminorm p on E is a norm if ker p := {x ∈ E : p(x) = 0} = {0}.

The linear span of a subset A of a linear space E is denoted by linA.

Let E,F be locally convex spaces. A map T : E → F is called a linear homeo-
morphism if it is linear, bijective and the maps T, T−1 are continuous. If there
exists a linear homeomorphism T : E → F , then we say that E is isomorphic to
F . A linear map T : E → F is bounded if for some open neighbourhood U of 0
in E the set T (U) is bounded in F .

A sequence (xn) in a lcs E is a Schauder basis in E if each x ∈ E can be written
uniquely as x =

∑∞

n=1 αnxn with αn ∈ K, n ∈ N, and the coefficient functionals
fn : E → K, x → αn (n ∈ N) are continuous.

A sequence (xn) in a lcs E is a Schauder basic sequence in E if it is a Schauder
basis in the closed linear span of (xn) in E.

A metrizable complete lcs is called a Fréchet space. A series
∑∞

n=1 xn in a Fréchet
space E is convergent if and only if limn xn = 0.

The set of all continuous seminorms on a Fréchet space E is denoted by P(E).

An increasing sequence (pk) of continuous norms on a Fréchet space E with a
continuous norm is a base of continuous norms on E if for any p ∈ P(E) there
is k ∈ N such that p ≤ kpk.

Let (pk) be a base of continuous norms on a Fréchet space E. A Schauder basis
(xn) in E is

(a) orthogonal with respect to (pk) if

pk

(
m∑

n=1

αnxn

)
= max

1≤n≤m
|αn|pk(xn)

for all k,m ∈ N and α1, . . . , αm ∈ K;

(b) regular with respect to (pk) if

pk(xn)

pk(xn+1)
≥

pk+1(xn)

pk+1(xn+1)

for all k, n ∈ N.

Let A = (an,k) be an infinite matrix of positive real numbers such that an,k ≤
an,k+1 for all n, k ∈ N. By the Köthe space associated with the matrix A we
mean the Fréchet space

K(A) = {(αn) ∈ K
N : lim

n
|αn|an,k = 0 for any k ∈ N}

with the base (pk) of continuous norms: pk((αn)) = maxn |αn|an,k, k ∈ N. The
sequence (en) of coordinate vectors is a Schauder basis in K(A) (see [4, Propo-
sition 2.2]). It is orthogonal with respect to the base of norms (pk).
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Any infinite-dimensional Fréchet space E with a continuous norm and with a
Schauder basis is isomorphic to some Köthe space K(A) ([4, Proposition 2.4]).

The Köthe space K(A) is nuclear if and only if for any i ∈ N there exists j ∈ N,
j > i, with limn(an,i/an,j) = 0 ([4, Proposition 3.5]).

Let Γ be the family of all increasing sequences a = (an) of positive real numbers
with limn an = ∞.

Let a = (an) ∈ Γ. Then the following Köthe spaces are nuclear (see [4]):

(1) A1(a) = K(A) with A = (an,k), an,k = exp(−an/k);

(2) A∞(a) = K(A) with A = (an,k), an,k = exp(kan).

A1(a) and A∞(a) are the power series spaces (of finite type and infinite type,
respectively).

Sequences (an), (bn) ∈ Γ are equivalent if 0 < infn(an/bn) ≤ supn(an/bn) < ∞
and strictly equivalent if limn(an/bn) = 1.

For r ∈ (−∞,∞] we denote by Λr the family of all strictly increasing sequences
(rk) ⊂ R with limk rk = r such that rkrj > 0 for all k, j ∈ N.

A map ϕ : R → R is rapidly increasing if limt→∞[ϕ(ct)/ϕ(t)] = ∞ for any c > 1.

Denote by Φc the family of all non-constant increasing odd functions f : R → R

such that f is convex in [0,∞).

Let f ∈ Φc, a ∈ Γ, r ∈ (−∞,∞] and (rk) ∈ Λr. Denote by Df (a, r) the Köthe
space K(A), where A = (an,k) = (exp f(rkan)); it is clear that the space K(A)
does not depend on the choice of the sequence (rk) ∈ Λr.

In [19, Lemma 1] we have shown the following

Lemma A. Let f ∈ Φc. Then (1 ) f is subadditive in (−∞, 0]; (2 ) f(u1v2) +
f(u2v1) ≤ f(u1v1) + f(u2v2) for all u1, u2, v1, v2 ∈ [0,∞) with u1 ≤ u2 and

v1 ≤ v2; (3 ) f(u) + f(v) ≤ f(p) + f(q) for all u, v, p, q ∈ [0,∞) with uv ≤ pq
and max{u, v} ≤ max{p, q}; (4 ) limu→∞ f(u) = ∞; if additionally f(u) > 0 for

all u > 0, then f is strictly increasing; (5 ) f(x−y) ≤ f(x)−f(y) for all x, y ∈ R

with x ≥ y and xy ≥ 0; (6 ) supn[f(an)− f(bn)] = ∞ for all (an), (bn) ∈ Γ with

lim supn(an/bn) > 1.

1. Some sufficient conditions

We shall need the following two propositions ([15, Propositions 9 and 19]).

Proposition I. Let K(A) and K(B) be Köthe spaces. Assume that there exist

(kn) ⊂ N with limn kn = ∞ and {v(n, i) : n, i ∈ N, 1 ≤ i ≤ kn} ⊂ N such that

(1) v(n, i) = v(k, j) if and only if (n, i) = (k, j);

(2) (bn,k/bn,i) ≥ (av(n,i),k/av(n,i),i) for n, k, i ∈ N with 1 ≤ k ≤ kn, 1 ≤ i ≤ kn.

Then K(A) has a subspace isomorphic to K(B).
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Proposition II. Let K(A) and K(B) be Köthe spaces. Assume that there exist

(kn) ⊂ N with limn kn = ∞ and {v(n, i) : n, i ∈ N, 1 ≤ i ≤ kn} ⊂ N such that

(1) v(n, i) = v(m, j) if and only if (n, i) = (m, j);

(2) (bn,k/bn,i) ≤ (av(n,i),k/av(n,i),i) for all n, k, i ∈ N with 1 ≤ k ≤ kn, 1 ≤ i ≤
kn.

Then K(A) has a quotient isomorphic to K(B).

Using these propositions we get the following results.

Theorem 1.1. Let f ∈ Φc. Let a, b ∈ Γ with supn(an/bn)< ∞ and supn(a2n/an)
< ∞. Then Df (a, 0) has a subspace isomorphic to Df (b,∞).

Proof. Let m > max{supn(an/bn), supn(a2n/an)}. Put si = m2i+1 for i ≥ 0
and kn = n for n ∈ N. Put An,i = {k ∈ N : si−1bn < ak < sibn} for n, i ∈ N with
1 ≤ i ≤ kn.

Let n, i ∈ N with 1 ≤ i ≤ kn. Put s(n, i) = max{k ∈ N : ak ≤ si−1bn}; clearly
s(n, i) ≥ n. We have

a4s(n,i)
as(n,i)

< m2 =
sibn
si−1bn

, so
a4s(n,i)
sibn

<
as(n,i)
si−1bn

≤ 1.

Hence we get
si−1bn < as(n,i)+1 ≤ a4s(n,i) < sibn.

Thus the set An,i has at least 3n elements.

Let 1 ≤ t < n and 1 ≤ j < k ≤ kt with An,i ∩ At,j 6= ∅ 6= An,i ∩ At,k. Take
p ∈ An,i ∩ At,j and q ∈ An,i ∩ At,k. Then we have

m2 =
sibn
si−1bn

>
aq
ap

>
sk−1bt
sjbt

= m2(k−1−j),

so k = j + 1. Thus the set {1 ≤ j ≤ kt : An,i ∩ At,j 6= ∅} has at most
two elements for any 1 ≤ t < n. Therefore we can choose v(n, i) ∈ An,i for
n, i ∈ N, 1 ≤ i ≤ kn, such that v(n, i) = v(k, j) if and only if (n, i) = (k, j).
Clearly, si > (av(n,i)/bn) > si−1 for n, i ∈ N with 1 ≤ i ≤ kn. Put ti = mi and
di = −m−i for i ≥ 0.

Let n, i, k ∈ N with 1 ≤ i ≤ kn and 1 ≤ k ≤ kn. Then

f(tkbn) + f(−dkav(n,i)) ≥ f(tibn) + f(−diav(n,i)).

Indeed, put x = tkbn, y = −dkav(n,i), z = tibn, t = −diav(n,i) and W = {x, y, z, t}.
Clearly W ⊂ (0,∞) and xy = zt. If i = k, then x = z and y = t. If i < k,
then z < x, y < t, t < x and y < z, so y = minW and x = maxW . If i > k,
then z > x, y > t, y > z and t > x; so x = minW and y = maxW . Hence, by
Lemma A (3 ), we get f(x) + f(y) ≥ f(z) + f(t). Thus

(∗) f(tkbn)− f(tibn) ≥ f(dkav(n,i))− f(diav(n,i))
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for all n, i, k ∈ N with 1 ≤ i ≤ kn and 1 ≤ k ≤ kn.

The sequences (tk) ⊂ (0,∞), (dk) ⊂ (−∞, 0) are strictly increasing and limk tk =
∞, limk dk = 0. Put an,k = exp f(dkan) and bn,k = exp f(tkbn) for all n, k ∈ N.
Let A = (an,k) and B = (bn,k). Then K(A) = Df (a, 0) and K(B) = Df (b,∞).
Using (∗) we get (bn,k/bn,i) ≥ (av(n,i),k/av(n,i),i) for all n, k, i ∈ N with 1 ≤ i ≤ kn
and 1 ≤ k ≤ kn.

By Proposition I we infer that K(A) has a subspace isomorphic to K(B).

Proposition 1.2. Let f ∈ Φc. Let a, b ∈ Γ. Assume that supn(an+1/an) < ∞
and limn(bn+1/bn) = ∞. Then Df (a, 0) has a subspace isomorphic to Df (b,∞).

Proof. Let m ∈ N with m > supn(an+1/an). Passing to an equivalent sequence
we can assume that infn(bn+1/bn) > m2 and b1 ≥ a1. Then there exists a
sequence (kn) ⊂ N with limn kn = ∞ such that (bn+1/bn) > m2kn for n ∈ N. Put
si = m2i+1 for i ≥ 0.

Let n, i ∈ N with 1 ≤ i ≤ kn. Since a1 ≤ si−1bn and

sup
j

aj+1

aj
<

sibn
si−1bn

,

there is v(n, i) ∈ N such that si−1bn < av(n,i) < sibn.

Moreover, sknbn < s0bn+1 for n ∈ N. Thus v(n, i) = v(k, j) if and only if
(n, i) = (k, j). Clearly si > (av(n,i)/bn) > si−1 for n, i ∈ N with 1 ≤ i ≤ kn.
Then, as in the proof of Theorem 1.1, we infer that Df (a, 0) has a subspace
isomorphic to Df (b,∞).

Theorem 1.3. Let f ∈Φc. Let a, b∈ Γ with limn(an/bn) = 0 and supn(a2n/an)<
∞. Then Df (a,∞) has a quotient isomorphic to Df (b, 0).

Proof. Let m ∈ N with m > max{supn(a2n/an), supn(an/bn)}. Then there
exists a sequence (kn) ⊂ N with limn kn = ∞ such that kn ≤ n+1 and (an/bn) <
m3−2kn for n ∈ N. Put si = m3−2i for i ≥ 0 and An,i = {k ∈ N : sibn < ak <
si−1bn} for all n, i ∈ N with 1 ≤ i ≤ kn.

Let n, i ∈ N with 1 ≤ i ≤ kn. Put s(n, i) = max{k ∈ N : ak ≤ sibn}. Then
(an/bn) < skn ≤ si and s(n, i) ≥ n. We have

a4s(n,i)
as(n,i)

< m2 =
si−1bn
sibn

, so
a4s(n,i)
si−1bn

<
as(n,i)
sibn

≤ 1.

Hence
as(n,i) ≤ sibn < as(n,i)+1 ≤ a4s(n,i) < si−1bn.

Then the set An,i has at least 3n elements.

Let 1 ≤ t < n and 1 ≤ j < k ≤ kt with An,i ∩ At,j 6= ∅ 6= An,i ∩ At,k. Take
p ∈ An,i ∩ At,j and q ∈ An,i ∩ At,k. Then we have

m2 =
si−1bn
sibn

>
ap
aq

>
sjbt
sk−1bt

=
sj
sk−1

= m2(k−j−1),
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so k = j + 1. Thus the set {1 ≤ j ≤ kt : An,i ∩ At,j 6= ∅} has at most two
elements for any 1 ≤ t < n. Therefore we can choose v(n, i) ∈ An,i for n, i ∈ N

with 1 ≤ i ≤ kn such that v(n, i) = v(k, j) if and only if (n, i) = (k, j). Clearly,
si < (av(n,i)/bn) < si−1 for n, i ∈ N with 1 ≤ i ≤ kn. Put ti = mi−2 and
di = −m2−i for i ≥ 0.

Let n, k, i ∈ N with 1 ≤ k ≤ kn and 1 ≤ i ≤ kn. Then

f(−dkbn) + f(tkav(n,i)) ≥ f(−dibn) + f(tiav(n,i)).

Indeed, put x = −dkbn, y = tkav(n,i), z = −dibn, t = tiav(n,i) and W = {x, y, z, t}.
Clearly, W ⊂ (0,∞) and xy = zt.

If i = k, then x = z and y = t.

If i < k, then x < z, t < y, x < t and z < y, so x = minW and y = maxW .

If i > k, then x > z, t > y, x > t and z > y, so y = minW and x = maxW .

Hence, by Lemma A (3 ), we get f(x) + f(y) ≥ f(z) + f(t). Thus

(∗) f(dkbn)− f(dibn) ≤ f(tkav(n,i))− f(tiav(n,i))

for all n, k, i ∈ N with 1 ≤ k ≤ kn and 1 ≤ i ≤ kn.

The sequences (tk) ⊂ (0,∞), (dk) ⊂ (−∞, 0) are strictly increasing and limk tk =
∞, limk dk = 0. Put an,k = exp f(tkan) and bn,k = exp f(dkbn) for all n, k ∈ N.
Let A = (an,k) and B = (bn,k). Then K(A) = Df (a,∞) and K(B) = Df (b, 0).
Using (∗) we get (bn,k/bn,i) ≤ (av(n,i),k/av(n,i),i) for all n, i, k ∈ N with 1 ≤ i ≤ kn
and 1 ≤ k ≤ kn. By Proposition II we infer thatK(A) has a quotient isomorphic
to K(B).

Proposition 1.4. Let f ∈ Φc. Let a, b ∈ Γ. Assume that supn(an+1/an) < ∞
and limn(bn+1/bn) = ∞. Then Df (a,∞) has a quotient isomorphic to Df (b, 0).

Proof. Let m ∈ N with m > supn(an+1/an). Passing to an equivalent sequence
we can assume that infn(bn+1/bn) > m2 and b1 ≥ a1. Then there exists a
sequence (kn) ⊂ N with limn kn = ∞ such that (bn+1/bn) > m2kn+1 for n ∈ N;
we can assume that kn ≤ n, n ∈ N.
Put si = m3−2i for i ≥ 0. Let n, i ∈ N with 1 ≤ i ≤ kn. Since

a1 = bn
a1
b1

n−1∏

j=1

bj
bj+1

≤ m−2(n−1)bn ≤ sibn

and

sup
j

aj+1

aj
<

si−1bn
sibn

,

there is v(n, i) ∈ N such that sibn < av(n,i) < si−1bn. Moreover s0bn < skn+1
bn+1

for n ∈ N. Thus v(n, i) = v(k, j) if and only if (n, i) = (k, j). Clearly si <
(av(n,i)/bn) < si−1 for n, i ∈ N with 1 ≤ i ≤ kn. Then, as in the proof of Theorem
1.3, we can show that Df (a,∞) has a quotient isomorphic to Df (b, 0).
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Lemma 1.5. For any b ∈ Γ there is a ∈ Γ with supn(a2n/an) < ∞ such that

limn(an/bn) = 0.

Proof. Let mk = max{i ∈ Z : 22i ≤ b2k−1} for k ∈ N. Clearly, limk mk = ∞ and
limk 2

mk/b2k−1 = 0. Let us define by induction a sequence (nk) ⊂ Z as follows:
n1 = m1; for k > 1 we put nk = nk−1 if mk = mk−1 and nk = nk−1+1 otherwise.
Let an = 2nk for 2k−1 ≤ n < 2k, k ∈ N. Of course, a = (an) ∈ Γ, supn(a2n/an) =
2 and limn(an/bn) = 0.

By Lemma 1.5 and Theorems 1.1 and 1.3 we get

Corollary 1.6. Let f ∈ Φc. For any b ∈ Γ there is a ∈ Γ such that Df (b, 0) is
isomorphic to a quotient of Df (a,∞) and Df (b,∞) is isomorphic to a subspace

of Df (a, 0).

2. Some necessary conditions

For arbitrary subsets A,B of a linear space E and a linear subspace L of E
we denote d(A,B,L) = inf{|β| : β ∈ K, A ⊂ βB + L} (we put inf ∅ = ∞).
Let dn(A,B) = inf{d(A,B,L) : L is a linear subspace of E with dimL < n}
for n ∈ N.
It is easy to check the following.

Remark I. Let E and F be a linear spaces. If A,B ⊂ E and T is a linear map
from E onto F , then dn(A,B) ≥ dn(T (A), T (B)) for n ∈ N.

If α, β ∈ (K \ {0}), A′ ⊂ A ⊂ E and B ⊂ B′ ⊂ E, then dn(A,B) ≥ dn(A
′, B′)

and dn(αA, βB) = |αβ−1|dn(A,B) for n ∈ N.

Lemma 2.1. Let E be a Fréchet space with a Schauder basis (en) which is

regular and orthogonal with respect to a base (pk) of continuous norms on E.

Let Uk = {x ∈ E : pk(x) ≤ 1} for k ∈ N. Let α ∈ K with |α| > 1. Then
for all n, l,m ∈ N with l ≥ m we have |α|−1pm(en)/pl(en) ≤ dn(Ul, Um) ≤
|α|pm(en)/pl(en).

Proof. Let l,m ∈ N with l ≥ m. Put ak = [pl(ek)]
−1 and bk = [pm(ek)]

−1 for
k ∈ N. By the regularity of (en) with respect to (pk) we get ak+1a

−1
k ≤ bk+1b

−1
k

for all k ∈ N. Let (fn) be the sequence of coefficient functionals associated with
the Schauder basis (en). Then we have

Ul = {x ∈ E : max
k

|fk(x)|pl(ek) ≤ 1} = {x ∈ E : |fk(x)| ≤ ak, k ∈ N}

and

Um = {x ∈ E : max
k

|fk(x)|pm(ek) ≤ 1} = {x ∈ E : |fk(x)| ≤ bk, k ∈ N}.

Using [14, Lemma 2] we get |α|−1anb
−1
n ≤ dn(Ul, Um) ≤ |α|anb

−1
n for any n ∈ N.

This completes the proof.
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Lemma 2.2. Let f, g ∈ Φc, a, b ∈ Γ and r, s ∈ (−∞,∞]. Let α ∈ K with

|α| > 1. Assume that Df (a, r) has a subspace (or a quotient) isomorphic to

Dg(b, s). Then for every l ∈ N there exists k ∈ N such that for every v ∈ N

there is t ∈ N such that for all n ∈ N we have

[f(rk+van)− f(rkan) + g(slbn)− g(stbn)] ≤ (t− v − l + 2) ln |α|.

Proof. Put X = Df (a, r) and Y = Dg(b, s). Let (pk) and (qk) be the standard
bases of continuous norms onX and Y , respectively. Put Uk = {x ∈ X : pk(x) ≤
1} and Vk = {y ∈ Y : qk(y) ≤ 1} for k ∈ N.

Let l ∈ N. Consider two cases.

Case 1: X has a subspace F isomorphic to Y . Let T : F → Y be an isomorphism.
For some k ∈ N we have T (α−kUk ∩ F ) ⊂ α−lVl. Let v ∈ N. Then there exists
t ∈ N, t ≥ l, such that α−tVt ⊂ T (α−k−vUk+v ∩ F ). Using [15, Proposition 4]
and Remark I, we get for any n ∈ N

dn(Uk+v, Uk) ≥ dn(Uk+v ∩ F,Uk ∩ F ) ≥ dn(T (Uk+v ∩ F ), T (Uk ∩ F ))

≥ dn(α
k+v−tVt, α

k−lVl) = |α|v−t+ldn(Vt, Vl).

Case 2: X has a quotient isomorphic to Y . Let T : X → Y be a continuous
linear surjective map. For some k ∈ N we have α−lVl ⊃ T (α−kUk). Let v ∈ N.
Then there exists t ∈ N such that T (α−k−vUk+v) ⊃ α−tVt. By Remark I, we get
for any n ∈ N

dn(Uk+v, Uk) ≥ dn(T (Uk+v), T (Uk)) ≥ dn(α
k+v−tVt, α

k−lVl) = |α|v−t+ldn(Vt, Vl).

Using Lemma 2.1, we get for all n ∈ N

|α| exp[f(rkan)− f(rk+van)] ≥ |α|v−t+l−1 exp[g(slbn)− g(stbn)].

Thus for any n ∈ N we obtain

f(rk+van)− f(rkan) + g(slbn)− g(stbn) ≤ (t− v − l + 2) ln |α|.

Using Lemma 2.2 we shall prove the following proposition.

Proposition 2.3. Let f ∈ Φc. Let a, b ∈ Γ and r, s ∈ (−∞,∞]. Assume that

Df (a, r) has a subspace (or a quotient) isomorphic to Df (b, s). Then supn(an/bn)
< ∞. If additionally s < r = ∞, then limn(an/bn) = 0.

Proof. Let α ∈ K with |α| > 1. By Lemma 2.2, there is k ∈ N such that for
every v ∈ N there exists t ∈ N such that

f(s1bn)− f(stbn) + f(rk+van)− f(rkan) ≤ (t− v + 1) ln |α|
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for every n ∈ N. Put s0 = max{s,−s1} if s < ∞ and s0 = st if s = ∞. Put r0 =
rk+v−rk. Then −f(s0bn) ≤ f(s1bn)−f(stbn) and f(r0an) ≤ f(rk+van)−f(rkan),
so f(r0an)− f(s0bn) ≤ (t− v + 1) ln |α| for n ∈ N.

Suppose that lim supn(an/bn) > (s0+1)/r0. Then there exists a strictly increas-
ing sequence (nm) ⊂ N such that (anm

/bnm
) ≥ (s0 + 1)/r0 for m ∈ N. Hence

r0anm
≥ s0bnm

+ bnm
for m ∈ N. Thus

exp f(bnm
) ≤ exp[f(r0anm

)− f(s0bnm
)] ≤ |α|t−v+1

for allm ∈ N, a contradiction. It follows that lim supn(an/bn) ≤ (s0+1)/r0 < ∞.
If s < r = ∞, then limv(s0 + 1)/(rk+v − rk) = 0; so limn(an/bn) = 0.

Corollary 2.4. Let f ∈ Φc. Let a, b ∈ Γ and r, s ∈ (−∞,∞]. Assume that

Df (a, r) has a subspace (or a quotient) isomorphic to Df (b, s) and Df (b, s) has
a subspace (or a quotient) isomorphic to Df (a, r). Then the sequences a and b
are equivalent.

By Theorem 1.1, Proposition 2.3 and [15, Lemma 7], we get

Corollary 2.5. Let f ∈ Φc. Let a, b ∈ Γ with supn(a2n/an) < ∞ and let

r, s ∈ {0,∞} with r ≤ s. Then Df (a, r) has a subspace isomorphic to Df (b, s)
if and only if supn(an/bn) < ∞.

By Proposition 2.3 and Theorem 1.3 we get the following.

Corollary 2.6. Let f ∈ Φc. Let a, b ∈ Γ with supn(a2n/an) < ∞. Then the

space Df (a,∞) has a quotient isomorphic to Df (b, 0) if and only if limn(an/bn) =
0.

To prove our next theorem we shall need the following two lemmas.

Lemma 2.7. Let u, v, x, y, c, d ∈ R such that u > v, uv > 0, x > y and xy > 0.
Let (an), (bn) ⊂ (0,∞) with limn an = ∞. Assume that f ∈ Φc and

f(uan)− f(van) ≤ c+ f(xbn)− f(ybn)

for n > d. Then lim supn(an/bn) ≤ max{x,−y}/(u− v).

Proof. Put s = max{x,−y}. If x > 0, then y > 0 and s = x; if x < 0, then
y < 0 and s = −y. Thus f(xbn)− f(ybn) ≤ f(sbn). Using Lemma A (5 ) we get

f((u− v)an) ≤ f(uan)− f(van) ≤ c+ f(sbn) for n > d.

Hence, by Lemma A (4 ), we have limn bn = ∞. By Lemma A (4 ) and Lemma
A (1 ), for every ε > 0 there exists Mε > d such that

c+ f(sbn) < f(εbn) + f(sbn) ≤ f((ε+ s)bn) for n > Mε.

Thus (u − v)an < (ε + s)bn for n > Mε, so lim supn(an/bn) ≤ [(ε + s)/(u − v)]
for every ε > 0. It follows that lim supn(an/bn) ≤ [s/(u− v)].
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Lemma 2.8. Let (xn) be a Schauder basic sequence in a Fréchet space E. Let

(yn) ⊂ E, s ∈ N and let (mk) ⊂ N be a strictly increasing sequence.

(a) If (xn) is orthogonal with respect to a base (| · |k) of continuous norms on

E and |xn − yn|k < |xn|k for n ≥ mk, k ≥ s, then (yn)n≥ms
is a Schauder

basic sequence in E.

(b) If for some base (‖ · ‖k) of continuous norms on E we have limn ‖xn −
yn‖j/‖xn‖1 = 0 for every j ∈ N, then (yn)n≥m is a Schauder basic sequence

in E for some m ∈ N.

Proof. (a) Let x′
n = xn−1+ms

and y′n = yn−1+ms
for n ∈ N. Put ‖ · ‖j = | · |k for

mk −ms < j ≤ mk+1 −ms, k ≥ s. Clearly, (x′
n) is a Schauder basic sequence in

E, orthogonal with respect to the base (‖ · ‖j) of continuous norms on E. Let
n, j ∈ N with n ≥ j. Let k ≥ s with mk −ms < j ≤ mk+1 −ms. Then

‖x′
n − y′n‖j = |xn−1+ms

− yn−1+ms
|k < |xn−1+ms

|k = ‖x′
n‖j,

since n− 1 +ms ≥ j − 1 +ms ≥ mk. Using [13, Theorem 1], we infer that (y′n)
is a Schauder basic sequence in E.

(b) Let s ∈ N with ‖ · ‖1 ≤ s| · |s and let k ≥ s. Let l ∈ N with | · |k ≤ l‖ · ‖l.
Then

|xn − yn|k
|xn|k

≤
kl‖xn − yn‖l

‖xn‖1

for n ∈ N. Thus for some mk ∈ N and n ≥ mk we have |xn − yn|k < |xn|k.
Clearly we can assume that the sequence (mk) is strictly increasing. Using (a)
we infer that (yn)n≥ms

is a Schauder basic sequence in E.

Theorem 2.9. Let f ∈Φc and r, s∈ (−∞,∞]. Let a, b ∈ Γwith limn(an+1/an)=
∞. Assume that Df (a, r) contains an isomorphic copy of Df (b, s). Then a con-

tains a subsequence equivalent to b. If additionally s = ∞, then r = ∞.

Proof. (S1) Let F be a closed subspace of E = Df (a, r) that is isomorphic
to Df (b, s). Let (rk), (sk) ⊂ (−∞,∞) be strictly increasing sequences with
limk rk = r and limk sk = s such that rkrl > 0 and sksl > 0 for all k, l ∈ N. F
has an orthogonal basis (fn) with respect to some base (lk) of continuous norms
on F such that lk(fn) = exp f(skbn) for all k, n ∈ N. Clearly, (fn) is regular with
respect to (lk). Let (pk) be the standard base of continuous norms on E and let
(ej) be the coordinate basis in E. Then pk(ej) = exp f(rkaj) for all k, j ∈ N.
Put ak,j = pk(ej), bk,j = pk(fj) and ck,j = lk(fj) for k, j ∈ N. Let fn = (tn,i) for
n ∈ N. Then bk,n = maxi |tn,i|ak,i for k, n ∈ N. Put qk,n = max{i ∈ N : bk,n =
|tn,i|ak,i} for all k, n ∈ N.

(S2) We shall prove that qk,n ≤ qk+1,n for k, n ∈ N. Suppose that qk+1,n < qk,n
for some k, n ∈ N. By the regularity of the basis (en) in E we have

ak+1,i

ak+1,i+1

≤
ak,i
ak,i+1

for all i ∈ N.
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Hence
ak+1,qk+1,n

ak+1,qk,n

≤
ak,qk+1,n

ak,qk,n
.

By the definitions of qk+1,n and qk,n we have

|tn,qk,n|ak+1,qk,n < |tn,qk+1,n
|ak+1,qk+1,n

and
|tn,qk+1,n

|ak,qk+1,n
≤ |tn,qk,n|ak,qk,n .

Hence we get

|tn,qk,n|

|tn,qk+1,n
|
<

ak+1,qk+1,n

ak+1,qk,n

≤
ak,qk+1,n

ak,qk,n
≤

|tn,qk,n|

|tn,qk+1,n
|
;

a contradiction.

(S3) Now we shall prove that there exist v ∈ N and an increasing sequence
(mj) ⊂ N such that qj,n = qv,n for all j, n ∈ N with j ≥ v and n ≥ mj.

For all j, k, n ∈ N we have

aj,qk,n
ak,qk,n

=
|tn,qk,n|

|tn,qk,n|

aj,qk,n
ak,qk,n

≤
|tn,qj,n|aj,qj,n
|tn,qk,n|ak,qk,n

=
bj,n
bk,n

and
bj,n
bk,n

=
|tn,qj,n|

|tn,qk,n|

aj,qj,n
ak,qk,n

≤
|tn,qj,n|

|tn,qj,n|

aj,qj,n
ak,qj,n

=
aj,qj,n
ak,qj,n

.

For some strictly increasing sequences (jk), (ik) ⊂ N we have (pjk |F ) ≤ iklik and
lik ≤ jk+1(pjk+1

|F ) for k ∈ N.

Let k ∈ N. For n ∈ N we have

lik+1
(fn)

lik(fn)
≤ ikjk+2

pjk+2
(fn)

pjk(fn)
,

and
pjk+4

(fn)

pjk+3
(fn)

≤ ik+4jk+3

lik+4
(fn)

lik+2
(fn)

,

so
cik+1,n

cik,n
≤ ikjk+2

bjk+2,n

bjk,n
≤ ikjk+2

ajk+2,qjk+2,n

ajk,qjk+2,n

and
ajk+4,qjk+3,n

ajk+3,qjk+3,n

≤
bjk+4,n

bjk+3,n

≤ ik+4jk+3

cik+4,n

cik+2,n

.

It follows that for any n ∈ N we have

exp[f(sik+1
bn)− f(sikbn)] ≤ ik+1jk+2 exp[f(rjk+2

aqjk+2,n
)− f(rjkaqjk+2,n

)]
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and

exp[f(rjk+4
aqjk+3,n

)− f(rjk+3
aqjk+3,n

)] ≤ ik+4jk+3 exp[f(sik+4
bn)− f(sik+2

bn)].

Using Lemma 2.7 we get supn[bn/aqjk+2,n
] < ∞ and supn[aqjk+3,n

/bn] < ∞. Hence

supn[aqjk+3,n
/aqjk+2,n

] < ∞ for k ∈ N. Since limm(am+1/am) = ∞ and qjk+2,n ≤
qjk+3,n for k, n ∈ N, for every k ∈ N there is nk ∈ N such that qjk+2,n = qjk+3,n

for n ≥ nk. Let v = j3. Then there exists an increasing sequence (mj) ⊂ N such
that qj,n = qv,n for all j, n ∈ N with j ≥ v and n ≥ mj.

(S4) We have limn qv,n = ∞. Indeed, let j ≥ v. By the nuclearity of F there is
k > j such that limn[bj,n/bk,n] = 0. For n ≥ mk we have

bj,n
bk,n

=
|tn,qj,n|

|tn,qk,n|

aj,qj,n
ak,qk,n

=
aj,qv,n
ak,qv,n

,

so limn[aj,qv,n/ak,qv,n ] = 0.Hence limn[f(rjaqv,n)−f(rkaqv,n)] =−∞, so limn qv,n =
∞.

(S5) Next we shall prove that the sequences (aqv,n) and (bn) are equivalent. Let
t ≥ v with l1 ≤ t(pt|F ) and let j > 1 with (pt+1|F ) ≤ jlj. Then

tj
lj(fn)

l1(fn)
≥

pt+1(fn)

pt(fn)
=

bt+1,n

bt,n
=

at+1,qv,n

at,qv,n

for n ≥ mt+1. Hence

tj exp[f(sjbn)− f(s1bn)] ≥ exp[f(rt+1aqv,n)− f(rtaqv,n)]

for n ≥ mt+1. Using Lemma 2.7 we get A = supn(aqv,n/bn) < ∞.

Let t ∈ N with (pv|F ) ≤ tlt and let j > v with lt+1 ≤ j(pj|F ). Then

1

tj

lt+1(fn)

lt(fn)
≤

pj(fn)

pv(fn)
=

bj,n
bv,n

=
aj,qv,n
av,qv,n

for n ≥ mj. Hence

exp[f(st+1bn)− f(stbn)] ≤ tj exp[f(rjaqv,n)− f(rvaqv,n)]

for n ≥ mj. Using Lemma 2.7 we get B = supn(bn/aqv,n) < ∞. Thus the
sequences (bn) and (aqv,n) are equivalent.

(S6) We shall prove that for some m0 ∈ N the sequence (qv,n)n≥m0
is strictly

increasing. We have
aqv,n
aqv,n+1

≤ AB
bn
bn+1

≤ AB.

Since limm(am+1/am) = ∞ and limn qv,n = ∞, we infer that for some n0 ∈ N

the sequence (qv,n)n≥n0
is increasing.
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Put hn = tn,qv,neqv,n for n ∈ N. Let j ≥ v + 1. For n ∈ N we have

pj(fn − hn) = pj




∑

q 6=qv,n

tn,qeq



 = max
q 6=qv,n

|tn,q|pj(eq) = max
q 6=qv,n

|tn,q|aj,q.

For q ≥ 1, l ≥ v and n ≥ ml+1 we have

|tn,q|aj,q
pv+1(fn)

=
|tn,q|al,q
bv+1,n

aj,q
al,q

≤
|tn,ql,n|al,ql,n

bv+1,n

aj,q
al,q

=
bl,n

bv+1,n

aj,q
al,q

=
al,qv,n

av+1,qv,n

aj,q
al,q

= exp[f(rlaqv,n)− f(rv+1aqv,n) + f(rjaq)− f(rlaq)].

Let z1 = max{rj,−rv} and z2 = max{rj+1,−rv+1}. If

aqv,n
aqv,n−1

>
2z1

rv+1 − rv
,

then for 1 ≤ q < qv,n we have

[f(rvaqv,n)− f(rv+1aqv,n) + f(rjaq)− f(rvaq)]

≤ − f((rv+1 − rv)aqv,n) + f(z1aq) ≤ −f((rv+1 − rv)aqv,n) + f(z1aqv,n−1)

≤ − 2f

(
rv+1 − rv

2
aqv,n

)
+ f

(
rv+1 − rv

2
aqv,n

)
= −f

(
rv+1 − rv

2
aqv,n

)
.

If
aqv,n+1

aqv,n
>

2z2 + rv+1 − rv
2(rj+1 − rj)

then for q > qv,n we have

[f(rj+1aqv,n)− f(rv+1aqv,n) + f(rjaq)− f(rj+1aq)]

≤ f(z2aqv,n)− f((rj+1 − rj)aq) ≤ f(z2aqv,n)− f((rj+1 − rj)aqv,n+1)

≤ f(z2aqv,n)− f

((
z2 +

rv+1 − rv
2

)
aqv,n

)
≤ −f

(
rv+1 − rv

2
aqv,n

)
.

Thus for sufficiently large n we have

pj(fn − hn)

pv+1(fn)
= max

q 6=qv,n

|tn,q|aj,q
pv+1(fn)

≤ exp

(
−f

(
rv+1 − rv

2
aqv,n

))
;

so limn[pj(fn − hn)/pv+1(fn)] = 0 for every j ≥ v + 1. Using Lemma 2.8 we
infer that (eqv,n)n≥m0

is a Schauder basic sequence in E for some m0 ≥ n0, so
qv,n 6= qv,k for n > k ≥ m0. Thus the sequence (qv,n)n≥m0

is strictly increasing.

(S7) The sequences (bn) and (aqv,n) are equivalent, but the sequences (aqv,n) and
(aqv,n)n≥m0

are not equivalent if m0 > 1 (since limn(an+1/an) = ∞). Thus the
sequences (bn) and (aqv,n)n≥m0

are not equivalent if m0 > 1.

To prove that the sequence (an) has a subsequence (aqn) equivalent to (bn) it
is enough to show that qv,m ≥ m for some m ≥ m0. Indeed, putting qn = n
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for 1 ≤ n < m and qn = qv,n for n ≥ m we get a subsequence of (an) that is
equivalent to (bn).

(S8) We shall prove that qv,m ≥ m for some m ≥ m0.

Put Uk = {x ∈ F : lk(x) ≤ 1} and Vk = {x ∈ E : pk(x) ≤ 1} for k ∈ N. Let
t ∈ N with pv ≤ tlt. For some i > t, k > t and some α ∈ K with 0 < |α| < 1 we
have

αUi ⊂ Vk+1 ∩ F ⊂ Vk ∩ F ⊂ α−1Ut.

Hence, by [14, Remark 1], and [15, Lemma 3], we get

|α|2dm(Ui, Ut) = dm(αUi, α
−1Ut) ≤ dm(Vk+1 ∩ F, Vk ∩ F ) ≤ dm(Vk+1, Vk),

for m ∈ N. Let d ≥ v with li ≤ dpd.

Using Lemma 2.1 we obtain

dm(Ui, Ut) ≥ |α|
lt(fm)

li(fm)
≥

|α|

td

pv(fm)

pd(fm)
=

|α|

td

bv,m
bd,m

and

dm(Vk+1, Vk) ≤ |α|−1 pk(em)

pk+1(em)
= |α|−1 ak,m

ak+1,m

for m ∈ N. Thus
bv,m
bd,m

≤ C
ak,m
ak+1,m

for m ∈ N, where C = |α|−4td. Hence, for m ≥ md we have

ak+1,m

ak,m
≤ C

ad,qv,m
av,qv,m

,

so
exp[f(rk+1am)− f(rkam)] ≤ C exp[f(rdaqv,m)− f(rvaqv,m)].

Using Lemma 2.7 we get supm(am/aqv,m) < ∞. Since limn(an+1/an) = ∞, there
is an m ≥ m0 such that qv,m ≥ m.

(S9) Assume that s = ∞. Suppose that r < ∞. Let m ∈ N. Let t ∈ N with
pv ≤ tlt and d ∈ N with sd − st > m. Let j > v with ld ≤ jpj. Then

ld(fn)

lt(fn)
≤ jt

pj(fn)

pv(fn)
= jt

bj,n
bv,n

for n ∈ N. Hence for n ≥ mj we have

cd,n
ct,n

≤ jt
aj,qv,n
av,qv,n

,

so
exp[f(sdbn)− f(stbn)] ≤ jt exp[f(rjaqv,n)− f(rvaqv,n)].



W. Śliwa / On Relations between Non-Archimedean Generalized Power ... 585

Using Lemma 2.7 we get

lim sup
n

bn
aqv,n

≤
max{rj,−rv}

sd − st
≤

max{r,−rv}

m
.

Since m is arbitrary, we infer that limn(bn/aqv,n) = 0; a contradiction, because
supn(aqv,n/bn) < ∞. Thus Df (a, r) contains no isomorphic copy of Df (b,∞), if
r < ∞; a contradiction. Thus r = ∞.

Corollary 2.10. Let f ∈ Φc, r ∈ {0,∞} and let a, b ∈ Γ with limn(an+1/an) =
∞. Then Df (a, r) contains an isomorphic copy of Df (b, r) if and only if a
contains a subsequence equivalent to b.

N. De Grande-De Kimpe has proved in [4, Proposition 4.3] that every continuous
linear map from A1(a) to A∞(b) is bounded. In [19] we have generalized this
result by proving that every continuous linear map from Df (a, 0) to Dg(b,∞)
is bounded ([19, Theorem 8]). Since generalized power series spaces are nuclear
(see [19, Proposition 2]), we get the following.

Corollary 2.11. Let f, g ∈ Φc and a, b ∈ Γ. Then Df (a, 0) has no quotient

isomorphic to Dg(b,∞) and Dg(b,∞) has no subspace isomorphic to Df (a, 0).

We have also the following.

Proposition 2.12. Let f, g ∈ Φc, a, b ∈ Γ and r ∈ (−∞,∞], s ∈ (0,∞]. If f is
strictly increasing and f−1 ◦g is rapidly increasing, then every continuous linear

map from Df (a, r) to Dg(b, s) is bounded.

Proof. Let (rk) ∈ Λr and (sk) ∈ Λs. Denote by (ej) and (hi) the coordinate
Schauder bases in Df (a, r) and Dg(b, s), respectively. Let T be a continuous
linear map from Df (a, r) to Dg(b, s) with Tej =

∑∞

i=1 ti,jhi for j ∈ N.

By the continuity of T for every l ∈ N there exist σ(l) ∈ N and Cl > 0 such that

(∗1) sup
i,j

|ti,j| exp[g(slbi)− f(rσ(l)aj)] ≤ Cl

(see [19, Proposition 3]). To prove that T is bounded it is enough to show that
there exists q ∈ N such that for every k ∈ N we have

(∗2) sup
i,j

|ti,j| exp[g(skbi)− f(rqaj)] < ∞

(see [19, Proposition 3]).

Put q = σ(1) + 1 and r0 = rq − rσ(1). Let k ∈ N. The function γ = f−1 ◦ g is
rapidly increasing, so there exists ik such that (1+ r′kr

−1
0 )γ(skbi) ≤ γ(sk+1bi) for

all i > ik where r′k = |rσ(k+1)|+ |rq|.
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Let i, j ∈ N with g(skbi) ≤ f(r0aj). Using (∗1) (for l = 1) and Lemma A (5 ) we
get

|ti,j| exp[g(skbi)− f(rqaj)]

≤ C1 exp[f(rσ(1)aj)− g(s1bi)] exp[g(skbi)− f(rqaj)]

≤ C1 exp[f(rσ(1)aj)− f(rqaj) + g(skbi)]

≤ C1 exp[f(−r0aj) + f(r0aj)] = C1.

Let i, j ∈ N with g(skbi) > f(r0aj). Then aj < r−1
0 γ(skbi). If i ≤ ik, then

g(skbi)− g(sk+1bi) + f(r′kaj) ≤ f(r′kr
−1
0 γ(skbik)).

If i > ik, then r′kaj ≤ γ(sk+1bi)− γ(skbi); so

g(skbi)− g(sk+1bi) + f(r′kaj) = f(γ(skbi))− f(γ(sk+1bi)) + f(r′kaj) ≤ 0.

Thus using (∗1) (for l = k + 1) we obtain

|ti,j| exp[g(skbi)− f(rqaj)]

≤ Ck+1 exp[f(rσ(k+1)aj)− g(sk+1bi)] exp[g(skbi)− f(rqaj)]

≤ Ck+1 exp[g(skbi)− g(sk+1bi) + f(r′kaj)]

≤ Ck+1 exp f(r
′
kr

−1
0 γ(skbik)).

It follows that

|ti,j| exp[g(skbi)− f(rqaj)] ≤ max{C1, Ck+1 exp f(r
′
kr

−1
0 γ(skbik))}

for all i, j ∈ N. We have shown (∗2).

Corollary 2.13. Let f, g ∈ Φc, a, b ∈ Γ and r ∈ (−∞,∞], s ∈ (0,∞]. If f is
strictly increasing and f−1◦g is rapidly increasing, then Df (a, r) has no quotient

isomorphic to Dg(b, s) and Dg(b, s) has no subspace isomorphic to Df (a, r).

3. When Df (a, r) and Dg(b, s) are isomorphic

We have the following.

Proposition 3.1. Let f ∈ Φc and a, b ∈ Γ. If (1 ) r ∈ (−∞,∞] and a, b are

strictly equivalent, or (2 ) r ∈ {0,∞} and a, b are equivalent, then the spaces

Df (a, r) and Df (b, r) are isomorphic.

Proof. (1 ) For every k ∈ N there exists nk ∈ N such that rkan < rk+1bn and
rkbn < rk+1an for all n ≥ nk. Hence supn exp[f(rkan) − f(rk+1bn)] < ∞ and
supn exp[f(rkbn) − f(rk+1an)] < ∞ for every k ∈ N. It follows that Df (a, r) =
Df (b, r) and the identity map I : Df (a, r) → Df (b, r) is an isomorphism.

(2 ) For some C > 1 we have C−1an ≤ bn ≤ Can for n ∈ N. For every k ∈ N

there exists t(k) ∈ N such that rt(k) ≥ Crk if r = ∞ and rt(k) ≥ C−1rk if r = 0.
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Hence f(rkbn) ≤ f(rt(k)an) and f(rkan) ≤ f(rt(k)bn) for all n ∈ N.
Let x ∈ Df (a, r). Then |xn| exp f(rkbn) ≤ |xn| exp f(rt(k)an) for n ∈ N. Thus
limn |xn| exp f(rkbn) = 0 for every k ∈ N; so x ∈ Df (b, r) and qk(x) ≤ pt(k)(x)
for k ∈ N, where (pk) and (qk) are the standard bases of continuous norms
on Df (a, r) and Df (b, r), respectively. Similarly, for every x ∈ Df (b, r) we have
x ∈ Df (a, r) and pk(x) ≤ qt(k)(x). Thus the identity map I : Df (a, r) → Df (b, r)
is an isomorphism.

If a, b∈ Γ and lim supn(an+1/an)< lim infn(bn+1/bn) or supn[(an/bn)+(a2n/an)]<
∞, then the sequence a has a subsequence equivalent to b ([15, Lemma 7]. Thus,
as in the proof of Proposition 3.1, we get

Corollary 3.2. Let f ∈ Φc and a, b ∈ Γ. Let r ∈ {0,∞}. Assume that

supn[(an/bn) + (a2n/an)] < ∞ or lim supn(an+1/an) < lim infn(bn+1/bn). Then

Df (a, r) has a complemented subspace isomorphic to Df (b, r). In particular,

Df (a, r) has a quotient isomorphic to Df (b, r).

By Proposition 2.3 we get the following.

Corollary 3.3. Let f ∈ Φc and a, b ∈ Γ. Let r ∈ {0,∞}. Then the spaces

Df (a, r) and Df (b, r) are isomorphic if and only if the sequences a and b are

equivalent.

Corollary 3.4. Let f ∈ Φc. Let a, b ∈ Γ and r ∈ R. Then the spaces Df (a, r)
and Df (b,∞) are not isomorphic.

By Corollary 2.4 we get our next corollary.

Corollary 3.5. Let f ∈ Φc. Let a, b ∈ Γ and r, s ∈ (−∞,∞]. If the sequences

a and b are not equivalent, then the spaces Df (a, r) and Df (b, s) are not isomor-

phic.

Using Lemma 2.2 and Corollaries 3.3, 3.4 and 3.5 we get

Proposition 3.6. Let a, b, c, d ∈ Γ. If f ∈ Φc is rapidly increasing, then the

spaces Df (a,−1), Df (b, 0), Df (c, 1) and Df (d,∞) are pairwise non-isomorphic.

Proof. Suppose that Df (a,−1) is isomorphic to Df (b, 0). By Corollary 3.5, the
sequences a and b are equivalent. Hence, by Corollary 3.3, Df (b, 0) is isomorphic
to Df (a, 0), so Df (a,−1) is isomorphic to Df (a, 0). Let (sk) ⊂ (−1, 0) be a
strictly increasing sequence with lim sk = 0. Let (rk) ∈ Λ−1. By Lemma 2.2,
there exist k, t ∈ N and C > 0 such that

f(−rkan) + f(−stan) ≤ C + f(−rk+1an) + f(−s1an)

for n ∈ N. Hence

(∗) 1 +
f(−stan)

f(−rkan)
≤

C

f(−rkan)
+

f(−rk+1an)

f(−rkan)
+

f(−s1an)

f(−rkan)
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for n ∈ N. Since 0 < −st ≤ −s1 < 1 < −rk+1 < −rk, tending n to ∞ in (∗), we
get 1 ≤ 0; a contradiction. Thus Df (a,−1) is not isomorphic to Df (b, 0). By
Corollary 3.4, the spaces Df (c, 1) and Df (d,∞) are not isomorphic. Now, using
[19, Theorem 8] we complete the proof.

By Corollary 2.6 the spaces Df (a, 0) and Dg(b,∞) are not isomorphic. Using
Lemma 2.2 we get the following.

Proposition 3.7. Let f, g ∈ Φc, a, b ∈ Γ and r, s ∈ (−∞,∞]. Assume that f
is strictly increasing and f−1 ◦ g is rapidly increasing. Then the spaces Df (a, r)
and Dg(b, s) are not isomorphic.

Proof. It is easy to see that g is rapidly increasing. Suppose, by contradiction,
that Df (a, r) is isomorphic to Dg(b, s). Put ϕ = f−1 ◦ g.

By Proposition 2.12 we can assume that s ≤ 0. By Lemma 2.2, there exist
integers k, t, C ∈ N and K,T,D ∈ N with T > k + 1 such that

f(r1an)− f(rtan) + g(sk+1bn)− g(skbn) ≤ C, n ∈ N

and

g(sk+1bn)− g(sT bn) + f(rK+1an)− f(rKan) ≤ D, n ∈ N.

Put r0 = max{rt,−r1} and r̂0 = rK+1 − rK . Then we get

1 ≤
g(−sk+1bn)

g(−skbn)
+

C

g(−skbn)
+

f(r0an)

g(−skbn)

and

1 ≥
g(−sT bn)−D

g(−sk+1bn)
+

f(r̂0an)

g(−sk+1bn)

for n ∈ N. Hence there exists n0 ∈ N such that 1/2 ≤ f(r0an)/g(−skbn) and
f(r̂0an)/g(−sk+1bn) < 1 for n ≥ n0. Thus

f(2r0an) ≥ 2f(r0an) ≥ g(−skbn)

and f(r̂0an) < g(−sk+1bn) for n ≥ n0, so 2r0an ≥ ϕ(−skbn) and r̂0an <
ϕ(−sk+1bn) for n ≥ n0. Hence

ϕ(−skbn)

ϕ(−sk+1bn)
<

2r0
r̂0

for n ≥ n0; a contradiction, since limn ϕ(−skbn)/ϕ(−sk+1bn) = ∞.

Corollary 3.8. Let r ∈ (−∞,∞], p ∈ {1,∞} and a, b ∈ Γ. If f ∈ Φc is rapidly

increasing, then Df (a, r) is not isomorphic to the power series space Ap(b).
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4. Summary

In the last part of this paper we summarize our results in a table.

For Fréchet spaces X and Y we write

(1) X →֒ Y if X is isomorphic to a subspace of Y ;

(2) X  Y if X has a quotient isomorphic to Y ;

(3) X ≃ Y if X is isomorphic to Y .

For sequences a = (an), b = (bn) of positive numbers we write

(1) a ∼ b if a and b are equivalent;

(2) a ≈ b if a and b are strictly equivalent;

(3) a ≺ b if a is equivalent to a subsequence of b.

The abbreviations s.i. and r.i. denote strictly incresing and rapidly increasing,
respectively.

For f, g ∈ Φc, a, b, c, d ∈ Γ and r, s ∈ (−∞,∞] we have shown the following
results.

Assumptions Thesis

1.1 supn(an/bn) < ∞; supn(a2n/an) < ∞ Df (b,∞) →֒ Df (a, 0)
1.2 supn(an+1/an) < ∞; limn(bn+1/bn) = ∞ Df (b,∞) →֒ Df (a, 0)
1.3 limn(an/bn) = 0; supn(a2n/an) < ∞ Df (a,∞) Df (b, 0)
1.4 supn(an+1/an) < ∞; limn(bn+1/bn) = ∞ Df (a,∞) Df (b, 0)
2.3 Df (b, s) →֒ Df (a, r) or Df (a, r) Df (b, s) supn(an/bn) < ∞
2.3 s < ∞;Df (b, s) →֒ Df (a,∞) limn(an/bn) = 0
2.4 Df (a, r) →֒ Df (b, s) →֒ Df (a, r) a ∼ b
2.4 Df (a, r) Df (b, s) Df (a, r) a ∼ b
2.6 supn(a2n/an) < ∞;Df (a,∞) Df (b, 0) limn(an/bn) = 0
2.9 limn(an+1/an) = ∞; Df (b, s) →֒ Df (a, r) b ≺ a
2.11 Df (a, 0) 6 →֒ Dg(b,∞)
2.11 Df (a, 0) 6 Dg(b,∞)
2.13 s > 0; f is s.i.; f−1 ◦ g is r.i. Df (a, r) 6 →֒ Dg(b, s)
2.13 s > 0; f is s.i.; f−1 ◦ g is r.i. Df (a, r) 6 Dg(b, s)
3.1 a ≈ b Df (a, r) ≃ Df (b, r)
3.3 r ∈ {0,∞}; a ∼ b Df (a, r) ≃ Df (b, r)
3.4 r < ∞ Df (a, r) 6≃ Df (b,∞)
3.7 f is s.i. ; f−1 ◦ g is r.i. Df (a, r) 6≃ Dg(b, s)
3.8 f is r.i.; p ∈ {1;∞} Df (a, r) 6≃ Ap(b)
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